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Abstract

We report calculations for electron–radon scattering using a complex relativistic optical po-
tential method. The energy range of this study is 0–1000 eV, with results for the elastic (total,
momentum-transfer and viscosity-transfer) cross section, summed discrete electronic-state
integral excitation cross sections and electron-impact ionization cross sections presented.
Here, we obtain our cross sections from a single theoretical relativistic calculation. Since
radon is a heavy element, a relativistic treatment is very desirable. The electron transport
coefficients are subsequently calculated for reduced electric fields ranging from 0.01 to
1000 Td, using a multi-term solution of Boltzmann’s equation.

Keywords: radon; electron scattering; electron transport

1. Introduction
Noble gases, with their closed outer shells, provide a testbed for benchmarking theo-

retical techniques over a large range of electron numbers. For the lightest noble gas, He,
accurate theory and experiments are in agreement for electron [1] elastic scattering. Radon
is the heaviest naturally occurring closed-shell atom. It is produced during the decay of
Uranium and is unstable to alpha decay, with a lifetime of 3.8 days (222Rn). This short life-
time to alpha decay, and the toxicity of the decay products, imposes severe difficulties onto
experimental investigations. Thus, to date, no electron scattering experiments have been
conducted. However, theoretical studies of scattering processes exist for electrons [2–5].

We begin this paper by describing the theory for the cross section calculations using the
complex relativistic optical potential (ROP) method and the details of the transport theory
and simulation in Section 2. The cross section calculations are presented and compared to
the optical potential method (OPM) calculations of Khandker et al. (2021) [2] in Section 3.1.
The corresponding transport properties are presented in Section 3.2 and compared with ex-
perimental measurements where available. Finally, the results are summarized in Section 4.

2. Theoretical Scattering and Transport Simulation Details
2.1. Cross Sections

The theoretical method used here to describe the elastic and inelastic scattering of
electrons from radon atoms is based upon the relativistic optical potential (ROP) method of
Chen et al. (2008) [6]. This optical potential method is based upon an approximate solution
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of the relativistic close-coupling equations and has recently been used to describe electron
scattering from helium [7]. Consequently, only a brief discussion of the overall method will
be given here, and the reader is referred to ref. [6] for details.

The scattering of the incident electron, with the wavenumber k, by radon atoms is
described by an integral equation formulation of the partial wave Dirac–Fock scattering
equations. In the ROP method, these equations can be written in matrix form as(

Fk(r)
Gk(r)

)
=

(
v1(kr)
v2(kr)

)
+

1
k

∫ r

0
dx G(r, x)

[(
U(x)− iUopt(x)

)(Fk(x)
Gk(x)

)
−
(

WQ(k; x)
WP(k; x)

)]
, (1)

where the local potential U(r) is given by the sum of static and local polarization potential
plus an additional dynamic distortion potential, i.e.,

U(r) = Ust(r) + Upol(r) + 1
2 Ud(r). (2)

Furthermore, the terms WP and WQ are the large and small components of the non-
local exchange terms. Finally, Uopt(r) is the optical potential, which accounts for the
inelastic processes, as discussed below. The Dirac–Fock scattering equations were solved
by numerically integrating out from the origin using a four-stage equidistant mesh of an
increasing size.

The static potential was determined in the usual manner from the ground state Dirac–
Fock orbitals of radon. The polarization potential Upol(r) in Equation (2) comprised the
sum of the first eight multipole polarization potentials, which were determined using the
polarized-orbital method of McEachran et al. [8,9]. The dynamic distortion potential was
determined using the method outlined in McEachran and Stauffer [10,11].

Here, we have also used the procedure outlined by Bartschat et al. [12,13], whereby
the real part of the complex optical potential Uopt(r) was replaced by the local polarization
potentials Upol(r) based upon the polarized-orbital method. Thus, in Equation (1), the
non-local potential Uopt(r) denotes just the imaginary part of the optical potential, which,
in turn, describes the absorption of the incident flux into the inelastic channels and thereby
describes both excitation and ionization processes.

Finally, in Equation (1), Fk(r) and Gk(r) are the large and small components of the com-
plex scattering wavefunctions, while the functions v1(kr) and v2(kr) are the corresponding
free particle wavefunctions and are given in terms of Riccati–Bessel functions. Here, G(r, x)
is the free particle Green’s function, which can be expressed in matrix form in terms of the
Riccati–Bessel and Riccati–Neumann functions (see Equation (23) of ref. [6] for details). The
subscript k on the scattering wavefunctions and in the argument of the exchange terms is
the relativistic angular momentum quantum number of the incident particle. It is related to
the corresponding orbital angular momentum quantum number l according to k = − l − 1
when j = l + 1

2 (spin-up) and k = l when j = l − 1
2 (spin-down), where j is the total angular

momentum quantum number of the incident particle.
The large component of the complex scattering wavefunction is given asymptoti-

cally by

Fk(x→∞) = sin
(

kx − lπ
2

)
+ T±

l (k) exp
(

kx − lπ
2

)
, (3)

where T±
l (k) are the complex T-matrix elements. These T-matrix elements can be expressed

in terms of the complex phase shifts η±
l (k) according to

T±
l (k) =

1
2i
[
exp

(
2iη±

l (k)
)
− 1
]
, (4)
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where the real and imaginary parts of the phase shifts are given by

η±
l (k) = δ±l (k) + i γ±

l (k). (5)

The elastic and inelastic cross sections can be found in terms of these phase shifts. The
integrated elastic cross section is given by

σel(k2) =
2π

k2

∞

∑
l=0

{
(l + 1) exp(−2γ+

l )
[
cosh 2γ+

l − cos 2δ+l
]

+ l exp(−2γ−
l )
[
cosh 2γ−

l − cos 2δ−l
]}

, (6)

while the total inelastic or absorption cross section is given by

σinel(k2) =
π

k2

∞

∑
l=0

{
(l + 1)

[
1 − exp(−4γ+

l )
]
+ l
[
1 − exp(−4γ−

l )
]}

. (7)

Here, the superscript + refers to ‘spin-up’, while the superscript − refers to ‘spin-down’.
In this work, we also include anisotropic elastic scattering effects through the

momentum-transfer and viscosity-transfer cross sections, which, in the elastic region (i.e.,
real phase shifts), are given by

σmom(k2) =
4π

k2

∞

∑
l=0

{
(l + 1)(l + 2)

(2l + 3)
sin2(δ+l − δ+l+1)

+
l(l + 1)
(2l + 1)

sin2(δ−l − δ−l+1)

+
(l + 1)

(2l + 1)(2l + 3)
sin2(δ+l − δ−l+1)

}
, (8)

and

σvis(k2)=
4π

k2

∞

∑
l=0

{
2l(l + 1)

(2l − 1)(2l + 1)(2l + 3)
sin2(δ+l − δ−l )

+
(l + 1)(l + 2)(l + 3)
(2l + 3)(2l + 5)

sin2(δ+l − δ+l+2)

+
l(l + 1)(l + 2)
(2l + 1)(2l + 3)

sin2(δ−l − δ−l+2)

+
2(l + 1)(l + 2)

(2l + 1)(2l + 3)(2l + 5)
sin2(δ+l − δ−l+2)

}
, (9)

respectively.

2.2. Excitation and Ionization

For radon, the following eight bound excited states were included in Uopt(r), namely
7s[3/2]1, 7s[1/2]1, 7p[1/2]0, 7p[5/2]2, 7p[3/2]2, 6d[1/2]1, 6d[3/2]1 and 6d[7/2]3.

Also included in Uopt(r) were all continuum states with orbital angular momentum
given by lc = 0, 1, 2, 3 and 4 in order to simulate the ionization processes for the 7p, 7p and
7s electrons. The integration over the continuum states in the absorption potential was
approximated by using Gauss–Legendre integration with 16 points.

In a relativistic close-coupling expansion, it is necessary to couple the total angular
momentum of the electron in the excited state (bound or continuum) to the total angular
momentum of the incident particle in order to obtain the total angular momentum J of
the incident particle–atom system. This total angular momentum J is then conserved
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during the collision process. Under these circumstances, this gave rise to a maximum of
30 excitation channels for radon. Similarly, there were 198 ionization channels in Uopt(r).

2.3. Comparison of the ROP and OPM Methods

Both the ROP and OPM methods are based upon a relativistic formalism that involves
a Dirac scattering equation; however, the overall methods are extremely different. In the
ROP method, the total scattering wavefunction is antisymmetrized in order to derive the
non-local exchange terms. On the other hand, in the OPM method, these terms are included
via a local exchange potential. Thus, the scattering Equation (1) above includes both
potential and exchange terms, whereas Equations (26) and (27) from Khandker et al. [2]
only involve potential terms.

The ROP method contains a polarization potential which comprises the first eight
multipole polarization potentials plus a dynamic polarization potential. These states
where chosen to correspond with the most important, or strongest, dipole and quadrupole
transitions. The OPM method only has a dipole polarization potential. Furthermore,
the ROP polarization potentials are determined using the atomic wavefunctions and a
first-order correction of these wavefunctions. In contrast, the OPM dipole polarization
potential is based upon the original Buckingham polarization potential, which contains
one adjustable parameter.

In the ROP method, the absorption potential is determined from the discrete and
continuum Dirac–Fock wavefunctions. Alternatively, the OPM method describes inelastic
processes using a semi-relativistic potential due to Salvat [14].

Radon is a very heavy and hence relativistic atom. For example, the two 7s levels,
7s[3/2]J=2,1, lie at 6.772 and 6.942 eV above the ground state, whereas the two 7s levels,
7s[1/2]J=0,1, lie just above the ionization threshold at 10.748 eV [15]. Consequently, since
the ROP method uses the consistent fully relativistic atomic wavefunctions of radon to
derive its representation of the polarization, exchange and absorption interactions, its result
should, in principle, be more reliable.

2.4. Transport Simulations

The transport simulations presented in this work are based on a multi-term solution
of Boltzmann’s equation, following methods described extensively elsewhere [16–20]. Only
a brief summary is provided here, and we direct the reader to the references above for a
more detailed account.

The electron transport in radon gas under a uniform electric field E is described by
Boltzmann’s equation for the phase-space distribution function f (r, v, t):

∂ f
∂t

+ v · ∇ f +
eE
me

· ∂ f
∂v

= −J( f ), (10)

where r, v, e and me denote the position, velocity, charge and mass of the electron, respec-
tively, and J( f ) is the collision operator accounting for interactions with the background
gas. The scattering cross sections (elastic momentum-transfer, elastic viscosity-transfer, exci-
tations and electron-impact ionization) are included directly in the corresponding collision
operator component [16,19].



Atoms 2025, 13, 82 5 of 12

Assuming weak gradients, the space-time dependence of the phase-space distribu-
tion function can be projected onto the number density n(r, t) via the density gradient
expansion [21]:

f (r, v, t) = nF(v)− FL(v)
∂n
∂z

− FT(v)
[

cos ϕ
∂n
∂x

+ sin ϕ
∂n
∂y

]
+

√
1
3

F2T(v)
[

∂2n
∂x2 +

∂2n
∂y2 +

∂2n
∂y2

]
+

√
2
3

F2L(v)
[

1
2

(
∂2n
∂x2 +

∂2n
∂y2

)
− ∂2n

∂y2

]
+ . . . , (11)

where ϕ is the azimuthal angle, and the superscripts L and T define quantities that are
parallel and transverse to the electric field, respectively.

The velocity dependence is expanded further in terms of (associated) Legendre poly-
nomials Pm

l (cos θ) [22], i.e.,

F(v) =
∞

∑
l=0

Fl(v)P0
l (cos θ), (12)

FL,2T,2L(v) =
∞

∑
l=0

FL,2T,2L
l (v)P0

l (cos θ), (13)

FT(v) =
∞

∑
l=0

FT
l (v)P1

l (cos θ), (14)

where θ denotes the angle relative to the electric field direction. Note that P0
l are just

the standard Legendre polynomials. Boltzmann’s equation can then be represented as a
hierarchy of equations for these expansion coefficients [23]. A true multiterm approach is
used to solve this hierarchy, capturing anisotropic effects in the velocity distribution due
to elastic and inelastic scattering. These effects are especially important in systems with
significant inelastic energy loss processes [23–25].

In practice, the expansion is truncated at a finite-order lmax, which is increased until
convergence of the transport coefficients is achieved. In this study, lmax = 7 was sufficient
to ensure convergence within 0.5% across the full reduced electric field range considered,
and a detailed discussion is given in Section 3.3.

From the solution of Equations (12)–(14), which includes the scattering cross sections via
the collision operator, we compute transport properties including the flux drift velocity (W),
mean energy (ϵ), flux longitudinal (DL) and flux transverse (DT) diffusion coefficients [23,26]:

ϵ = 2πme

∫ ∞

0
v4F0(v)dv, (15)

W =
4π

3

∫ ∞

0
v3F1(v)dv, (16)

DL,T =
4π

3

∫ ∞

0
v3FL,T

1 (v)dv, (17)



Atoms 2025, 13, 82 6 of 12

which are related to their bulk coefficient counterparts (WB, DL
B and DT

B) via [23,26]:

WB = W − 4π
∫ ∞

0
v2νR(v)F1(v)dv, (18)

DL
B = DL − 4π√

3

∫ ∞

0
v2νR(v)

[
F2T

0 (v)−
√

2F2L
0 (v)

]
dv, (19)

DT
B = DT − 4π√

3

∫ ∞

0
v2νR(v)

[
F2T

0 (v) +
√

2
2

F2L
0 (v)

]
dv, (20)

where νR(v) is the total reactive collision frequency. In the gaseous radon consid-
ered here, the only non-conservative process is electron-impact ionization, and thus,
νR(v) = −νion(v) = −Nvσion(v). The electron mobility, µ = WB/E, is often reported di-
rectly or as a ratio with the bulk diffusion coefficient as a proxy for the mean energy of
the system.

It is critical to distinguish between flux and bulk transport coefficients. Flux coeffi-
cients represent the average particle behavior, while bulk coefficients describe the motion
and spread of the swarm’s center of mass. In systems with significant ionization, these
coefficients can differ by orders of magnitude and exhibit entirely different behavior. It is
the bulk and not the flux transport coefficients which are generally measured and tabulated
in the vast majority of the swarm experiment literature [25,27,28].

Finally, the net reaction rate Rnet is related to the Townsend ionization coefficient, α by
the expression

Rnet ≈ αWB − α2DL
B. (21)

For ease of comparison with prior work, we report both the net reaction rate and the
Townsend ionization coefficient in Section 3.

3. Results and Discussion
3.1. Cross Sections

The electron–radon scattering cross sections for the elastic momentum-transfer, elastic
viscosity-transfer, total sum of excitations and electron-impact ionization processes, calcu-
lated using the ROP method described in Section 2.1, are shown in Figure 1, along with the
calculations from Khandker et al. [2].

The tabulated values derived using the ROP method are presented in Table 1 for
energies spanning 0 to 1000 eV. These include the total elastic, momentum-transfer cross
section, viscosity-transfer cross section and excitation and ionization cross sections.

In Section 2.3, a comparison of the fully relativistic ROP and semi-relativistic OPM
calculation methodologies was given. The ROP and OPM methods differ primarily in their
treatment of exchange, polarization and inelastic processes, with the ROP method offering
a more physically consistent and fully relativistic approach.

In general, the cross sections show broadly similar trends between the two methods.
A notable distinction lies in the treatment of inelastic processes. Khandker et al. [2] report
a total inelastic cross section, encompassing both the ionization and excitation channels,
without resolving them individually. This total appears to underestimate the ROP ion-
ization cross section, even though it should in principle account for additional excitation
contributions. Furthermore, the OPM inelastic cross section shows unphysical behavior
at low energies, including contributions below the inelastic thresholds. This arises due to
their method of calculating the inelastic cross section as the difference between the total
and elastic cross sections, potentially introducing artifacts.
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Table 1. A representative selection of the calculated cross sections for total elastic (Elas.), momentum-
transfer (MTCS), viscosity-transfer (VTCS), sum of all discrete excitations (Exc.) and electron-impact
ionization (Ion.) for electron scattering from radon. Calculations have been performed as described
in Section 2.1 and coincide with the profiles shown in Figure 1.

Energy Elas. MTCS VTCS Exc. Energy Elas. MTCS VTCS Exc. Ion.
[eV] [10−20m] [10−20] [10−20] [10−20] [eV] [10−20] [10−20] [10−20] [10−20] [10−20]
0 2.72 × 103 2.72 × 103 1.81 × 103 0 10 4.45 × 101 1.53 × 101 1.46 × 101 8.19 × 10−1 0
1 × 10−3 2.42 × 103 2.41 × 103 1.61 × 103 0 11 4.33 × 101 1.30 × 101 1.34 × 101 1.00 2.70 × 10−2

1 × 10−2 1.32 × 103 1.30 × 103 8.81 × 102 0 12 4.22 × 101 1.12 × 101 1.22 × 101 1.15 2.26 × 10−1

0.1 2.12 × 102 1.94 × 102 1.38 × 102 0 13 4.13 × 101 9.75 1.11 × 101 1.27 4.33 × 10−1

0.2 9.24 × 101 7.74 × 101 5.82 × 101 0 14 4.06 × 101 8.74 1.02 × 101 1.39 6.27 × 10−1

0.3 5.22 × 101 4.01 × 101 3.13 × 101 0 15 3.99 × 101 8.08 9.30 1.49 8.14 × 10−1

0.4 3.30 × 101 2.33 × 101 1.85 × 101 0 16 3.92 × 101 7.73 8.53 1.59 1.01
0.5 2.22 × 101 1.44 × 101 1.15 × 101 0 17 3.85 × 101 7.63 7.86 1.70 1.22
0.6 1.57 × 101 9.44 7.23 0 18 3.76 × 101 7.74 7.29 1.80 1.43
0.7 1.15 × 101 6.55 4.63 0 19 3.66 × 101 8.01 6.82 1.90 1.66
0.8 8.89 4.91 3.03 0 20 3.54 × 101 8.36 6.44 1.99 1.89
0.9 7.28 4.07 2.12 0 21 3.40 × 101 8.75 6.14 2.06 2.12
1.0 6.39 3.79 1.67 0 22 3.25 × 101 9.12 5.91 2.12 2.37
1.2 6.10 4.35 1.75 0 23 3.09 × 101 9.43 5.71 2.17 2.62
1.4 7.15 5.93 2.68 0 24 2.92 × 101 9.64 5.54 2.22 2.87
1.6 9.77 1.03 × 101 4.38 0 25 2.76 × 101 9.76 5.38 2.26 3.12
1.8 1.18 × 101 1.10 × 101 5.99 0 30 2.01 × 101 9.12 4.59 2.41 4.27
2.0 1.49 × 101 1.43 × 101 8.07 0 35 1.52 × 101 7.71 3.80 2.47 5.15
2.2 1.84 × 101 1.77 × 101 1.03 × 101 0 40 1.22 × 101 6.45 3.18 2.45 5.76
2.4 2.22 × 101 2.13 × 101 1.25 × 101 0 45 1.04 × 101 5.50 2.75 2.40 6.18
2.6 2.61 × 101 2.48 × 101 1.47 × 101 0 50 9.29 4.80 2.45 2.33 6.47
2.8 2.99 × 101 2.81 × 101 1.67 × 101 0 55 8.57 4.28 2.27 2.27 6.64
3.0 3.35 × 101 3.11 × 101 1.85 × 101 0 60 8.10 3.92 2.13 2.21 6.74
3.2 3.69 × 101 3.37 × 101 2.00 × 101 0 65 7.84 3.58 2.09 2.15 6.80
3.4 4.00 × 101 3.58 × 101 2.13 × 101 0 70 7.68 3.34 2.06 2.10 6.81
3.6 4.26 × 101 3.73 × 101 2.22 × 101 0 75 7.60 3.14 2.05 2.05 6.80
3.8 4.49 × 101 3.84 × 101 2.29 × 101 0 80 7.58 2.97 2.05 1.99 6.77
4.0 4.67 × 101 3.90 × 101 2.34 × 101 0 85 7.58 2.82 2.05 1.93 6.72
4.2 4.82 × 101 3.92 × 101 2.36 × 101 0 90 7.61 2.70 2.06 1.88 6.66
4.4 4.93 × 101 3.91 × 101 2.37 × 101 0 95 7.63 2.58 2.06 1.82 6.59
4.6 5.01 × 101 3.87 × 101 2.36 × 101 0 100 7.67 2.47 2.06 1.77 6.51
4.8 5.07 × 101 3.80 × 101 2.34 × 101 0 110 7.71 2.27 2.03 1.67 6.34
5.0 5.11 × 101 3.72 × 101 2.31 × 101 0 120 7.73 2.09 1.98 1.58 6.17
5.2 5.13 × 101 3.63 × 101 2.28 × 101 0 130 7.71 1.92 1.91 1.50 6.00
5.4 5.13 × 101 3.53 × 101 2.24 × 101 0 140 7.66 1.77 1.82 1.42 5.83
5.6 5.13 × 101 3.42 × 101 2.21 × 101 0 150 7.58 1.64 1.73 1.35 5.67
5.8 5.12 × 101 3.31 × 101 2.17 × 101 0 160 7.49 1.52 1.64 1.29 5.52
6.0 5.10 × 101 3.20 × 101 2.13 × 101 0 170 7.39 1.42 1.56 1.23 5.38
6.2 5.07 × 101 3.09 × 101 2.09 × 101 0 180 7.28 1.34 1.48 1.17 5.24
6.4 5.05 × 101 2.99 × 101 2.05 × 101 0 190 7.17 1.27 1.41 1.12 5.11
6.6 5.02 × 101 2.88 × 101 2.01 × 101 0 200 7.06 1.21 1.36 1.07 4.98
6.8 4.98 × 101 2.78 × 101 1.97 × 101 0 250 6.56 1.05 1.17 9.46 × 10−1 4.48
7.0 4.93 × 101 2.66 × 101 1.93 × 101 1.63 × 10−1 300 6.12 1.00 1.07 8.05 × 10−1 4.03
7.2 4.89 × 101 2.55 × 101 1.88 × 101 3.03 × 10−1 350 5.74 9.84 × 10−1 1.00 6.94 × 10−1 3.65
7.4 4.84 × 101 2.45 × 101 1.84 × 101 3.62 × 10−1 400 5.42 9.70 × 10−1 9.36 × 10−1 6.05 × 10−1 3.33
7.6 4.81 × 101 2.36 × 101 1.81 × 101 3.94 × 10−1 450 5.13 9.53 × 10−1 8.75 × 10−1 5.33 × 10−1 3.06
7.8 4.77 × 101 2.27 × 101 1.77 × 101 4.23 × 10−1 500 4.88 9.32 × 10−1 8.17 × 10−1 4.74 × 10−1 2.82
8.0 4.74 × 101 2.19 × 101 1.74 × 101 4.39 × 10−1 550 4.66 9.07 × 10−1 7.62 × 10−1 4.54 × 10−1 2.66
8.2 4.70 × 101 2.11 × 101 1.71 × 101 4.53 × 10−1 600 4.47 8.81 × 10−1 7.11 × 10−1 4.11 × 10−1 2.48
8.4 4.67 × 101 2.04 × 101 1.68 × 101 4.76 × 10−1 650 4.30 8.54 × 10−1 6.64 × 10−1 3.74 × 10−1 2.32
8.6 4.64 × 101 1.96 × 101 1.65 × 101 5.09 × 10−1 700 4.15 8.27 × 10−1 6.22 × 10−1 3.42 × 10−1 2.17
8.8 4.61 × 101 1.89 × 101 1.62 × 101 5.87 × 10−1 750 4.01 8.00 × 10−1 5.83 × 10−1 3.14 × 10−1 2.04
9.0 4.58 × 101 1.82 × 101 1.59 × 101 6.51 × 10−1 800 3.89 7.73 × 10−1 5.48 × 10−1 2.90 × 10−1 1.92
9.2 4.55 × 101 1.76 × 101 1.56 × 101 6.90 × 10−1 850 3.78 7.47 × 10−1 5.17 × 10−1 2.68 × 10−1 1.81
9.4 4.52 × 101 1.70 × 101 1.54 × 101 7.24 × 10−1 900 3.68 7.22 × 10−1 4.88 × 10−1 2.49 × 10−1 1.71
9.6 4.50 × 101 1.64 × 101 1.51 × 101 7.55 × 10−1 950 3.59 6.98 × 10−1 4.62 × 10−1 2.32 × 10−1 1.62
9.8 4.47 × 101 1.59 × 101 1.48 × 101 7.86 × 10−1 1000 3.51 6.74 × 10−1 4.39 × 10−1 2.17 × 10−1 1.54
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Despite these limitations, the high-energy shape of the OPM inelastic profile aligns
reasonably well with that from the ROP method, suggesting some consistency in asymp-
totic behavior.
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Figure 1. Cross sections for the elastic momentum-transfer (MTCS), elastic viscosity-transfer (VTCS),
sum of excitations (excitation) and electron-impact ionization (ionization) processes in radon, those
calculated using the ab initio method described in Section 2.1 (ROP, solid lines) and those digitized
from Khandker et al. [2] (OPM, dashed lines). The OPM profile labeled “VTCS” has been scaled by a
factor of 2/3 to account for the differing definitions of the viscosity-transfer cross section. The OPM
profile labeled “Ionisation” is actually the total inelastic cross section, combining excitations and
ionization processes, which is calculated from the difference between the total and inelastic cross
sections in ref. [2].

3.2. Transport Properties

Figure 2 presents the calculated transport coefficients for an electron swarm in radon
gas at 293 K, across a broad range of reduced electric fields (E/N from 0.01 to 1000 Td),
using the cross section data from Table 1.

The top left panel shows the bulk and flux drift velocities, derived from the ROP
cross section set. Notable divergence between the bulk and flux values emerges above
approximately 100 Td, indicative of increasing non-conservative behavior (i.e., ionization).

The top right panel illustrates the transverse and longitudinal characteristic energies
(3DT/(2µ) and 3DL/(2µ)) alongside the mean energy (ϵ). The transverse characteristic
energy is commonly used as a proxy for the mean energy but clearly differs significantly for
the case of electron in radon gas for reduced electric fields between approximately 0.1 Td
and 100 Td, emphasizing the limitations of using it as a surrogate measure. The longitudinal
characteristic energy exhibits a dip between approximately 0.3 Td and 3 Td, corresponding
to the mean electron energy increasing beyond the Ramsauer minimum. This behavior
is a more pronounced example of the same phenomenon observed for electrons in argon,
krypton and xenon [29].
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Figure 2. Transport properties calculated using the ab initio cross section set described in Section 2.1
and tabulated in Table 1. The transport properties are defined in Equations (15)–(21). (top left) Bulk
and flux drift velocities. (top right) Transverse and longitudinal characteristic energies (bulk and flux)
and the mean energy. (bottom left) Transverse and longitudinal diffusion coefficients (bulk and flux).
(bottom right) Ionization coefficient.

In the bottom left panel, the longitudinal and transverse diffusion coefficients are
shown, both in bulk and flux forms. Clear differences are exhibited by the longitudinal
and transverse behavior, with divergence between the bulk and flux forms occurring at
approximately 100 Td, again reflecting the growing influence of ionization. The longitudinal
diffusion coefficient shows a comparable dip to the longitudinal characteristic energy
between approximately 0.3 Td and 3 Td, reflecting the same underlying energy-dependent
scattering behavior.

Finally, the bottom right panel displays the net reaction rate and, equivalently, the
Townsend ionization coefficient, according to Equation (21). The profile clearly indicates
the onset and growth of ionization processes as E/N increases.

3.3. Multi-Term

To assess the impact of velocity-space anisotropy, we compared the transport results
from the full multi-term solution of Boltzmann’s equation to those obtained using the
widely adopted “two-term” approximation.

For computational simplicity, the “two-term” approximation is often employed in
solving Boltzmann’s equation, despite its well-established limitations [24,25,30]. In this
work, we use a multi-term Boltzmann solver, as described in Section 2 and in previous
works [18–20]: we increment the number of terms until some convergence criterion is met.
Here, the criterion is that all reported transport coefficients differ by less than 0.5% with
increasing lmax, which we found to occur for lmax = 7.

Figure 3 quantifies the percentage error introduced by the two-term approximation
(lmax = 1) relative to the fully converged solution (lmax = 7). While the drift velocity
remains within 4% of the accurate value, deviations in the diffusion coefficients are far more
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significant, e.g., up to 15–30% for the transverse and longitudinal components, respectively.
This indicates the failure of the two-term approximation for the evaluation of the diffusion
coefficients at fields above approximately 10 Td.

These findings reaffirm previous studies (e.g., Brennan and Ness [31]). As such,
any effort to adjust the cross sections through inverse swarm techniques must ensure
consistency with a multi-term framework, lest the results be biased by an insufficient
angular resolution in the velocity distribution function.
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Figure 3. Percentage differences between the two-term (lmax = 1) and multi-term (lmax = 7) values
of the bulk drift velocity, bulk transverse and longitudinal diffusion coefficients. All percentages are
relative to the converged multi-term result.

4. Summary
We have presented comprehensive calculations of the electron scattering cross sections

and associated transport properties in radon gas, employing a relativistic optical potential
(ROP) framework. The ROP method incorporates detailed treatments of exchange, po-
larization and absorption processes based on the Dirac–Fock atomic structure, enabling
accurate and fully relativistic modeling appropriate for this heavy noble gas.

Elastic, momentum-transfer, viscosity-transfer, excitation and ionization cross sections
were calculated over a broad energy range (0–1000 eV) and compared against the semi-
relativistic OPM results from Khandker et al. [2]. Notable differences were observed,
particularly in the low-energy behavior of the inelastic cross sections, where the OPM
method exhibited unphysical contributions below the threshold.

Using the ROP cross sections, we solved the Boltzmann equation via a multi-term
expansion to obtain transport coefficients across a wide range of reduced electric fields
(0.01–1000 Td). We report the drift velocities, diffusion coefficients, mean energy and
ionization rates in both bulk and flux forms. The results highlight the importance of multi-
term treatments in systems with strong inelastic scattering, as evidenced by significant
deviations between two-term and converged solutions for diffusion in moderate and
high fields.

The cross section set and transport coefficients provided here represent the first fully
relativistic, ab initio dataset for electron–radon scattering and swarm transport. These
results offer a reliable foundation for modeling plasmas and radiation transport in radon-
rich environments, with implications for detector calibration, radiation safety and atmo-
spheric physics.
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Measurement and interpretation of swarm parameters and their application in plasma modelling. J. Phys. D Appl. Phys. 2009,
42, 194002. [CrossRef]

26. Yousfi, M.; Segur, P.; Vassiliadis, T. Solution of the Boltzmann equation with ionisation and attachment: Application to SF 6. J.
Phys. D Appl. Phys. 1985, 18, 359–375. [CrossRef]

27. Robson, R. Transport phenomena in the presence of reactions: Definition and measurement of transport coefficients. Aust. J. Phys.
1991, 44, 685–692. [CrossRef]
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