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Abstract

Molecular electronics is the multidisciplinary field seeking to employ molecules, often sin-

gle molecules, as functional components in electronics. These explorations into molecular

electronics for the solutions to fundamental research questions and potential applications are

driven by the miniaturization and fabrication of electronic components. However, while pro-

gressing from being once a science fiction to a fully-fledged scientific discipline today, the

widescale adoption of molecular electronics has yet to manifest, owing to various difficulties.

Among these difficulties is the appropriate tailoring of molecular junctions to operate un-

der the time-dependent driving of the surrounding environment. We utilize nonequilibrium

Green’s functions and self-consistent perturbation theory to model the transport paradigm

of two electrodes connected by a quantum central region in the presence of time-dependent

driving. In the case of slow driving of electrode voltages relative to the transfer scales across

the system, timescale separation methods are utilized to calculate non-adiabatic corrections

to the system observables. This method was applied to explore the corrections to the dy-

namics of a single-level electronic system coupled to leads with driven voltages in both the

noninteracting and Hartree single-level cases for electron-phonon interactions. Assuming the

periodicity of the dynamics of the systems in question allows one to take a Floquet approach

to the calculation of nonequilibrium Green’s functions. This method was coupled with full

counting statistics to investigate time-averaged cumulants of the current and applied to non-

interacting single-level and Fano resonance systems in the presence of driving. The Floquet

approach was also used to calculate electron-phonon interaction for the Holstein model in the

presence of driven leads. In particular, this was completed with the self-consistent Born ap-

proximation. It was shown that periodic driving in resonance with the vibrational frequency

resulted in large phonon occupations. Finally, the Floquet approach was applied to the study

of two capacitively coupled quantum dots, each coupled to its own lead. The calculation was

completed utilizing the fluctuation-exchange approximation to approximate electron-electron

interactions between the quantum dots. It was found that the driving of the one lead resulted

in an energy current through the system, one dependent on the driving frequency.
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Chapter 1

Introduction

1.1 General Motivations

Electronics have come to touch every aspect of our lives. Of the electronic technologies that

have developed in the modern age, computers have arguably had the most considerable effect

on their users. Their great success as tools has led to unprecedented connectivity and produc-

tivity, with the emergence of digital and data economies and artificial intelligence, to name a

few consequences.

The continued miniaturization of electronics has resulted in cheaper and more powerful de-

vices, a successful cycle under which large sections of the world economy have prospered.

This was foreseen by Gordon Moore, who predicted that the number of transistors on an

integrated circuit would grow exponentially [1, 2], which, in turn, has led to the size of the

transistor to decline exponentially, from micrometers to nanometres in 40 years [1, 3].

Yet recently, the costs and complications confronting research and manufacturing have chal-

lenged Moore’s law and the scaling of transistor technology [4], spurring new transistor de-

signs to keep Moore’s prediction on track [5, 6]. As the technology enters into the realm of

quantum physics, it seems inevitable, due to economic [4] and physical limitations [7], that

the microelectronics industry would seek to support and one day replace current technologies

with radically different avenues.

1.2 Molecular Electronics

One possible avenue is molecular electronics, a diverse, multi-discipline field that seeks to

create electrical components with molecules, mimicking conventional components and gener-

ating new functionalities. While molecular electronics is still growing as a field, the approach

has many tentative advantages [8]. The variety of possible molecules as candidates for use in

molecular electronics is great and, given the sheer variety of possible characteristics, suggests

1
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the possibility of a diversity of functionalities.

Molecular electronics was born of a desire to manipulate matter for functionality on the small-

est scales. Researchers like von Hippel[9] promoted the benefits of engineering with a top-

down approach, leveraging the fundamental science of molecules to design materials and

devices. At the same time, Feynman[10] highlighted the vast potential for miniaturization

and new functionalities when design occurs at the atomic level. While such inquiries were

confined to vivid speculation, the sentiments espoused inspired further research.

Experimentally, the first results to resemble molecular electronics were done by Mann and

Kuhn in 1971 [11]. The duo managed to deposit monolayers of organic material onto solids to a

high degree of accuracy before sandwiching these monolayers of material between electrodes.

Completing this for Cd salts of fatty acids CH3(CH2)n−2COOH, the researchers confirmed

that conductance decayed exponentially with chain length.

In 1974, Aviram and Ratner published a work that postulated a molecular rectifier based

on charge transfer salts [12]. This was the first work that made predictions that considered a

single molecule as the functional component in an electronic device. This research invigorated

the debate surrounding molecular electronics and molecular rectification within the scientific

community [13].

Within fifty years after their first imagining, molecular electronics has graduated from sci-

ence fiction to a fully-fledged scientific field, with growing prospects for commercial viability

[14]. Aided by advances in experimental technique, researchers succeeded in accomplishing

feats like synthesizing a monolayer photodiode in 1985 [15] and experimentally verifying the

current rectification of a monolayer in 1997 [16]. Since these early works, the research into

molecular electronics has grown steadily [14, 17, 18].

1.3 General Background

Most molecular junction designs follow the simple structure of a molecule connected to two

leads. These leads are usually metallic, the most popular being gold [8, 21]. The central

molecules often have additional anchoring groups chosen to bond to the metal in question,

like a thiol group for bonding to gold [8, 22]. The molecule’s structure beyond an anchor

group’s possible restrictions can vary significantly to achieve a specific outcome. Of the many

methods for realizing such systems, we will look at the two prominent solutions: scanning

probe techniques and mechanically controllable break junctions.

Scanning probe techniques work by moving a probe, usually a scanning tunneling microscope,
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(a)

(b)

Figure 1.1: (a) A diagram of a scanning tunneling microscope break-junction (STMBJ). Repro-
duced with permission from reference [19]. (b) A mechanically controllable break-junction
(MCBJ) and inset of scanning electron micrograph of an MCBJ’s suspended bridge. Repro-
duced with permission from reference [20].

close to a surface such that, given a molecule bonded to either the surface or tip of the probe,

a junction is formed (see figure 1.1a). This is often signified by a jump and plateau in the

conductance [8]. This process often results in the molecule having a larger coupling to the

electrode it is bonded to before the movement of the probe. These junctions, especially for

STMs, are also often short-lived due to factors like temperature and vibrations. However, the

flexibility of the approach and the ability to make many observations in a relatively short

time means that scanning probe techniques lend themselves to statistical analysis, with the

averaging of many results made in relatively quick succession [13].

Mechanically controlled break junctions consist of electrodes upon a flexible insulating layer,

which can be bent mechanically to form a nanogap with high precision, usually with a piezo-

electric device or stepping motor [14] (see figure 1.1b). The electrodes are constructed by first

fashioning a suspended bridge of material before bending. The device pulls the material apart

to form a constriction and eventually breaks it in two, generating a gap of ∼ 0.6nm [13]. For

various experimental designs, the ratio of actuator movement electrode separation are on the

order of 10−2 to 10−6[8]. The deposition of molecules often happens after the breaking of the

junction, with molecules being absorbed into the nanogap left by the breakage [13].



4 Introduction

1.4 Vibrationally Assisted Transport

For a molecular junction, the deformation of the molecule can significantly affect the device’s

functionality, with electrons transferring energy to the molecule transferring energy to it and

vice versa. The molecular backbone of a junction can have vibrational modes of varying

rigidity and coupling to the electronic component, resulting in a wide range of phenomena.

This propensity for deformation has been a significant challenge in molecular electronics,

with runaway vibrations causing disassociation of the central molecules. Molecular deforma-

tion can also be leveraged as a tool in junction design, as seen with conformal switches and

pressure-sensitive junctions. Moreover, vibrational signatures within observables, like current

and noise, can often be utilized for discern the goings-on of the junction, including the partic-

ular molecule within the junction, its orientation, and its sensitivity to the spin flipping and

light emission [8, 23, 24].

There are many different realizations of vibrations in molecular junctions. In the case where

vibrations can be modeled with quantized harmonic modes, i.e., localized phonons, while

the molecular backbones of many junctions are rather large molecules consisting of various

vibrational modes, to understand the interactions between vibrational modes and transiting

electrons, it helps to consider a simplistic model of a single level coupled to a single vibration.

There are two important timescales for this simplistic model and the discussion below. First

is the lifetime of the occupation of an energy level by an electron. This timescale is informed

by the coupling strength of the level to the leads, Γ, and the distance between the voltage

window and the closest molecular energy level, ∆E. These parameters allow us to estimate

the traversal time as

τt = h̄
(√

Γ2 + (∆E)2
)−1

. (1.1)

The second timescale is the time the electrons and phonons take to interact, which can be

approximated simply as τep = h̄/λ, where λ is the coupling strength between the electronic

and phononic components of the molecule. Comparing these two timescales gives us two

parameter regimes: when electron-vibration interactions are low because λ ≪
√

Γ2 + ∆E2

and when electron-vibration interactions are high because λ ≫
√

Γ2 + ∆E2.

Within the strong electron-vibration interaction regime, the case where λ ≫
√

Γ2 + ∆E2, in-

vestigated in resonant inelastic tunneling spectroscopy (RIETS), electron-phonon interactions

can lead to significant changes in the current profile. In the case of RIETS, where the voltage

profile is investigated in the context of resonant driving and low molecule-electrode coupling,

current steps are present in the voltage profile. Due to resonance, these new peaks were found

to be nh̄ω/e volts away from the current step. One of the first experiments within this regime

is that of Park et al., who, by varying the gate voltage of a junction, investigated the center-of-

mass vibrations of C60 molecule (see figure 1.2) [25]. Physically, these additional steps within
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the current-voltage profile arise due to electrons absorbing or emitting energy nh̄ω to the

vibrational mode in the form of phonons, resulting in fracturing for pathways through the

junction.

Figure 1.2: The differential conductance plotted against the gate voltage (horizontal axis) and
bias voltage (vertical axis) for four realisations of a single- C60 transistor. The conductance gap
(the dark regions) give away to the initial increases in current followed by those induced by
the interaction with vibrations (marked by white arrows). Reproduced with permission from
reference [25].

A new current-voltage profile emerges when the interaction rate between the vibrational and

electronic components is low, i.e., λ ≪
√

Γ2 + ∆E2. In this setting, when the voltage window

increases to be equal to the energy of a phonon, i.e. |V| = h̄ω/e, the differential conductance

jumps, either lower or higher, depending on the device’s parameters. Within the second

derivative of the current, d2 I/dV2, this manifests as peaks or dips. This process of identifying

vibrations, in this particular regime, by identifying shapes within the second-order differential

conductance is called inelastic electron transport spectroscopy and is one of the oldest and

most thoroughly investigated forms of electron-vibration interactions [24, 26]. An example

of this is given in figure 1.3, which shows the dips in conductance within Pt − D2 − Pt and

Pt − H2 − Pt junctions.

The appearance of either a dip or a peak in the second-order differential conductance varies

with the conductance of the device, with some experiments having conductances low enough

to generate peaks [28, 29]. In contrast, others have a high conductance, resulting in dips [30].

This quantitative change in the behavior conductance can be seen in works like Tal et al.[31],

in which the different configurations of Pt/H2O junctions resulted in varying measured con-
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Figure 1.3: Conductance of a Pt− D2 − Pt junction. The inset shows the case for a Pt− H2 − Pt
junction. The subsequent derivative were obtained numerically. Reproduced with permission
from [27].

ductances, and subsequently, both jumps up and down in conductance due to interaction with

the vibrations (see figure 1.4).

Figure 1.4: The differential conductance of two different configurations of a Pt − H2O − Pt
junction, with linear conductance measures of 1.02± 0.01G0 (a) and 0.23± 0.01G0. Reproduced
with permission from [31].

Whether a peak or a dip is observed in the second-order differential conductance is due

to the competing effects of the inelastic channel, introduced by the possible emission and

absorption of a phonon of energy, and the correction to the elastic channel, which is due to

the interference between the zero-order elastic channel and the generated by the emission and

absorption of a phonon. In the case of low conductance, the positive contributions of the

inelastic channels dominate, resulting in peaks. In the case of high conductance, close to G0,

the negative contribution from the correction to the elastic channel dominates, resulting in



§1.5 Driven Phenomena 7

dips [8]. Beyond the conductance of the junction, other factors may affect these contributing

channels and, therefore, the features found in IETS, like asymmetry in coupling between leads

[32, 33].

1.5 Driven Phenomena

The ability to react to changes in their environment is essential to the functionality of many

molecular junctions. Memory and logic components, transistors, rectifiers, charge pumps, and

sensors are all devices that do or may need to function with changes to voltage, temperature,

and surrounding electric fields, to name a few of the system’s properties that may change.

The speed at which these properties vary can be at timescales fast enough to be comparable

to those governing the mechanisms of a junction’s functionality. In such cases, one cannot

assume adiabaticity and rely on theoretical tools for modeling static environments. This diffi-

culty means that tools for modeling such scenarios are necessary.

Among these external stimuli, variations in the voltage profile of devices due to alternat-

ing driving or exposure to electromagnetic radiation are of particular interest. Historically,

the first attempts to explain the effects of modulated driving come with the work of Tien

and Gordon [34]. This work was in response to the experimental investigations of Dayem

and Martin [35], who investigated the tunneling of electrons in superconductor-insulator-

superconductor junctions where one of the superconductors was irradiated. The work showed

that, with the addition of a time-dependent potential for the irradiated superconductor, i.e.,

V(t) = VDC + VAC cos (Ωt), the time-averaged current can be seen to fracture into various

contributions from the case without driving [36]:

1
P

∫ P/2

−P/2
dtI(t) =

∞

∑
n=−∞

J2
n

(
eVAC

h̄Ω

)
IDC

(
VDC +

h̄Ωn
e

)
, (1.2)

where P = 2π/Ω is the period of the driving, Jn(x) is the Bessel function of the first kind and

IDC is the current without any irradiation. Equation (1.2) suggests the physical interpretation

that the periodic variation of the electrodes’ energies results in the absorption or emission of n

photons with probability J2
n

(
eVAC
h̄Ω

)
, which then travel through the junction. Since these early

investigations, this phenomenon, called photon-assisted transport (PAT), has been observed

in many disparate settings, in both theory and experiments [36–40].

For particular regimes, PAT can help explain junctions operating under illumination. In this

situation, the illumination results in surface plasmons, collective oscillations of the conductive

electrons, in the skin layer of the leads of the junction, resulting in a strong electromagnetic

field across the junction. These effects can significantly affect the charge transport across the
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junction, resulting in many new mechanisms for transport [41]. However, when the frequency

of the light is sufficiently low, the excitation of electron-hole pairs within the lead and molecule

can be disregarded, and the plasmonic field can be treated as an AC voltage bias oscillating

at the plasmon frequency [41–44]. While this approximation holds in the low-frequency limit,

in reality, PAT can be one of many mechanisms at play within an illuminated junction, with

particular difficulties distinguishing between PAT and hot electron transport [43, 45]. Hot elec-

trons occur when plasmons decay through generating highly energetic electrons via Landau

damping [41], with those close enough participating in transport across the junction. To avoid

contributions to transport from hot electrons, one can have a junction where charge transfer

times are larger than the lifetime of hot electrons or investigate illumination with frequencies

not absorbable by the electrodes, the latter motivating the study of the terahertz regime for

gold electrodes [45, 46].

Many researchers have utilized PAT to explain the features of experiments. Optical rectifica-

tion has been observed in nanogaps for gold electrodes induced by illumination [47]. Alternat-

ing voltages over atomic-sized contacts have also been realized for both conventional means of

voltage driving and in the context of light-induced plasmonics [48–50]. For gold contacts with

conductances of G0 = 2e2/h, increases in conductance were observed upon illumination of

the junction. Specifically, for laser frequencies not absorbed by the gold electrodes, PAT was

found to explain the changes in conductance. However, for wavelengths that are absorbed

by the gold contacts, the PAT mechanism failed to explain experiments, with hot electron

transport appearing to be the dominant contributor [49].

In the context of molecular junctions, several experiments have been undertaken in various

regimes [40, 42, 43, 45, 46, 51]. Optical rectification of thiolated alkyl chains in a suspended

wire molecular junction under 658nm laser light has been investigated [42]. With the PAT

mechanism, the assumption that AC driving voltage is smaller than the incident photon en-

ergy, eVAC ≪ h̄ω, and the assumption that the conductance varies slowly on the scales of

h̄ω, the additional current due to optical rectification can be related to the current in the case

without illumination [41, 42]:

∆IDC =
1
4

V2
AC

d2 Idc

dV2
dc

. (1.3)

Given experimental measures for the terms in equation (1.3), V2
AC could be calculated and

found to be a linear function of the laser power. Moreover, owing to the known lengths of

the thiolated alkyl chains utilised in the investigation, the effective average electric field and

the field enhancement in the junction could be estimated, with the latter increasing as the

molecular length decreased. This field enhancement was attributed to the surface plasmons

of the metal electrodes, which generate strong electromagnetic fields within the restricted

region of the junction [42, 43].
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(a)

(b)

Figure 1.5: (a) The squeezable break junction setup for single-molecule conductance measures.
(b) Representative conductance-time traces showing without (black) and with (red) illumina-
tion, showing the increase in conductance for a 2,7-diaminofluorene single-molecule junction.
From reference [43].Adapted with permission from reference [43]. Copyright 2024 American
Chemical Society.

Enhanced conductance was also induced by surface plasmons for 2,7-diaminofluorene single-

molecule squeezable break junctions, illuminated with a 781nm laser [43], see figure 1.5. Rul-

ing out the possibility of enhanced conductance by photon absorption by the molecule, PAT

was suggested to explain the increase in conductance, with the zero-bias transmission for the

molecule in gold electrodes suggesting that the PAT mechanism’s single-photon emission tun-

neling process was to blame. However, this conductance enhancement could have also been

due to hot electrons, with researchers showing analytically that the theory for both mecha-

nisms was identical for the regime investigated.

This problem of the indistinguishability of PAT and hot electron transport contributions was

further probed by experimentalists who used polarisation-dependent illumination of a 4,4’-

bipyridine molecular junction [45] to investigate increases in conductance under illumination.

The researchers calculate that the effects of hot electrons should be dominated when the laser

wavelength can be absorbed by the electrodes and generate hot electrons, whose lifetimes are

larger than the traversal time of the molecule. This claim was further investigated experimen-

tally by changing the polarisation axis of the incident light from parallel to orthogonal with

respect to the junction axis, which, due to the need for a parallel electric field for PAT, should

see a reduction in conductance enhancement. For the orthogonal polarization, conductance

enhancement was still observed, suggesting the presence of hot electrons.

In addition to molecular junctions, other methods for investigating nanoscale transport with

driving voltages have been explored. A notable method is utilizing lateral quantum dots,
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which are generated by taking a 2D electron gas, usually generated at the interface of two

semiconductor sheets like GaAs/AlGaAs, and, by using gates deposited atop the semicon-

ductors, applying a voltage to create regions of spatial confinement with the 2D electron gas,

trapping holes or electrons, forming the quantum dots [52].

Figure 1.6: An STM image of the device utilized in references [53] and [54]. The quantum dot
(green island) is capacitively coupled to the quantum point contact, generated by Vd4, Vd5 and
Vqpc(t), which acts as a time-resolved charge detector. The gates of VG(t) are modulated peri-
odically to drive the tunneling in and out of the quantum dot. Reproduced with permission
from reference [53].

When researchers modulate the voltages confining the quantum dots, they can change vari-

ous parameters defining them, like energy levels and coupling between dots and surrounding

baths [55]. Such investigations have seen much interest given the promise of precise manipula-

tion of electrons for metrological purposes [56, 57]. Stochastic resonance has been investigated

in the context of a quantum dot with periodically driven gate voltages, where statistics col-

lected about the number of tunneling events per period between dot and baths revealed a

decrease in the Fano factor with a specific driving frequency [53] (see figure 1.6 for exper-

imental setup). Researchers also investigated the emission statistics of a quantum dot with

periodically driven gate voltages controlling tunneling between the dot and baths and have

observed the crossover of adiabatic to non-adiabatic driving due to increases in frequency

[54]. The effects of driven gates on a double quantum dot, where the dots were coupled to

each other and to respective baths, has also been investigated, with current being able to be

induced across the system without a source-drain voltage due to the application of microwave

driving to vary the energies and coupling of the dots [58].
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1.6 Outline

The thesis is organised as follows. In Chapter 2, we introduce nonequilibrium Green’s func-

tions as the tool of choice for modelling the dynamics of driven molecular junctions. The

chapter covers the derivations of nonequilibrium Green’s functions and their application to

molecular junctions. The inclusion of electron-electron and electron-phonon interactions are

handled with self-consistent perturbation theory, with the use of Feynman diagrams set out.

The observables of electronic current and occupation, as well as phonon occupation, are set

out, whilst full counting statistics for nonequilibrium Green’s functions is also derived.

In Chapter 3, we investigate the driving of lead voltages within the regime of fast electron tun-

nelling and slow driving timescales. This allows for a perturbative solution the equations of

motion for the Green’s functions in terms of the ratio of characteristic electron tunneling time

with the speed of driving. The method is applied to both a driven noninteracting resonant

level and a Holstein model under the Hartree approximation.

In Chapter 4, the statistics of current transfer for a periodically driven molecular junction are

investigated. This was achieved by utilising full counting statistics to compute the cumulants

of the electronic current and the equations of motion are solved with a Floquet approach. The

method is applied to single resonant level and Fano resonance scenarios. It is shown that the

driving generates noisier current in both cases.

In Chapter 5, the effects of periodic driving of voltage on a molecular junction with a localised

phonon mode with a junction are investigated. A Floquet approach to nonequilibrium Green’s

functions is married with self-consistent perturbation theory, specificially the self-consistent

Born approximation for the electron-phonon interaction. A model of a single electronic level

coupled to a phononic mode was investigated, with driving at multiples of the phonon’s

frequency resulting in pronounced increases in phonon occupation.

In Chapter 6, the transfer of energy between two driven, capacitively coupled quantum dots

was investigated. Specifically, the driving of one of the lead’s in an energy current between the

opposing dot and lead. The electron-electron interaction was handled with the fluctuation-

exchange approximation whilst a Floquet approach was used for solving the equations of

motion. Four stages were identified in the process, with the energy current being found to be

sensitive to the driving frequency.

Finally, in Chapter 7, we summarize the findings of the thesis and present several possible

extensions.

Natural units for quantum transport are used throughout the thesis, with h̄, e, and kB set to
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unity.



Chapter 2

Nonequilibrium Green’s Functions

This chapter introduces the machinery of nonequilibrium Green’s functions and its application

to time-periodic systems. The Hamiltonian of the model investigated is explained, and its

realization in nonequilibrium Green’s functions with self-consistent perturbation theory is

derived and discussed [59–65].

2.1 Hamiltonian

We use a second quantization description of the Hamiltonian to model our junction system.

Our system can be separated into its isolated components and their interacting terms:

H(t) = H0(t) + Hint(t), (2.1)

H0(t) = HC(t) + HL(t) + HV , (2.2)

HC(t) = ∑
ij

ϵij(t)d̂†
i d̂j, (2.3)

HL(t) = ∑
α

Hα(t) = ∑
k,α

ϵkα(t)ĉ†
kα ĉkα, (2.4)

HV = ∑
ν

ων â†
ν âν = ∑

ν

ων

2
(

P̂ν + Q̂ν

)
, (2.5)

Hint(t) = HT(t) + Hel−el + Hel−ph, (2.6)

HT(t) = ∑
α

HαC(t) = ∑
k,α,i

tkαi(t)ĉ†
kαd̂i + t∗kαi(t)d̂

†
i ĉkα, (2.7)

Hel−el =
1
2 ∑

mkjn
wmkjnd̂†

md̂†
k d̂jd̂n, (2.8)

Hel−ph = ∑
ν,ij

λν
ijd̂

†
i d̂jQ̂ν (2.9)

13
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Here, the total system Hamiltonian is divided into the noninteracting leads, given by HL(t),

an interacting central region, given by HC(t), and the tunneling between them, contained in

HαC(t). The central region includes both electron-electron and electron-phonon interaction

terms. Here, the energies of a particular lead α are given by ϵkα(t), while the tunneling from

the site k of the lead α to the site ith site of the central region is informed by the coupling co-

efficients tkαi. The central region is composed of noninteracting components, informed by the

kinetic and potential energy single-particle terms, ϵij(t) and the interacting terms, given by the

electron-electron interaction strength wmkjn and electron-phonon coupling strength λν
ij. The

second quantization operator ĉ†
kα (ĉkα) creates (destroys) electrons within site k of lead α. The

operator d̂†
i (d̂i) creates (destroys) an electron in the central region and â†

ν (âν) creates (destroys)

a phonon within the phonon modes ν. For the phonons, we have the normalized position and

momentum operators Q̂ν = 1√
2

(
âν + â†

ν

)
and P̂ν = 1

i
√

2

(
âν − â†

ν

)
. All of electronic opera-

tors follow the standard canonical anti-commutation relations ,
[
ĉi, ĉj

]
+
=
[
ĉ†

i , ĉ†
j

]
+
= 0 and[

ĉi, ĉ†
j

]
+
= δij, whereas the phononic operators follow the commutation relations

[
âν, âµ

]
− =[

â†
ν, â†

µ

]
−
= 0,

[
âν, â†

µ

]
−
= δνµ,

[
Q̂ν, Q̂µ

]
− =

[
P̂ν, P̂µ

]
− = 0 and

[
Q̂ν, P̂µ

]
− = iδνµ.

For convenience, we consider a compact notation for the phononic part of the Hamiltonian

introduced in references [61, 62, 66]:

ϕ̂n,ν =

Q̂ν, n = 1

P̂ν, n = 2
, (2.10)

for which the commutation relations read

[
ϕ̂n,ν, ϕ̂n′,ν′

]
= α{nν}{n′ν′} = αν̄ν̄′ = iδνν′

(
0 1

−1 0

)
nn′

. (2.11)

This notations can be further summarised with the introduction of collective notation of ν̄ =

{n, ν} and have the handy identity ∑η̄ αν̄η̄αη̄ν̄′ = δν̄ν̄′ = δνν′δnn′ . The terms of the Hamiltonian

can be rewritten in terms of this new notation:

HV = ∑̄
νµ̄

Ων̄µ̄

2
ϕ̂µ̄ϕ̂ν̄ (2.12)

and

Hel−ph = ∑̄
ν,ij

Mν̄
ijd̂

†
i d̂jϕ̂ν̄, (2.13)

where Ων̄µ̄ = ωνδν̄µ̄ and Mν̄
ij = Mn,ν

ij = δ1,nλν
ij relate the new parameters to those of equations

(2.5) and (2.9). This collective notation will be used for most derivations within the text so

that the bar will be omitted for comprehension purposes, i.e., ν̄ → ν, and will be shown when

explicitly needed.
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2.2 Time-Dependent Observables and the Contour

To calculate observables out of equilibrium, we begin with our system in equilibrium, at some

time t0, with its components unconnected:

ρ̂0 =
e−β(Ĥ0−µN̂el)

Tr
[
e−β(Ĥ0−µN̂el)

] . (2.14)

Here, density matrix ρ0 describes the system at t ≤ t0, with an initial uncoupled and non-

interacting state, where β is the inverse temperature, µ is the chemical potential and N̂el is

the electron occupation operator. The system is also time-independent up to this point, with

Ĥ0 (t ≤ t0) = Ĥ0 and N̂el (t ≤ t0) = N̂el .

After time t0, we push the system out of equilibrium by turning on the interactions and

couplings within and between the various composite sections of the total system, evolving the

system forward:

ρ̂(t) = Û (t, t0) ρ̂0Û (t0, t) , (2.15)

where the time-evolution operator evolves the system with the full Hamiltonian (Eq. 2.1):

Û
(
t, t′
)
=


T
{

e−i
∫ t

t′ dt̄Ĥ(t̄)
}

, t > t′

T̄
{

e+i
∫ t′

t dt̄Ĥ(t̄)
}

, t < t′,
(2.16)

where T and T̄ are the time- and anti-time-ordering respectively. Given the evolution of the

density matrix at some time t, we can calculate the ensemble average of a particular operator

Ô(t):

O(t) = Tr
[
ρ̂(t)Ô(t)

]
= Tr

[
ρ̂0 Û (t0, t) Ô(t)Û (t, t0)

]
= Tr

[
ρ̂0 ÔH(t)

]
, (2.17)

where the Heisenberg representation is given by ÔH(t) = Û (t0, t) Ô(t)Û (t, t0).

We can go further and cast the initial density matrix as an evolution into the complex plane:

e−β(Ĥ0−µN̂el) = e−iĤM(t0−iβ−t0) = Û (t0 − iβ, t0) , (2.18)

where we define the Matsubara Hamiltonian as ĤM = Ĥ0 − µN̂el . This allows us to think

about the calculation of our ensemble average as a series of evolutions:

O(t) =
Tr
[
Û (t0 − iβ, t0) Û (t0, t) Ô(t)Û (t, t0)

]
Tr
[
Û (t0 − iβ, t0) Û (t0, t) Û (t, t0)

] . (2.19)

We can read the time-evolution in equation (2.19) as evolving from t0 to t on a forward branch



16 Nonequilibrium Green’s Functions

C f , before evolving backward from t to t0 on a backward branch Cb, and finally evolving along

the Matsubara branch CM from t0 to t0 − iβ.

These multiple evolutions can be rolled into one by considering the terms on a single contour

C = C f ⊕ Cb ⊕ CM. Here, the Hamiltonian needs to be defined for all contour time z, which

consists of the times on the forward, backward, and Matsubara sections, which are denoted

t f , tb and tM, respectively:

Ĥ(z) =


Ĥ(t) z = t f ∈ C f

Ĥ(t) z = tb ∈ Cb

ĤM z ∈ CM

. (2.20)

This allows us to generalise equation (2.16) to the contour:

Û
(
z, z′

)
=


TC

{
e−i

∫ z
z′ dz̄Ĥ(z̄)

}
, z > z′

T̄C

{
e+i

∫ z′
z dz̄Ĥ(z̄)

}
, z < z′

, (2.21)

where TC and T̄C are the time- and anti-time-ordering on the contour, which sees any series

of operators order latest to the left or right for time-ordering or anti-ordering respectively:

TC
{

Ô1(z1)Ô2(z2) · · · Ôk(zk)
}

= ∑
P
(±)ζP θC(zP1 , zP2)θC(zP2 , zP3)...θC(zPN−1 , zPN ) ÔP1(zP1)ÔP2(zP2) · · · ÔPN (zPN )

(2.22)

and

T̄C
{

Ô1(z1)Ô2(z2) · · · Ôk(zk)
}

= ∑
P
(±)ζP θC(zPN , zPN−1)...θC(zP3 , zP2)θC(zP2 , zP1) ÔP1(zP1)ÔP2(zP2) · · · ÔPN (zPN )

(2.23)

where ± is + for bosons and − for fermions, P is for any permutation and ζP is for the number

of permutations needed for the initial ordering to that of the permutation P and θC(z, z′) is

the Heaviside on the contour.

Within the context of the contour, the ensemble average gains the following compact form:

O(z) = ⟨ÔH(z)⟩ =
Tr
[

TC

{
e−i

∫
C dz̄Ĥ(z̄)Ô(z)

}]
Tr
[

TC

{
e−i

∫
C dz̄Ĥ(z̄)

}] , (2.24)

which we can extend to consider a string of operators,

⟨TC
{

Ô1H(z1)Ô2H(z2) · · · ÔkH(zk)
}
⟩ =

Tr
[

TC

{
e−i

∫
C dz̄Ĥ(z̄)Ô1(z1)Ô2(z2) · · · Ôk(zk)

}]
Tr
[

TC

{
e−i

∫
C dz̄Ĥ(z̄)

}] . (2.25)
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Here, the contour Heisenberg picture is defined as

ÔH(z) = Û(zi, z)Ô(z)Û(z, zi), (2.26)

for which we can derive a contour Heisenberg equation of motion:

i
d
dz

ÔH(z) =
[
ÔH(z), ĤH(z)

]
− + Û(zi, z)

(
i

d
dz

Ô(z)
)

Û(z, zi). (2.27)

This thesis focuses on dynamics within the long time limit, where information about the

initial conditions is lost due to interaction with macroscopically large leads. This can be seen

as sending t0 → −∞. The consequence of this choice will become apparent at a later stage.

2.3 Green’s functions on the Contour

The main objects of interest in our calculations are the nonequilibrium Green’s functions,

which are time-ordered ensemble averages of correlators of varying complexity. The largest

Green’s functions (GF) we will deal with is the mixed Green’s function:

Xm,n(1̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′
zp) =

1
im/2+n

Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)ϕ̂(1̃zν) · · · ϕ̂(m̃zν)d̂(1zp) · · · d̂(nzp)d̂†(n′

zp) · · · d̂†(1′zp)
}]

Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)
}] .

(2.28)

Here, we use a shorthand that collects related parameters into one parameter; for example, 1zxy

refers to parameters z1, x1, and y1. This allows the operators to be written in an abbreviated

manner, like ϕ̂(kzν) = ϕ̂νk(zk) and d̂(†)(1zj) = d̂(†)j1
(z1).

While equation (2.28) suggests the possibility of studying correlation functions of a arbitrary

order, for example the two- or three-body electronic Green’s functions, we will focus primarily

on objects more manageable objects. These include the one-body electronic Green’s function,

G(1zp, 1′zp) =
1
i

Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)d̂(1zp)d̂†(1′zp)

}]
Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)
}] , (2.29)

the phonon amplitude,

ϕ(1̃zν) =
Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)ϕ̂(1̃zν)

}]
Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)
}] , (2.30)
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the two-field phonon Green’s function without fluctuation operators,

D0(1̃zν, 2̃zν) =
1
i

Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)ϕ̂(1̃zν)ϕ̂(2̃zν)

}]
Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)
}] , (2.31)

and the two-field phonon Green’s function with fluctuation operators,

D(1̃zν, 2̃zν) =
1
i

Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)∆ϕ̂(1̃zν)∆ϕ̂(2̃zν)

}]
Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)
}] , (2.32)

where ∆ϕ̂(1̃zν) = ϕ̂(1̃zν) − ϕ(1̃zν). The need for two different definitions for the phonon

Green’s functions will become more transparent further on.

It should be noted that the above Green’s functions don’t include references to the lead self-

energies outside of those due to the time-evolution on the contour, i.e., e−i
∫

C d
¯
zĤ(

¯
z). In the

following theory, we will disregard the influence of the leads and focus solely on the theory

in the context of the interactions. The leads and the tunnelling in and out of the central region

by the electrons are described by the equations (2.4) and (2.7), respectively. As these terms are

noninteracting, quadratic terms, their influence on the one-body Green’s functions will result

in a simple modification of the noninteracting one-body Green’s function, as seen in section

2.4.8, which in turn will be used in the calculation of the one-body Green’s function in the

presence of the more complicated interactions.

2.3.1 Martin-Schwinger Hierarchy

We want to generate an equation of motion for the mixed Green’s functions. Because our

Green’s functions consist of ensemble averages of contour time-ordered strings of operators,

we can start derivation by investigating contour time-derivatives of equation (2.22):

d
dzm

TC
{

Ô1(z1) · · · Ôk(zk)
}

= ∂θ
zm

TC
{

Ô1(z1) · · · Ôk(zk)
}

+TC

{
Ô1(z1) · · ·

(
d

dzm
Ôm(zm)

)
· · · Ôk(zk)

}
,

(2.33)

where ∂θ
zm

refers to differentiation with respect to the Heaviside terms in equation (2.22).

Taking the time-derivative of a contour Heaviside function will give a contour delta function:

δ
(
z, z′

)
= ∂zθ(z, z′) = −∂z′θ(z, z′). (2.34)
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This fact will result in the appearance of commutator terms within the strings of operators.

Given our interest in the operators found in section (2.1) and their commutator relations, we

can restrict ourselves to operators that commute, giving us

[Om(z), On(z)]∓ = cmn (2.35)

where cmn is a number such that we can write the first term in equation (2.33) as

∂θ
zm

TC
{

Ô1(z1) · · · Ôk(zk)
}
=

m−1

∑
l=1

(±)k−lδ(zm, zl) [Om(zm), Ol(zm)]∓ TC

{
Ô1(z1) · · ·

⊓
Ôl(zl) · · ·

⊓
Ôm(zm) · · · Ôk(zk)

}

+
n

∑
l=k+1

(±)l−k−1δ(zm, zl) [Om(zm), Ol(zm)]∓ TC

{
Ô1(z1) · · ·

⊓
Ôm(zm) · · ·

⊓
Ôl(zl) · · · Ôk(zk)

}
,

(2.36)

where
⊓
Ô denotes the removal of the operator from the string of operators.

We can utilize equations (2.27), (2.33) and (2.36) to generate equations of motion for the mixed

Green’s function of equation (2.28). The time derivative can be taken with respect to the three

different operators. Taking the derivative with respect to a phononic term and making use of

the Heisenberg equation of motion

i
d
dz

ϕ̂kH(z) = ∑
mn

αkmΩmnϕ̂nH(z) + ∑
m,ij

αkm Mm
ij d̂†

iH(z)d̂jH(z) (2.37)

gives us the first equation of motion for the mixed Green’s function:

i
d

dzk̃
Xm,n(1̃zν, · · · , k̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′

zp) =

m̃

∑
k ̸=l
l=1

δ(zk̃, zl̃)ανk̃ ν̄l̃
Xm−2,n(1̃zν, · · · ,

⊓
k̃zν, · · · ,

⊓
l̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′

zp)

+∑
uζ

ανk̃µΩµζ Xm,n(1̃zν, · · · , zk̃ ζ, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′
zp)

−i1/2 ∑
wq

∑
µ

ανk̃µ Mµ
wqXm−1,n+1

(
1̃zν, · · · ,

⊓
k̃zν · · · , m̃zν; 1zp, · · · , nzp, zk̄w; 1′zp, · · · , n′

zp, z+k̄ q

)
.

(2.38)

The second equation of motion is given by taking the contour-time derivative of one of the

electronic annihilation operators, making use of

i
d
dz

d̂kH(z) = ∑
l

ϵkl(z)d̂lH(z) + ∑
lµ̄

Mµ̄
kl ϕ̂µ̄H(z)d̂lH(z) + ∑

qst
wkqstd̂†

qH(z)d̂sH(z)d̂tH(z) (2.39)
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to give us

i
d

dzk
Xm,n(1̃zν, · · · , m̃zν; 1zp, · · · , kzp, · · · , nzp; 1′zp, · · · , n′

zp) =

n′

∑
j′=1

(−1)k+j′δ(kzp, j′zp)Xm,n−1(1̃zν, · · · , m̃zν; 1zp, · · · ,
⊓

kzp, · · · , nzp; 1′zp, · · · ,
⊓

j′zp, · · · , n′
zp)

+∑
l

ϵpk l(zk)Xm,n(1̃zν, · · · , m̃zν; 1zp, · · · , zkl · · · , nzp; 1′zp, · · · , n′
zp)

+i1/2 ∑
lµ

Mµ
pk lXm+1,n(1̃zν, · · · , m̃zν, zkµ; 1zp, · · · , zkl · · · , nzp; 1′zp, · · · , n′

zp)

−i ∑
qst

wpkqstXm,n+1(1̃zν, · · · , m̃zν; 1zp, · · · , zkt, · · · , nzp, zks; 1′zp, · · · , n′
zp, z+k q).

(2.40)

The third equation of motion is given by taking the contour-time derivative of one of the

electronic creation operators, making use of

−i
d
dz

d̂†
kH(z) = ∑

l
d̂†

lH(z)ϵlk(z) + ∑
lµ̄

ϕ̂µ̄H(z)d̂†
lH(z)Mµ̄

kl + ∑
qst

d̂†
tH(z)d̂

†
sH(z)d̂qH(z)wtsqk (2.41)

to gives us

−i
d

dzk′
Xm,n(1̃zν, · · · , m̃zν; 1, · · · , n; 1′, · · · , k′, · · · , n′) =

n

∑
j=1

(−1)j+k′δ(kzp, j′zp)Xm,n−1(1̃zν, · · · , m̃zν; 1zp, · · · ,
⊓

jzp, · · · , nzp; 1′zp, · · · ,
⊓

k′zp, · · · , n′
zp)

+∑
l

Xm,n(1̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , zk′ l, · · · , n′
zp)ϵlpk′

(zk′)

+i1/2 ∑
lµ

Xm+1,n(1̃zν, · · · , m̃zν, zk′µ; 1zp, · · · , nzp; 1′zp, · · · , zk′ l, · · · , n′
zp)Mµ

lpk′

−i ∑
qst

Xm,n+1(1̃zν, · · · , m̃zν; 1zp, · · · , zk′q, · · · , nzp, zk′ t; 1′zp, · · · , n′
zp, z+k′ s)wtsqpk .

(2.42)

Equations (2.38), (2.40) and (2.42) are the Martin-Schwinger hierarchy. From these equations,

we can make two important observations: firstly, interactions lead to the lower-order Green’s

functions being dependent on higher-order Green’s functions, which makes solving these

equations exactly seemingly impossible; secondly, the noninteracting case sees higher-order

Green’s functions couple only to lower-order Green’s functions, via the first term in equations

(2.38), (2.40) and (2.42). We now turn our attention to this second fact.
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2.3.2 Wick’s Theorem

When considering the system as noninteracting, the Martin-Schwinger hierarchy reduces to

equations of motion for the noninteracting Green’s functions. Taking equation (2.40) as non-

interacting and focusing on a purely electronic Green’s functions gives us

i
d

dzk
gn(1zp, · · · , kzp, · · · , nzp; 1′zp, · · · , n′

zp)− ∑
l

ϵpk l(zk)gn(1zp, · · · , zkl · · · , nzp; 1′zp, · · · , n′
zp)

=
n′

∑
j′=1

(−1)k+j′δ(k, j′)gn−1(1zp, · · · ,
⊓

kzp, · · · , nzp; 1′zp, · · · ,
⊓

j′zp, · · · , n′
zp).

(2.43)

The solution to equation (2.43) turns out to be a determinant made of the single-particle

electronic Green’s functions [59]:

gn(1zp, · · · , kzp, · · · , nzp; 1′zp, · · · , n′
zp) =

∣∣∣∣∣∣∣∣
g(1zp, 1′zp) · · · g(1zp, n′

zp)
...

...

g(nzp, 1′zp) · · · g(nzp, n′
zp)

∣∣∣∣∣∣∣∣
−

= ∑
P
(−)ζP

n

∏
i=1

g(1zp, P(1′zp)).

(2.44)

Here, we have used the definition of a determinant in terms of permutations, where ζP is the

number of permutations for a particular permutation P. For the one-body electronic Green’s

function, equation (2.43) gives us

i
d

dz1
g(1zp, 1′zp)− ∑

l
ϵp1l(z1)g(z1l, 1′zp) = δ(1zp, 1′zp). (2.45)

For the phononic component, taking equation (2.38) as noninteracting gives

∑
β

[
iανk̃ β

d
dzk̃

− Ωνk̃ β

]
d0;m(1̃zν, · · · , zk̃β, · · · , 1̃zν)

=
m

∑
k̃ ̸=l̃
l̃=1

δ(k̃zν, l̃zν)d0;m−2(1̃zν, · · · ,
⊓

k̃zν, · · · ,
⊓

1̃zν, · · · , m̃zν).
(2.46)

From equation (2.46), we see that the phonon Green’s functions couples to diagrams whose

order has the same parity: the m-order Green’s function couples to (m − 2)-order Green’s

functions, skipping the (m − 1)-order Green’s functions. For the 2-order Green’s functions,
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equation (2.46) reduces to

∑
β

[
iαν1̃β

d
dz1̃

− Ων1̃β

]
d0:2(z1̃β, 1̃′zν) = δ(1̃zν, 1̃′zν). (2.47)

However, the equation of motion for the 1-order Green’s functions, ϕ(1̃zν) = i1/2d0:1(1̃zν),

cannot be calculated from (2.46) and needs to be derived from equation (2.37):

∑
β

[
iαν1̃β

d
dz1̃

− Ων1̃β

]
ϕ(z1̃β) = −i ∑

ij
Mν1̃

ij G
(
z1̃ j, z1̃

+i
)

, (2.48)

which has the solution

ϕ(1̃zν) = −i
∫

C
dzx ∑

µ
∑
ij

d0:2
(
z1̃ν1̃, zxµ

)
Mµ

ijG
(
zx j, zx

+i
)

. (2.49)

Equation (2.49) tells us that, for the noninteracting case, ϕ0(1̃zν) = 0. This tells us that the

higher order phonon Green’s functions, containing an odd number of operators, will also go

to zero, as they all depend on ϕ0(1̃zν). For example,

∑
β

[
iαν1̃β

d
dz1̃

− Ων1̃β

]
d0;3(z1β, 2̃zν, 3̃zν) = δ(1̃zν, 2̃zν)d0;1(3̃zν) + δ(1̃zν, 2̃zν)d0;1(2̃zν) = 0, (2.50)

for which the solution is d0;3(1̃zν, 2̃zν, 3̃zν) = 0.

Focusing now on the even case, m = 2n, equations (2.46) and (2.47) can be used to cast the

noninteracting phonon Green’s function in the form

d0;2n(1̃zν, · · · , 2̃nzν) =
2̃n

∑
k̃ ̸=l̃
l̃=1

d0;2(k̃zν, l̃zν)d0;2n−2(1̃zν, · · · ,
⊓

k̃zν, · · · ,
⊓

l̃zν, · · · , 2̃nzν). (2.51)

Equation (2.51) has a recursive form, meaning that d0;2n can be unraveled as all possible

pairings of the 2n indices. This solution takes the form of a hafnian[66], which can be written

in the compact form:

d0;2n(1̃zν, · · · , 2̃nzν) =
1

2nn! ∑
P

n

∏
i=1

d0;2( ˜P(2i − 1)zν, P̃(2i)zν). (2.52)
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2.3.3 Kubo-Martin-Schwinger Boundary Conditions

To solve equations (2.38), (2.40) and (2.42), unique boundary conditions, known as the Kubo-

Martin-Schwinger relations, must be met:

Xm,n(1̃zν, · · · ,
(
z f ν̃k

)
, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′

zp)

= Xm,n(1̃zν, · · · , (ziν̃k) , · · · m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′
zp),

(2.53)

Xm,n(1̃zν, · · · , m̃zν; 1zp, · · · ,
(
z f , pk

)
, · · · , nzp; 1′zp, · · · , n′

zp)

= −Xm,n(1̃zν, · · · m̃zν; 1zp, · · · , (zi, pk) , · · · , nzp; 1′zp, · · · , n′
zp)

(2.54)

and

Xm,n(1̃zν, · · · , (zFν̃k) , · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · ,
(
z f , p′k

)
, · · · , n′

zp)

= −Xm,n(1̃zν, · · · , (ziν̃k) , · · · m̃zν; 1zp, · · · , nzp; 1′zp, · · · ,
(
zi, p′k

)
, · · · , n′

zp),
(2.55)

where zi and z f are the initial and final contour times. These relations follow from equation

(2.28), given the cyclic property of the trace and the contour time-ordering.

The KMS relations also allow for the manipulation of the equations of motion for the one-

body electronic Green’s functions and the two-field phononic Green’s functions, removing the

differential component:

∫
d

¯
1zp ∑

l
g(1zp,

¯
1zp)

[
δp

¯
1li

d
dz

¯
1
− ϵp

¯
1l(z

¯
1)

]
G(z

¯
1l, 2zp) = G(1zp, 2zp) (2.56)

and

∫
d

¯
1zν ∑̄

ν

d(1zν,
¯
1zν)

[
iαν

¯
1ν̄

d
dz

¯
1
− Ων

¯
1ν̄

]
D(z1ν̄, 2zν) = D(1zν, 2zν). (2.57)

2.4 Many-Body Perturbation Theory

In section (2.3.1), we saw that deriving an equation of motion for the general mixed Green’s

function resulted in a Martin-Schwinger hierarchy, which saw Green’s functions coupled to

other Green’s functions of higher order. This fact makes solving the Martin-Schwinger hier-

archy for an exact solution seemingly impossible.

Thankfully, if we treat the interactions perturbatively, we can expand Green’s functions in

terms of the interaction coupling and the noninteracting Green’s functions. We can see this
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specifically with equation (2.28):

Xm,n(1̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′
zp) =

Z0

Z

∞

∑
k,l̃=0

(−)l̃il̃/2+k

2kk!l̃!

∫
d

¯̃
1zνpq ... d

¯̃
lzνpq d

¯
1zpqd

¯
1′zpq ... d

¯
kzpqd

¯
k′zpq

M(
¯̃
1zνpq) · · · M(

¯̃
lzνpq)w(

¯
1zpq,

¯
1′zpq) · · ·w(

¯
kzpq,

¯
k′zpq)

×d0:m+l̃(1̃zν, · · · , m̃zν,
¯̃
1zν · · · ¯̃

lzν)

×gn+l̃+2k(1zp, · · · , nzp,
¯̃
1zq, · · · ,

¯̃
lzq,

¯
1zq,

¯
1′zq, · · · ,

¯
kzq,

¯
k′zq

; 1′zp, · · · , n′
zp,

¯̃
1+zp, · · · ,

¯̃
l+zp,

¯
1+zp¯

1
′+
zp , · · · ,

¯
k+zp¯

k
′+
zp),

(2.58)

where the partition function can also be expanded perturbatively as

Z = Tr
[

TC

{
e−i

∫
C d

¯
zĤ(

¯
z)
}]

=

Z0

∞

∑
k,l̃=0

(−)l̃il̃/2+k

2kk!l̃!

∫
d

¯̃
1zνpq ... d

¯̃
lzνpq d

¯
1zpqd

¯
1′zpq ... d

¯
kzpqd

¯
k′zpq

M(
¯̃
1zνpq) · · · M(

¯̃
lzνpq)w(

¯
1zpq,

¯
1′zpq) · · ·w(

¯
kzpq,

¯
k′zpq)

×d0:l̃( ¯̃
1zν · · · ¯̃

lzν)

×gl̃+2k( ¯̃
1zq, · · · ,

¯̃
lzq,

¯
1zq,

¯
1′zq, · · · ,

¯
kzq,

¯
k′zq

;
¯̃
1+zp, · · · ,

¯̃
l+zp,

¯
1+zp¯

1
′+
zp , · · · ,

¯
k+zp¯

k
′+
zp).

(2.59)

Here, we introduce the shorthand of
¯
k±zp, where the addition of a plus/minus in the super-

script should be read as an infinitesimal increment/decrement of zk. We also introduce the

shorthand w(1zpq, 1′zpgq) = wp1 p1′ q1′ q1 δ(z1, z1′) and M(1zνpq) = Mν1
p1q1 for the interaction terms.

Taking to the terms in equation (2.58) with Wick’s theorem results in a collection of nonin-

teracting single-body electron Green’s functions and noninteracting second order phononic

Green’s functions, sewn together by integrals over connecting interaction terms. These objects

are central to the perturbative solutions of the Green’s functions and have been studied widely

[59–65] and when expressed diagrammatically, they are the well-known Feynman diagrams.

Currently, the terms that make up the equation (2.58) are not as tractable as they can be. Three

observations can help improve the calculations of our diagrams: the loop rule, the reduction

to connected terms, and the reduction to topologically inequivalent diagrams.

2.4.0.1 Loop Rule

The loop rule is concerned with finding the sign for any given Feynman diagram. From equa-

tion (2.58), this is given as the (−)l̃(−)ζP where l̃ is the number of electron-phonon interaction

terms, denoted by M, and P is associated with a particular permutation that comes from the
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determinant we see in the electronic realization of Wick’s theorem, as seen in equation (2.44).

The term from Wick’s theorem that corresponds with the identity permutation and which

would be found in equation (2.58) is the following:

g(1zp, 1′zp) · · · g(nzp, n′
zp)g(˜̄1zq, ˜̄1+zp) · · · g(̃

¯
lzq,˜̄l+zp)g(

¯
1zq,

¯
1+zp)g(

¯
1
′
zq,

¯
1
′+
zp ) · · · g(

¯
kzq,

¯
k+zp)g(

¯
k
′
zq,

¯
k
′+
zp).

(2.60)

In equation (2.60), the Green’s functions that enter due to the interaction terms have the

form g(z, z+), which constitutes a loop. A loop is any chain of Green’s functions whose

contour times "loop" around to the beginning time, i.e., g(z1, z2)g(z2, z3)...g(zx−1, zx)g(zx, z1).

The Green’s functions that enter into (2.60) that do not come from interaction terms,i.e.,

g(1zp, 1′zp) · · · g(nzp, n′
zp), are open as opposed to closed in a loop. We can imagine closing

these open terms by equating z1 and z1′ . Then, all the electronic Green’s functions in equation

(2.60) are closed on themselves to create a loop. We can count the number of loops for the

identity permutation as Li = n + l̃ + 2k such that (−)ζPi (−)l̃ = (−)l̃ = (−)Li+n.

Thinking of equation (2.60) in this closed form is convenient when considering permutations

beyond the identity permutation, as the joining of loops or the creation of new loops through

the separation of larger loops corresponds with transpositions that result in the different per-

mutations found in equation (2.44). This means that the number of loops relates the parity of

a particular permutation by (−)ζP = (−)L−Li .

We can put these observations together to get a final loop rules:

(−)ζP(−)l̃ = (−)ζP(−)Li+n = (−)ζP+Li(−)n = (−)L(−)n. (2.61)

This result relates the sign of a diagram to two simple facts: the number of loops, given we

close the pairs of open terms by moving z1 onto z′1 and the number of open terms.

2.4.0.2 Reduction to connected terms

Equations (2.58) will have terms for a given order of k and l̃ that will factorize into terms

with outgoing parameters and unconnected vacuum diagrams. These terms may contain the

same connected components but only differ by a multiplied vacuum diagram, which itself

can be made of one or many vacuum diagrams multiplied together. These insights suggest
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we express the express equation (2.58) as a series of outgoing and vacuum terms:

Xm,n(1̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′
zp)

=
Z0

Z

∞

∑
k,l̃=0

(−)l̃il̃/2+k

2kk!l̃!

k

∑
k′=0

l̃

∑
l̃′=0

(
k
k!

)(
l̃
l̃′

)
∑

p∈
{

connected
diagrams

} ∑
q∈
{ vacuum

diagrams
}(−)L+j

X(k′,l̃′)
out,p (1̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′

zp)V
(k−k′,l̃−l̃′)
q ,

(2.62)

where X(k′,l̃′)
out,p is the pth possible connected diagram with k′ electron-electron interaction terms

and l̃′ electron-phonon interaction terms and V(k−k′,l̃−l̃′)
q is the qth possible realisation of a

single or multiple vacuum diagrams with k − k′ electron-electron interaction terms and l̃ − l̃′

electron-phonon interaction terms. Within equation (2.62), L and j refer to the whole diagram.

However, the loop rule is satisfied for each constituent part of the diagram with L = Lp + Lq.

This allows us to rearrange equation (2.62) for

Xm,n(1̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′
zp)

=
Z0

Z

∞

∑
k,l̃=0

k

∑
k′=0

l̃

∑
l̃′=0

 il̃′/2+k′

2k′k′!l̃′!
∑

p∈
{

connected
diagrams

}(−)Lp−jX(k′,l̃′)
out,p (· · · )


×

 i(l̃−l̃′)/2+(k−k′)

2(k−k′)(k − k′)!(l̃ − l̃′)!
∑

q∈
{ vacuum

diagrams
}(−)Lq+jV(k−k′,l̃−l̃′)

q


=

Z0

Z

∞

∑
k,l̃=0

k

∑
k′=0

l̃

∑
l̃′=0

X(k′,l̃′)
out (· · · )V(k−k′,l̃−l̃′),

(2.63)

where we have collected all terms relating to the connected and vacuum diagrams into

X(k′,l̃′)
out (· · · ) and V(k−k′,l̃−l̃′) respectively.

Casting the mixed Green’s functions in the form of equation (2.63) highlights the points made

above: the complete diagrams consist of all possible connected diagrams multiplied on all pos-

sible combinations of vacuum diagrams. From here, we can cast all the possible combinations
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of vacuum diagrams in terms of the partition function:

Xm,n(1̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′
zp)

=
Z0

Z

∞

∑
k=0

∞

∑
l̃=0

k

∑
k′=0

l̃

∑
l̃′=0

X(k′,l̃′)
out (· · · )V(k−k′,l̃−l̃′)

=
Z0

Z

∞

∑
k=0

∞

∑
l̃=0

∞

∑
k′=0

∞

∑
l̃′=0

δk≥k′δl̃≥l̃′X
(k′,l̃′)
out (· · · )V(k−k′,l̃−l̃′)

=
Z0

Z

∞

∑
k′=0

∞

∑
l̃′=0

∞

∑
k=k′

∞

∑
l̃=l̃′

X(k′,l̃′)
out (· · · )V(k−k′,l̃−l̃′)

=
Z0

Z

∞

∑
k′=0

∞

∑
l̃′=0

∞

∑
k=0

∞

∑
l̃=0

X(k′,l̃′)
out (· · · )V(k,l̃)

=
Z0

Z

∞

∑
k′=0

∞

∑
l̃′=0

X(k′,l̃′)
out (· · · )

(
∞

∑
k=0

∞

∑
l̃=0

V(k,l̃)

)

=
Z0

Z

∞

∑
k′=0

∞

∑
l̃′=0

X(k′,l̃′)
out (· · · )

(
Z
Z0

)

=
∞

∑
k′=0

∞

∑
l̃′=0

X(k′,l̃′)
out (· · · ).

(2.64)

Here, the substitution ∑∞
k=0 ∑∞

l̃=0
V(k,l̃) = Z/Z0 is made, which is follows from equation (2.59).

This final manipulation shows how the vacuum diagrams generated as a part expansion of

the numerator in equation (2.58) cancel those present due to to the denominator term of the

Green’s function, as seen in equation (2.28).

2.4.0.3 Reduction to topologically inequivalent terms

As laid out in equation (2.58), the expansion of the mixed Green’s function contains integrals

over the parameters associated with the interaction terms. Some of these dummy variables

can be interchanged but do not affect the resultant calculation. The combination of dummy

variables that can be interchanged depends on the nature of the interactions.

For the electron-electron interactions, the interchange of terms related to one instance of in-

teraction, given by w, with another, i.e.

· · ·w(1zpq, 1′zpq)w(2zpq, 2′zpq) · · · → · · ·w(2zpq, 2′zpq)w(1zpq, 1′zpq) · · · , (2.65)

will result in the same calculation. This means that the terms of equation (2.58) with k inter-

actions will have groupings of contributions that are equivalent. These groupings will be k!

large as this number of possible permutations of the k interaction lines. The electron-electron
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interaction terms also have the property that

w(1zpq, 1′zpq) = w(1′zpq, 1zpq). (2.66)

This symmetry means that every pair of dummy variables associated with a single interaction

can be interchanged. This will result in terms of equation (2.58) with k interactions having

groupings of contributions that are equivalent and 2k large. For the electron-phonon inter-

action terms, denoted by M, equation (2.58) will l̃! terms that will be equivalent given the

interchange of dummy variables.

We see that denominators in equation (2.58), the term 2kk!l̃!, disappears upon observing that

many of the terms contribute equally. These diagrams that contribute equally to Xm,n are

called topological equivalent because if one were to draw these diagrams, specifying the po-

sitions of specific interactions terms in the picture, topologically equivalent terms, due to

various interchanges and flippings of interaction terms, would result in equivalent contribu-

tions to calculations. This makes drawing these diagrams simpler, as we need only worry

about drawing diagrams that are topologically inequivalent.

2.4.0.4 Recap

The insights garnered above have significantly simplified the calculation of equation (2.58),

which we can now write in the simplified form of

Xm,n(1̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′
zp) =

∞

∑
k,l̃=0

il̃/2+k ∑
p∈
{

diagrams
(k,l̃)

}(−)Lp+nXp
m,n (t.in.c)(1̃zν, · · · , m̃zν; 1zp, · · · , nzp; 1′zp, · · · , n′

zp), (2.67)

where Xp
m,n (t.in.c) stands for a particular diagram p, containing k electron-electron interaction

terms and l̃ electron-phonon interaction terms, which is topologically inequivalent and con-

nected and Lp is the number of electronic loops within Xp
m,n (t.in.c) given we close the n pairs

of outgoing electron terms.

We can understand equation (2.67) a simple recipe for calculating the terms for Xm,n:

1. Draw the diagram.

2. Translate this diagram to algebraic form. Within the text, we use the following diagram-
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matic representations of our algebraic objects:

g(1zp, 2zp) ≡
1zp 2zp

, (2.68)

d(1zp, 2zp) ≡
1zp 2zp

, (2.69)

w(1zpq, 2zpq) ≡
1zpq 2zpq

(2.70)

and

M(1̃zνpq) ≡ . (2.71)

3. Multiply this diagram on the following prefactors:

• Multiply by il̃/2, where l̃ is the number of times M occurs.

• Multiply by ik, where k is how many times w occurs.

• Multiply by (−)j, where j is the number of incoming/outcoming electronic pairs.

• Multiply by (−)Lc , where Lc is the number of electronic loops given you close all

the incoming/outcoming electronic pairs into themselves.

These simple rules allow us to translate any diagrams into algebra to be calculated. However,

for this thesis, we focus on two particular Green’s functions, equations (2.29), (??) and (2.31),

for which we can write simplified rules. For both the single-body electronic Green’s function

and the two-field phononic Green’s functions, we have the following rules which follow from

the above:

1. Draw the diagram.

2. Translate the diagram to algebraic form.

3. Multiply this diagram on the following prefactors:

• Multiply by (i)l̃/2, where l̃ is the number of times M occurs.

• Multiply by ik, where k is how many times w occurs.

• Multiply by (−)L, where L is the number of electronic loops.

These rules are best understood when applied to examples. Figure (2.1) can be converted to

algebraic following the above rules:
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• We transform the diagram to algebraic and get the following:

G(2)(1zq, 1′zp) ∼
∫

d
¯
1zpqd

¯
2zpqd

¯̃
1zpd

¯̃
2zp

g(1zq,
¯
1zp)g(

¯
1zq,

¯̃
1zp)g(

¯̃
1zq, 1′zp)

×w(
¯
1zpq,

¯
2zpq)M(

¯̃
1zνpq)d( ¯̃

1zν,
¯̃
2zν)M(

¯̃
2zνpq)

×g(2zq,
¯̃
2zp)g(

¯̃
2zq,

¯
2zp).

(2.72)

• We multiply the above on the following prefactors: i for the electron-electron interaction

term, i2/2 for the two electron-phonon coupling terms and (−) for the electronic loop.

This gives us a net prefactor of 1, so we find that

G(2)(1zq, 1′zp) =
∫

d
¯
1zpqd

¯
2zpqd

¯̃
1zνpqd

¯̃
2zνpq

g(1zq,
¯
1zp)g(

¯
1zq,

¯̃
1zp)g(

¯̃
1zq, 1′zp)

×w(
¯
1zpq,

¯
2zpq)M(

¯̃
1zνpq)d( ¯̃

1zν,
¯̃
2zν)M(

¯̃
2zνpq)

×g(2zq,
¯̃
2zp)g(

¯̃
2zq,

¯
2zp).

(2.73)

Figure 2.1: An example of a single-body electronic Green’s function Feynman diagram.

2.4.1 Self-Energies and dressed Green’s functions

The above section introduces the basic building blocks of quantum many-body perturbation

theory. However, further manipulation is necessary if one wishes to capture contributions

to the perturbation expansion beyond explicitly expressed terms. This can be achieved most

notably by the resummation of diagrams.

As seen in figure (2.1), the contributions to the electronic Green’s functions, as defined in

equation (2.29), have the following form

Σ , (2.74)

which we can write algebraically as∫
d

¯
1zpd

¯
2zp g(1zp,

¯
1zp)Σ(¯

1zp,
¯
2zp)g(

¯
2zp, 1′zp). (2.75)
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This object Σ is called the electronic self-energy or self-energy insertion. A self-energy is any

diagram that can be separated from the rest of the diagram by cutting two electronic Green’s

functions. The self-energy allows us to begin summing a series of diagrams of the following

form:

= + Σ

+ Σ Σ + · · ·

= + Σ

= + Σ ,

(2.76)

or written algebraically as

G(1zp, 2zp) = g(1zp, 2zp) +
∫

d
¯
1zpd

¯
2zp g(1zp,

¯
1zp)Σ(¯

1zp,
¯
2zp)g(

¯
2zp, 2zp)+∫

d
¯
1zpd

¯
2zpd

¯
3zpd

¯
4zp g(1zp,

¯
1zp)Σ(¯

1zp,
¯
2zp)g(

¯
2zp,

¯
3zp)Σ(¯

3zp,
¯
4zp)g(

¯
4zp, 2zp) + · · ·

= g(1zp, 2zp) +
∫

d
¯
1zpd

¯
2zp g(1zp,

¯
1zp)Σ(¯

1zp,
¯
2zp)G(

¯
2zp, 2zp)

= g(1zp, 2zp) +
∫

d
¯
1zpd

¯
2zp G(1zp,

¯
1zp)Σ(¯

1zp,
¯
2zp)g(

¯
2zp, 2zp),

(2.77)

where we define the full Green’s function diagrammatically, as set out in equation (2.29), as

G(1zp, 2zp) ≡
1zp 2zp

. (2.78)

Equation (2.77) is called the Dyson equation. Given that any contribution to the electronic

Green’s function can be cast as a self-energy, equation (2.77) is exact when considering the

self-energy term to contain all possible self-energy insertions.

A similar analysis can be made for the two-field phononic Green’s function, equation (2.31),

with contributions that follow the form

Π0 (2.79)

where the object Π is called the phononic self-energy, with the phononic Green’s function D0,
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as defined in equation (2.31), having an expansion of the form:

D0 = + Π0

+ Π0 Π0 + · · · .

(2.80)

Among the diagrams within this expansion are diagrams with outgoing phononic Green’s

functions disconnected from each other. These double "tadpole" diagrams can be shown to

sum to ϕ(1zν)ϕ(1′zν), where ϕ is the average phonon fields, as seen in equation (2.49):

=

+ +

+ + + · · · .

(2.81)

If we remove these terms from D0, we are left with D, as defined in equation (2.32). Moreover,

the expansion of D can now be seen to follow a Dyson equation:

= + Π

+ Π Π + · · ·

= + Π ,

(2.82)

which can be expressed algebraically as

D(1zν, 2zν) = d(1zν, 2zν) +
∫

d
¯
1zνd

¯
2zν d(1zν,

¯
1zν)Π(

¯
1zν,

¯
2zν)d(¯

2zν, 2zν)+∫
d

¯
1zνd

¯
2zνd

¯
3zνd

¯
4zν d(1zν,

¯
1zν)Π(

¯
1zν,

¯
2zν)d(¯

2zν,
¯
3zν)Π(

¯
3zν,

¯
4zν)d(¯

4zν, 2zν) + · · ·

= d(1zν, 2zν) +
∫

d
¯
1zνd

¯
2zν d(1zν,

¯
1zν)Π(

¯
1zν,

¯
2zν)D(

¯
2zν, 2zν)

= d(1zν, 2zν) +
∫

d
¯
1zνd

¯
2zν D(1zν,

¯
1zν)Π(

¯
1zν,

¯
2zν)d(¯

2zν, 2zν),

(2.83)

where D is expressed diagrammatically as

D(1zν, 2zν) ≡
1zν 2zν

. (2.84)

The phononic self-energies within Π consist of diagrams that cannot be separated from the

external vertices by removing two d lines.
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In their current forms, the electronic and phononic self-energies are constructed with the non-

interacting Green’s functions g and d. To include more diagrams self-consistently, replacing

the noninteracting Green’s functions within these self-energies with full Green’s functions is

often convenient. To avoid erroneously including some diagrams twice, we must only dress

the skeletonic diagrams, which means disregarding self-energy diagrams that contain other

self-energies diagrams, called self-energy insertions. This process must be completed for both

the electronic self-energies and the phononic self-energies, resulting in Σ[g, d] = Σss[G, D] and

Π[g, d] = Πss[G, D], where Σss and Πss are the skeletonic electronic and phononic self-energy

diagrams for both the electronic and phononic insertions respectively. The Feynman rules for

both the electronic and phononic self-energies are the same as those found in section 2.4.0.4,

with, in the dressed Green’s functions being treated same as the undressed Green’s functions.

2.4.2 Kadanoff-Baym Equations

The Dyson equations (2.76) and (2.82) can be rearranged for integro-differential equations of

motion by utilizing equations (2.45) and (2.47) to remove the noninteracting Green’s functions:

∑
l

[
δp1li

d
dz1

− ϵp1l(z1)

]
G(z1l, 2zp) = δp1 p2 δ (z1, z2) +

∫
d

¯
1zpΣ(1zp,

¯
1zp)G(

¯
1zp, 2zp) (2.85)

and

∑
β

[
iαν1β

d
dz1

− Ων1β

]
D (z1β, 2zν) = δν1ν2 δ (z1, z2) +

∫
d

¯
1zνΠ(1zν,

¯
1zν)D(

¯
1zν, 2zν). (2.86)

These are the Kadanoff-Baym equations for the electronic and phononic Green’s functions,

respectively. They provide an alternative path to solving Dyson’s equations, which will be

used in the following chapters.

2.4.3 Conserving Approximations

For a given the choice of self-energies, conservation laws need to be satisfied. These include

laws for conserving particle number, energy, and momentum within and between the system

and the environment. Clear examples are the particle and energy current conservation for the

case of a molecular junction:

∑
α

Iα(t) =
dN(t)

dt
(2.87)

and

∑
β

Jβ(t) =
dE(t)

dt
. (2.88)
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−ΦH [G, D] =
1
2

+
1
2

Figure 2.2: The diagrams for the Hartree terms of the Luttinger-Ward functional.

−Φxc [G, D] =
1
2

+
1
2

+ · · ·

Figure 2.3: A sample of diagrams for the exchange terms of the Luttinger-Ward functional.

Here, Iα(t) stands for the particle current, Jβ(t) the energy current, N(t) the total particle

number for the system, E(t) the total energy of the system and α and β stand for the possi-

ble pathways through which particles and energy can be exchanged with the environment,

respectively.

The satisfying of these conservation laws can be achieved by choosing diagrams such that

they are Φ-derivable [59, 60, 67]:

Σss[G, D](1, 1′) =
δΦ[G, D]

δG(1′, 1)
(2.89)

and

Πss[G, D](1, 1′) = −2
δΦxc[G, D]

δD(1, 1′)

∣∣∣∣
s

= −δΦxc[G, D]

δD(1, 1′)
− δΦxc[G, D]

δD(1′, 1)
,

(2.90)

where Φ[G, D] = ΦH [G, D] + Φxc[G, D] are the terms of the Luttinger-Ward functionals that

contribute the Hartree and exchange diagrams, respectively. Diagrammatically, the process

of taking a functional derivative, as seen in equations (2.89) and (2.90), can be understood as

the removal of the electronic or phononic line, depending on the functional derivative taken.

This can be seen if we compare the second term in figure 2.3 to the self-energies it generates

in figure 5.1.

The object Φ is known as the Luttinger-Ward functional and, in the case of both dressed G

and D, is all connected, topologically inequivalent G- and D-skeletonic vacuum diagrams

multiplied on specific prefactors. These prefactors are the same as those for the electronic self-

energies, given in section 2.4.0.4, with an additional minus because of the functional derivative

destroying an electronic loop and a further division by the number of symmetries with the

vacuum diagram in question, so eliminate the possibility of double-counting diagrams.
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A subset of diagrams of the Luttinger-Ward functions can be taken to approximate the dynam-

ics of the system in question, with the electronic and phononic self-energies generated with

equations (2.89) and (2.90). There are many popular conserving approximations (Hartree-

Fock, self-consistent Born approximation, GW, T-matrix, FLEX, etc.), and their applicability

depends on the system under investigation [63, 64]. In addition, the lead and bath self-energy

terms (see section 2.4.8 and 2.4.9) can be cast as contributions to Luttinger-Ward functionals,

resulting in conserving approximation when added to the contributions due to the correla-

tions.

2.4.4 From the Contour to Real Time

In their current form, the Green’s functions are on the Keldysh contour. When completing

calculations, it is beneficial to cast the objects of interest, like the Green’s functions, in terms of

real time. We focus on functions with two contour-time parameters, which have the structure

A(z, z′) = θ(z, z′)A>(t, t′) + θ(z′, z)A<(t, t′), (2.91)

where the real-time greater projection, A>(t, t′) has the property that z > z′, and the lesser

projection, A<(t, t′), has the property z < z′. We have further projections in the form of the

time-ordered projection,

AT(t, t′) = θ(t − t′)A>(t, t′) + θ(t′ − t)A<(t, t′), (2.92)

the anti-time-ordered projection,

AT̃(t, t′) = θ(t′ − t)A>(t, t′) + θ(t − t′)A<(t, t′), (2.93)

the retarded projection,

AR(t, t′) = θ(t − t′)
[
A>(t, t′)− A<(t, t′)

]
, (2.94)

and the advanced projection

AA(t, t′) = θ(t′ − t)
[
A<(t, t′)− A>(t, t′)

]
. (2.95)

These projections can be shown to be related via

AT(t, t′) + AT̃(t, t′) = A<(t, t′) + A>(t, t′). (2.96)

It is often convenient to express the object A(z, z′) in terms of a 2× 2 matrix in the Schwinger-
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Keldysh space [68]:

A(z, z′) → Â(t, t′) =

(
A−−(t, t′) A−+(t, t′)

A+−(t, t′) A++(t, t′)

)
=

(
AT(t, t′) A<(t, t′)

A>(t, t′) AT̃(t, t′)

)
. (2.97)

Here, the object A on the contour has two times, z and z′, which can exist on the forward

branch, denoted by a minus sign, or the backward branch, denoted by a plus sign. Given

equation (2.96), only three projections are necessary to describe the dynamics. A popular

combination is the advanced, retarded, and lesser projections relatable to equation (2.97)

ÛÂ(t, t′)Ŵ =

(
I 0

I −I

)(
AT(t, t′) A<(t, t′)

A>(t, t′) AT̃(t, t′)

)(
I 0

−I I

)

=

(
AT(t, t′)− A<(t, t′) A<(t, t′)

0 A<(t, t′)− AT̃(t, t′)

)
=

(
AR(t, t′) A<(t, t′)

0 AA(t, t′)

)
.

(2.98)

Equation (2.98) also allow us to recast equation (2.96) in terms of the retarded and advanced

projections:

AR(t, t′)− AA(t, t′) = A>(t, t′)− A<(t, t′). (2.99)

Several important composite objects need to be evaluated in real time:

C(z, z′) =
∫

c
d

¯
zA(z,

¯
z)B(

¯
z, z′), (2.100)

D(z, z′) = A(z, z′)B(z, z′) (2.101)

and

E(z, z′) = A(z, z′)B(z′, z). (2.102)

Equation (2.100) translates to the Schwinger-Keldysh space as

Ĉ(t, t′) =
∫

d
¯
tÂ(t,

¯
t)σ̂3B̂(

¯
t, t′), (2.103)

with the Pauli matrix arising from the backward branch of the contour integral. Given ŴÛ =

σ̂3, we can complete the transform giving us Ĉ(t, t′) in terms of the retarded, advanced, and

lesser projections:

ÛĈ(t, t′)Ŵ =
∫

d
¯
tÛÂ(t,

¯
t)ŴÛB̂(

¯
t, t′)Ŵ

=

(
CR(t, t′) C<(t, t′)

0 CA(t, t′)

)
=
∫

d
¯
t

(
AR(t,

¯
t) A<(t,

¯
t)

0 AA(t,
¯
t)

)(
BR(

¯
t, t′) B<(

¯
t, t′)

0 BA(
¯
t, t′).

) (2.104)

Using equation (2.104) and the relation AR(t, t′)− AA(t, t′) = A>(t, t′)− A<(t, t′) , gives the
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following projections for equation (2.100):

CR/A(t, t′) =
∫

d
¯
t AR/A(t,

¯
t)BR/A(

¯
t, t′)+ (2.105)

C</>(t, t′) =
∫

d
¯
tAR(t,

¯
t)B</>(

¯
t, t′) + A</>(t,

¯
t)BA(

¯
t, t′). (2.106)

For equation (2.101) we have the projections(
DT(t, t′) D<(t, t′)

D>(t, t′) DT̃(t, t′)

)
=

(
AT(t, t′)BT(t, t′) A<(t, t′)B<(t, t′)

A>(t, t′)B>(t, t′) AT̃(t, t′)BT̃(t, t′)

)
, (2.107)

and

DR/A(t, t′) = A<(t, t′)BR/A(t, t′) + AR/A(t, t′)B<(t, t′)± AR/A(t, t′)BR/A(t, t′)

= A<(t, t′)BR/A(t, t′) + AA/R(t, t′)B>(t, t′),
(2.108)

where the last equality follows from AR(t, t′)− AA(t, t′) = A>(t, t′)− A<(t, t′) and equations

(2.94) and (2.95). Similarly, for equation (2.102) we have the projections(
ET(t, t′) E<(t, t′)

E>(t, t′) ET̃(t, t′)

)
=

(
AT(t, t′)BT(t′, t) A<(t, t′)B>(t′, t)

A>(t, t′)B<(t′, t) AT̃(t, t′)BT̃(t′, t)

)
(2.109)

and

ER/A(t, t′) = AR/A(t, t′)B<(t′, t) + A<(t, t′)BA/R(t′, t). (2.110)

In addition to the convolutions, the derivative with respect to the contouring time and the

delta function of the contour times have projections in real time. For the derivative, both the

forward and backward branches of the contour have the same projection:

d f
dz

= lim
z′→z

f (z′)− f (z)
z′ − z

=

limϵ→0
f (t+ϵ)− f (t)

ϵ = d f
dt (forward branch)

limϵ→0
f (t−ϵ)− f (t)

−ϵ = d f
dt (backward branch).

(2.111)

The delta function, δ(z, z′), is understood as the derivative with respect to the contour Heavi-

side,

θ(z − z′) →
(

θ(t − t′) 0

0 θ(t′ − t),

)
(2.112)

such that

δ(z − z′) =
θ(z − z′)

dz
→
(

δ(t − t′) 0

0 −δ(t − t′)

)
, (2.113)

where both equations (2.112) and (2.113) are written in the untransformed frame, as seen in
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equation (2.97). For the transformed representation in Schwinger-Keldysh space, we get an

identity matrix:

Û

(
δ(t − t′) 0

0 −δ(t − t′)

)
Ŵ =

(
δ(t − t′) 0

0 δ(t − t′)

)
. (2.114)

2.4.5 Electronic Green’s functions’ projections

For the single particle electronic Green’s functions, equation (2.29), the projections are as

follows:

G>
pp′(t, t′) = −i⟨d̂p(t)d̂†

p(t
′)⟩, (2.115)

G<
pp′(t, t′) = i⟨d̂†

p′(t
′)d̂p(t)⟩, (2.116)

GT
pp′(t, t′) = −i⟨T

{
d̂p(t)d̂†

p′(t
′)
}
⟩, (2.117)

GT̃
pp′(t, t′) = −i⟨T̃

{
d̂p(t)d̂†

p′(t)
}
⟩, (2.118)

GR
pp′(t, t′) = −iθ(t − t′)⟨

[
d̂p(t), d̂†

p′(t
′)
]
+
⟩ (2.119)

and

GA
pp′(t, t′) = iθ(t′ − t)⟨

[
d̂p(t), d̂†

p′(t
′)
]
+
⟩. (2.120)

The Dyson equation in the untransformed form in the Schwinger-Keldysh space comes to

Ĝpp′(t, t′) = ĝpp′(t, t′) +
∫

d1tpd2tp ĝpp1(t, t1)σ̂3Σ̂p1 p2(t1, t2)σ̂3Ĝp2 p′(t2, t′), (2.121)

whereas the transformed form decouples to give the following equations:

GR/A
pp′ (t, t′) = gR/A

pp′ (t, t′) +
∫

d1tpd2tp gR/A
pp1

(t, t1)ΣR/A
p1 p2

(t1, t2)GR/A
p2 p′ (t2, t′) (2.122)

and

G</>
pp′ (t, t′) = g<pp′(t, t′) +

∫
d1tpd2tp g</>

pp1
(t, t1)ΣA

p1 p2
(t1, t2)GA

p2,p′(t2, t′)

+
∫

d1tpd2tp gR
pp1

(t, t1)Σ</>
p1 p2

(t1, t2)GA
p2,p′(t2, t′)

+
∫

d1tpd2tp gR
pp1

(t, t1)ΣR
p1 p2

(t1, t2)G</>
p2,p′ (t2, t′),

(2.123)

where
∫

d1tp =
∫

dt1 ∑p1
. The alternate version of the Dyson equation, G = g + G ◦ Σ ◦ g, has

the same projections, with the switching of G and g in the second term. Equation (2.123) can
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be rearranged with the help of equation (2.122) to get the Keldysh equation:

G</>
pp′ (t, t′) =

∫
d1tpd2tpd3tpd4tp

(
δpp2 δ(t − t2) + GR

pp1
(t, t1)ΣR

p1,p2
(t1, t2)

)
g</>

p2,p3
(t2, t3)

×
(

δp3 p′δ(t3 − t′) + ΣA
p3 p4

(t3, t4)GA
p4,p′(t4, t′)

)
+
∫

d
¯
1tpd

¯
2tpGR

pp1
(t, t1)Σ</>

p1 p2
(t1, t2)GA

p2 p′(t2, t′).

(2.124)

When the noninteracting Green’s functions situated in the first term, g</>
p2,p3

(t2, t3) are defined

as the proper noninteracting Green’s functions, see equations (2.128) and (2.129), the first term

in equation (2.124) will disappear.

Similarly, the Kadanoff-Baym equations in the untransformed form of the Schwinger-Keldysh

space are given by

∑
l

(
Îδpli

d
dt

− Îϵpl(t)
)

Ĝlp′(t, t′) = σ̂3δpp′δ(t − t′) +
∫

d1tp Σ̂pp1(t, t1)σ̂3Ĝp1 p′(t1, t′), (2.125)

where Î is the identity matrix in the Schwinger-Keldysh space. In the transformed form, the

equations decouple to give

∑
l

(
δpli

d
dt

− ϵpl(t)
)

GR/A
lp′ (t, t′) = δpp′δ(t − t′) +

∫
d1tp ΣR/A

pp1
(t, t1)GR/A

p1 p′ (t1, t′) (2.126)

and

∑
l

(
δpli

d
dt

− ϵpl(t)
)

G</>
lp′ (t, t′) =∫

d1tp

[
Σ</>

pp1
(t, t1)GA

p1 p′(t1, t′) + ΣR
pp1

(t, t1)G</>
p1 p′ (t1, t′)

]
.

(2.127)

In the case of unconnected and noninteracting levels, the Green’s functions have the following

form:

g<pp′(t, t′) = ie−i
∫ t

t′ d
¯
tϵp(¯

t) f0δpp′ , (2.128)

g>pp′(t, t′) = −ie−i
∫ t

t′ d
¯
tϵp(¯

t)(1 − f0)δpp′ , (2.129)

gR
pp′(t, t′) = −iθ(t − t′)e−i

∫ t
t′ d

¯
tϵp(¯

t)δpp′ , (2.130)

and

gA
pp′(t, t′) = iθ(t′ − t)e−i

∫ t
t′ d

¯
tϵp(¯

t)δpp′ , (2.131)

where site p has the energy level ϵp(t) and f0 = 1/
[
eβϵp(t0) + 1

]
. To calculate gT/T̃

pp′ (t, t′),

equations (2.92) and (2.93) can be utilised. In the case where we take the ϵp(t) to be constant
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with time, we can take a Fourier transform with respect to τ = t − t′, giving the results

g<pp′(ω) = 2πi f0δ
(
ω − ϵp

)
δpp′ , (2.132)

g>pp′(ω) = −2πi(1 − f0)δ
(
ω − ϵp

)
δpp′ , (2.133)

gR
pp′(ω) =

δpp′

ω − ϵp + iη
(2.134)

and

gA
pp′(ω) =

δpp′

ω − ϵp − iη
, (2.135)

where η is an infinitesimal.

2.4.5.1 Phononic Green’s functions’ projections

In a similar fashion to the electronic case, the projections of the phononic Green’s follow:

D>
νν′(t, t′) = D<

ν′ν(t
′, t) = −i⟨∆ϕ̂ν(t)∆ϕ̂ν′(t′)⟩, (2.136)

DR
νν′(t, t′) = −iθ(t − t′)⟨

[
∆ϕ̂ν(t), ∆ϕ̂ν′(t′)

]
−⟩ (2.137)

and

DA
νν′(t, t′) = iθ(t′ − t)⟨

[
∆ϕ̂ν(t), ∆ϕ̂ν′(t′)

]
−⟩, (2.138)

while the time-ordered and anti-time-ordered Green’s functions also follow from equation

(2.92) and (2.93) respectively.

The Dyson equation in the untransformed form in the Schwinger-Keldysh space comes to

D̂νν′(t, t′) = d̂νν′(t, t′) +
∫

d1tνd2tν d̂νν1(t, t1)σ̂3Π̂ν1ν2(t1, t2)σ̂3D̂ν2,ν′(t2, t′), (2.139)

whereas the transformed form decouples to give the following equations:

DR/A
νν′ (t, t′) = dR/A

νν′ (t, t′) +
∫

d1tνd2tν dR/A
νν1

(t, t1)ΠR/A
ν1,ν2

(t1, t2)DR/A
ν2,ν′ (t2, t′) (2.140)

and

D</>
νν′ (t, t′) = d</>

νν′ (t, t′) +
∫

d1tνd2tν d</>
νν1

(t, t1)ΠA
ν1ν2

(t1, t2)DA
ν2ν′(t2, t′)

+
∫

d1tνd2tν dR
νν1

(t, t1)Π</>
ν1ν2

(t1, t2)DA
ν2ν′(t2, t′)

+
∫

d1tνd2tν dR
νν1

(t, t1)ΠR
ν1ν2

(t1, t2)D</>
ν2ν′ (t2, t′).

(2.141)

The alternate version of the Dyson equation, D = d + D ◦ Π ◦ d, has the same projections,
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with the switching of D and d in the second term. Equation (2.141) can be rearranged with

the help of equation (2.140) to get the Keldysh equation:

D</>
νν′ (t, t′) =

∫
d1tνd2tνd3tνd4tν

(
δ(t − t2)δνν2 + DR

νν1
(t, t1)ΠR

ν1ν2
(t1, t2)

)
d</>

ν2ν3
(t2, t3)

×
(

δ(t3 − t′)δν3ν′ + ΠA
ν3ν4

(t3, t4)DA
ν4ν′(t4, t′)

)
+
∫

d1tνd2tνDR
νν1

(t, t1)Π</>
ν1ν2

(t1, t2)DA
ν2ν′(t2, t′).

(2.142)

In a similar manner to the electronic case, the first term in equation (2.142) will disappear,

depending on the how the noninteracting phononic Green’s functions have been defined.

Similarly, the Kadanoff-Baym equations in the untransformed form of the Schwinger-Keldysh

space are given by

∑
β

[
Îiανβ

d
dt

− ÎΩνβ

]
D̂β,ν

(
t, t′
)
= σ̂3δνν′δ

(
t − t′

)
+
∫

d1tνΠ̂ν,ν1(t, t1)σ̂3D̂ν1,ν′(t1, t′), (2.143)

where Î is the identity matrix in the Schwinger-Keldysh space. In the transformed form, the

equations decouple to give

∑
β

[
iανβ

d
dt

− Ωνβ

]
DR/A

βν′ (t, t′) = δνν′δ
(
t − t′

)
+
∫

d1tνΠR/A
νν1

(t, t1)DR/A
ν1ν′ (t1, t′) (2.144)

and

∑
β

[
iανβ

d
dt

− Ωνβ

]
D</>

βν′ (t, t′)

=
∫

d1tν

[
Π</>

νν1
(t, t1)DA

ν1ν′(t1, t′) + ΠR
νν1

(t, t1)D</>
ν1ν′ (t1, t′)

] (2.145)

So far, the compact notation of equation (2.10) has been utilized. However, given the Hamil-

tonian of equation (2.9) and (2.13), we observe that Mν̄
ij = Mn,ν

ij = δ1,nλν
ij, which results in only

D{1,ν}{1ν′}(z, z′) = DQQ,νν′(z, z′) occuring in our solutions to Σel−ph [G, D] and Π{1,ν}{1,ν}(z, z′) =

ΠQQ,νν′(z, z′)δ1nδ1n′ . Focusing on the DQQ,νν′(z, z′), we find that

DQQ,νν′(z, z′) = dQQ,νν′(z, z′) +
∫

d1zνd2zν dQQ,νν1(z, z1)ΠQQ,ν1ν2(z1, z2)DQQ,ν2ν′(z2, z′), (2.146)

which has the projections

D̂QQ,νν′(t, t′) = d̂QQ,νν′(t, t′) +
∫

d1tνd2tν d̂QQ,νν1(t, t1)σ̂3Π̂QQ,ν1ν2(t1, t2)σ̂3D̂QQ,ν2ν′(t2, t′),

(2.147)

DR/A
QQ,νν′(t, t′) = dR/A

QQ,νν′(t, t′) +
∫

d1tνd2tν dR/A
QQ,νν1

(t, t1)ΠR/A
QQ,ν1ν2

(t1, t2)DR/A
QQ,ν2ν′(t2, t′) (2.148)
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and

D</>
QQ,νν′(t, t′) = d</>

QQ,νν′(t, t′) +
∫

d1tνd2tν d</>
QQ,νν1

(t, t1)ΠA
QQ,ν1ν2

(t1, t2)DA
QQ,ν2ν′(t2, t′)

+
∫

d1tνd2tν dR
QQ,νν1

(t, t1)Π</>
QQ,ν1ν2

(t1, t2)DA
QQ,ν2ν′(t2, t′)

+
∫

d1tνd2tν dR
QQ,νν1

(t, t1)ΠR
QQ,ν1ν2

(t1, t2)D</>
QQ,ν2ν′(t2, t′).

(2.149)

Again, the alternate version of the Dyson equation, D = d + D ◦ Π ◦ d, has the same projec-

tions, switching D and d in the second term. Equation (2.149) can be rearranged with the help

of equation (2.148) to get the Keldysh equation:

D</>
QQ,νν′(t, t′) =

∫
d1tνd2tνd3tνd4tν

(
δ(t − t2)δνν2 + DR

QQ,νν1
(t, t1)ΠR

QQ,ν1ν2
(t1, t2)

)
d</>

QQ,ν2ν3
(t2, t3)

×
(

δ(t3 − t′)δν3ν′ + ΠA
QQ,ν3ν4

(t3, t4)DA
QQ,ν4ν′(t4, t′)

)
+
∫

d1tνd2tνDR
QQ,νν1

(t, t1)Π</>
QQ,ν1ν2

(t1, t2)DA
QQ,ν2ν′(t2, t′).

(2.150)

Following from equation (2.86), the Kadanoff-Baym equations for DQQ (1zν, 2zν) follows as

− 1
ων

(
d2

dz2 + ω2
ν

)
DQQ,νν′

(
z, z′

)
= δνν′δ

(
z, z′

)
+
∫

d1zνΠQQ,νν1(z, z1)DQQ,ν1ν′(z1, z′), (2.151)

with the projections

− 1
ων

(
d2

dt2 + ω2
ν

)
D̂QQ,νν′

(
t, t′
)
= σ̂3δνν′δ

(
t − t′

)
+
∫

d1tνΠ̂QQ,νν1(t, t1)σ̂3D̂QQ,ν1ν′(t1, t′),

(2.152)

− 1
ων

(
d2

dt2 + ω2
ν

)
DR/A

QQ,νν′
(
t, t′
)
= δν1ν2 δ

(
t − t′

)
+
∫

d1tνΠR/A
QQ,νν1

(t, t1)DR/A
QQ,ν1ν′(t1, t′) (2.153)

and

− 1
ων

(
d2

dt2 + ω2
ν

)
D</>

QQ,νν′
(
t, t′
)

=
∫

d1zν

[
Π</>

QQ,νν1
(t, t1)DA

QQ,ν1ν′(t1, t′) + ΠR
QQ,νν1

(t, t1)D</>
QQ,ν1ν′(t1, t′)

]
.

(2.154)

For the noninteracting case, DR
QQ,νν′ has the following projections:

dR
QQ,νν′(t, t′) = − i

2
θ(t − t′)

[
e−iων(t−t′) − eiων(t−t′)

]
δνν′ , (2.155)

dA
QQ,νν′(t, t′) =

i
2

θ(t′ − t)
[
e−iων(t−t′) − eiων(t−t′)

]
δνν′ , (2.156)
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d<QQ,νν′(t, t′) = − i
2

[
e−iων(t−t′) fB(ων) + eiων(t−t′)(1 + fB(ων))

]
δνν′ (2.157)

and

d>QQ,νν′(t, t′) = − i
2

[
e−iων(t−t′)(1 + fB(ων)) + eiων(t−t′) fB(ων)

]
δνν′ , (2.158)

where fB(ω) = 1/
(
eω/T − 1

)
. We can take a Fourier transform with respect to τ = t − t′,

giving the results

d<QQ,νν′(ω) = −πi [ fB(ων)δ(ω − ων) + (1 + fB(ων))δ(ω + ων)] δνν′ , (2.159)

d>QQ,νν′(ω) = −πi [ fB(ων)δ(ω + ων) + (1 + fB(ων))δ(ω − ων)] δνν′ , (2.160)

dR
QQ,νν′(ω) =

[
1
2

ω − ων + iη
−

1
2

ω + ων + iη

]
δνν′ (2.161)

and

dA
QQ,νν′(ω) =

[
1
2

ω − ων − iη
−

1
2

ω + ων − iη

]
δνν′ , (2.162)

where η is an infinitesimal.

2.4.6 Wigner transformation

For objects of the form A(t, t′), we can rewrite the time dependence in terms of the central

and relative times:

T =
t + t′

2
, τ = t − t′. (2.163)

This allows us to rearrange a function (say, A(t, t′)) in terms of the Wigner transformation,

which constitutes a Fourier transform in terms of the relative time:

A(T, ω) =
∫ ∞

−∞
dτeiωτ A(T + τ/2, T − τ/2) (2.164)

and

A(T + τ/2, T − τ/2) =
∫ dω

2π
e−iωτ A(T, ω). (2.165)

As is evident from the equations of motion for the Green’s functions, the convolution of the

from A(t, t′) =
∫

d
¯
tB(t,

¯
t)C(

¯
t, t′) = [B ◦ C] (t, t′) is of importance. Upon the application of the

Wigner transformation to the convolution, we find that

A(T, ω) = e−
i
2 (∂B

T∂C
ω−∂B

ω∂C
T)B(T, ω)C(T, ω), (2.166)

where ∂X
y is a partial derivative with respect to y acting only on X. A limiting case of B(t, t′) =
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B(t)δ(t − t′), where A(t, t′) = B(t)C(t, t′), we find that

A(T, ω) = e−
i
2 ∂B

T∂C
ω B(T, ω)C(T, ω). (2.167)

In the limiting case, where functions depend upon a relative time only (i.e., A(t, t′) → A(t −
t′)), we retrieve the result that is equivalent to a Fourier transformation of the convolution

A(ω) = B(ω)C(ω).

Similarly, the time derivatives of A(t, t′) find parallels in Wigner space. Within terms of

relative and central time, we have

d
dt

=
∂τ

∂t
d

dτ
+

∂T
∂t

d
dT

=
d

dτ
+

1
2

d
dT

(2.168)

such that

d2

dt2 =

(
d

dτ
+

1
2

d
dT

)2

=
d2

dτ2 +
d

dτ

d
dT

+
1
4

d2

dT2 . (2.169)

Utilising integration by parts, the derivatives with respect to the relative time transform under

the Wigner transformation gives

∫
dτeiωτ ∂

∂τ
A (T + τ/2, T − τ/2)

=
∫

dτ
∂

∂τ

(
eiωτ A (T + τ/2, T − τ/2)

)
−
∫

dτ

(
∂

∂τ
eiωτ

)
A (T + τ/2, T − τ/2)

= 0 − iω
∫

dτeiωτ A (T + τ/2, T − τ/2) = −iωA (T, ω) ,

(2.170)

which informs

∫
dτeiωτ ∂2

∂τ2 A (T + τ/2, T − τ/2) = −ω2 A (T, ω) . (2.171)

All together, we find that

∫
dτeiωτ

(
d2

dτ2 +
d

dτ

d
dT

+
1
4

d2

dT2

)
A (T + τ/2, T − τ/2)

= −ω2 A (T, ω)− iω
∂

∂T
A (T, ω) +

1
4

∂2

∂T2 A (T, ω)

=

(
−iω +

1
2

d
dT

)2

A(T, ω).

(2.172)
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2.4.7 Floquet transformation

In addition to the Wigner transformation, for systems that are periodic in time, we can express

A(T, ω) in terms of its Fourier coefficients with respect to the central time:

A(T, ω) =
∞

∑
n=−∞

A(ω, n)eΩinT, (2.173)

1
P

∫ P/2

−P/2
dTe−ΩimT A(T, ω) = A(ω, m), (2.174)

where P = 2π/Ω is the period. For the convolution of type A(t, t′) =
∫

d
¯
tB(t,

¯
t)C(

¯
t, t′) =

[B ◦ C] (t, t′), assuming periodicity with respect to the central time of A and B gives

A(ω, m) = ∑
n

B
(

ω +
Ω
2
(n − m) , n

)
C
(

ω +
Ω
2

n, m − n
)

. (2.175)

With the help of an extra transformation,

A(ω, m, n) = A
(

ω +
Ω
2
(m + n) , n − m

)
, (2.176)

the convolution can be further cast as a matrix multiplication:

A(ω, m, n) = [B ◦ C] (ω, m, n)

=
∞

∑
r=−∞

B(ω, m, r)C(ω, r, n).
(2.177)

The subsequent matrix of the Floquet transformation of equation (2.176) is called a Floquet

matrix. The Fourier coefficients of the object in question populate the matrix:

A(ω, m, n) =



. . . . . . . . . . . . . . .

. . . A(ω − Ω, 0) A(ω − Ω
2 , 1) A(ω, 2) . . .

. . . A(ω − Ω
2 ,−1) A(ω, 0) A(ω + Ω

2 , 1) . . .

. . . A(ω,−2) A(ω + Ω
2 ,−1) A(ω + Ω, 0) . . .

. . . . . . . . . . . . . . .


. (2.178)

We also have to consider the following limiting case

A(t, t′) = B(t)C(t, t′), (2.179)

which follows from B(t, t′) → B(t)δ (t − t′). Therefore, given the application of equation

(2.177), the above has the same form, with the Floquet matrix of B populated with the Fourier

coefficient of B(t).
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Often, especially when calculating certain interaction self-energies in chapters 5 and 6, we

must calculate terms of the form A+(t, t′) = B(t, t′)C(t, t′) and A−(t, t′) = B(t, t′)C(t′, t).

These terms, when transformed into Fourier coefficients, give a convolution of the following

form:

A± (ω, n) =
∞

∑
m=−∞

∫ dω′

2π
B
(
ω′, m

)
C
(
±ω ∓ ω′, n − m

)
= [B □± C] (ω, n) ,

(2.180)

where the use of the symbol □± is a shorthand.

2.4.8 Electronic Lead Self-Energies

For the junction described by equation (2.1), the influence of the leads can be captured by self-

energies. Focusing on a system comprised of just the noninteracting central region and the

leads coupled together, described by the sum of equations (2.3),(2.7) and (2.4), we can make

use of equation (2.45) and (2.56), to derive equations

G(1zc, 1′zc) = g(1zc, 1′zc) +
∫

d
¯
1zkαc g(1zc, ¯

1zc)tc
¯
1k

¯
1α

¯
1(z¯

1)G(
¯
1zkα, 1′zc) (2.181)

and

G(1zkα, 1′zc) =
∫

d
¯
1zkαc g(1zkα,

¯
1zkα)tk

¯
1α

¯
1c

¯
1(z¯

1)G(
¯
1zkα, 1′zc) (2.182)

where c refers to sites within the central region, whilst k refers to sites within the α lead.

Substituting equation (2.181) and (2.182) gives

G(1zc, 1′zc) = g(1zc, 1′zc)

+
∫

d
¯
1zcd

¯
2zc g(1zc, ¯

1zc)

[
∑
α

Σα(¯
1zc, ¯

2zc)

]
G(

¯
2zc, 1′zc).

(2.183)

where

∑
α

Σα(1zc, 2zc) = ∑
k

¯
1α

¯
1

∑
k

¯
2α

¯
2

tc
¯
1k

¯
1α

¯
1(z¯

1)g(
¯
1zkα,

¯
2zkα)tk

¯
2α

¯
2c

¯
2(z¯

2). (2.184)

For this text, we restrict ourselves to the case where tckα is time-independent. Furthermore,

we assume ϵkα(t) = ϵkα + ϕα(t), which suggests a uniform driving of the lead energies. In

addition, due to the lead Hamiltonian, (2.4), g(zkα, z′k′α′) = gkα(z, z′)δkk′δαα′ , gives us

Σα,cc′(z, z′) = ∑
k

tckαgkα(z, z′)tkαc′ , (2.185)
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which can be projected in real time with

Σ</>/R/A/T/T̃
α,cc′ (t, t′) = ∑

k
tckαg</>/R/A/T/T̃

kα (t, t′)tkαc′

= ∑
k

tckαg</>/R/A/T/T̃
kα (t − t′)tkαc′e−i

∫ t
t′ d

¯
tϕ(

¯
t)

= Σ</>/R/A/T/T̃
α,cc′ (t − t′)e−i

∫ t
t′ d

¯
tϕ(

¯
t),

(2.186)

where, here, Σ</>/R/A/T/T̃
α,cc′ (t− t′) is to be understood as the lead self-energy where no driving

of the leads is present.

In the case of no driving, the lead self-energies become the following under a Fourier trans-

formation:

Σ<
α,cc′(ω) = ∑

k
tckαg<kα(ω)tkαc′ = 2πi ∑

k
tckαtkαc′ f (ϵkα − µα)δ(ω − ϵkα), (2.187)

Σ>
α,cc′(ω) = ∑

k
tckαg<kα(ω)tkαc′ = −2πi ∑

k
tckαtkαc′ (1 − f (ϵkα − µα)) δ(ω − ϵkα), (2.188)

ΣR
α,cc′(ω) = ∑

k
tckαgR

kα(ω)tkαc′ = ∑
k

tckαtkαc′

ω − ϵkα + iη
, (2.189)

and

ΣA
α,cc′(ω) = ∑

k
tckαgA

kα(ω)tkαc′ = ∑
k

tckαtkαc′

ω − ϵkα − iη
. (2.190)

We can examine the real and imaginary components of the retarded and advanced lead self-

energies:

ΣR/A
α,cc′ (ω) = ∑

k

tckαtkαc′

ω − ϵkα ± iη

= ∑
k

tckαtkαc′(ω − ϵkα)

(ω − ϵkα)2 + η2 ∓ i ∑
k

tckαtkαc′η

(ω − ϵkα)2 + η2

= ∑
k

tckαtkαc′(ω − ϵkα)

(ω − ϵkα)2 + η2 ∓ iπ ∑
k

tckαtkαc′δ(ω − ϵkα),

(2.191)

where we make use of the relation

lim
η→0

η

x2 + η2 = πδ(x). (2.192)

We collect details of the lead coupling in the imaginary part into the level-width function,

Γα,cc′(ω) = 2π ∑
k

tckαtkαc′δ(ω − ϵkα) (2.193)
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and tcα(ϵkα) = tkαc, and the level-shift function,

Λα,cc′(ω) = lim
η→0

∑
k

tckαtkαc′(ω − ϵkα)

(ω − ϵkα) + η
. (2.194)

We introduce a density of states for the lead, ρα(ω) = ∑k δ (ω − ϵkα), such that any object of

the form ∑k qkα can be expressed as an integral:

∑
k

qkα =
∫

dωqα(ω)∑
k

δ(ω − ϵkα)

=
∫

dωqα(ω)ρ(ω).
(2.195)

This result allows for the express the line-width function as

Γα,cc′(ω) = 2π ∑
k

tckαtkαc′δ(ω − ϵkα)

= 2πt∗cα(ω)tcα(ω)ρα(ω),
(2.196)

Here, we introduce tcα(ω), such that tcα(ϵkα) = tkαc otherwise tcα(ω) = 0. This allows us to

recast the self-energies as follows:

Σ<
α,cc′(ω) = i fα(ω)Γα,cc′(ω), (2.197)

Σ>
α,cc′(ω) = −i (1 − fα(ω)) Γα,cc′(ω), (2.198)

and

ΣR/A
α,cc′ (ω) = Λα,cc′(ω)∓ i

2
Γα,cc′(ω). (2.199)

From the relations of equations (2.98) and (2.99) we find the time-ordered and anti-time-

ordered self-energies:

ΣT/T̃
α,cc′(ω) = ±Λα,cc′(ω)− i (1/2 − fα(ω)) Γα,cc′(ω). (2.200)

To solve for equations (2.193) and (2.194), we assume that tkαc = tαc and that the density of

states of the lead is constant within the band [ω1, ω2] and zero elsewhere. This gives us the

results

Γα,cc′(ω) =

2πt∗αctαc′ρ ω1 ≤ ω ≤ ω2

0 otherwise
(2.201)
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and

Λα,cc′(ω) = lim
η→0

∑
k

tckαtkαc′(ω − ϵkα)

(ω − ϵkα)2 + η

= lim
η→0

∫
d

¯
ω

ρ(
¯
ω)t∗αc( ¯

ω)tαc′( ¯
ω)(ω −

¯
ω)

(ω −
¯
ω)2 + η

= t∗αctαc′ρ
∫ ω2

ω1

d
¯
ω

(ω −
¯
ω)

= t∗αctαc′ρ ln
∣∣∣∣ω1 − ω

ω2 − ω

∣∣∣∣ = Γα,cc′

2π
ln
∣∣∣∣ω1 − ω

ω2 − ω

∣∣∣∣ .

(2.202)

Within the text, we will utilize the wide-band limit, meaning ω1 → −∞ and ω2 → ∞, in which

the line-width function becomes constant, and the line-shift function disappears, resulting in

the following self-energies:

Σ<
α,cc′(ω) = i fα(ω)Γα,cc′ , (2.203)

Σ>
α,cc′(ω) = −i (1 − fα(ω)) Γα,cc′ , (2.204)

and

ΣR/A
α,cc′ (ω) = ∓ i

2
Γα,cc′ . (2.205)

From the relations of equations (2.98) and (2.99) we find the time-ordered and anti-time-

ordered self-energies to be as follows:

ΣT/T̃
α,cc′(ω) = −i (1/2 − fα(ω)) Γα,cc′ . (2.206)

Within this thesis, we assume sinusoidal driving within the leads:

εkα(t) = εkα + ∆α cos(Ωαt). (2.207)

Substituting this result into equation (2.186), we find

Σα,cc′(t, t′) = Σ′
α,cc′(t − t′)e−i

∫ t
t′ dt1∆α cos(Ωαt1)

= e−i ∆α
Ωα

sin(Ωαt)Σ′
α,cc′(t − t′)ei ∆α

Ωα
sin(Ωαt′),

(2.208)

where Σ′
α,cc′(t − t′) is to be understood as the lead self-energy where no driving of the leads

is present. We see that the above follows a pattern similar to equation convolution of type

A(t, t′) =
∫

d
¯
tB(t,

¯
t)C(

¯
t, t′) = [B ◦ C] (t, t′) and, following a similar analysis as section 2.4.7,

can be expressed as the matrix multiplication of three Floquet matrices:

Σα,cc′ =
[
Sα ◦ Σ′

α,cc′ ◦ Sα
†
]
(ω, m, n) . (2.209)

Here, S†
α(m, n) = S†

α(n, m), where Sα(m, n) is found with the use of the Jacobi-Anger expan-
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sion,

eiz sin(θ) =
n=∞

∑
n=−∞

Jn(z)einθ , (2.210)

as Sα(m, n) = Jm−n (∆α/Ωα). Here, Jr(x) are Bessel functions of the first kind.

2.4.9 Phononic Bath Self-Energies

To capture the effects of a phonon bath on the central phonons, instead of letting ηα be in-

finitesimals, as in equations (2.161) and (2.162), we take them as finite:

DR
νν′(ω) =

[
1
2

ω − ων + iην
−

1
2

ω + ων + iην

]
δνν′ (2.211)

and

DA
νν′(ω) =

[
1
2

ω − ων − iην
−

1
2

ω + ων − iην

]
δνν′ . (2.212)

Making use of fluctuation-dissipation relations [69], we can introduce ηα into the lesser and

greater phonon Green’s functions:

d<α (ω) =
(

dR
α (ω)− dA

α (ω)
)

fB(ω)

=

(
− iηα

(ω − ωα)
2 + η2

α

+
iηα

(ω + ωα)
2 + η2

α

)
fB(ω)

(2.213)

and

d>α (ω) =
(

dR
α (ω)− dA

α (ω)
)
(1 + fB(ω))

=

(
− iηα

(ω − ωα)
2 + η2

α

+
iηα

(ω + ωα)
2 + η2

α

)
(1 + fB(ω)) ,

(2.214)

where taking the limit of η,

lim
η→0+

[
η

(ω − ω0)
2 + η2

]
→ πδ (ω − ω0) , (2.215)

and substituting for f 0
B(−ω) = −

(
f 0
B(ω) + 1

)
, gives us back the equations (2.159) and (2.160).

For the lesser and greater phonon Green’s functions, we can use the fluctuation-dissipation

rules to cast the effects due to the infinitesimals as self-energies. Equating equations (2.213)

and (2.214) to the associated Keldysh equation, equation (2.150) where the first term disap-

pears, gives us:

Π</>
α (ω) = ∓4iηα

(
ω

ωα

)
fB(±ω). (2.216)
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This phonon self-energy can be used to incorporate the effects of a bath into self-consistent

calculations. For the retarded and advanced terms, the bath effects can enter into the inter-

acting calculations via the left-hand side of the Kadanoff-Baym equations. In the context of

equation (2.211) and (2.212), we have

− 1
ων

(
d2

dt2 + ω2
ν

)
DR/A

QQ,νν′
(
t, t′
)
= δν1ν2 δ(t − t′), (2.217)

which transform under Fourier transform to gives

− 1
ων

(
ω2

ν − (ω ± iην)
2)DR/A

QQ,νν′ (ω) = δν1ν2 , (2.218)

where the addition of ±iην captures bath’s effects.

2.4.10 Calculating ϕ

To calculate the average position and momentum of a phonon mode, we start with equation

(2.48):

∑
β

[
iανβ

d
dz

− Ωνβ

]
ϕβ(z) = −i ∑

ij
Mν

ijGji
(
z, z+

)
.

We can expand and rearrange the above for

− 1
ων

(
d2

dz2 + ω2
ν

)
Qν(z) = −i ∑

ij
λν

ijGji(z, z+) (2.219)

and

Pν(z) =
1

ων

dQν(z)
dz

. (2.220)

Using the KMS relation ϕν(z f ) = ϕν(zi), see section 2.3.3, we can rearrange equation (2.48) for

ϕν(z) = −i
∫

C
d

¯
z ∑

µ
∑
ij

dνµ (z,
¯
z) Mµ

ijGji
(
¯
z,

¯
z+
)

, (2.221)

which expands to give

Qν(z) = −i
∫

c
d

¯
z ∑

µ
∑
ij

dQQ,νµ (z,
¯
z) λ

µ
ijGji

(
¯
z,

¯
z+
)

. (2.222)
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Moving to real time, take z → t−, such that

Qν(t−) = −i
∫

c
d

¯
z ∑

µ
∑
ij

dQQ,νµ

(
t−,

¯
z
)

λ
µ
ijGji

(
¯
z,

¯
z+
)

= −i
∫ ∞

−∞
d
¯
t− ∑

µ
∑
ij

dQQ,νµ

(
t−,

¯
t−
)

λ
µ
ijG

<
ji
(
¯
t−,

¯
t−
)

−i
∫ −∞

∞
d
¯
t+ ∑

µ
∑
ij

dQQ,νµ

(
t−,

¯
t+
)

λ
µ
ijG

<
ji
(
¯
t+,

¯
t+
)

= −i
∫ ∞

−∞
d
¯
t ∑

µ
∑
ij

(
dT

QQ,νµ (t, ¯
t)− d<QQ,νµ (t, ¯

t)
)

λ
µ
ijG

<
ji (¯

t,
¯
t)

Qν(t) = −i
∫ ∞

−∞
d
¯
t ∑

µ
∑
ij

dR
QQ,νµ (t, ¯

t) λ
µ
ijG

<
ji (¯

t,
¯
t) .

(2.223)

In addition to the average position, the average momentum follows simply as

Pν(t) =
1

ων

dQν(t)
dt

. (2.224)

To include the effects of a phonon bath, as set out in section 2.4.9, we calculate equation (2.223)

with the additional bath, as set out in (2.211).

2.4.11 Observables

Given the calculation of the electronic and phononic Green’s functions, we can calculate sev-

eral observables important for investigating the dynamics in the system.

2.4.11.1 Electronic occupation

The occupation of the electronic levels within the central region can be calculated with the use

of the lesser Green’s functions:

nel
i (t) = ⟨d†

i (t)di(t)⟩ = −iG<
ii (t, t). (2.225)
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2.4.11.2 Electronic current

For the current through the junction, change in the α lead’s occupation (i.e. Nα = ∑k c†
kαckα)

over time. In the investigation, we consider the current from electrode α,

Jα(t) = −
〈

dNα

dt

〉
= −i ⟨[H, Nα]⟩ = 2Re

[
∑
k,c

tkα,c(t)G<
c,kα(t, t)

]
, (2.226)

given that Here, we have that[
H(t), c†

kα(t)ckα(t)
]
−
= ∑

j
−tkα,jc†

kα(t)dj(t) + t∗kα,jd
†
j (t)ckα(t). (2.227)

Substitution of the Dyson equation, using the alternate definition,

G<
c,kα(t, t′)

=
∫

d1tc

[
G<

cc1
(t, t1)tc1kαgA

ka,kα(t1, t′) + GR
cc1
(t, t1)tc1kαg<ka,kα(t1, t′)

]
,

(2.228)

into Eq. (2.226) and encapsulation of the terms referring to the leads into the lead self-energies

gives

Jα = 2Re

[∫
dt1 ∑

c,c′

(
G<

cc′(t, t1)ΣA
α,c′c(t1, t) + GR

cc′(t, t1)Σ<
α,c′c(t1, t)

)]
. (2.229)

2.4.11.3 Energy current

In addition to the current due to the flow of electrons from a lead, we can also calculate the

energy carried by said electrons in terms of the energy current. To calculate the energy that

leaves one of the leads via the movement of particles, we use the following:

IE
α (t) = −⟨dHα(t)

dt
⟩
∣∣

particles = −∑
k

ϵkα(t)⟨
d
dt

(
c†

kα(t)ckα(t)
)
⟩

= −i ∑
kα

ϵkα(t)⟨
[

H(t), c†
kα(t)ckα(t)

]
−
⟩.

(2.230)

This can be manipulated for

IE
α (t) = ∑

kc
ϵkα(t)tka,c

[
i⟨c†

kα(t)dc(t)⟩
]
− ϵkα(t)t∗ka,c

[
i⟨d†

c (t)ckα(t)⟩
]

= ∑
kc

ϵkα(t)tka,cG<
ckα(t, t)− ϵkα(t)t∗ka,cG<

kαc(t, t)

= −2 Re

{
∑
kc

ϵkα(t)t∗kαcG<
kαc(t, t)

}
,

(2.231)
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where substitution of the Dyson equation,

Gkαc(t, t′) =
∫

dt1 ∑
c′

g<kα(t, t1)tkαc′GA
c′c(t1, t′) + gR

kα(t, t1)tkαc′G<
c′c(t1, t′), (2.232)

allows for further rearrangement to

IE
α (t) = −2 Re

{
∑
kc

ϵkα(t)t∗kαcG<
kαc(t, t)

}

= −2 Re

{∫
dt1 ∑

cc′
∑

k
ϵkα(t)t∗kαcg<kα(t, t1)tkαc′GA

c′c(t1, t′)

+ ∑
k

ϵkα(t)t∗kαcgR
kα(t, t1)tkαc′G<

c′c(t1, t′)

}

= −2 Re

{∫
dt1 ∑

cc′
Φ<

α,cc′(t, t1)GA
c′c(t1, t) + ΦR

α,cc′(t, t1)G<
c′c(t1, t)

}
,

(2.233)

where we have defined

ΦA/R/</>
α,cc′ (t, t′) = ∑

k
ϵkα(t)t∗kαcgA/R/</>

kα (t, t′)tkαc′ . (2.234)

To calculate this new object, we note that the projections of equation (2.45) are(
i

d
dt

− ϵkα(t)
)

gR
kα(t, t′) = δ(t, t′) (2.235)

and (
i

d
dt

− ϵkα(t)
)

g<kα(t, t′) = 0. (2.236)

This allows us to write the lesser new objects as

Φ<
α,cc′(t, t′) = ∑

k
t∗kαci

d
dt

g<kα(t, t′)tkαc′ = i
d
dt

Σ<
α,cc′(t, t′). (2.237)

The retarded term has a further step:

ΦR
α,cc′(t, t′) = ∑

k
ϵkα(t)t∗kαcgR

kα(t, t′)tkαc′

= ∑
k

t∗kαci
d
dt

gR
kα(t, t′)tkαc′ − ∑

k
t∗kαctkαc′δ(t − t′).

(2.238)
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We can show that the last term comes to zero when substituted into the equation for energy

current:

Re

{∫
dt1 ∑

cc′
(−)∑

k
t∗kαctkαc′δ(t − t1)G<

c′c(t1, t)

}

= Re

{
(−i)∑

cc′
∑

k
t∗kαctkαc′nc′c(t)

}
= Im

{
∑
cc′

∑
k

t∗kαctkαc′nc′c(t)

}
,

(2.239)

however, rather simply, we can prove that the object above has only a real part:

∑
cc′

∑
k

t∗kαctkαc′nc′c(t) = ∑
c′c

∑
k

t∗kαc′ tkαcncc′(t) = ∑
cc′

∑
k

tkαct∗kαc′n
∗
c′c(t), (2.240)

where we use n∗
cc′(t) = nc′c(t). This means that this terms disappears and we can define the

new term’s retarded projection as

ΦR
α,cc′(t, t′) = ∑

k
t∗kαci

d
dt

gR
kα(t, t′)tkαc′ = i

d
dt

ΣR
cc′(t, t′). (2.241)

2.4.11.4 Phonon occupation

To calculate the occupation of a phonon mode, we must evaluate the following terms:

nph
ν (t) =

〈
â†

ν (t) âν (t)
〉

=
1
2
[
⟨P̂ν(t)2⟩+ ⟨Q̂ν(t)

2⟩
]
− 1

2

=
1
2

[
iD<

QQ,νν (t, t) + (Qν(t))
2 +iD<

PP,νν (t, t) + (Pν(t))
2
]
− 1

2
.

(2.242)

Here, the equations of motion for D<
QQ,νν(t, t), Qν(t) and Pν(t) have been set out above. To

calculate D<
PP,νν (t, t), we have, on the Keldysh contour, that

d2

dzdz′
[
Tc
(
∆Qν(z)∆Qν′(z′)

)]
=

d
dz

[
d

dz′
(
θ(z, z′)∆Q̂ν(z)∆Q̂ν′(z′) + θ(z′, z)∆Q̂ν′(z′)∆Q̂ν(z)

)]
=

d
dz

[
δ(z, z′)

[
∆Q̂ν′(z′), ∆Q̂ν(z)

]
− + Ων′ Tc

(
∆Q̂ν(z)∆P̂ν′(z′)

)]
= Ων′

d
dz
[
θ(z, z′)∆Q̂ν(z)∆P̂ν′(z′) + θ(z′, z)∆P̂ν′(z′)∆Q̂ν(z)

]
= Ων′δ(z, z′)

[
∆Q̂ν(z), ∆P̂ν′(z′)

]
− + ΩνΩν′ Tc

(
∆P̂ν(z)∆P̂ν′(z′)

)
= Ων′δ(z, z′)iδνν′ + ΩνΩν′ Tc

(
∆P̂ν(z)∆P̂ν′(z′)

)
,

(2.243)
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where we use
[
Q̂ν, Q̂µ

]
− =

[
P̂ν, P̂µ

]
− = 0 and

[
Q̂ν, P̂µ

]
− = iδνµ, to give us the following

equation of motion of the contour:

d
dzdz′

Dνν′(z, z′) = Ωνδνν′δ(z, z′) + ΩνΩν′DPP
νν′(z, z′). (2.244)

This gives us the following lesser projection, which we can utilize to calculate equation (2.242):

d
dtdt′

D<
νν′(t, t′) = ΩνΩν′D

PP,<
νν′ (t, t′). (2.245)

2.4.12 Full Counting Statistics

So far, the observables considered have been calculable from the single-particle electronic

Green’s functions and two-field phononic Green’s functions. In this section, we set out how

to access current noise and higher cumulants of the current with the help of full counting

statistics [70, 71].

2.4.12.1 General considerations

We begin by defining the generating function, χ(λα, tc, t0), and the probability that q charge

will be transferred from lead α to the central region from the time t0 to the time tc, P (q, tc, t0):

χ(λα, tc, t0) = ∑
q

eiqλα P (q, tc, t0) (2.246)

and

P (q, tc, t0) =
∫ 2π

0

dλα

2π
χ(λα, tc, t0)e−iqλα . (2.247)

We can find the cumulants ⟨δnq⟩, i.e. the irreducible moments of Pq, with the following

definition:

⟨δnq⟩ = (−i)n ∂n

∂λn
α

ln χ (λα)

∣∣∣∣
λα=0

. (2.248)

We can define the generating function for counting the change in the number of electrons in

lead α between times tc and t0 as follows:

χ (λα, tc, t0) = ⟨e−iλα Nα(tc))eiλα Nα(t0)⟩. (2.249)

When we insert the above into equation (2.248), the cumulants of the change in occupation of

the lead are generated:

⟨δq⟩ = ⟨Nα (tc)⟩ − ⟨Nα (t0)⟩|λ=0 (2.250)
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and

⟨δ2q⟩ = ⟨(Nα (tc)− Nα (t0))
2⟩ − (⟨Nα (tc)⟩ − ⟨Nα (t0)⟩)2

∣∣∣
λ=0

. (2.251)

In our calculations, we assume that the first observation at t0 is completed at the moment

the central region and the surrounding leads are connected. This means that the system and

reservoirs are decoupled at equilibrium at time t0. Specifically, we make use of the fact that

[ρ (t0) , NL (t0)] = 0 when the above is assumed. This allows us to, while making use of the

cyclical properties of the trace, manipulate the generating function:

χ (λα, tc, t0) = ⟨e−iλα Nα(tc)eiλα Nα(t0)⟩

= Tr
[
ρ (t0) e−iλα Nα(tc)eiλα Nα(t0)

]
= Tr

[
ρ (t0)U (t0, tc) e−iλα Nα(t0)U (tc, t0) eiλα Nα(t0)

]
= Tr

[
ρ (t0) e

i
2 λα Nα(t0)U (t0, tc) e−

i
2 λα Nα(t0)

e−
i
2 λα Nα(t0)U (tc, t0) e

i
2 λα Nα(t0)

]
= Tr

[
ρ (t0)U†

λα
U (t0, tc)Uλα

Uλα
U (tc, t0)U†

λα

]
,

(2.252)

where we utilise the fact that Nα (tc) = U (t0, tc) Nα (t0)U (tc, t0). We see that we have a

unitary transformation of the evolution operators, where we define Uλα
= e−

i
2 λα Nα(t0).

We open up the evolution operator to investigate the resulting transformation:

Uλα
U (tc, t0)U†

λα
= Uλα

T
{

e−i
∫ tc

t0
dtH(t)

}
U†

λα

=
∞

∑
n=0

(−i)n

n!
Uλα

T
{∫ tc

t0

dt1...
∫ tc

t0

dtnH (t1) ...H (tn)

}
U†

λα

=
∞

∑
n=0

(−i)n

n!
T
{∫ tc

t0

dt1...
∫ tc

t0

dtnUλα
H (t1)U†

λα
...Uλα

H (tn)U†
λα

}
.

(2.253)

With respect to Uλα
H (t)U†

λα
, all the terms in the Hamiltonian commute with Uλα

but the

coupling between lead α and the central region, HαC, as seen in equation (2.7). Of HαC, the

following operators for lead α do not commute with Uλα
:

Uλα
c†

kαU†
λα

= e−
i
2 λα Nα(t0)c†

kαe
i
2 λα Nα(t0)

=

(
1 − i

2
λαNα(t0)...

)
c†

kα

(
1 +

i
2

λαNα(t0)...
)

=

(
1 − i

2
λα...

)
c†

kα (1 + 0...)

= e−
i
2 λα c†

kα,

(2.254)

and similarly

Uλα
ckαU†

λα
= e

i
2 λα ckα. (2.255)
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We see that the transformation has the effect of adding the counting field into HαC:

Hλα
αC(t) = ∑

i,kα

tkα,i(t)e−
i
2 λα c†

kαdi + t∗kα,i(t)e
i
2 λα d†

i ckα. (2.256)

With the counting field now within the Hamiltonian, labelled as Hλα (t), the time evolution

operator can be bundled back up:

Uλα
U (tc, t0)U†

λα
= Uλα (tc, t0) = T

{
e−i

∫ tc
t0

dtHλα (t)
}

. (2.257)

We can complete a similar assessment of the other term in Eq. (2.252); however, the counting

field must be negated (i.e., λα → −λα):

e
i
2 λα Nα(t0)U (t0, tc) e−

i
2 λα Nα(t0) = U−λα

U (t0, tc)U†
−λα

= U−λα (t0, tc) . (2.258)

Putting all the above together, we find that the generating function is given in terms of our

evolution operators:

χ (λα, tc, t0) = ⟨U−λα (t0, tc)Uλα (tc, t0)⟩. (2.259)

We invoke the contour and define λα(z) = λα on the forward branch (i.e. C f ) and λ(z) = −λα

on the backward branch (i.e. Cb). Hence, we arrive at the desired result for a generating

function:

χ (λα, tc, t0) = ⟨Tc

(
e−i

∫
c Hλα(z)(z)dz

)
⟩, (2.260)

where

Hλα(z)
αC (z) = ∑

i,k
tkαi(z)e−

i
2 λα(z)c†

kαdi + t∗kαi(z)e
i
2 λα(z)d†

i ckα, (2.261)

or

Hλα
αC(t) = ∑

i,k
tkαi(t)e−

i
2 λα c†

kαdi + t∗kαi(t)e
i
2 λα d†

i ckα (2.262)

and

H−λα
αC (t) = ∑

i,k
tkαi(t)e

i
2 λα c†

kαdi + t∗kαi(t)e
− i

2 λα d†
i ckα, (2.263)

for the forward and backward branches of the contour, respectively.

2.4.12.2 Moving to NEGF

Equation (2.259) can be further manipulated to generate a result in terms of the electronic

Green’s functions and self-energies. To begin, we cast the problem in terms of the interaction
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picture, which will help with the derivation of the final result:

Hλα
(t) = h(t) + Vλα

(t), (2.264)

such that

Uλα
(t, t′) = P(t, t0)Sλα

(t, t′)P†(t′, t0), (2.265)

where

P(t, t′) =


T
{

e−i
∫ t

t′ dt h(t)
}

t > t′

T̃
{

ei
∫ t′

t dt h(t)
}

t < t′
. (2.266)

Here, h(t) is the term of the complete Hamiltonian without counting field, while Vλα
(t) is the

term containing the counting field, in this case H±λα
αC (t). With some investigation, we find that

Sλα
(t, t′) =


T
{

e−i
∫ t

t′ dt Vλα
h (t)

}
t > t′

T̃
{

ei
∫ t′

t dt Vλα
h (t)

}
t < t′,

(2.267)

where

Vλα

h (t) = P†(t, t0)Vλα
(t)P(t, t0). (2.268)

We begin by considering the generating function in the interacting picture:

χ (λα, tc, t0) = ⟨U−λα (t0, tc)Uλα (tc, t0)⟩

= ⟨P(t0, t0)S−λα (t0, tc) P†(tc, t0)P(tc, t0)Sλα (tc, t0) P†(t0, t0)⟩

= ⟨S−λα (t0, tc) Sλα (tc, t0)⟩

= ⟨Tc

(
e−i

∫
c V

λα(
¯
z)

h (
¯
z)d

¯
z
)
⟩.

(2.269)

To cast the problem in terms of Green’s functions, we now take the first cumulant without

setting the measuring field to zero:

−i
∂

∂λα
ln (χ (λα, tc, t0)) = −i

∂
∂λα

χ (λα, tc, t0)

χ (λα, tc, t0)
. (2.270)

Focusing on the numerator, we have that

∂

∂λα
χ (λα, tc, t0) =

∂

∂λα
⟨Tc

(
e−i

∫
c V

λα(
¯
z)

h (
¯
z)d

¯
z
)
⟩

= −i
∫

c
dz⟨Tc

(
∂Vλα(z)

h (z)
∂λα

e−i
∫

c V
λα(

¯
z)

h (
¯
z)d

¯
z

)
⟩,

(2.271)
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where

∂Vλα(z)
h (z)
∂λα

= ∑
c,k

∂λα(z)
∂λα

(
− i

2
tkαc(z)e−

i
2 λα(z)c†

kα,h(z)dc,h(z) +
i
2

t∗kαc(z)e
i
2 λα(z)d†

c,h(z)ckα,h(z)
)

,

(2.272)

hence

−i
∂

∂λα
ln (χ (λα, tc, t0))

=
i
2

1
χ (λα, tc, t0)

∑
c,k

∫
c

dz
∂λα(z)

∂λα

[
tkαc(z)e−

i
2 λα(z)⟨Tc

(
e−i

∫
c V

λ(
¯
z)

h (
¯
z)d

¯
zc†

kα,h(z)dc,h(z)
)
⟩

− t∗kαc(z)e
i
2 λα(z)⟨Tc

(
e−i

∫
c V

λα(
¯
z)

h (
¯
z)d

¯
zd†

c,h(z)ckα,h(z)
)
⟩
]

= − i
2

1
χ (λα, tc, t0)

∑
c,k

∫
c

dz
∂λα(z)

∂λα

[
tkαc(z)e−

i
2 λα(z)⟨Tc

(
e−i

∫
c V

λα(
¯
z)

h (
¯
z)d

¯
zdc,h(z)c†

kα,h(z)
)
⟩

− t∗kαc(z)e
i
2 λα(z)⟨Tc

(
e−i

∫
c V

λα(
¯
z)

h (
¯
z)d

¯
zckα,h(z)d†

c,h(z)
)
⟩
]

.

(2.273)

Collecting the above, we have that

−i
∂

∂λα
ln (χ (λα, tc, t0))

=
i
2

1
χ (λα, tc, t0)

∑
c,k

∫
c

dz
∂λα(z)

∂λα

[
tkαc(z)e−

i
2 λα(z)⟨Tc

(
e−i

∫
c Hλα(

¯
z)(

¯
z)d

¯
zc†

kα(z)di(z)
)
⟩

− t∗kαc(z)e
i
2 λα(z)⟨Tc

(
e−i

∫
c Hλα(

¯
z)(

¯
z)d

¯
zd†

c (z)ckα(z)
)
⟩
]

= − i
2

1
χ (λα, tc, t0)

∑
c,k

∫
c

dz
∂λα(z)

∂λα

[
tkαc(z)e−

i
2 λα(z)⟨Tc

(
e−i

∫
c Hλα(

¯
z)(

¯
z)d

¯
zdc(z)c†

kα(z)
)
⟩

− t∗kαc(z)e
i
2 λα(z)⟨Tc

(
e−i

∫
c Hλα(

¯
z)(

¯
z)d

¯
zckα(z)d†

c (z)
)
⟩
]

.

(2.274)

Here, the last step is due to the rearranging of the operators within the contour-time average.

We can cast the above in terms of the electronic Green’s functions of the system, with the

addition of the counting field. Here, it is important to remember that the Green’s functions

need to be calculated on a contour that goes up to tc, as you cannot remove (or add) the once

redundant extra part to the contour.

The Green’s functions allows us to rewrite the generating function as follows:

−i
∂

∂λα
ln (χ (λα, tc, t0))

=
1
2 ∑

c,k

∫
c

dz
∂λα(z)

∂λα

[
tkαc(z)e−

i
2 λα(z)Gckα

(
z+, z

)
− t∗kαc(z)e

i
2 λα(z)Gkαc

(
z+, z

)]
.

(2.275)

We can cast the above in terms of lead self-energies. In a similar way to sections 2.4.11.2 and
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2.4.11.3, we make use of the Dyson equations for the contour Green’s functions,

Gkαc
(
z, z′

)
= ∑

c′,k′

∫
c

dz1 gkα,k′α (z, z1) tk′αc′(z1)e−
i
2 λα(z)Gc′c

(
z1, z′

)
(2.276)

and

Gckα

(
z, z′

)
= ∑

c′,k′

∫
c

dz1 Gcc′ (z, z1) t∗k′αc′(z1)e
i
2 λα(z)gk′α,kα

(
z1, z′

)
(2.277)

to acquire the following result:

−i
∂

∂λα
ln (χ (λα, tc, t0))

=
1
2 ∑

c,k

∫
c

dz ∑
c′,k′

∫
c

dz1
∂λα(z)

∂λα

[
Gcc′ (z, z1) e−

i
2 (λα(z)−λα(z1))t∗k′αc′(z1)gk′α,kα (z1, z) tkαc(z)

− e−
i
2 (λα(z1)−λα(z))t∗kαc(z) gkα,k′α (z, z1) tk′α,i′(z1)Gc′c (z1, z)

]
,

(2.278)

which allows us to define the self-energy for lead α:

Σα,cc′(z, z′) = ∑
k,k′

e
i
2 (λα(z)−λα(z′))t∗kαc(z) gkα,k′α

(
z, z′

)
tk′αc′(z′). (2.279)

This allows us to write the above as follows:

−i
∂

∂λα
ln (χ (λα, tc, t0))

= −1
2 ∑

c,c′

∫
c

dz
∫

c
dz1

∂λα(τ)

∂λα
[Σα,cc′(z, z1)Gc′c (z1, z)− Gcc′ (z, z1)Σα,c′c(z1, z)] .

(2.280)

Utilising the results from section 2.4.4, we move from the Keldysh contour to a real-time result.

We begin by expanding the first integral into its forward and backward branches, using the
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notation of section 2.4.4:

−1
2 ∑

c,c′

∫
c

dz
∫

c
dz1

∂λα(z)
∂λα

[Σα,cc′(z, z1)Gi′i (z1, z)− Gii′ (z, z1)Σα,c′c(z1, z)]

= −1
2 ∑

c,c′

∫
c

dz1

[∫ tc

t0

dt
∂λα(t−)

∂λaα

[
Σ−

α,cc′(t, z1)G −
c′c (z1, t)− G−

cc′ (t, z1)Σ −
α,c′c(z1, t)

]
−
∫ tc

t0

dt
∂λ(t+)

∂λ

[
Σ+

α,cc′(t, z1)G +
c′c (z1, t)− G+

cc′ (t, z1)Σ +
α,c′c(z1, t)

]]
= −1

2 ∑
c,c′

∫ tc

t0

dt1

∫ tc

t0

dt Σ−−
α,cc′ (t, t1)G −−

c′c (t1, t)− Σ−+
α,cc′ (t, t1)G +−

c′c (t1, t)

−G−−
cc′ (t, t1)Σ−−

α,c′c(t1, t) + G−+
cc′ (t, t1)Σ+−

α,c′c(t1, t)

+Σ+−
α,cc′(t, t1)G−+

c′c (t1, t)− Σ++
α,cc′(t, t1)G++

c′c (t1, t)

−G+−
cc′ (t, t1)Σ−+

α,c′c(t1, t) + G++
cc′ (t, t1)Σ++

α,c′c(t1, t)

= −1
2 ∑

i,i′

∫ tc

t0

dt1

∫ tc

t0

dt Tr
[
Σ−−

α (t, t1)G−− (t1, t)− Σ−+
α (t, t1)G+− (t1, t)

−G−− (t, t1)Σ−−
α (t1, t) + G−+ (t, t1)Σ+−

α (t1, t)

+Σ+−
α (t, t1)G−+ (t1, t)− Σ++

α (t, t1)G++ (t1, t)

− G+− (t, t1)Σ−+
α (t1, t) + G++ (t, t1)Σ++

α (t1, t)
]

.‘

(2.281)

Here, t∓ refers to time on the forward and backward branches of the Keldysh contour, respec-

tively. We take the above and, using the cyclic properties of the trace, combine and remove

terms to acquire the final result:

−i
∂

∂λα
ln (χ (λL, tc, t0))

=
∫ tc

t0

dt
∫ tc

t0

dt′ Tr
[
Σ−+

α (t, t′)G+− (t′, t
)
− G−+

(
t, t′
)

Σ+−
α (t′, t)

]
=
∫ tc

t0

dt
∫ tc

t0

dt′ Tr
[
Σ<

α (t, t′)G>
(
t′, t
)
− G<

(
t, t′
)

Σ>
α (t

′, t)
]

.

(2.282)

From equation (2.279), we find that, within the wide-band approximation, the lead self-

energies have the following projections:

Σ<
α,cc′(t, t′) = Σ̄<

α,cc′(t, t′) eiλα , (2.283)

and

Σ>
α,cc′(t, t′) = Σ̄>

α,cc′(t, t′) e−iλα , (2.284)

where the bar signifies no counting field. The ΣT/T̃
α,cc′(t, t′) self-energies will not change. Due

to this we have that ΣT
α,cc′(t, t′) + ΣT̃

α,cc′(t, t′) ̸= Σ<
α,cc′(t, t′) + Σ>

α,cc′(t, t′). This means that the

transformation of equation (2.98) will not remove a term from the Keldysh-Schwinger matrix,

making it unnecessary when using full counting statistics.



Chapter 3

Timescale-Separation for Time

Dependent Transport

This chapter contains material that has been previously published in the following journal

article:

Timescale separation solution of the Kadanoff-Baym equations for quantum transport in time-dependent

fields,

T. D. Honeychurch and D. S. Kosov, Phys. Rev. B 100, 245423 (2019)

3.1 Introduction

A nanoscale electronic junction is typically a single molecule attached to two macroscopic

leads. In the standard scenario, the static voltage bias is applied to the lead electrodes and the

electric current across the molecule is measured. Whilst interest in time-dependent quantum

transport phenomena has a long history [36], recently, microwave or optical irradiation of the

molecular scale electronic junctions have been used to control electronic properties of the sys-

tem[72–74]. Access to the optical range is of particular importance, since the frequencies of the

time-dependent driving become comparable to molecular vibrational frequencies, which sug-

gests the opportunity to stir the electron-vibrational dynamics in molecular junctions. These

recent experimental advances have resulted in an increase in the ongoing development and

application of time-dependent quantum transport theories tailored specifically to the proper-

ties of molecular electronic junctions [75–79].

Historically, Tien and Gordon proposed their seminal qualitative theory to describe the ef-

fects of harmonic time-dependent potential on electronic tunnel junctions as early as 1963[34].

Since this work, further more sophisticated approaches, based on Floquet and scattering theo-

ries[80–88], quantum master equations[76, 77], and notably nonequilibrium Green’s functions

(NEGF) based approaches[78, 89–106] have been developed to deal with time dependent trans-

63
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port in driven quantum systems. The use of NEGF allows for the possibility of a systematic

treatment of correlations in time-dependent electron transport. In particular, the effects of

electron-phonon interactions with time-dependent junctions have been investigated[107–113].

However, this often comes with a considerable increase in complexity, computationally and

theoretically, with the helpful simplifications of the noninteracting case being inapplicable.

In this chapter, we develop an approach which algebraically solves the Kadanoff-Baym equa-

tions for a molecular electronic junction in time-dependent fields using the separation of time-

scales between fast electronic tunelling and slow oscillations of driving external fields. It en-

ables us to produce analytic expressions for dynamical corrections to adiabatic (instantaneous)

Green’s functions and, consequently, dynamical corrections to adiabatic expressions for ob-

servable quantities such as time-dependent electric current. The approach follows the ideas of

Arrachea and Moskalets in that it makes use of adiabatic approximations to solve the NEGF

Dysons equations [90].

3.2 Theory

We begin with the Kadanoff-Baym equations of motion for the retarded, advanced and lesser

Green’s functions, as set out in section 2.4.5:(
i∂t − h(t)

)
G<(t, t′) =

∫
dt1

[
ΣR

tot(t, t1)G<(t1, t′) + Σ<
tot(t, t1)GA(t1, t′)

]
(3.1)

and (
i∂t − h(t)

)
GR/A(t, t′) = Iδ(t − t′) +

∫
dt1ΣR/A

tot (t, t1)GR/A(t1, t′). (3.2)

We have chosen to work with the Kadanoff-Baym equations in matrix form where the Green’s

functions G, self-energies Σ and Hamiltonian h are matrices in the molecular single-particle

space, as seen in equation (2.3). Here I is the identity matrix in molecular space. We intro-

duced the total self-energy

ΣR/A/<
tot = ΣR/A/< + ΣR/A/<

c , (3.3)

where Σc is the self-energy from correlations in the central region and the choice of the par-

ticular form is not relevant for our immediate discussion in this section.

Transforming the Kadanoff-Baym equations (3.1,3.2) to the Wigner representation removes all

time-integrals via an infinite series of time and energy derivatives collected in the exponential
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operators: [
i
2

∂T + ω − e−
i
2 ∂Gω∂h

T h(T)
]
G̃<

(T, ω) =

e−
i
2 (∂Σ

T ∂Gω−∂Σ
ω∂GT)

(
Σ̃<

tot(T, ω)G̃A
(T, ω) + Σ̃R

tot(T, ω)G̃<
(T, ω)

) (3.4)

and[
i
2

∂T + ω − e−
i
2 ∂Gω∂h

T h(T)
]
G̃A/R

(T, ω) = I + e−
i
2 (∂Σ

T ∂Gω−∂Σ
ω∂GT)Σ̃A/R

tot (T, ω)G̃A/R
(T, ω). (3.5)

In contrast to section 2.4.8, the lead self-energies can be calculated with an alternative method,

starting with the harmonic modulation of the leads’ single-particle energies

ϵkα(t) = ϵkα + ∆α cos (Ωαt + ϕα) . (3.6)

The self-energies of leads are, as seen in equation (2.186),

ΣR,A,<
αij (t, t′) = ∑

k
t∗kαig

R,A,<
kα (t, t′)tkαj, (3.7)

where, making use of definitions for the noninteracting Green’s functions as in section (2.4.5),

the Green’s functions for leads can be cast as

g<kα(t, t′) = i fkαe−iϵkα(t−t′)e
−2i∆α

Ωα
cos(Ωα(t+t′)/2+ϕα) sin(Ωα(t−t′)/2) (3.8)

gA
kα(t, t′) = iθ(t′ − t)e−iϵkα(t−t′)e

−2i∆α
Ωα

cos(Ωα(t+t′)/2+ϕα) sin(Ωα(t−t′)/2), (3.9)

and

gR
kα(t, t′) = gA

kα(t
′, t)∗. (3.10)

Introducing relative τ = t − t′ and central T = (t + t′)/2 times and using the Jacobi-Anger

expansion,

eiz cos(θ) =
∞

∑
n=−∞

in Jn(z)einθ , (3.11)

we bring free leads Green’s function to the form

gA/R/<
kα (T, τ) = gA/R/<

kα (τ)×
∞

∑
n=−∞

(−1)n Jn (ψα(T)) e
i
2 nΩατ, (3.12)

where

ψα(T) =
2∆α

Ωα
cos(ΩαT + ϕα) (3.13)

and gA/R/<
kα (τ) are standard advanced, retarded, and lesser leads Green’s function which
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depend on relative time only and are computed for static leads:

g<kα(τ) = i fkαe−iϵkα(τ), (3.14)

gA
kα(τ) = iθ(−τ)e−iϵkα(τ), (3.15)

gR
kα(τ) = gA

kα(−τ)∗. (3.16)

The substitution of these Green’s functions into the definition of lead self-energies gives us

ΣA/R/<
α (T, τ) = ΣA/R/<

α (τ)×
∞

∑
n=−∞

(−1)n Jn (ψα(T)) e
i
2 nΩατ (3.17)

where ΣA/R/<
α (τ) is again the standard self-energy matrix computed for static leads. For the

solutions of the Kadanoff-Baym equations we will need self-energies computed in Wigner

space

Σ̃A/R/<
α (T, ω) =

∫ ∞

−∞
dτeiωτΣA/R/<

α (T, τ). (3.18)

The direct calculation gives the lesser self-energy

Σ̃<
α (T, ω) = i

∞

∑
n=−∞

(−1)n fα(ω + nΩα/2)Γα(ω + nΩα/2)× Jn (ψα(T)) . (3.19)

and advanced/retarded lead self-energies:

Σ̃A/R
α (T, ω) =

∞

∑
n=−∞

(−1)n
[
Λα

(
ω +

n
2

Ωα

)
± i

2
Γα

(
ω +

n
2

Ωα

) ]
Jn (ψα(T)) . (3.20)

The level-width functions are

Γαij(ω) = 2π ∑
k

δ(ω − ϵkα)t∗kαitkαj. (3.21)

The level-shift functions Λαij(ω) can be computed from Γαij(ω) via Kramers-Kronig relation.

To simplify analysis, we make the wide-band approximation. This gives us the following

self-energies:

Σ̃<
α (T, ω) = iΓα ∑(−)n fα(ω + nΩα/2)Jn (ψα(T)) , (3.22)

Σ̃A
α (T, ω) =

i
2

Γα (3.23)

and

Σ̃R
α (T, ω) = − i

2
Γα. (3.24)

The time and energy derivatives of the lesser leads self-energy in Wigner space, which are
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required for the gradient expansion of Kadanoff-Baym equation, are

∂TΣ<
α = iΓα∆α sin (ΩαT)

∞

∑
n=−∞

(−)n fα(ω + nΩα/2)×
[

Jn+1 (ψα(T))− Jn−1 (ψα(T))
]

(3.25)

and

∂ωΣ<
α = −i

Γα

ζα

∞

∑
n=−∞

(−)n
[

fα

(
ω +

1
2

nΩα

)]2

× e(ω+ 1
2 nΩα−µα)/ζα Jn (ψα(T)) , (3.26)

where ζα is the temperature in the α-th lead. The equations of motion (3.4, 3.5) are governed

by an explicitly time-dependent Hamiltonian and describes the exact evolution of the lesser,

advanced and retarded Green’s functions. The direct numerical solution of Kadanoff-Baym

equation with an explicitly time-dependent Hamiltonian represents a formidable computa-

tional challenge and possible only for very simplified systems[59]. Our goal is to develop

an approximate theory employing the separation of time-scales and assuming that the rate

of change of the system Hamiltonian due to external driving is smaller than the electronic

tunneling time across the junction. That means that the small parameter is

Ω/Γ ≪ 1, (3.27)

where Ω is a characteristic external driving frequency and Γ is the molecular level broadening

due to the coupling to the leads.

The fast and slow timescales in a driven molecular junction are easily detectable in the Wigner

representation. The external driving is associated with explicit central time dependence,

whereas electronic dynamics is linked with relative time variations. This means that for all

Green’s functions G(t, t′), the slow time-dependent external field implies that G(T + τ/2, T −
τ/2) varies slowly with the central time T, but oscillates fast with the relative time τ. This

idea has been often used to separate classical (slow) and quantum (fast) degrees of freedom

using NEGF theory[71, 114–121].

To solve Kadanoff-Baym equations approximately, we expand the exponent, keeping the first

order terms in central time derivatives:

[
i
2

∂T + ω − h
]
G̃<

+
i
2

∂Th∂ωG̃
<
= Σ̃R

totG̃
<
+ Σ̃<

totG̃
A

− i
2

(
∂Σ

T∂Gω − ∂Σ
ω∂GT

)
Σ̃R

totG̃
< − i

2

(
∂Σ

T∂Gω − ∂Σ
ω∂GT

)
Σ̃<

totG̃
A

(3.28)
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[
i
2

∂T + ω − h
]
G̃A/R

+
i
2

∂Th∂ωG̃
A/R

= I + Σ̃A/R
tot G̃A/R − i

2

(
∂Σ

T∂Gω − ∂Σ
ω∂GT

)
Σ̃A/R

tot G̃A/R
(3.29)

For brevity, we omit the functional dependence on T and ω in the Green’s functions, Hamil-

tonian matrix and self-energies.

All Wigner space molecular Green’s functions are expanded with respect its change with time

G̃ = G̃(0) + G̃(1) + O((Ω/Γ)2), (3.30)

such that G̃(1) is linear in ∂T, and the remaining terms involves the higher order derivatives

with respect to central time T. Here, we truncate the expansion to the first order. Considering

the correlation self-energy as a functional of Green’s function, we expand it up to the first

order as well

Σ̃c[G̃] ≈ Σ̃c[G̃(0)]︸ ︷︷ ︸
Σ̃c(0)

+
(

Σ̃c[G̃(0) + G̃(1)]− Σ̃c[G̃(0)]]
)

.︸ ︷︷ ︸
Σ̃c(1)

(3.31)

Making expansions (3.30) and (3.31) for Green’s functions and self-energies in Eq. (3.29) and

collecting the zeroth order terms, we get

G̃A/R
(0) =

[
ω − h − Σ̃A/R − Σ̃A/R

c(0)

]−1
(3.32)

Therefore, the zeroth order term is the standard Green’s function computed adiabatically for

time-dependent molecular Hamiltonian h(T) and time-dependent leads self-energies Σ̃A/R
tot (T, ω).

Notice that the zeroth order correction is not static, it changes adiabatically in time, instanta-

neously following the external time-dependent perturbation.

Similarly, we collect the first order terms to obtain the dynamical corrections for advanced/re-

tarded Green’s functions:

G̃A/R
(1) = G̃A/R

(0) Σ̃A/R
c(1) G̃

A/R
(0) − i

2
G̃A/R

(0) ∂TG̃
A/R
(0) − i

2
G̃A/R

(0) ∂Th∂ωG̃
A/R
(0)

− i
2
G̃A/R

(0) ∂T

(
Σ̃A/R + Σ̃A/R

c(0)

)
∂ωG̃

A/R
(0) +

i
2
G̃A/R

(0) ∂ω

(
Σ̃A/R + Σ̃A/R

c(0)

)
∂TG̃

A/R
(0)

(3.33)

for which we computed explicitly the central-time derivatives,

∂TG̃
A/R
(0) = G̃A/R

(0) ∂T

(
h + Σ̃A/R + Σ̃A/R

c(0)

)
G̃A/R

(0) , (3.34)

and also the derivatives with respect to energy

∂ωG̃
A/R
(0) = −

(
G̃A/R

(0)

)2
+ G̃A/R

(0) ∂ω

(
Σ̃A/R + Σ̃A/R

c(0)

)
G̃A/R

(0) . (3.35)
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Similarly, using the expansions (3.30) and (3.31) in the truncated Kadanoff-Baym equation

(3.28), we arrive at the zeroth order lesser Green’s function

G̃<
(0) = G̃R

(0)Σ̃
<G̃A

(0) + G̃R
(0)Σ̃

<
c(0)G̃

A
(0). (3.36)

The zeroth order corrections constitute the adiabatic solution to the problem, which is equiv-

alent to imbuing the static solution with time-dependent parameters.

For the first order terms, we find,

G̃<
(1) = − i

2
G̃R

(0)∂TG̃
<
(0) −

i
2
G̃R

(0)∂Th∂ωG̃
<
(0) + G̃R

(0)

(
Σ̃< + Σ̃<

c(0)

)
G̃A

(1)

− i
2
G̃R

(0)∂T

(
Σ̃< + Σ̃<

c(0)

)
∂ωG̃

A
(0) +

i
2
G̃R

(0)∂ω

(
Σ̃< + Σ̃<

c(0)

)
∂TG̃

A
(0)

− i
2
G̃R

(0)∂T

(
Σ̃R + Σ̃R

c(0)

)
∂ωG̃

<
(0) +

i
2
G̃R

(0)∂ω

(
Σ̃R + Σ̃R

c(0)

)
∂TG̃

<
(0).

(3.37)

The Eqs. (3.32),(3.33),(3.36) and (3.37) represent solutions for the Kadanoff-Baym equations

under the assumption that the characteristic period of the external time-dependent driving is

slower than the time spent by the electron in the central region.

3.2.1 Dynamical corrections to time-dependent electric current

Having obtained the non-adiabatic corrections to the retarded, advanced and lesser Green’s

functions, we are now ready to calculate the time-dependent electric current. Using the equa-

tion for particle current derived in section 2.4.11.2,

Jα(t) = 2Re
∫

dt1Tr
{
G<(t, t1)Σ

A
α (t1, t) + GR(t, t1)Σ

<
α (t1, t)

}
., (3.38)

we find that

Jα(t) = 2 Re
∫ ∞

−∞

dω

2π
Tr[Cα(t, ω)], (3.39)

where Cα(t, ω) is defined as

Cα(t, ω) = e−
i
2 (∂G

t ∂Σ
ω−∂G

ω∂Σ
t )
(
G̃<

(t, ω)Σ̃A
α (t, ω) + G̃R

(t, ω)Σ̃<
α (t, ω)

)
. (3.40)

As before, we truncate the exponential terms, assuming slow variation with respect to central

time of the Green’s functions and self-energies in Wigner representation:

Cα = G̃<
Σ̃A

α + G̃R
Σ̃<

α − i
2

∂tG̃
<

∂ωΣ̃A
α +

i
2

∂ωG̃
<

∂TΣ̃A
α − i

2
∂tG̃

R
∂ωΣ̃<

α +
i
2

∂ωG̃
R

∂TΣ̃<
α . (3.41)
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Splitting the zeroth and first order contributions, we calculate the adiabatic current and first

order dynamical corrections to it. For the zeroth order, the adiabatic current, we find that

JL,(0)(t) = 2 Re
∫ ∞

−∞

dω

2π
Tr
[
G̃<

(0)Σ̃
A
L + G̃R

(0)Σ̃
<
L
]
. (3.42)

The first order correction to the electric current is

Jα,(1)(t) = 2 Re
∫ ∞

−∞

dω

2π
Tr
[
G̃<

(1)Σ̃
A
α + G̃R

(1)Σ̃
<
α − i

2
∂TG̃

<
(0)∂ωΣ̃A

α +
i
2

∂ωG̃
<
(0)∂TΣ̃A

α )

− i
2

∂TG̃
R
(0)∂ωΣ̃<

α +
i
2

∂ωG̃
R
(0)∂TΣ̃<

α

]
.

(3.43)

Taking the wide-band approximation, the first order correction to the current reduces to the

following:

Jα,(1)(t) = 2 Re
∫ ∞

−∞

dω

2π
Tr
[
G̃<

(1)Σ̃
A
α + G̃R

(1)Σ̃
<
α − i

2
∂TG̃

R
(0)∂ωΣ̃<

α +
i
2

∂ωG̃
R
(0)∂TΣ̃<

α

]
. (3.44)

3.3 Results

3.3.1 AC current through single resonant-level

Let us first consider the simple case of a single resonant-level connected to two leads with

harmonically driven chemical potentials. In this case the molecular Hamiltonian is

HM = (ϵ + V(t))d†d, (3.45)

where ϵ is the energy of the resonant-level, V(t) is the external time-depending potential,

and d†(d) are creation(annihilation) operators for a resonant-level electron. The harmonic

modulations of the leads’ single-particle energies is given by

ϵkα(t) = ϵkα + ∆α cos Ωt, (3.46)

where ∆α is the amplitude of the oscillations of the energy levels and Ω is the modulation fre-

quency. We assume that the energy of resonant-level is also shifted in time with the same fre-

quency due to the time-oscillating voltage drop between the leads or due to a time-dependent

gate

V(t) = ∆ cos Ωt. (3.47)

Under this approximation, the exact solution for the model is known[95] and the proposed

theory will be benchmarked against this available exact result.
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Figure 3.1: Comparison between the first order correction to current and the difference be-
tween the exact and zeroth order currents. The parameters are ΓL = ΓR = 0.5Γ, ∆L = Γ,
∆R = −Γ, ∆ = 0, ϵ = 0, Ω = 0.1Γ, µL = µR = 0 and T = 0.001Γ. The current is measured in
units of Γ and time is given in periods of the external driving 2π/Ω.

We assess the adiabatic, zeroth order, electric current J(0)(t) given by Eq.(3.42) along with the

first order dynamical correction J(1)(t) given by Eq.(3.44) against the exact time-dependent

current Jexact(t) from literature[95]. It is difficult to visually judge the performance of the

method from the comparison of the total currents, since it is dominated by the adiabatic con-

tribution in both cases. In order to eliminate this bulk trivial term, we subtract J(0) from

Jexact(t) and plot it along with our first order dynamical correction J(1)(t). the result is shown

in figure 3.1. One can see that the first order correction captures the essential dynamical fea-

tures of the exact solution which is associated with the retardation of the filling and emptying

of the resonant level when it crosses the Fermi level of leads.

Figure 3.2 shows that in certain situations the first order dynamical correction plays a critical

role. Let us consider the case when the left lead is grounded at all time, a small AC voltage is

applied to the right lead whilst a much larger harmonically oscillating gate voltage is applied

to the central region. The adiabatic current does not show any dynamical characters and

fails to reproduce the exact time behavior; it simply follows instantaneously the applied time

dependent voltage bias. The first order dynamical correction significantly improves the results

by bringing the value of the current close to the exact value.

3.3.2 Holstein model in time-dependent Hartree approximation

Having checked the proposed theoretical approach by the comparison with exact results, we

turn our attention to electron transport through the molecular junction with electron-vibration
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Figure 3.2: Current through a single-resonant level as a function of time. The parameters are
ΓL = ΓR = 0.5Γ, ∆L = 0, ∆R = 0.125Γ, ∆ = 1, ϵ = 0, Ω = 0.1Γ, µL = µR = 0 and T = 0.1Γ. The
current is measured in units of Γ and time is given in periods of the external driving 2π/Ω.

interaction. The molecule is described by the Holstein model Hamiltonian:

HM(t) = ϵd†d + λ(a† + a)d†d + ωa†a, (3.48)

where ϵ molecular orbital energy, ω is molecular vibrational energy, and λ is the strength

of the electron-vibration coupling. The operator d†(d) creates (annihilates) an electron on

molecular orbital, and a†(a) is the bosonic creation (annihilation) operator for the molecular

vibrations. The electronic spin does not play any physical role in this section and will not

be included explicitly into the equations. Similar to the single resonant-level considered in

section 3.3.1, the single particle energies of the leads depend on time harmonically as given in

Eq.(3.46).

Assuming that the vibration is slower than the characteristic electron tunnelling time ω ≪ Γ,

meaning that at any given time moment a tunnelling electron interacts with a constant, static

molecular vibration, the correlation self-energy can be written in Hartree approximation as

[69, 122]

ΣA/R
c (t, t′) = χn(t)δ

(
t − t′

)
, (3.49)

Σ<
c (t, t′) = 0, (3.50)

where

χ = −2λ2

ω
(3.51)

and n(t) is the time-dependent molecular population given by

n(t) = Im
[∫ ∞

−∞

dω

2π
G̃<(t, ω)

]
. (3.52)
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Figure 3.3: The adiabatic time-dependent current computed with varying values for χ. The
other parameters are ΓL = ΓR = 0.5Γ, ∆L = 2Γ, ∆R = −2Γ, ϵ = 0, Ω = 0.05Γ, µL = µR = 0 and
T = 0.001Γ. The current is measured in units of Γ and time is given in periods of the external
driving 2π/Ω.
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Figure 3.4: Time-dependent current with the first order dynamical corrections computed with
varying values for χ. The parameters are the same as in Fig. (3.3).

The assumption that ω ≪ Γ does not effect or is related to the gradient expansion, as unlike

Ω, the phonon frequency ω does not dictate the time-dependent variation of the system. It is

required for the validity of the Hartree approximation.

The corresponding correlation self-energies in the Wigner space representation become

Σ̃A/R
c (T, ω) = χn(T), (3.53)

Σ̃<
c (T, ω) = 0. (3.54)

In order to compute the self-energies, and consequently the Green’s functions, we need to

know the adiabatic molecular electronic population n(0)(t) and its first order dynamical cor-

rection n(1)(t). The adiabatic molecular population is obtained from the solution of the fol-
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lowing equation

n(0)(t) = Im
[∫ ∞

−∞

dω

2π
G̃<
(0)(t, ω)

]
. (3.55)

This equation is nonlinear since the expression for the lesser Green’s function under the in-

tegral depends on adiabatic electronic population n(0)(t); it is solved numerically by the bi-

section method. It is known that depending on the parameters of the system, there can be

several solutions to the zeroth order correction to the occupation [122]. We restrict ourselves

to the situations with a single solutions. The first order dynamical correction to the electronic

occupation is obtained from a similar equation

n(1)(t) = Im
[∫ ∞

−∞

dω

2π
G̃<
(1)(t, ω)

]
, (3.56)

where G<
(1) depends on n(1) and on the already computed value of n(0). Eq. (3.56) is linear

and can be resolved analytically. The first correction to the occupation can be related to the

adiabatic result. Making use of Eqs. (3.52) and (3.37), we find

n(1)(T) =
∫ ∞

−∞

dω

2π
Im
[
− i

2
G̃R
(0)∂TG̃<

(0) −
i
2
G̃R
(0)∂TΣ̃<∂ωG̃A

(0) +
i
2
G̃R
(0)∂ωΣ̃<∂TG̃A

(0)

− i
2
G̃R
(0)χ∂Tn(0)∂ωG̃<

(0) + G̃R
(0)Σ̃

<G̃A
(1)

]
. (3.57)

Here, the first correction to the advanced Green’s function is given as

G̃A/R
(1) = G̃A/R

(0) χn(1)G̃A/R
(0) . (3.58)

For Eq. (3.57), we observe that the result can be split into contributions that depend on the

adiabatic solution only and the term containing n(1) itself. Hence making use of the Eqs. (3.57)

and (3.58), we find a linear equation such that:

n(1)(T) =
A(T)

1 − B(T)
, (3.59)

where

A(T) =
∫ ∞

−∞

dω

2π
Im
[
− i

2
G̃R
(0)∂TG̃<

(0) −
i
2
G̃R
(0)∂TΣ̃<∂ωG̃A

(0)

+
i
2
G̃R
(0)∂ωΣ̃<∂TG̃A

(0) −
i
2
G̃R
(0)χ∂Tn(0)∂ωG̃<

(0)

]
,

(3.60)

B(T) = χ
∫ ∞

−∞

dω

2π
Im
[
G̃R
(0)Σ̃

<
(
G̃A
(0)

)2
]

. (3.61)
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Having computed time-dependent electronic occupation number

n(t) = n(0)(t) + n(1)(t), (3.62)

we calculate the correlation adiabatic (zeroth order) advanced or retarded self-energies

Σ̃A/R
c(0) (T, ω) = χn(0)(T), (3.63)

and the first order dynamical corrections

Σ̃A/R
c(1) (T, ω) = χn(1)(T). (3.64)

Next, we calculate Green’s functions, adiabatic electric current J(0)(t) using Eq.(3.42) and first

order dynamical correction J(1)(t) using Eq.(3.44). Figure 3.3 shows the adiabatic, zeroth

order current; the current instantaneously follows the applied voltage and, as expected, does

not demonstrate any dynamical features associated with non-adiabatic transport. The polaron

shift of the molecular orbital away from the voltage window, which depends quadratically on

strength of the electron-vibration interaction λ, leads to the current blockade around zero

voltage.

Figure 3.4 shows the time-dependent current computed with first-order dynamical correc-

tions. The current shows a negative differential resistance behaviour, with spikes in the

current-time profile. These are observed to occur around when the oscillating right and left

chemical potentials become equal. The effect becomes more pronounced as the strength of the

electron-vibration interaction λ increases.

To understand the behavior of the time-dependent current, we turn our attention to the time-

evolution of the electronic population in the molecular junction. Figure 3.5 shows adiabatic

electronic populations n(0)(t), total electronic population n(t) = n(0)(t) + n(1)(t) and first or-

der corrections to electronic population n(1)(t). From Figure 3.5, we see that, just before the

chemical potentials of the leads meet, there is a dip within the electronic population, followed

by a peak of equal magnitude whilst the lead’s chemical potentials increase again. This dy-

namical effect becomes more noticeable if the strength of the electron-vibration coupling is

increased, as it is demonstrated in Figure 3.6.

Within the approximation employed to compute the correlation self-energy, the electronic

energy level is shifted downward by the electron-vibrational coupling

ϵ(t) = ϵ − 2λ2

ω
(n(0)(t) + n(1)(t)). (3.65)

In figure 3.7 we plot side by side the first order dynamical corrections to electronic occupation
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Figure 3.5: Time-dependence of the adiabatic electronic occupation, electronic occupation
with first order dynamical correction, and first order correction. Here χ = −0.8, and the other
parameters are the same as in Fig. (3.3).
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Figure 3.6: Time-dependence of electronic occupation computed with first order dynamical
correction for various values of χ = − 2λ2

ω . The other parameters are the same as in Fig. (3.3).
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Figure 3.7: Time-dependence of the first order dynamical corrections to the electronic popu-
lation (dotted line) and to the current (full line). Here, the red lines correspond to χ = 0; the
blue to χ = −0.8; and the green to χ = −1.2. The other parameters are the same as in Fig.
(3.3).

numbers n(1)(t) and electric current J(1)(t). One can see that the peaks and dips in dynamical

corrections to the electronic populations are mirrored by corresponding dips and peaks in the

time-dependence of the first order corrections to the current. This behavior can be easily inter-

preted with the use of Eq.(3.65), noticing that the dip in the electronic population temporarily

brings the energy level into the voltage bias window, and therefore results in an increase in

current. Conversely, the peak in the electronic population pushes the electronic level down,

out of resonance, thus resulting in the reduction in current.

3.4 Conclusion

In this chapter, we have developed a time-dependent transport theory for molecular junctions.

The theory uses nonequilibrium Green’s functions to separate time-scales on slow driving

and fast electron tunneling. The gradient expansion of the Wigner space Kadanoff-Baym

equations in terms of the slow time variable enabled us to convert the nonlocal in time integro-

differential equations into a set of algebraic equations at each order of the gradient expansion.

We found the solution of these equations, and consequently produced analytic expressions

for the first order dynamical corrections to the adiabatic Green’s functions. The dynamical

corrections to time-dependent electric current is obtained as well. The derived expressions are

applicable to the general case of an AC electric current through a correlated central region. We

applied the theory to two transport scenarios: a single-resonant level coupled to leads with

harmonically oscillating chemical potentials; and a periodically driven molecular junction

coupled to a vibrational mode described by the Holstein model.
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For the noninteracting case, we found that the model agrees well with the exact results, within

the realm of applicability. Upon the model’s application to the Holstein model using time-

dependent Hartree-approximation to treat electron-vibration interactions, we found that the

variation of the junction’s electronic population in time, due to nonadiabatic effects, induced

small peaks and dips within the current. This suggests that dynamical, nonlinear effects may

have a significant influence on the current, depending on the central region’s correlations and

the operating frequency of the junctions.

Given the approximate nature of our approach, the conservation of charge deserves special

attention. Any meaningful theoretical approach should preserve, at each moment in time, the

continuity equation
dn(t)

dt
= JR(t) + JL(t), (3.66)

where

n(t) = Im
[

Tr
[∫ ∞

−∞

dω

2π
G̃<

(t, ω)

]]
(3.67)

is the occupation of the central region. We have that G< ≈ G<
(0) +G<

(1). In the continuity equa-

tions, we disregard
dG<

(1)
dt ∼ G<

(2) and take into account that the adiabatic current is conserved

JR,(0)(t) + JL,(0)(t) = 0 , leaving the following continuity equation for the first order dynamical

corrections to the current:

JR,(1)(t) + JL,(1)(t) = Im

[
Tr

[∫ ∞

−∞

dω

2π

dG<
(0)

dt

]]
. (3.68)

In all considered cases we checked numerically that continuity equation (3.68) is satisfied.



Chapter 4

Floquet Nonequilibrium Green’s

Functions with Full Counting Statistics

This chapter contains material that has been previously published in the following journal

article:

Full counting statistics for electron transport in periodically driven quantum dots,

T. D. Honeychurch and D. S. Kosov, Phys. Rev. B 102, 195409 (2020)

4.1 Introduction

Time-dependent phenomena play an important part in the investigation and application of

nanoscale electronics. The dynamical response of a junction to the modulation of a voltage

or to the irradiation by a light source offers intriguing means of probing and controlling the

system’s dynamics [36]. Applications include optically irradiated nanoscale junctions [73,

74], electron pumping [71, 123, 124], pump-probe spectroscopy [79, 125], and AC current

rectification [72, 126]. The exploration of time-dependent phenomena has a long history [34,

36], which mostly centers on periodic drivings, typically induced with microwave radiation.

For periodic driving, the explanation of photon-assisted transport (PAT) is often invoked:

electrons, moving between regions under periodic driving, are observed to undergo inelastic

tunneling events, with the absorption and emission of quanta of energy given by the driving

frequency [36]. PAT has been realized within many systems [35, 73, 74], and has undergone

extensive theoretical investigation [36].

The discrete nature of the charge carrier results in irrepressible current fluctuations. These

current fluctuations can contain information about the nature of the junction. For systems

with explicit time dependence, understanding current fluctuations is crucial for metrological

and performance reasons [56, 77]. Full counting statistics (FCS) allows the calculation of

higher cumulants of the current in a rather concise and systematic manner. The theory of

79
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FCS was first introduced by Levitov and Lesovik [127, 128] in a scattering theory framework

via the explicit inclusion of a measuring device in the theoretical setup, which has since been

extended to a general quantum mechanical variable[129] and applied to various transport

scenarios [130]. For periodically driven systems, FCS has been coupled within scattering

theory [131–133] and master-equation approaches [123, 134, 135] with various investigated

periodically driven systems.

In this chapter, the AC driving of a single resonant level and a T-shaped double-level system,

both noninteracting, with the help of full counting statistics as realised in nonequilibrium

Green’s functions[70, 71], was investigated. In both cases, the left lead underwent the sinu-

soidal driving of its energies. This results in photon-assisted transport being observed within

the current cumulants, most notably resulting in additional noise in particular cases. For the

T-shaped junction, Fano-resonance effects were found to manifest in the peaks generated by

the driving. This was explained by considering the bonding and anti-bonding levels of the

central molecule.

4.2 Theory

4.2.1 General considerations

Within the investigation, the Hamiltonian for a central region (i.e., the molecule) connected to

two macroscopic leads is given by

H(t) = HC(t) + HL(t) + HR(t) + HCL(t) + HCR(t), (4.1)

where HC is the Hamiltonian of the molecule, HL and HR are the Hamiltonians of the left and

right leads, and HCL/R is the interaction between the central region and the left/right lead,

respectively.

We consider the electrons within the central region to be noninteracting:

HC = ∑
ij

hij(t)d†
i dj, (4.2)

where d†
i (di) creation (annihilation) operators are for an electron in the single-particle state i.

The left and right leads are modeled as macroscopic reservoirs of noninteracting electrons,

HL + HR = ∑
k,α=L,R

ϵkα(t)c†
kαckα, (4.3)
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where c†
kα(ckα) creates (annihilates) an electron in the single-particle state k of either the left

(α = L) or the right (α = R) lead. The coupling between the central region and left and right

leads is given by the tunneling interaction

HCL + HCR = ∑
i,k,α=L,R

[
tkαi(t)c†

kαdi + H.c.
]

, (4.4)

where tkαi(t) is the time-dependent tunneling amplitude between leads and central single-

particle states.

Utilizing full counting statistics, we follow the procedure set out in section 2.4.12.2. with the

generating function,

χ (λL, tc, t0) = ⟨e−iλL NL(tc)eiλL NL(t0)⟩, (4.5)

allows for the calculation of the charge that leaves the left lead between times t0 and tc. Here,

NL (t) is the occupation of the left lead within the Heisenberg picture. The cumulants of the

above are given by

⟨δnq(tc, t0)⟩ = (−i)n ∂n

∂λn
L

ln χ (λL, tc, t0)

∣∣∣∣
λL=0

. (4.6)

By taking the first derivative with respect to the counting field, this result can be recast:

− i
∂

∂λL
ln [χ (λL, tc, t0)] =

∫ tc

t0

dt
∫ tc

t0

dt′ Tr
[
ΣL
<(t, t′)G>

(
t′, t
)
− G<

(
t, t′
)

ΣL
>(t

′, t)
]

, (4.7)

where the Hamiltonian is modified by the appropriate counting field

HλL
CL(t) = ∑

i,k
tkL,i(t)e−

i
2 λL(τ)c†

kαdi + t∗kL,i(t)e
i
2 λL(τ)d†

i ckα, (4.8)

and where λ(τ) = ±λL on the forward and backward branches of the contour, respectively.

Moving to real time, the contour Green’s function is expressed in Schwinger-Keldysh space,as

in equation (2.97),

Ĝ(t, t′) =

(
GT(t, t′) G<(t, t′)

G>(t, t′) GT̃(t, t′)

)
, (4.9)

with the Kadanoff-Baym equation, manipulated from the definition of equation (2.125) to take

the following form:

(
i

∂

∂t
− h(t)

)
Ǧ
(
t, t′
)

−
∫ tc

t0

dt1Σ̌ (t, t1) Ǧ
(
t1, t′

)
= δ

(
t − t′

)
, (4.10)

with Ǎ2,j (t, t′) = −Â2,j (t, t′). [68]

Solving the Kadanoff-Baym equations by invoking a Floquet approach restricts the method
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to considering time-averaged statistics: the points of measurement are moved to the infinities

to ensure the periodicity of the system (i.e., t0 → −∞ and tc → ∞). Following the above

considerations, the Kadanoff-Baym equation can be transformed into a matrix equation:

[(
ωI 0

0 ωI

)
+

(
ΩD 0

0 ΩD

)
−
(

H 0

0 H

)
−
(

ΣT Σ<

−Σ> −ΣT̃

)]
Ǧ =

(
I 0

0 I

)
, (4.11)

where (D)a,b = aδa,b, (H)a,b = h(b − a), and the projections of the self-energy are given as

(Σ)a,b = Σ (ω + (a + b)Ω/2, b − a) , (4.12)

for a given projection. Here, the time-dependence of the self-energies are handled as in section

2.4.8, with the addition of counting fields, as set out in section 2.4.12.2, such that Σ<
L → Σ<

L eiλL

and Σ>
L → Σ>

L e−iλL .

One can recast Eq. (4.7) in terms of Floquet matrices, giving us

Cn = lim
tc,t0→±∞

(
(−i)n ∂n

∂λn
L

ln [χ (λL, tc, t0)]

tc − t0

)
= (−i)n−1 ∂n−1

∂λn−1

∫ ∞

−∞

dω

2π
Tr [X(ω, 0)] , (4.13)

where n ≥ 1 and X(ω, 0) is the zeroth Fourier component, calculated from the Floquet matrix

equation

X = Σ<
L G> − G<Σ>

L . (4.14)

This result corresponds to calculating the time-averaged cumulants of the current, with C1 = I

and C2 = SLL(ω = 0) [136, 137].

4.3 Results

4.3.1 Resonant level

We begin by considering a central region consisting of a single resonant level. The central

region and leads are both taken to have sinusoidal driving. The central region Hamiltonian is

HC(t) = [ϵ0 + ∆0 cos (Ωt)] d†d, (4.15)

and the leads’ energy levels are

ϵkα(t) = ϵkα + ∆α cos (Ωt) . (4.16)



§4.3 Results 83

Considering the current, one can turn off the counting field and rearrange Eq. (4.13) to find

I =
∞

∑
k=−∞

∫ ∞

−∞

dω

2π
T (ω − kΩ)

(
fL (ω) J2

k

(
∆0 − ∆L

Ω

)
− fR (ω) J2

k

(
∆0 − ∆R

Ω

))
(4.17)

where

T (ω) =
ΓLΓR

(ω − ϵ0)
2 + Γ2

4

, (4.18)

in agreement with the literature [95, 138]. We see the established phenomena of photon-

assisted transport, where the sinusoidal driving of regions results in an effective splitting of

the transmission between pictures which can be interpreted as the absorption or emission of

photons of h̄Ω [36].

The results of these calculations are given in Figs. 4.1 and 4.2. Within all the calculations

completed, the matrices were truncated to consider 41 of the Fourier coefficients of each object

(i.e., from n = −20 to n = 20). We see that the higher cumulants also display characteristics

surrounding the positions of the photopeaks. With the photopeaks entering into the voltage

window, the cumulants C2 and C3 decrease in magnitude, suggesting that the moving of the

photopeaks into resonance decreases the variability within the average current. Indeed, as the

photopeaks move into the resonance, the ratio C2/C1, an appropriate indicator for the clarity

of the current, decreases. This is expected, with increasing voltage, moving the effects of the

driving further away, as the level moves further into resonance.

For C3, as the photopeak approaches the voltage window, we see an increase, followed by a

decrease, when the photopeak has entered into the voltage window. The above suggests that,

around voltages where photopeaks are entering resonance, the current suffers an increased

skewness in its distribution. This can be seen with the ratio of C3/C1, which is larger than in

the static case (see Fig. 4.2), within the region before the first photopeak enters resonance.

4.3.2 Quantum interference

Here, we investigate a simple manifestation of Fano interference due to a secondary offset

level coupled to our primary site but uncoupled from the electrodes. The introduction of this

secondary site results in interference between the two paths through the system, those being

straight through the connecting sites and via the additional secondary site. The Hamiltonian

for the central region is

HC = ϵ1d†
1d1 + ϵ0d†

0d0 + t(d†
1d0 + d†

0d1), (4.19)
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Figure 4.1: Cumulants of the current plotted against increasing voltage (µL = −µR) for a single
level. The left lead’s driving is increased, revealing the effects of the photopeaks. Dashed lines
shows C1, and solid lines show C2/C1 in (c). The parameters are ΓL = ΓR = 0.15, ε1 = 0,
T = 0.05, Ω = 1, ∆0 = 0, and ∆R = 0.
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Figure 4.2: The ratio of cumulants, C3/C1 plotted against increasing voltage (µL = −µR) for
a single level. Dashed lines shows C1, and solid lines show C3/C1. The left lead’s driving is
increased, revealing the effects of the photopeaks. The parameters are those of Fig. 4.1.
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Figure 4.3: Cumulants of the current plotted against increasing voltage (µL = −µR). The leads
are connected to the first level, which is further connected to the isolated second level. Dashed
lines shows C1, and solid lines show C2/C1 in (c). Here, the left lead’s driving is increased
to reveal the effects of the Fano interference on the photopeaks and higher cumulants. The
parameters are ΓL = ΓR = 0.15, ε0 = 0, ε1 = 0.15, t = 0.15, T = 0.05, Ω = 1, and ∆R = 0.

and the central region is connected to the leads through level ϵ0

HCL + HCR = ∑
i,k,α=L,R

(tkαc†
kαd0 + H.c.). (4.20)

The leads are sinusoidally driven as in the resonant level case considered before Eq. (4.16),

and the central region Hamiltonian remains static all the time.

Calculations for the current concur with theory [Eq. (4.17)], with the transmission undergoing

well-known changes due to the introduction of the second level [8]:

T (ω) =
ΓLΓR

[ω − ϵ0 − t2/ (ω − ϵ1)]
2 + Γ2

4

. (4.21)

The results of the calculations are given in Fig. 4.3. With the introduction of the secondary

level, the photon-assisted sidebands in the current acquire pronounced asymmetrical interfer-
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Figure 4.4: The differential conductance plotted against increasing voltage (µL = −µR). The
leads are connected to the first level, which is further connected to the isolated second level.
Here, the bonding and antibonding levels are plotted, disregarding the off-diagonal terms
within the diagonalized linewidth function [Eq. 4.23], along with their sum and the full
result, which does include the off-diagonal terms. The parameters are ΓL = ΓR = 0.15, ε0 = 0,
ε1 = 0.15, t = 0.15, T = 0.05, Ω = 1, and ∆R = 0.

ence patterns from the Fano resonance [see Fig. 4.3a], with the asymmetry being governed by

the difference between the energies of the levels. Moreover, the asymmetric feature manifests

in the central peak differently from within the photopeaks, with a change in the difference in

the levels’ energies pushing the feature in the opposite direction for the photopeaks compared

to the central peak.

To understand the effects of the secondary level, one can diagonalize the central region Hamil-

tonian, allowing for the investigation of the current in terms of the bonding (-) and antibond-

ing (+) molecular orbitals [139], which gives the energies

ϵ± =
1
2

(
ϵ0 + ϵ1 ±

√
(ϵ0 − ϵ1)

2 + 4t2

)
(4.22)

and a modified linewidth function:

Γ̃α
i,j = Γα

(
cos2(β) cos(β) sin(β)

cos(β) sin(β) sin2(β)

)
, (4.23)

where

β =
1
2

tan−1
(

2t
ϵ0 − ϵ1

)
. (4.24)

The diagonalization of the central region allows us to identify the roles that the bonding

and antibonding molecular levels play in the cumulants. Furthermore, the effects due to the

interaction between these levels is relegated to the off-diagonal terms of the linewidth function

[Eq. (4.23)], with their removal corresponding to a system without interaction between the

bonding and antibonding levels.
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The effects of the separation into the bonding and antibonding levels can be seen within Fig.

4.4. Here, the contributions by both levels are plotted for the case where the off-diagonals

within the modified linewidth function [i.e. Eq. (4.23)] are disregarded. We see that the

contributions from the diagonalized levels approximately explain the positions of the peaks

within the differential conductance, with the off diagonal terms of the modified linewidth

varying the final positions slightly. This analysis also helps to explain the features of the

higher cumulants in terms of the bonding and antibonding molecular levels.

The effects of the asymmetrical feature due to the Fano resonance can be seen to effect the

higher cumulants [see Fig. 4.3b and 4.3d]. While this complicates the features of the cu-

mulants, it was found to not alter the junction’s dynamics significantly. This is evident in

F2 = C2/C1 [see Fig. 4.3c], which suggests no significant changes in the efficiency of the

device, with the introduction of a second level resulting in a splitting of the plateauing effect,

seen in Fig. 4.1c, due to the shared influence of the bonding and antibonding levels.

4.4 Summary

The method investigated allows for the calculation of the time-averaged cumulants of the

current for periodically driven molecular junctions. Expressing the Green’s functions in terms

of a Fourier series allows for the equation of motion to be cast as a matrix equation of infinite

dimensions, which, following truncation, can be easily solved. The method was applied to

investigate the time-averaged current cumulants for both a single-level system and a T-shaped

double-level system. In investigating the higher cumulants the derivatives of the counting

field were evaluated with the finite central difference method.

The method is applicable to many levels, and the wideband approximation is not essential.

Furthermore, its application to systems considering extra correlations is conceivable.

It should be noted that the above method calculates the time averages of the cumulants of

the current. These calculations should not be confused with the statistics one could calculate

when considering the distribution of instantaneous values (for current, noise, etc.) that could

be calculated within a period of the driving. While the latter would be more appropriate if

one were interested in the instantaneous measurements, the former is more appropriate for

devices which would cumulate large transmitted charges before measurement.

Within this chapter, it was found that the time-dependent driving of the leads not only induces

photopeaks within the current but also generates features within the higher cumulants. The

positioning of photopeaks relative to the voltage window was found to have a significant

effect on the higher cumulants. Photopeaks that sit just outside resonance have the effect
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of increasing both the second and third cumulants, while photopeaks that sit just within

resonance see a relative decrease in both cumulants. Furthermore, it was found that the

time-dependent driving broadened and skewed the current distribution. This was observable

within C2/C1 and C3/C1 [see Figs. 4.1c and 4.2 respectively].

Even within the reduced picture of considering time averages, it is evident that the effects of

time-dependent driving go beyond the current. This suggests that further investigations into

the cumulants of important observables will be essential for understanding time-dependent

driven systems.

On top of this, methods that can be extended to consider extra correlations (i.e., electron-

phonon and electron-electron interactions) will allow for a fuller understanding of time-

dependent driven molecular junctions as they are truly realized, which will hopefully lead

to further interesting results.



Chapter 5

Floquet Nonequilibrium Green’s

Functions for Phonon-Assisted

Transport

This chapter contains material that has been previously published in the following journal

article:

Quantum transport in driven systems with vibrations: Floquet nonequilibrium Green’s functions and

the self-consistent Born approximation,

T. D. Honeychurch and D. S. Kosov, Phys. Rev. B 107, 035410 (2023)

5.1 Introduction

The transport properties of quantum dots, especially molecular junctions, can be significantly

altered by vibrations coupled to the central region, causing an array of interesting phenomena

[8]. Of particular importance is how vibrations, often in conjunction with other phenomena,

inhibit device functionality and stability.

Investigations that cast vibrations as localized phonons have been extensively studied under

various parameter ranges. When coupling between electronic and vibrational components is

sufficiently small, differential conductance through a junction has been found to vary due to

changes in bias voltage, with electrons inelastically interacting with central phonons [8, 32,

140], explaining the experimental phenomena observed in inelastic electron tunneling spec-

troscopy and point contact spectroscopy experiments [141–143]. For sufficiently large cou-

pling between electrons and phonons, transport through the system is suppressed due to the

Franck-Condon blockade [8, 69]. With semiclassical approaches to mechanical change within

a junction, electron-friction and nonadiabatic effects with general potentials can be studied

[114, 144–148].

89
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In steady state, vibrations within a molecular junction have been investigated with a variety of

methods [149]. Nonequilibrium Green’s functions approaches have been used to model vibra-

tions within self-consistent perturbation theory [32, 140, 150, 151], polaron and dressed tunnel-

ing approximations [152, 153], equation-of-motion methods [154], and many more. Vibrations

can also be studied with master equation approaches, like the Redfield master equations [155],

or more involved methods like hierarchical quantum master equations [156]. Vibrations of-

ten contribute significantly to junction failure. With the current lifetime of many molecular

junctions being, at best, only seconds long [157], tackling the problem of junction instability

stands as a significant hurdle for the field [144, 158].

The further addition of time dependence in the form of varying voltages and electric fields

is frequent within the theory and experiment surrounding molecular electronics, allowing for

the probing and control of dynamics within the junction. A prime example is recent work

that has seen molecular junctions probed on picosecond time frames with a laser pulse-pair

scheme [159]. Time-dependent potentials also allow for the realization of novel functionalities,

including time-dependent molecular rectifiers [72, 126] and molecular pumps [124]. Beyond

static driving, molecular junctions are often studied within time-dependent settings, like tran-

sience [63, 160], periodic driving of lead energies [161], couplings [162], or by laser pulses [79,

163], when the central junction is subject to monochromatic electric fields [164], or within the

limit of slow driving [165, 166].

Given the importance of vibrations, understanding their dynamics under various time-dependent

scenarios will be essentials for molecular junction designs that seek to capitalize on time-

dependent effects. Recently, exploration into the effects of time-dependent driving upon vi-

brations has been growing: transient dynamics of vibrationally active molecular junctions have

been investigated theoretically with the self-consistent perturbation theory [107] and dressed

tunneling approximation [113]; harmonic driving of gate voltages was used to increase current

within the Franck-Condon blockade region [167]; vibrations with perturbatively slow driving

have been investigated with mean field in a nonequilibrium Green’s functions setting [165]

and with hierarchical master equations [166]; and nonequilibrium Green’s functions and lin-

ear response theory have been utilized to investigate conductance profiles and properties of

phonons under small drivings [108, 168, 169].

Of particular interest is whether time-dependent driving can be used to reduce vibrations

while still allowing for current flow comparable to the equivalent static case. This has been

predicted with a master equation approach[155] and for vibrations modeled semiclassically

with a Langevin approach [170].

In This chapter, we use a Floquet nonequilibrium Green’s function approach to investigate

the effects of time-periodic driving on a single-level electronic molecule coupled to a single
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phonon mode, making use of self-consistent perturbation theory in the form of the GD ap-

proximation [60, 63, 107].

It was found that changes in conductance, indicative of inelastic electron transport spec-

troscopy, gain photon-assisted side peaks. Following intuition from photon-assisted trans-

port and inelastic electron transport spectroscopy, a simplistic form for the current and phonon

occupation is hypothesized and found to be a good match in limiting cases. It was also ob-

served that resonances between the vibrational and driving frequencies resulted in increases

in phonon occupation, with two different contributing mechanisms.

5.2 Theory

To describe electrons moving through a junction while interacting with central phonons, we

make use of a nonequilibrium Green’s functions approach, considering the electron- vibration

coupling within the GD approximation, also known as the self-consistent Born approximation

[60, 61, 171].

The system is modeled with the following Hamiltonian,

H(t) = Hel(t) + Hvib + He−v. (5.1)

The electronic component is given by:

Hel(t) = Hcentral + Hleads(t) + Hcoupling, (5.2)

Hcentral(t) = ∑
ij

ϵijd†
i dj, (5.3)

Hleads(t) = ∑
k,α=L,R

ϵkα(t)c†
kαckα, (5.4)

Hcoupling(t) = ∑
ikα=L,R

tkαi c†
kαdi + h.c. (5.5)

and the Hamiltonian for the vibrations is given as

Hvibratons = ∑
α

ωαa†
αaα, (5.6)

and the coupling between the electronic and vibrational components is given by

He−v = ∑
ij,α

λα
i,jQαd†

i dj. (5.7)
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Figure 5.1: The phononic and electronic self-energies for the SCBA approximation.

Here, di (d†
i ) and ckα (c†

kα) are annihilation (creation) operators for the site i in the central

region and kα in the leads, respectively. For the phonons, the quantum operator for position

is given by Qα = 1√
2

(
aα + a†

α

)
and the momentum given by Pα = 1√

2i

(
aα − a†

α

)
, where aα

(a†
α) is the annihilation (creation) operator for the phonon α. Within this chapter, only the

energies of the leads are considered to be time-dependent. It is a simple extension to consider

time-dependence within the central energy levels, ϵij and couplings, tkα,i.

The interaction between electrons and phonons can be approximated within the GD approxi-

mation [60, 61]:

Σint
ij (τ, τ′) = Σhar

ij (τ, τ′) + ΣXC
ij (τ, τ′), (5.8)

where

Σhar
ij (τ, τ′) = −iδ

(
τ, τ′)∑

β

λ
β
ij

∫
c

dτ1dβ(τ, τ1)∑
ml

λ
β
mlGlm(τ1, τ+

1 ), (5.9)

ΣXC
ij (τ, τ′) = i ∑

µν,ml
Dµν

(
τ, τ′) λ

µ
imGml

(
τ, τ′) λν

l j (5.10)

and

Πint
αβ (τ, τ′) = −i ∑

mlkp
λα

mlGlk
(
τ, τ′) λ

β
kpGpm

(
τ′, τ

)
. (5.11)

5.2.1 Floquet Theory

Moving the equations of motion from the contour to real time with the greater, lesser, retarded,

and advanced projection, we can, using Floquet transformation of section 2.4.7, write the

Kadanoff-Baym equations as follows:

(ω + Ωm) ḠR/A
ij (ω, m, n)− ∑

k
ϵikḠR/A

kj (ω, m, n) = δijδmn + ∑
k,r

Σ̄R/A
ik (ω, m, r) ḠR/A

kj (ω, r, n) ,

(5.12)
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Ḡ<
ij (ω, m, n) = ∑

kw,rs
ḠR

ik(ω, m, r)Σ̄<
kw (ω, r, s) ḠA

wj (ω, s, n) , (5.13)

−1
ωα

(
ω2

α − (ω + Ωm)2
)

D̄R
αβ (ω, m, n) = δαβδmn + ∑

γ,r
Π̄αγ (ω, m, r) D̄γβ (ω, r, n) , (5.14)

D̄<
αβ(ω, m, n) = ∑

νγ,rs
D̄R

αν(ω, m, r)Π̄<
νγ (ω, r, s) D̄A

γβ (ω, s, n) . (5.15)

In a similar manner, the current and occupation can be also cast in terms of Floquet matrices:

Iα(n − m) = Īα (m, n)

= 2
∫ ∞

−∞

dω

2π ∑
r,ij

[
ḠR

ij (ω, m, r)Σ̄<
ji (ω, r, n)

+Ḡ<
ij (ω, m, r)Σ̄R

ji (ω, r, n)
] (5.16)

and

nel
j (n − m) = n̄el

j (m, n) = −i
∫ ∞

−∞

dω

2π
Ḡ<

jj (ω, m, n). (5.17)

The time-resolved observables can then be found with equation (2.173), where t′ → t, and by

taking only the real part, as per equations (2.225) and (2.229).

Unfortunately, the interaction self-energies cannot be brought to such an amenable form and

must be calculated from the Fourier coefficients. The interaction self-energies follow the forms

C+(t, t′) = A(t, t′)B(t, t′), C−(t, t′) = A(t, t′)B(t′, t) and CH(t, t′) = δ (t − t′)
∫ ∞
−∞ dt1 A(t, t1)B(t1, t1).

These terms, when transformed into Fourier coefficients gives as convolution of the following

forms:

C± (ω, n) =
∞

∑
m=−∞

∫ dω′

2π
A
(
ω′, m

)
B
(
±ω ∓ ω′, n − m

)
= [A □± B] (ω, n) .

(5.18)

and

CH(ω, n) =
∞

∑
m=−∞

A
(
−Ω

2
(n + m) , n − m

)
B (n) . (5.19)

For this context, CH (ω, n) simplifies when A(t, t′) = A(t − t′), giving us

CH (ω, n) =
∞

∑
m=−∞

δm,n A(−Ω
2
(m + n) , 0)B(n) = A(−Ωn, 0)B(n). (5.20)
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The above allows us to cast the interaction self-energies in terms of their Fourier coefficients:

ΣR
har,ij (ω, r) = −i ∑

β

λ
β
ijd

R
β (ω = −Ωr)

∫ dω

2π ∑
kw

λ
β
kwG<

wk(ω, r), (5.21)

ΣR
XC,ij (ω, r) =

∫ dω′

2π

∞

∑
n=−∞

∑
µν,ml

iD<
µν

(
ω′, n

)
λ

µ
imGR

ml
(
ω − ω′, r − n

)
λν

l j

+iDR
µν

(
ω′, n

)
λ

µ
imG<

ml
(
ω − ω′, r − n

)
λν

l j + iDR
µν

(
ω′, n

)
λ

µ
imGR

ml
(
ω − ω′, r − n

)
λν

l j,

(5.22)

Σ<
XC,ij (ω, r) =

∫ dω′

2π

∞

∑
n=−∞

∑
µν,ml

iD<
µν

(
ω′, n

)
λ

µ
imG<

ml
(
ω − ω′, r − n

)
λν

l j, (5.23)

Σ>
XC,ij (ω, r) =

∫ dω′

2π

∞

∑
n=−∞

∑
µν,ml

iD>
µν

(
ω′, n

)
λ

µ
imG>

ml
(
ω − ω′, r − n

)
λν

l j, (5.24)

ΠR
αβ(ω, r) =

∫ dω′

2π

∞

∑
n=−∞

∑
mlkp

−iλα
mlG

<
lk
(
ω′, n

)
λ

β
kpGA

pm
(
ω′ − ω, r − n

)
− iλα

mlG
R
lk
(
ω′, n

)
λ

β
kpG<

pm
(
ω′ − ω, r − n

)
,

(5.25)

Π<
αβ(ω, r) =

∫ dω′

2π

∞

∑
n=−∞

∑
mlkp

−iλα
mlG

<
lk
(
ω′, n

)
λ

β
kpG>

pm
(
ω′ − ω, r − n

)
(5.26)

and

Π>
αβ(ω, r) =

∫ dω′

2π

∞

∑
n=−∞

∑
mlkp

−iλα
mlG

>
lk
(
ω′, n

)
λ

β
kpG<

pm
(
ω′ − ω, r − n

)
. (5.27)

We can cast the average phonon positions, equation (2.223), and the subsequent average

phonon momenta, equation (2.224), in terms of Fourier coefficients

⟨Qα⟩ (r) = −idR
α (ω = −Ωr)

∫ dω

2π ∑
ml

λα
mlG

<
lm (ω, r) , (5.28)

⟨Pα⟩ (r) =
irΩ
ω0

⟨Qα⟩ (r). (5.29)

We can complete a similar process for the phonon momentum Green’s functions, equation

(2.245), allowing us to calculate the variance of the momentum operators:

〈
(∆Pα)

2
〉
(r) = iDPP,<

αα (r) =
i

ω02

∫ dω

2π

(
ω2 −

(
rΩ
2

)2
)

D<
αα(ω, r). (5.30)

Solving for the Green’s functions, the dimensions of the Floquet matrices, and the correspond-

ing Fourier series, need to be truncated. The addition of more Fourier coefficients leads to

more accurate results, converging on the exact result. Calculating the integrand of the Fourier

coefficients was completed with an equidistant grid of points. After completing this procedure

for the noninteracting case, the Floquet matrices were unraveled to Fourier coefficients using
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Figure 5.2: The changes in d2 I/dV2 and d2nph/dV2 as voltage increases. Here the full method
is plotted alongside the simplistic method and contributions from n = −1, 0, 1 of Eq. 5.33.
The other parameters are ΓL = ΓR = 0.015, ϵc = 0.1, ηc = 3 × 10−5, Ω = 0.004, ωc = 0.01,
λc = 0.015, ∆L = 0.005 and T = 1.5 × 10−4. The bounds of the integrands were taken at
−0.3 and 0.3. Fourier coefficients ranging from −8 to 8 were used in the calculation. The
uniform grid spacing was 2 × 10−5. The convergence was below 10−6 for both the electronic
and phonon occupations.

equation (2.176). The terms where n + m = 0,−1 of Ā (ω, m, n), where taken for calculating

the Fourier coefficients. These were then used to calculate the interaction self-energies before

being reassembled into the Floquet matrices. The process was then completed iteratively, with

convergence given by the Fourier coefficients of the phonon and electron occupations:

∑m
∣∣nk+1

m − nk
m
∣∣

∑m |nk
m|

≤ δ, (5.31)

where nk
m is the kth iteration of the mth Fourier coefficent of the occupation in question, with

δ as the convergence.

5.3 Results

For simplicity, we focus on a single electronic level coupled to a single phonon mode, with

driving within the left lead:

H (t) = ϵcd†d + ∑
ikα=L,R

tkαi c†
kαd + t∗kαi d†ckα

+∑
k
(ϵkL + ∆L cos(Ωt)) c†

kLckL + ϵkRc†
kRckR

+ ωca†a + λcQd†d.

(5.32)

The parameters for the model are the following: ϵc, the energy of the central level; ωc, the
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Figure 5.3: The changes in d2 I/dV2 and d2nph/dV2 as voltage increases, given different driving
energies ∆L. The other parameters are ΓL = ΓR = 0.015, ϵc = 0.1, ηc = 3 × 10−5, Ω = 0.004,
ωc = 0.01, λc = 0.015 and T = 1.5× 10−4. The bounds of the integrand were taken at −0.3 and
0.3. Fourier coefficients ranging from -8 to 8 were used in the calculation. The uniform grid
spacing was 2 × 10−5. The convergence was below 10−6 for both the electronic and phonon
occupation.

vibrational frequency of the phonon mode; Ω, the driving frequency of the left lead; ∆L, the

magnitude of the driving in the left lead; ΓL/R, the couplings to the leads; λc, the coupling

strength between the central level and phonon; ηc, the coupling of the phonon to its bath; and

the temperature of both leads T . Within the calculations, the driving frequency of the left

lead was assumed to be the frequency of the system’s periodicity.

For the time-averaged picture of this model, we have two important limiting cases in the static,

interacting case and the noninteracting case. The static case is well understood and extensively

studied [8, 32, 140, 149]. In this context, the phonon mode causes elastic corrections and fa-

cilitates new, inelastic channels of transport through the junction by means of absorption or

emission of phonons. The latter only occurs when the voltage window widens to accommo-

date electrons that enter the junction before absorbing (emitting) a phonon of energy. The

addition of extra channels through the junction can be seen in subtle changes to the current,

captured as peaks in the derivative of the differential conductance with respect to voltage.

The noninteracting case has also been extensively studied and can be explained with the

notion of photon-assisted transport [36, 95, 172]. The periodic driving of the system (envi-

ronment) results in contributions to the time-averaged observables from the equivalent static

cases, with the driven energies shifted by integer multiples of the driving frequency of the

time dependence. This can be interpreted as a proportion of the electrons emitting or absorb-

ing quanta of the energy, hence the name photon-assisted transport. For the driving profile of

section 2.4.8, limited to the left lead, we have

1
P

∫ P

0
Iα(t)dt =

n=∞

∑
n=−∞

[
Jn

(
∆α

Ωα

)]2

IDC
α (µL + nΩα, µR) , (5.33)
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where Iα(t) is the AC-driven current through lead α and IDC
a is the static case, where no

driving is present.

Within certain parameter regimes, combining the reasoning from both limiting cases helps to

explain the features observed in the full model. In Fig. (5.3a) we see the primary peak within

dI2/dV2, indicative of inelastic collisions, gain additional satellite peaks due to absorption

(emission) of quanta of energy by the electrons prior to entering the junction, per photon-

assisted tunneling. A similar effect is observed within Fig. (5.3b), with d2nph/dV2 gaining

photon-assisted side peaks, suggesting that the photon-assisted side peaks of the left lead

contribute to the occupation of the phonon independently of each other.

The above insights suggest a simplistic model where Eq. (5.33) is augmented, with the static

components being calculated with the addition of electron-phonon interactions. This method

was often found to successfully predict the inelastic features of the full model. See Fig. (5.2)

for an example, where the contributions given by Eq. (5.33) are plotted alongside the full and

simplistic methods. The convergence for the simplistic model was calculated by using the

average occupation as if it were static.

The simplistic model can be motivated for situations where the timescales for interaction

between the electronic and phononic components, tλ ∼ 1/λc, is far longer than the traversal

time for the electrons within the junction[8]:

1
λc

≫ 1√
Γ2 + ∆E2

, (5.34)

where Γ = ΓL + ΓR, and ∆E, the injection energy, is the distance of the energy level from

resonance, usually taken as the difference between the energy level and closest chemical po-

tential. In the regime specified by the above assumption, the phonon mode will see the time

dependence of the electronic component averaged over the long interaction time, hence the

ability of the simplistic model to capture the dynamics. This insight is similar to that used

to investigate the effects of AC driving with master equations [77, 155], where weak coupling

between the central region and leads results in the central region seeing an average picture of

the leads’ dynamics.

Within the model in question, it was found that resonance driving at Ω ≈ ωc resulted in

significant variations for several parameter ranges (see Figs. 5.4 and 5.5). This is mostly due

to the sensitivity of the average position to resonant driving, which in turn influences the

other observables. This can be seen in Fig. 5.4c. This sensitivity to resonance comes from Eq.

5.28, for which the single-level case simplifies to

⟨Q⟩ (m) = λc dR (−Ωm) nel(m). (5.35)



98 Floquet Nonequilibrium Green’s Functions for Phonon-Assisted Transport

(a) (b)

(c) (d)

(e) (f)

(g)

0 0.005 0.01 0.015 0.02 0.025

driving frequency

5

6

7

8

9

10

11

m
e
a
n

 c
o

n
tr

ib
u

ti
o

n

10
-3

0.01088

0.010885

0.01089

0.010895

0.0109

0.010905

0.01091

0.010915

0.01092

v
a
ri

a
n

c
e
 c

o
n

tr
ib

u
ti

o
n

(h)

Figure 5.4: Figures (a)–(g) plot objects of interest over time, while figure (h) plots the time-
averaged contributions to the phonon occupation, as given by Eq. 2.242. The physical pa-
rameters are ΓL = ΓR = 0.015, T = 1.5 × 10−4, ωc = 0.01, ηc = 6 × 10−5, ∆L = 0.0015 and
λc = 0.01. Fourier coefficients ranging from −14 to 14 were used in the calculation, with an
integrand discretization of 2.5 × 10−5 with bounds of −1 and 1. The convergence was below
10−4 for both the electronic and phonon occupation.
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Figure 5.5: The time-averaged phonon occupation as driving frequency increases. Here, the
driving energies of the left lead, ∆L, have been varied. Furthermore, the simplistic method
has been plotted in dashed black. The other parameters are ΓL = ΓR = 0.015, ϵc = 0.1,
ηc = 6 × 105, ωc = 0.01, λc = 0.01 and T = 1.5 × 10−4. The bounds of the integrands were
taken at −1 and 1. Fourier coefficients ranging from −8 to 8 were used in the calculation.
The uniform grid spacing 5 × 10−6 for plots (a) and (b), while plot (c) was calculated with
1 × 10−5. The convergence was below 10−4 for both the electronic and phonon occupation.

Focusing on the bare, retarded phonon Green’s function, we can separate out the real and

imaginary parts:

dR(ω) =

i
2

(
−ηc

(ω − ωc)
2 + η2

c
+

ηc

(ω + ωc)
2 + η2

c

)
+

1
2

(
ω − ωc

(ω − ωc)
2 + η2

c
+

ωc + ω

(ωc + ω)2 + η2
c

)
.

(5.36)

The real and imaginary components of the above are maximized around ±Ωn ≈ ωc, espe-

cially when ηc ≪ ωc. This results in the average phonon position being sensitive to periodic

variation in the electronic occupation, resulting in the primary resonance peak, seen in Figs.

5.4g, 5.4h, and 5.5b, around Ω ≈ ωc. Additionally, smaller subharmonic resonances can also

be observed, see Figs. 5.4g and 5.5a, which indicates the existence of higher-order Fourier

coefficients in the electronic site’s occupation.

In addition to the resonance at Ω ≈ ωc, a higher, smaller resonance was observed at Ω ≈ 2ωc,

see Figs. 5.4e, 5.4f, 5.4g, and 5.4h. In contrast to resonance at Ω ≈ ωc, the resonance at

Ω ≈ 2ωc is due to increases in the variance of the phonon’s position and momentum, which

is calculated with the phonon lesser GF. This can be seen in Fig. 5.4h, where the contributions

from Eq. (2.242) are separated into the contributions from the mean position and momenta,

⟨Qα(t)⟩2 + ⟨Pα(t)⟩2, and the variance terms, iD<
αα (t, t) + iD<,PP

αα (t, t). This effect has also been

observed in the linear-response regime [108, 168].

Within the parameter ranges investigated, the time- resolved observables were found to be

explained primarily by the first- and second-order Fourier coefficients. For the resonances at
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Ω ≈ ωc and Ω ≈ 2ωc, the first-order Fourier coefficient was the prominent contributor to the

time-resolved dynamics. For the subharmonic resonance at 2Ω ≈ ωc, the second-order Fourier

component was found to contribute significantly. This is expected, given that this resonance

is sensitive to the second-order Fourier components within the electronic occupation, as seen

in Eqs. (5.35) and (5.36).

Figure 5.5 also shows how the simplistic model fails to capture the resonance effects while

still capturing the general trend of the phonon occupation. This is understandable, given the

simplistic model disregards the driving’s effects on the central system’s dynamics.

5.4 Summary

In this work, we have investigated the periodic driving of a quantum dot with a Floquet

nonequilibrium Green’s function approach and SCBA approximation. Specifically, the case of

sinusoidal driving of the left lead was investigated for a single-level and phonon system.

Particularly interesting for the stability of such driven systems, it was found that driving the

lead energies in resonance with the vibrational frequency resulted in increased variations in

average position, average momentum, and occupation of the phonon mode. Moreover, while

the time-averaged phonon occupation shows an increase in occupation when resonance occurs

[see Figs. 5.4h and 5.5)], the time-resolved result [Fig. 5.4g] reveals more pronounced increases

in occupation over the period of driving, reflecting the need to analyze time-resolved results

when dealing with periodically driven systems.

Also discussed was a simple phenomenological model that was found to replicate the time-

averaged observables rather well in regimes away from resonance, particularly when the driv-

ing frequency was smaller than the vibrational frequency, see Fig. 5.2.



Chapter 6

Floquet Nonequilibrium Green’s

Functions with Coulomb Interactions

6.1 Introduction

Capacitive coupling offers a unique tool for investigating and designing open quantum sys-

tems. Of particular interest are systems where energy transport occurs between regions with-

out the addition of charge transport. Interesting phenomena that utilize capacitive coupling

include coulomb drag[173, 174] and heat rectification[175]. Capacitively coupled quantum

dots offer a simple testbed for such phenomena, with heat current across capacitively coupled

quantum dots[176, 177] and their use in energy harvesting devices [178–182] having been

investigated.

The addition of time-dependent drivings of lead and gate voltages offers a further avenue for

exploring particle and energy transport within quantum devices, most usually in the case of

periodic drivings[183]: energy transport and entropy production of a noninteracting single

electronic level with a periodically modulated gate voltage has been discussed [184, 185]; the

periodic modulation of parameters has also been utilized to investigate nanoscale thermal

machines[186–188]; and the AC linear response of both particle and heat current has been in-

vestigated for a mesoscopic capacitor[189]. In the context of capacitively coupled devices, the

electrothermal admittance has been calculated for a nanoscale parallel plate capacitor in the

linear response regime[190], and, most recently, the energy transfer in a system of capacitively

coupled dots was investigated when the gate voltage of one dot underwent periodic, adiabatic

driving [191].

This chapter investigates the energy transfer between two capacitively coupled quantum dots,

each connected to a respective lead [see Fig. 6.1]. We study the energy and particle trans-

port within the system due to the periodic driving of one lead’s energies. While particles

cannot move between systems, the capacitive coupling between the dots allows energy trans-

101
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fer through the system. We make use of a Floquet nonequilibrium Green’s functions ap-

proach[98, 124, 161, 192, 193], allowing for the exploration of nonadiabatic drivings beyond the

adiabatic limit previously investigated [191]. The Coulomb interaction is handled with self-

consistent perturbation theory, using the fluctuation-exchange (FLEX) approximation[64]. A

self-consistent approximation, FLEX includes both particle-particle and particle-hole T-matrix

and GW terms [see Fig. 6.2]. FLEX subsumes the advantages of its constituent terms, making

it applicable to a wide variety of interaction strengths and occupations[64].

It was found that the average energy current through the system is sensitive to the driving

frequency, with a frequency corresponding to the maximum energy transference observed.

This energy transfer was found to be described by a four-stage process. The effects of the

other parameters were also investigated.

µα

T
ϵkα(t)

µβ

T
Γα Γβ

ϵkβϵA ϵB

U

Figure 6.1: Schematic representation of the model investigated. The two quantum dots are
coupled to noninteracting electron reservoirs and coupled to each other by Coulomb interac-
tion. Within the investigation, energies of reservoir A are driven harmonically, resulting in a
nonzero current between the dots and reservoirs and energy transfer between the reservoirs.

6.2 Theory

For simplicity, we focus on two spinless dots, A and B, coupled to an associated lead, labeled

α and β, and coupled capacitively:

H(t) = HA + HB + Hint + HAα + HBβ + Hα(t) + Hβ, (6.1)

HS = ϵSd̂†
Sd̂S, Hint = Ud̂†

Ad̂Ad̂†
Bd̂B, (6.2)

HSσ = ∑
k

tkσS ĉ†
kσd̂S + t∗kσS d̂†

S ĉkσ, (6.3)

and

Hσ = ∑
k
(ϵkσ + ψσ (t)) ĉ†

kσ ĉkσ. (6.4)

Here, S refers to a dot, σ refers to its corresponding lead, and S̄ and σ̄ refer to the opposing dot

and lead, respectively. The two interacting dots’ energies are given by ϵS, and the electron-

electron repulsion between the sites, given by Hint, has a strength U. The coupling of the

quantum dots to their respective leads is governed by HkσS, with tkσS denoting a hopping
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between the lead site kσ and the dot S. The leads are taken as noninteracting, with the explicit

time-dependence entering the Hamiltonian via ψσ(t), which varies the energies ϵkσ, as set out

in section 2.4.8.

ΣSB
S = and ΣH

S =

ΣGW
S = + + · · ·

ΣTPP
S = + + · · ·

ΣTPH
S = + + · · ·

Figure 6.2: The Feynman diagrams considered within the investigation. Here, S refers to the
red fermionic line and corresponds to GS(τ, τ′). The blue fermionic line corresponds to the
opposing dot’s Green’s function, GS̄(τ, τ′).

To model the system out of equilibrium, the self-energy term consists of contributions from

the associated lead and the interaction between the quantum dots:

ΣS
(
τ, τ′) = Σσ

(
τ, τ′)+ Σint

S
(
τ, τ′) . (6.5)

To account for the capacitive coupling between the dots, we make use of self-consistent per-

turbation theory, as set out in chapter 2:

Σint
S
(
τ, τ′) = −iUGS̄

(
τ, τ+

)
δ(τ, τ′) + Σcorr

S (τ, τ′), (6.6)

where the correlations were investigated with the FLEX approximation[64]:

ΣFLEX
S (τ, τ′) = ΣTPP

S (τ, τ′) + ΣTPH
S (τ, τ′) + ΣGW

S (τ, τ′)− 2ΣSB
S (τ, τ′). (6.7)

The single-bubble, GW, particle-particle, and particle-hole T-matrix approximations follow

standard definitions here [see Fig. 6.2]. The single-bubble approximation is given by

ΣSB
S
(
τ, τ′) = UGS̄

(
τ, τ′)GS̄

(
τ′, τ

)
UGS

(
τ, τ′) . (6.8)

The GW self-energy, in the context of equation (6.2) where there is only electron-electron

interaction between the dots and no tunnelling between them, is given by

ΣGW
S (τ, τ′) = iWns

S
(
τ, τ′)GS

(
τ, τ′) , (6.9)
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Wns
S
(
τ, τ′) = ΦS

(
τ, τ′)+ ∫

c
τ1

∫
c

τ2 ΦS (τ, τ1) PS (τ1, τ2)Wns
S
(
τ2, τ′) , (6.10)

ΦS
(
τ, τ′) = UPS

(
τ, τ′)U (6.11)

and

PS
(
τ, τ′) = −iGS

(
τ, τ′)GS

(
τ′, τ

)
. (6.12)

The particle-particle T-matrix self-energy is given by

ΣPP
S
(
τ, τ′) = i TPP(τ, τ′)GS̄

(
τ′, τ

)
, (6.13)

TPP (τ, τ′) = −UGH (τ, τ′)U +
∫

dτ1UGH (τ, τ1) TPP (τ1, τ′) (6.14)

and

GH(τ, τ′) = iGA(τ, τ′)GB(τ, τ′). (6.15)

The particle-hole T-matrix self-energy is given by

ΣPH
S
(
τ, τ′) = i TPH

S (τ, τ′)GS
(
τ, τ′) , (6.16)

TPH
S
(
τ, τ′) = UGF

SS

(
τ, τ′)U −

∫
dτ1UGF

SS (τ, τ1) TPH
S
(
τ1, τ′) (6.17)

and

GF
SS̄(τ, τ′) = −iGS(τ, τ′)GS̄(τ

′, τ). (6.18)

The particle current is given by, from section 2.4.11.2,

IP
σ (t) = 2Re

{∫ ∞

−∞
dt1Tr

[
G<

S (t, t1)ΣA
σ (t1, t) + GR

S (t, t1)Σ<
σ (t1, t)

]}
, (6.19)

and the occupation of the dots is given by

nS(t) = −iG<
S (t, t) , (6.20)

where continuity dictates that IP
σ (t) = − dnS(t)

dt . To calculate the energy that passes from the

leads into the system, we use, from section 2.4.11.3,

IE
σ (t) = −i⟨[H(t), Hσ(t)]−⟩ = −2 Re

{∫
dt1

[
i

d
dt

Σ<
σ (t, t1)

]
GA

S (t1, t)

+

[
i

d
dt

ΣR
σ (t, t1)

]
G<

S (t1, t)
}

.
(6.21)
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Here, energy moves from the leads into the system and system-lead coupling, resulting in the

continuity equation

IE
A(t) + IE

B (t) =
d
dt
(
⟨HAα⟩+ ⟨HBβ⟩

+⟨HA⟩+ ⟨HB⟩+ Eint(t))
(6.22)

where

⟨HS⟩ = ϵS nS(t), (6.23)

⟨HSσ⟩ = 2 Im
{∫

dt1Σ<
σ (t, t1)GA

S (t1, t) + ΣR
σ (t, t1)G<

S (t1, t)
}

(6.24)

and

Eint(t) = ∑
S=A,B

− i
2

[∫
dt1 Σint,R

S (t, t1) G<
S (t1, t) + Σint,<

S (t, t1) GA
S (t1, t)

]
. (6.25)

The terms on the right-hand side of equation (6.22) are the reactance terms, which will disap-

pear if we take the average:

ĪE
A = − ĪE

B , (6.26)

where Ō = limτ→∞
(∫ τ

0 O(t) dt
)

/τ.

Of the reactance terms, Eint(t) is central to energy transfer process between the dots. Given

this, it’s beneficial to investigate the change in interaction energy due to energy transfer from

the separate sections:

IE
S,int(t) = IE

S (t)−
d
dt

(⟨HSσ⟩+ ⟨HS⟩) , (6.27)

such that

IE
A,int(t) + IE

B,int(t) =
dEint(t)

dt
. (6.28)

6.2.1 Floquet approach

As in section 5.2.1, the equations of motion can, using Floquet transformation of section 2.4.7,

be written as follows:

(ω + Ωm − ϵS) GR/A
S (ω, m, n) = δmn +

[
ΣR/A

S ◦ GR/A
S

]
(ω, m, n) (6.29)

and

G<
S (ω, m, n) =

[
GR

S ◦ Σ<
S ◦ GA

S

]
(ω, m, n) . (6.30)
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Using the Fourier and Floquet transformations of section 2.4.7, the interaction self-energies

can also be written in terms of Fourier coefficient and Floquet matrices. To calculate the

Fourier coefficients of the interaction self-energies, we utilise equation (2.180): for GW,

ΣR/A
GW,S (ω, n) = i

[
Wns,<

S □+ GR/A
S + Wns,R/A

S □+ G>
S

]
(ω, n) , (6.31)

Σ</>
GW,S (ω, n) = i

[
Wns,</>

S □+ G</>
S

]
(ω, n) , (6.32)

PR/A
S (ω, n) = −i

[
G<

S □− GA/R
S + GR/A

S □− G<
S

]
(ω, n), (6.33)

P</>
S (ω, n) = −i

[
G</>

S □− G>/<
S

]
(ω, n), (6.34)

Wns,R/A
S (ω, m, n) = ΦR/A

S (ω, m, n) +
[
ΦR/A

S ◦ PR/A
S ◦ Wns,R/A

S

]
(ω, m, n) (6.35)

and

Wns,</>
S (ω, m, n) = Φ</>

S (ω, m, n) +
[
ΦR

S ◦ PR
S ◦ Wns,</>

S

]
(ω, m, n)

+
[
ΦR

S ◦ P</>
S ◦ Wns,A

S

]
(ω, m, n) +

[
Φ</>

S ◦ PA
S ◦ Wns,A

S

]
(ω, m, n) ;

(6.36)

for the particle-particle T-matrix,

ΣTPP,R/A
S (ω, n) = i

[
TTPP,< □− GA/R

S̄ + TTPP,R/A □− G<
S̄

]
(ω, n) , (6.37)

ΣTPP,</>
S (ω, n) = i

[
TTPP,</> □− G>/<

S̄

]
(ω, n) , (6.38)

TTPP,R/A (ω, m, n) = −UGH,R/A (ω, m, n)U + U
[

GH,R/A ◦ TTPP,R/A
]
(ω, m, n), (6.39)

TTPP,</> (ω, m, n) = −UGH,</> (ω, m, n)U + U
[

GH,R ◦ TTPP,</>
]
(ω, m, n)

+U
[

GH,</> ◦ TTPP,A
]
(ω, m, n),

(6.40)

GH,R/A(ω, n) = i
[

G<
A □+ GR/A

B + GR/A
A □+ G>

B

]
, (ω, n), (6.41)

and

GH,</>(ω, n) = i
[

G</>
A □+ G</>

B

]
(ω, n); (6.42)

and for the particle-hole T-matrix,

ΣTPH,R/A
S (ω, n) = i

[
TTPH,<

S □+ GR/A
S̄ + TTPH,R/A

S □+ G>
S̄

]
(ω, n) , (6.43)

ΣTPH,</>
S (ω, n) = i

[
TTPH,</>

S □+ G</>
S̄

]
(ω, n) , (6.44)

TTPH,R/A
S (ω, m, n) = UGF,R/A

SS̄ (ω, m, n)U − U
[

GF,R/A
SS̄ ◦ TTPH,R/A

S

]
(ω, m, n), (6.45)
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TTPH,</>
S (ω, m, n) = UGF,</>

SS̄ (ω, m, n)U − U
[

GF,</>
SS̄ ◦ TTPH,A

S

]
(ω, m, n)

−U
[

GF,R
SS̄ ◦ TTPH,</>

S

]
(ω, m, n),

(6.46)

GF,R/A
SS̄ (ω, n) = −i

[
G<

S □− GA/R
S̄ + GR/A

S □− G<
S̄

]
(ω, n), (6.47)

and

GF,</>
SS̄ (ω, n) = −i

[
G</>

S □− G>/<
S̄

]
(ω, n); (6.48)

and for the Hartree self-energy, we have

ΣH
S (n) = UnS̄(n) (6.49)

or, in terms of Floquet matrices,

ΣH
S (m, n) = UnS̄(m, n), (6.50)

where

nS (n − m) = nS (m, n) = −i
∫ ∞

−∞

dω

2π
G<

S (ω, m, n). (6.51)

In a similar manner to the equations of motion, the particle and energy currents can be cast

in terms of Fourier coefficients:

IP
σ (n − m) = IP

σ (m, n) = 2
∫ ∞

−∞

dω

2π

[
GR

S ◦ Σ<
σ + G<

S ◦ ΣA
σ

]
(ω, m, n) (6.52)

and

IE
σ (n − m) = IE

σ (m, n) = −2
∫ ∞

−∞

dω

2π
(ω + mΩ)

[
Σ<

σ ◦ GA
S + ΣR

σ ◦ G<
S

]
(ω, m, n). (6.53)

6.2.2 Implementation

To solve the equations of motion, we invert equations (6.29),(6.35),(6.36),(6.39),(6.40),(6.45) and

(6.46) by first truncating the Floquet matrices, as defined in Eq. (2.176). Equations (6.31),

(6.32), (6.33), (6.34),(6.37), (6.38), (6.41), (6.42), (6.43), (6.44), (6.47) and (6.48) are calculated

by using the Fourier coefficient taken from the appropriate Floquet matrices. These Fourier

coefficients were taken from the terms of the Floquet matrices given by n + m = 0,−1 of

equation (2.176). The self-energy terms were then transformed back to Floquet matrix form,

using equation (2.176), for use in the equations of motion. The self-consistent process begins
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(a) (b) (c)

Figure 6.3: Observables measured over a period with driving of the left lead. Here, red
lines correspond to the observables relating to the driven section, while blue lines refer to the
undriven section of the model. Here, the energy current refers to the energy transfer from the
lead and coupling region into the central region, as seen in equation (6.27). The black dashed
line is given by cos(Ωt), while the colored dashed lines of Fig. 6.3c correspond to the averages
of similarly colored energy currents. The parameters are Γα = Γβ = 0.5, U = 0.6, T = 0.001,
µα = µβ = 0.3, ϵA = ϵB = 0, ∆α = 0.2 and Ω = 0.32. The discretization was taken at 0.01,
the bounds of integration between −40 and 40, and 49 Fourier coefficients were used. The
convergence for both dots was taken as 10−4.

with calculating the noninteracting case followed by the interaction self-energies, as specified

above. The interaction self-energies are then used to calculate successive iterations of the

Green’s functions before the following convergence is satisfied:

∑m
∣∣nk

m − nk−1
m
∣∣

∑m |nk
m|

≤ δ, (6.54)

where nk
m is the kth iteration of the mth Fourier coefficent of the occupation in question, with

δ as the convergence. This convergence was satisfied for each dot’s occupation.

6.3 Results and Discussion

Within the system, energy moves from the driven to the undriven section via the capacitive

coupling of the two dots. In particular, energy transfer occurs when the driven dot is occupied

at a higher energy and unoccupied at a lower energy, and the undriven dot is unoccupied at

a higher energy and occupied at a lower energy. This process is complicated because the

energies at which a dot is occupied are informed by the occupation of the opposing dot. This

relationship is transparent in the Hartree approximation, where the average energy current

into the central region due to current into the dot S is given by

ĪE
σ = U

∫ P

0

dt
P

nS̄(t)IP
σ (t). (6.55)
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These observations, coupled with the sinusoidal nature of the driving, suggest the following

approximate cyclic stages in the energy transfer process:

1. Following stage 4, charge moves onto the driven dot while the undriven dot is largely

occupied.

2. The driven dot is largely occupied as charge moves off the undriven dot.

3. Charge moves off the driven dot as the undriven dot is largely unoccupied.

4. The driven dot is largely unoccupied as charge moves onto the undriven dot.

These stages has been stages can be seen in figure 6.4.

1.) 2.)

3.) 4.)

Figure 6.4: The four cyclic stages of the energy transfer process.

Stages one and two capture the movement of higher energy electrons moving onto the driven

dot and off the undriven dot, resulting in the energy transfer from the driven to the undriven

region. Stages three and four capture the lower energy electrons moving off the driven dot

and onto the undriven dot, resulting in a lower energy transfer than the first two steps in the

cycle in the opposite direction. An example of this can be seen in Fig. 6.3, where the regions

in which the stages are most prominent have been highlighted.

The amount of energy transferred through the system is sensitive to the driving frequency,

with the maximum transference a result of the balancing of the stages of energy transfer [see

in Fig. 6.5]. As the driving frequency decreases from optimal driving frequency, electrons

move between the dots and their respective leads quicker than the energy transfer stages can

complete. In particular, the dots that remain largely occupied in stages one and two and

largely unoccupied in stages three and four begin to change in occupation, resulting in less

pronounced changes in the opposing dot’s occupation energy and outgoing energy current.

Conversely, as the driving frequency increases, the charge has less time to move between the
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Figure 6.5: Time-averaged energy current through the system due to the periodic driving of
the left lead. The parameters, unless specified, are Γα = Γβ = 0.5, ϵA = ϵB=-0.2, U = 0.4,
T = 0.001, µα = µβ = 0 and ∆α = 0.2. The discretization was taken at 0.01, the bounds of
integration between −40 and 40, and 49 Fourier coefficients were used. The convergence for
both dots was taken as 10−4.

dots and their respective leads, resulting in smaller maxima and minima for the occupations

over the period, which reduces the opposing dot’s occupation energy and its outgoing energy

current.

The driving profile and the system parameters beyond the driving frequency also inform

the effectiveness of the energy transfer process. As expected, given Eq. (6.55), increases in

the interaction strength U were found to increase the average energy current through the

system [see Fig. 6.5b]. It was also found that significant asymmetry of the coupling strengths

diminished energy flow through the system [see Fig. 6.5c]. This is due to uneven transfer

rates, τσ ∼ 1/Γσ, for the movement of electrons between the dots and their respective leads,

resulting in the inefficient completion of the stages of the energy transfer process. For the

energies of the dots, the largest transference of energy through the system was achieved with

dots with equal energies situated below the chemical potential of the two leads, such that, on

average, the dots are both around half filled [see Fig. 6.6].

6.4 Conclusion

Within this chapter, the systems of two capacitively coupled quantum dots coupled to re-

spective leads, where one lead’s energies are driven sinusoidally were investigated. While

particles cannot move between the dots, Coulomb repulsion between the dots allows for the

transfer of energy. The stages of the energy transfer were identified, and the effects of system

parameters’ were investigated. In particular, it was found that energy transfer was maximized

for a given driving, corresponding to the efficient completion of the identified energy transfer
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Figure 6.6: Time-averaged observables through the system, with driving of the left lead. The
parameters are Γα = Γβ = 0.5, U = 0.4, T = 0.001, µα = µβ = 0, ∆α = 0.2 and Ω = 0.4. The
discretization was taken at 0.01, the bounds of integration between −40 and 40 and 49 Fourier
coefficients were used. The convergence for both dots was taken as 10−4. The red dashed line
follows ϵA = ϵB.

process.

This work has focused on a regime of relatively weak coupling with Γ > U. Further work in

a regime of Γ < U may result in different energy transfer stages, as outlined in Sec. 6.3, for

various drivings, suggesting interesting possible avenues for further research. Moreover, more

complicated driving profiles and statistics relating to energy transfer may prove valuable in

understanding and manipulating energy transfer in systems like that investigated.

This result furthers the understanding of particle and energy transfer in capacitively coupled

quantum dots, particularly within the context of nonadiabatic driving. This is particularly

important as the miniaturization of nanoelectronics brings active elements closer together,

resulting in the potential for unwarranted capacitive coupling.
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Chapter 7

Conclusion

In this thesis, the effects of alternating voltages on various nanoscale transport scenarios were

explored, with a particular interest in the interplay between time-dependent driving and

quantum correlations. The tool of choice was nonequilibrium Green’s functions, emphasising

on self-consistent perturbation theory, which was set out in chapter 2.

In Chapter 3, we developed a practical approach for time-dependent quantum transport with

nonequilibrium Green’s functions using the perturbative separation of fast electron tunnelling

and slow driving timescales. The ratio of characteristic electron tunnelling time over the

period of harmonic driving is used as a small parameter in the theory to obtain convergent

time-derivative expansions of the Green’s functions, which enabled the algebraic solution of

the Kadanoff-Baym equations in Wigner space. The theory was applied to different transport

scenarios: time-dependent transport through a driven single-resonant level was compared to

exact results, and electron transport through a molecular junction described by the Holstein

model with a time-oscillating voltage bias was also investigated.

The full-counting statistics of periodically driven junctions was investigated in Chapter 4. The

combination of Floquet theory for time dynamics and nonequilibrium counting-field Green’s

functions enables the practical formulation of FCS for the system. The counting-field Green’s

functions were used to compute the moment-generating function, allowing for the calculation

of the time-averaged cumulants of the electronic current. The theory was illustrated using

both the single resonant level system and Fano resonance junction architecture.

In Chapter 5, the effects of alternating voltage on nonequilibrium quantum systems with

localised phonon modes were investigated. Floquet nonequilibrium Green’s functions were

utilised, with electron-phonon coupling being considered with the self-consistent Born ap-

proximation. This approach allows us to investigate the influence of the driven electronic

component on the nonequilibrium occupation of the vibrations. It was found that signatures

of inelastic transport gained photon-assisted peaks. A simplistic model was proposed and

found to be in good agreement with the full model in certain parameter ranges. Moreover,
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it was found that driving the alternating current at resonance with vibrational frequencies

caused an increase in phonon occupation.

Finally, in Chapter 6, the dynamics of two capacitively coupled quantum dots, each coupled

to a lead, were studied under the presence of one lead’s period driving. A Floquet Green’s

function approach was used to describe the system’s dynamics, with the electron-electron

interactions handled with the fluctuation-exchange approximation. While electrons cannot

move between the separate sections of such a device, energy transfer occurs with the periodic

driving of one of the leads. This process was found to be explained with four stages. The

energy transfer was also found to be sensitive to the driving frequency of the leads, with an

optimal frequency corresponding to the optimal completion of the four stages of the identified

process.

The theory utilised in this thesis suffers several shortcomings. Firstly, the self-consistent per-

turbation theory has several drawbacks. The calculation of higher-order terms is intractable

with the tools presented, which means that only a few self-energies are practically computable.

This limits the theory’s application to relatively low interaction strengths, missing potentially

important regimes. Moreover, the models investigated are simplified, omitting complexity

for tractability. Whilst capturing much of the physics contained in their experimental counter-

parts, important factors have yet to be addressed, including nontrivial leads, realistic coupling

between vibrations and the surrounding environment and the effects of hot electrons. Includ-

ing such considerations may improve understanding of various phenomena, particularly the

heating seen in Chapter (5).

Furthermore, throughout the thesis, the periodicity of systems’ dynamics has been invoked

where external drivings have also been periodic. While a Floquet approach effectively cap-

tures dynamics in periodic driving, it may be unfeasible or undesirable in more realistic or

experimental settings. This is likely in the context of non-periodic pulses, where involved

driving profiles would make the Floquet approach computationally difficult.

The work of this thesis permits various possible extensions. The systems investigated in

this work have been small, mostly single-level, systems connected to reservoirs. The tools of

this thesis could be applied to far larger systems. Moreover, with respect to the findings of

Chapter 5, the inclusion of Coulomb interactions, Feynman diagrams including both Coulomb

and electron-phonon interactions, and various other molecular configurations could lead to

interesting new conductance profiles. Finally, within this thesis, the ideas of optimal driving,

which elicits specific functions, have not been investigated. This is an interesting possible

further avenue of research.
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