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Approximation for return time distributions of random walks on sparse networks
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We propose an approximation for the first return time distribution of random walks on undirected networks.
We combine a message-passing solution with a mean-field approximation to account for the short- and long-
term behaviors, respectively. We test this approximation on several classes of large graphs and find excellent
agreement between our approximations and the true distributions. While the statistical properties of a random
walk will depend on the structure of the network, the observed agreement between our approximations and
numerical calculations implies that while local structure is clearly very influential, global structure is only
important in a relatively superficial way, namely through the total number of edges.
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I. INTRODUCTION

Random walks are fundamental in the field of stochastic
processes [1]. More than a mathematical curiosity, they have
been studied and applied in disparate areas, for example, they
have been used to model the movements of molecules [2],
genetic drift [3], stock prices [4], and even human decision
making [5]. A random walk on a discrete space, i.e., a Markov
chain, can be conceptualized as occurring on a network. And
conversely, given a network, we can imagine a random walk
taking place upon it. Random walks have the advantage of
exploring nonlocal patterns of connectivity allowing us, for
example, to capture the influence between pairs of nodes that
are not directly connected by an edge. This intuition is at the
core of several innovative algorithms for analyzing networked
data [6], such as ranking nodes [7], network embedding [8], or
community detection [9,10]. Random walks are also an object
of study as a simple, linear model for the diffusion of entities
on a network, for instance of individuals in metapopulation
models in epidemiology [11], and are the dual process of
popular models for decentralized computation and consensus
dynamics [12].

The statistical properties of random walk processes are
known theoretically on a range of abstract structures, from
lattices to regular trees [13], but their analysis often requires
numerical simulations on less regular and more realistic struc-
tures, such as complex networks [6]. However, numerical
simulations of the random process do not directly uncover
or explain its statistical properties. In this paper, we focus
on the first return time distributions, capturing the statistical
properties of the time it takes for a walker to return to a
node. This is a fundamental property of random walks that
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has been studied extensively in the field, and provide useful
information on the dynamical random processes that generate
them [14,15]. In fact, full knowledge of the return time distri-
bution is stronger than knowledge of the eigenspectrum, and
thus may be sufficient to fully determine a network [16].

The main contributions of this work are a set of formulas
to approximate first return time distributions on networks.
Our formulas can be solved computationally efficiently and
depend on the local structure around nodes, as well as the
total number of edges—a simple measure of global structure.
We verify on different families of graphs that the approximate
expressions accurately describe random walks on networks,
even in situations with a high density of short cycles.

The remainder of this paper is structured as follows. First,
we give a gentle introduction to random walks, return times,
and generating functions. Next we review existing approxi-
mations for the quantities of interest, namely heterogeneous
mean field approximations and tree approximations. We then
introduce a combined approximation and demonstrate its
accuracy on large locally treelike networks. Finally, we im-
prove the approximation—built on the assumption of a locally
treelike network—to account for cycles. Our final approxima-
tion appears to be accurate on sparse networks with arbitrary
local topology. We test our approximations by comparing
against direct numerical calculations and we conclude with
a discussion of the implications of our results.

II. BASICS OF RANDOM WALKS AND NETWORKS

We consider a random walk process on an undirected,
unweighted network G composed of n nodes and m edges.
When a random walker is at node i, it jumps to one of the
neighbors of i chosen at random. Using the adjacency matrix

Ai j =
{

1 if edge (i, j) ∈ G
0 otherwise (1)

and denoting the degree (total number of neighbors) of node i
as ki = ∑

j Ai j , we can write the probability of moving from i
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to j as

Wi j = Ai j

ki
. (2)

After t time steps, the probabilities of moving from one node
to another are encoded in the entries of the matrix W t . If the
initial location of the random walker is given by the distri-
bution p, the distribution of walkers after t time steps is thus
given by pW t .

Assuming that the network is connected (which we will
assume henceforth), there is a unique stationary distribution
π = πW . The stationary distribution is given by πi = ki/2m,
with a proper normalization ensured by

∑
i ki = 2m, where m

is the total number of edges in the network. Stationarity can
be verified easily with∑

i

πiWi j =
∑

i

ki

2m

Ai j

ki
=

∑
i Ai j

2m
= k j

2m
= π j . (3)

The proof for uniqueness is similarly simple but longer, and
we refer to [17]. After a sufficiently large number of time
steps, the distribution of the walker will converge to π, re-
gardless of where it started (unless the network is bipartite,
but we will not consider this special case here).

One quantity of interest is the return probability, Xi(t ),
defined as the probability that a random walk that starts at
node i will be back at i after t steps. In terms of the matrix W
we have

Xi(t ) = (W t )ii. (4)

A closely related quantity of interest is the first return time
probability Yi(t ), also known as recurrence time probability,
now defined as the probability that a random walk that starts
at node i returns to i for the first time at time t . On a finite
network, a random walk must return at some point, and so we
have

∑∞
t=1 Yi(t ) = 1 for any node i.

The distribution of first return times, Yi(t ), generally de-
pends on the whole structure of the network. However, its
average value has a simple form, known as the Kac formula,
which can be derived as follows [18]. Let μ( j � i) be the
average time for a random walk that starts at j to reach i, in
which case, μ(i � i) = ∑

t t Yi(t ) is the average first return
time. A walker that starts at j will make its first step to k
with probability Wjk . If k = i then we are done, and we have
moved from j � i in a single step. Otherwise, we will have
moved one step but will now be at some other node k �= i. The
expected additional time to reach i is then μ(k � i). Writing
this out gives

μ( j � i) = 1 +
∑
k �=i

Wjk μ(k � i)

= 1 +
∑

k

Wjk μ(k � i) − Wji μ(i � i). (5)

If we multiply both sides of this equation by k j , sum over j,
and use the fact that

∑
j k jWji = ki, we find the Kac formula

μ(i � i) =
∞∑

t=1

t Yi(t ) = 2m

ki
, (6)

and the a priori striking result that the average first return time
of a node only depends on its degree.

As mentioned above, the quantities Xi(t ) and Yi(t ) are
closely related. Recall that Xi(t ) is the probability that a walk
that started at i is back at i after t steps. In contrast, Yi(t ) is
the probability that a walk that started at i is back at i for
the first time after t steps. To find the relation between these
quantities, we consider the probability that a walker starting at
i has returned to i for the qth time after t steps. In this scenario,
there are q walks that started and ended at i for the first time.
Each of these would have taken ts steps with probability Yi(ts),
subject to the constraint

∑q
s=1 ts = t so that the total number

of steps for all q walks is equal to t . The probability for a
walker to return for the qth time after t steps is thus

∞∑
t1=1

· · ·
∞∑

tq=1

Yi(t1) . . . Yi(tq) δ
(
t,

∑q
s=1ts

)
, (7)

where δ is the Kronecker delta. The quantity Xi(t ) is the
probability that a walk has returned to i any number of times,
and so summing the above quantity over q we can write

Xi(t ) =
∞∑

q=1

⎛⎝ ∞∑
t1=1

Yi(t1) · · ·
∞∑

tq=1

Yi(tq) δ
(
t,

∑
sts

)⎞⎠ (8)

for t � 1.
At first glance, Eq. (8) does not appear to be a particularly

useful relation, but it becomes clearer when considering gen-
erating functions of the process. Let

Ri(z) =
∞∑

t=0

zt Xi(t ) (9)

and

Fi(z) =
∞∑

t=0

zt Yi(t ) (10)

be the generating functions for the return time and the first
return times. By taking derivatives of the generating functions,
we can recover the underlying distributions, or compute dif-
ferent quantities of interest. For example, the derivative

F ′
i (1) =

∞∑
t=1

t Yi(t ) = μ(i � i) (11)

is the mean first return time. Likewise, the variance of the first
return time can be computed from the second derivative.

Inserting Eq. (8) into the definition of Ri(z) we get

Ri(z) = 1 +
∞∑

q=1

( ∞∑
t=1

zt Yi(t )

)q

= 1 +
∞∑

q=1

Fi(z)q

= 1

1 − Fi(z)
. (12)

This relation shows that if we know the generating function
for either Xi(t ) or Yi(t ), then we know the generating function
for the other. In general, the exact form for these distributions
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has an intricate dependence on the structure of the network.
It is the purpose of the next section to derive approximations
that may help us to identify the important structural features
determining first return times properties, and also to estimate
them in large-scale networks.

III. APPROXIMATIONS

A. Heterogeneous mean-field approximation

As a first approximation, we consider a heterogeneous
mean-field approximation where the walker may jump, at each
step, to any node i (including where it came from) with a
probability given by the stationary distribution for the random
walk πi = ki/2m. In this approximation, the process relaxes to
the stationary distribution in one single step, and it can be seen
as a random walk on a weighted network (with self-loops)
with adjacency matrix kik j/2m. The return probability is then
given by

X̃i(t ) =
{

1 for t = 0
ki/2m for t � 1,

(13)

where we placed a tilde over the X (i.e., X̃ ) to mark the
approximation, and the assumption is that

Xi(t ) � X̃i(t ). (14)

The corresponding first return times, Ỹi(t ), can be com-
puted as follows. For the walker to return for the first time
after t steps, it must have not returned for the previous t − 1,
and then return at t . If the walker returns at each time step with
probability πi = ki/2m then we have

Ỹi(t ) = (1 − πi )
t−1πi (15)

and

Fi(z) � F̃i(z) =
∞∑

t=0

zt Ỹi(t ) = zπi

1 − z + zπi
. (16)

This approximation is a crude one and may provide wrong
estimates in practice, but it satisfies two important properties:

∞∑
t=1

Ỹi(t ) = F̃i(1) = 1 (17)

and
∞∑

t=1

t Ỹi(t ) = F̃ ′
i (1) = 2m

ki
, (18)

corresponding to normalization of the probability distribution
and the Kac formula, respectively, both of which must be true
on any finite network.

B. Tree approximation

Another approximation can be obtained by assuming that
the network has no cycles, i.e., it is a tree. Recall that Yj (t )
is the probability that a random walk that starts at node j
will return to node j for the first time after t steps. Let us
define the related probability Yi← j (t ) to be the probability
that such a walk occurs with the additional condition that it
never visited node i, i.e., the probability that a random walk

that starts at j returns to j for the first time after t steps and
does not visit i. We can relate the quantities as follows. If a
random walk starts at node i, its first step will be to one of i′s
neighbors j, with probability 1/ki. Now that the walk is at j it
could immediately return to i with probability 1/k j . Thus, the
probability of returning after exactly two steps is

Yi(2) =
∑
j∈Ni

1

kik j
. (19)

If the walk does not return in two steps, it will leave j to
visit one of j′s neighbors. From now on, we assume that the
graph is a tree, looking for the approximation of Yi denoted
by Ỹi. Under this tree assumption, the walk cannot get back
to node i without revisiting j. This means that there must be
some number q � 0 of excursions from j that never reach i.
We denote the probability distribution for the length of these
excursions that start and end at j, and never visit i as Ỹi← j (t ).
Then, the probability that we return to node i for the first time
after exactly t steps is

Ỹi(t ) =
∑
j∈Ni

1

kik j

∞∑
q=0

∑
t1

· · ·
∑

tq

(Ỹi← j (t1)Ỹi← j (t2) . . .

× . . . Ỹi← j (tq) δ(t − 2,
∑

sts)). (20)

Multiplying Eq. (20) by zt and summing gives

F̃i(z) =
∞∑

t=0

zt Ỹi(t )

=
∑
j∈Ni

z2

kik j

∞∑
q=0

( ∞∑
t=0

zt Ỹi← j (t )

)q

=
∑
j∈Ni

z2

kik j

(
1

1 − F̃i← j (z)

)
, (21)

where F̃i← j (z) = ∑∞
t=0 zt Ỹi← j (t ). This relates the generating

functions for Ỹi(t ) to those of Ỹi← j (t ).
To make further progress we can make an analogous ar-

gument to compute Ỹi← j (t ). In this case, the walk must first
visit a neighbor of j that is not i, and then—because we
are assuming a tree graph—return to j at a later step before
returning to i. Following through the same line of argument
leads to

F̃i← j (z) =
∑

k∈Nj\i

z2

k jkk

(
1

1 − F̃j←k (z)

)
, (22)

where the sum over k ∈ Nj \ i is a sum over all neighbors of j
except for i. By restricting the sum to exclude i we can be sure
that the excursions do not include i (again, assuming there are
no cycles). The solution to this set of equations can be inserted
into Eq. (21) to find the generating functions to the first return
times.

Equation (22) can be evaluated on any given network to
make predictions. However, we may also ask about the distri-
bution of solutions. On a locally treelike network with degree
distribution ρk and mean degree 〈k〉 = ∑

k kρk , there will be a
distribution of solutions. For a given value of z, let P(z)

← (F, k)
be the probability density for a randomly chosen message to
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take value F and lead to a node of degree k. This probability
density solves the self-consistent equation

P(z)
← (F, k) = kρk

〈k〉
∫ k∏

j=1

dP(z)
← (Fj, k j )δ

( k∑
j=1

z2

kk j (1− Fj )
− F

)
,

(23)

which can be solved numerically using the population dy-
namic algorithm [19], see Appendix A. To see why this
formula is correct, first, note that a randomly chosen message
leads to a degree k node with probability kρk/〈k〉. This is
because each node of degree k has k messages leading into
it. Then, given that a randomly chosen message has k input
messages, these inputs will correspond to k independent sam-
ples from P(z)

← (Fj, k j ), conditional on the fact that Eq. (22)
is satisfied. The joint distribution for the inputs is thus the
product over P(z)

← (Fj, k j ) and the constraint on their sum is
enforced by the δ function.

On the d-regular tree, each node has degree d . In this case,
Eqs. (21) and (22) are the same for all i, j, leading to

F̃ (z) = z2

d

(
1

1 − F̃←(z)

)
(24)

and

F̃←(z) = z2(d − 1)

d2

(
1

1 − F̃←(z)

)
. (25)

Solving these equations gives

F̃ (z) = 2z2

d + √
d2 + 4z2 − 4dz2

, (26)

in agreement with standard results for random walks on infi-
nite regular trees [20].

Looking at Eq. (26) we observe that F̃ (1) < 1 for d > 2.
This means that the random walk is transient: with a nonzero
probability, a random walk that starts at i may never return to i,
or equivalently, i may only be visited a finite number of times.
This property is indeed true on infinite regular trees with d >

2. However, on any finite network, which is our focus, it is
clearly wrong.

C. Combined approximation

On a locally treelike graph, the tree approximation is a
compelling method to approximate transient behavior. How-
ever, on a finite network, it makes clear errors, even for basic
quantities as F̃i(1) �= 1 and F̃ ′

i (1) �= 2m/ki. Conversely, the
mean-field approximation satisfies these conditions but fails
to pick up any local structure or transient behavior. Can we
combine the two, to get a best of both-worlds approximation?

We propose to do this as follows. First, let F̃i(z) be the
solution to the tree approximation, from Eq. (21). Define the
quantity

hi = 2m − kiF̃ ′
i (1)

ki − kiF̃i(1)
(27)

and then use

Fi(z) = F̃i(z) + z − z F̃i(1)

z + hi − zhi
. (28)

For small values of t , the first term in this expression will be
dominant, because hi is large. In other words, this approxi-
mation makes similar predictions to the tree approximation at
short times, but additionally satisfies the required properties:

Fi(1) = 1 and F ′
i (1) = 2m/ki (29)

as can easily be checked. Equation (28) thus defines a
distribution for a recurrent process with the correct mean
and a reasonable approximation at short times on locally
treelike graphs. A similar style of approximation is derived
in Ref. [21] for the random regular graph.

The quantities hi correspond to the rate of return in the tail
of the distribution. Essentially, if one waits a very long time
and the walk has still not returned, it will return in the next
step with a probability close to 1/hi.

D. Numerical experiments for locally treelike graphs

In this section, we test the validity of the combined approx-
imation on a range of networks.

A first simple example is the random d-regular graph. In
this case we have

h = (d − 1)(nd − 2n − 2)

(d − 2)2 (30)

and then

F (z) = 2z2

d + √
d2 + 4z2 − 4dz2

+ z − z/(d − 1)

z + h − zh
. (31)

In Fig. 1 we compare this approximation to random regular
graphs with n = 215 nodes and degree d = 6. We find ex-
cellent agreement between the predictions of Eq. (31) and
simulations.

Second, we explore the validity of the equation for the
distribution of messages, Eq. (23), on locally treelike graphs.
To this end, we generated networks from the Poisson random
graph with n = 105 and mean degree six. Having generated
the networks, we computed the first return time distributions
by iterating the random walk matrix. These first return time
distributions have exponential tails, and so for each node in
these networks we numerically computed exponential rate of
decay—the slope of the line on a log-linear plot, see, e.g.,
Fig. 1(b). To compare these results against theoretical predic-
tions, we also solved Eq. (23) for Poisson distributed degree
with mean degree six. This was done using a standard popu-
lation dynamics algorithm (see Appendix A). This provides a
solution for the distribution of messages. Recall, the message
passing solution is wrong at long times—it predicts a transient
random walk. Nevertheless, we can insert randomly chosen
messages into the equation for h to predict the slope of the
exponential tail of a randomly chosen node. Figure 2 shows
both the empirical and theoretical distribution of tail slopes,
again demonstrating excellent agreement of the theory—not
only on average, but in distribution. Interestingly, the pre-
dictions of this approximation do not change regardless of
large scale structure, such as community structure, or core-
periphery structure [22].

For example, a stochastic block model with c equally
sized communities is locally treelike if c does not grow with
n [23,24]. Thus, our approximation predicts that, even when
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FIG. 1. First return time distribution, Y (t ), for random walks on
a six-regular random graph with n = 215 nodes. The ground truth is
computed for an arbitrary node with matrix iteration. The approx-
imation is computed from derivatives of Eq. (31) at z = 0. Note,
the tail of the distribution is straight on a log-linear plot, indicating
exponential decay. The slope of this tail on a logarithmic scale is
the inverse of the quantity we call the tail mean, approximated by
Eq. (27).

the community structure is extremely strong, random walks
will appear to behave on the block model as though they
are on a random graph for sufficiently large n. To verify this
prediction, we compared the treelike predictions to ground
truth on stochastic block models of increasing size.

In Fig. 3, we compare the tail slope predicted by Eq. (27) to
those found by numerically iterating the random walk matrix.

FIG. 2. Slopes of the tails of return time distributions. The filled
histogram shows the distributions of tails slopes for nodes with
degree k in a Poisson random graph with 105 nodes and mean degree
six. The lines show the same quantity, but as predicted by Eqs. (23)
and (27).

FIG. 3. First return time distribution approximations against
ground truth, for regular stochastic block models of varying size but
with a fixed community structure. The exponential tail of randomly
chosen nodes in networks of differing sizes was compared to approx-
imations. As the number of nodes increases, the tree approximation
moves toward the line y = x, showing that the approximation is
converging to the truth. For the r = 3 approximation (defined in
Sec. III E) the points are close to the line y = x even for small n.

These networks were generated by the degree regular stochas-
tic block model sampler of graph tool [25]. Each network has
20 communities and each node has degree six. The commu-
nity structure is relatively strong. Parameters were set so that,
on average, two-thirds of the neighbors of any node will be in
the same group as the node itself. But, as n increases we see
the approximation converges to the ground truth values. Still,
one should not conclude that the tree approximation is good
for all networks. For instance, in Fig. 3 we see that the approx-
imation is less accurate for small networks. This, we believe,
is due to the presence of many short cycles in the graphs.

To further investigate how the approximation fails, we look
at the case in which the number of communities grows with
the size of the network, specifically c = n/20. In this case, the
networks are not locally treelike, and so it is not surprising that
the properties of the random walks are significantly different
from those on random graphs. Figure 4 shows the results of
these experiments. In this case we see that even as n increases,
the approximation fails to converge to the ground truth.

In the next section, we correct the approximation to ac-
count for short cycles and thus correct for the issues we
observe with the tree approximation. With this, we derive an
approximation that we believe should be accurate in a very
wide number of cases.

E. Approximation for networks with short cycles

In order to derive an approximation for networks with
short cycles, we follow Refs. [26,27] and first define the
r neighborhood around each node. For a given integer r,
the r neighborhood of node i consists of all of the nodes
immediately adjacent to node i, along with all edges and all
nodes on paths of length r or shorter between nodes adjacent
to i. We denote the r neighborhood of node i as N (r)

i .
Now, we are in a position to write the message-passing

approximation, following a similar argument to before. Any
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FIG. 4. First return time distribution approximation against truth
for regular stochastic block models of various sizes of a variable
number of communities c = n/20. The exponential tail of randomly
chosen nodes in networks of differing sizes was compared to ap-
proximations. The predictions for the tree approximation are not
very close to the line y = x, even as n increases. Conversely, the
predictions for r = 3 remain close to y = x for all n.

excursion from node i will first move to an immediate neigh-
bor. Call this neighbor j. Once at j, the excursion will leave
the neighborhood and return to j some m � 0 times. After
this, it will either immediately return to i, or move on to some
other node in the neighborhood.

In effect, each excursion from node i can be broken down
into two parts: (i) an excursion in the neighborhood of i, and
(ii) a number of excursions from each node in the neighbor-
hood. An excursion from i in the neighborhood N (r)

i can be
denoted w = i → j → · · · → i. Let the set of all excursions
in the neighborhood of i be labeled Wi. Then the probability
of returning at time t is

Ỹi(t ) = 1

ki

∑
w∈Wi

∑
t j : j∈w

δ(t, l + 1 + ∑
j∈wt j )

∏
j∈w

Xi← j (t j )

k j
,

(32)
where l is the length of the excursion w.

From this, we now compute the generating function

F̃i(z) =
∞∑

t=1

Ỹi(t )zt

= 1

ki

∑
w∈Wi

∑
{t j : j∈w}

zl+1
∏
j∈w

Xi← j (t j )z
t j /k j

= z

ki

∑
w∈Wi

∏
j∈w

z

k j − k jF̃i← j (z)
. (33)

By the same arguments,

F̃i← j (z) = z

k j

∑
w∈Wj\i

∏
k∈w

z

kk − kkF̃j←k (z)
. (34)

The sum over all walks can be computed by matrix inversion.
To this end, we write the quantities in matrix notation as

follows:

ui
j = Wi j = Ai j

ki
, (35)

vi
j (z) = Aji

k j − k jF̃i→ j (z)
, (36)

and

Bi
jk (z) = Ajk

k j − k jF̃i→ j (z)
. (37)

Then, Eq. (33) becomes

F̃i(z) = ui(1 − Bi(z))−1vi(z). (38)

However, again, Eqs. (33) and (34) do not meet the require-
ments that F̃i(1) = 1 or F̃ ′

i (1) = 2m/ki. We propose making
the same adjustment as before: adding the generating func-
tion of a geometric distribution with an appropriately defined
mean. In other words, letting

hi = 2m − kiF̃ ′
i (1)

ki − kiF̃i(1)
, (39)

we approximate Fi(z) as

Fi(z) = F̃i(z) + z − zF̃i(1)

z + hi − zhi
. (40)

F. Numerical experiments for graphs with short cycles

Returning to Fig. 3, we see that the combined approxi-
mation looks accurate even for smaller n. For large n, the
ground truth and both approximations of Eqs. (28) and (40)
converge to a point on the line y = x. However, for smaller n,
where there is a significant variance due to finite size effects,
only the improved approximation of Eq. (40) correctly falls
on the line y = x. In Fig. 4, where the number of communities
grows linearly with network size, we observe the discrepancy
between the approximation of Eq. (28) for all n. In contrast,
we see that the approximation of Eq. (40) is good for all n. (In
Appendix B we show that the improved approximations still
only use small subgraphs for their calculations).

IV. DISCUSSION

Random walks are influenced by the structure of the un-
derlying network. It is remarkable that the mean return time
has such a simple formula: μ(i � i) = 2m/ki. This formula
depends on only two quantities. First, the degree of node i,
ki, which is an entirely local property. And second, twice the
number of edges, 2m, a basic global property. Our approxi-
mations are inspired by a similar line of thinking. We relate
the full distribution of returns to a mixture of two processes:
a random walk in the local neighborhood, and a global mean-
field process. To do so, we have developed a message passing
formalism to capture the local walks, and have corrected it
with the predictions of the global mean-field process, using
Eq. (27). The only global property used in the correction is the
total number of edges, m. An integer-valued parameter r � 0
controls the accuracy of our approximations on networks that
are not locally treelike, and we find good agreement for small
values of r in our experiments. Overall, we see good results
both at short times and asymptotically.

While the approach appears to work well, we note that it is
derived from intuitive arguments only. We do not see a fully
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rigorous justification or proof for why the approximation must
work in practice. As a result, the evidence for the effectiveness
of the approach is numerical rather than analytic. Hence, these
findings elicit further questions. Why does this approach work
so well? The story is a similar one to other intuitive, physics-
derived, approximations. For example, it is known that the
mean-field approximation to the Ising model is premised on an
assumption that is known to be false—that each spin feels only
the average effect of the system [28]. Nevertheless, this wrong
assumption provides an accurate approximation, particularly
in high dimensions. While the approximation can be justified
through its accuracy, it has also prompted the community to
ask why it works [29]. Similarly, researchers have investigated
the reasons why tree-based methods for dynamical processes
on networks work “unreasonably” well even in networks with
clustering [30].

At a high level, the fact that our random walk approxima-
tions is accurate suggests that large-scale structures do not
greatly influence the return times of random walks, at least
for random graph models. Interestingly, no matter how strong
the communities are in a stochastic block model, our result
says the return statistics are the same as an Erdős-Rényi graph,
so long as the number of groups is fixed as n → ∞. This
is indeed what we found in Fig. 3. A recent work of Löwe
and Terveer [31] proves a concordant result, that the average
hitting time in stochastic block models looks the same as for
Erdős-Rényi graphs under appropriate conditions. This obser-
vation seems concerning for community detection methods
that rely on the statistics of finite-length random walks. In
contrast, the networks in Fig. 4 have a number of communities
that scales with the size on the network. Thus, the limit is
not locally treelike, and the random walk statistics are always
easily distinguished from the Erdős-Rényi graph.

In summary, we derived an approximation for the statis-
tics of random walks. We saw that the statistics are strongly
affected by cycles and local structure, and incorporated that
fact into our approximations. On the other hand, the global
structure only appeared to influence the statistics in a fairly
superficial way—only through the quantity 2m, i.e., twice
the number of edges in the network. We looked at walks on
undirected and unweighted networks. However, we see no
reason that the approach does not generalize to the weighted
and directed case, i.e., to arbitrary Markov chains on finite
spaces. This, however, we leave to future work.
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APPENDIX A: POPULATION DYNAMICS ALGORITHM

Here, we describe how to numerically solve Eq. (23) to
estimate P(z)

← (F, k). We do this using a Markov chain Monte
Carlo method, known as population dynamics [19].

First, for the sake of argument, suppose we already had a
set of N samples, Q = (Fi, ki )i=1...N . For now, do not worry
about how we obtained these samples. Assuming Q is cor-
rectly sampled from P(z)

← , then we could generate a new

sample as follows. First, generate a degree k proportional to
kρk , then take k randomly chosen members of Q, call these
(Fj, k j ), and set F = ∑k

j=1
z2

kk j (1−Fj )
. After doing this, the pair

(F, k) will also be a correct sample from P(z)
← . This is the key

observation behind the population dynamic algorithm.
In the population dynamic algorithm, we begin with an

initially incorrect set of samples—we initialize Q to be sam-
pled from some other tractable distribution, e.g., a uniform
distribution. Then, we create new (also initially incorrect)
samples by using the above process, and replace the samples
in Q with the new samples. A full sweep of this process is as
follows.

1 for i = 1, . . . , N :
2 F ← 0
3 k ∼ kρk/〈k〉
4 for u = 1, . . . , k:
5 j ∼ Uniform(N)
6 F ← F + z2

kk j (1−Fj )

7. (Fi, ki ) ← (F, k)

As stated previously, if Q were a correct set of samples, the
above sweep would leave us with a new set of correct samples.
Or, in other words, a correct set of samples is the stationary
distribution of this sweep process. Further, only distributions
that solve Eq. (23) will be stationary under this process. So,
starting out from an arbitrary distribution, we simply need

FIG. 5. Study of the neighborhood size and graph diameter for
the graphs in the analysis for Figs. 3 and 4.
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to run a large number of sweeps to reach the stationary
distribution, and thus numerically sample the distribution of
interest, P(z)

← .

APPENDIX B: NEIGHBORHOOD SIZES

Our contention is that the approximations we present make
sensible predictions using local structure and the total number
of edges in the network. However, in order for this claim to be

supported we should establish that the neighborhoods used in
our calculations are not large.

Here, for completeness, we report the neighborhood sizes
for the graphs in Figs. 3 and 4. Figure 5 shows two notable
properties: (i) the number of nodes in the neighborhoods that
we use does not increase with n, and in contrast (ii) the
diameter of the graphs is increasing with n. In other words, we
indeed only consider small subgraphs, and local information,
to compute our approximations.

[1] W. Feller, An Introduction to Probability Theory and its Appli-
cations (John Wiley & Sons, New York, 1991).

[2] P. G. Wolynes, J. Chem. Phys. 68, 473 (1978).
[3] B. T. Weinstein, M. O. Lavrentovich, W. Möbius, A. W.

Murray, and D. R. Nelson, PLoS Comput. Biol. 13, e1005866
(2017).

[4] M. D. Godfrey, C. W. Granger, and O. Morgenstern, Kyklos 17,
1 (1964).

[5] R. Ratcliff and G. McKoon, Neural Comput. 20, 873 (2008).
[6] N. Masuda, M. A. Porter, and R. Lambiotte, Phys. Rep.

716-717, 1 (2017).
[7] S. Brin and L. Page, Computer Networks and ISDN Systems

30, 107 (1998).
[8] B. Perozzi, R. Al-Rfou, and S. Skiena, in Proceedings of the

20th ACM SIGKDD International Conference on Knowledge
Discovery and Data Mining (Association for Computing Ma-
chinery, New York, NY, 2014), pp. 701–710.

[9] M. Rosvall and C. T. Bergstrom, Proc. Natl. Acad. Sci. 105,
1118 (2008).

[10] R. Lambiotte, J.-C. Delvenne, and M. Barahona, IEEE Trans.
Netw. Sci. Eng. 1, 76 (2014).

[11] V. Colizza, R. Pastor-Satorras, and A. Vespignani, Nat. Phys. 3,
276 (2007).

[12] J. Tsitsiklis, D. Bertsekas, and M. Athans, IEEE Trans Automat
Contr. 31, 803 (1986).

[13] S. Redner, A Guide to First-Passage Processes (Cambridge
University Press, Cambridge, UK, 2001).

[14] N. Masuda and N. Konno, Phys. Rev. E 69, 066113 (2004).
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