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The extensive integration of renewable energy sources and power electronic devices in active distribution net-
works (ADNs) has created substantial power quality challenges. Although energy storage systems (ESSs) are
considered a key solution, determining optimal ESS locations and capacities remains an unresolved issue. To
tackle this problem, this paper develops a bi-level ESS configuration framework. The upper-level model mini-
mizes ESS configuration costs by optimizing location selection and capacity sizing, where the lower-level model
formulates a multi-phase optimal harmonic power flow (MPOHPF) problem, aiming to minimize the power loss
in the network and keep voltage deviations, harmonic distortions, and voltage unbalance within standard limits.
However, the coupling effects between nodes in ADNs and the inclusion of harmonic variables significantly
increase the complexity of solving the bi-level model. Therefore, this paper further introduces a candidate node
selection strategy based on their contributions to power quality indices, which efficiently narrows down the
configuration space. Furthermore, the lower-level model is transformed into a convex quadratic constrained
quadratic program by substituting power flow equations with current injection equations. An alternating iter-
ative algorithm is then applied to optimize and compute power flows iteratively, ensuring both convergence and
computational efficiency. Finally, the proposed method is comprehensively verified using a 162-node three-
phase four-wire distribution network.

1. Introduction phase PV units and unbalanced loads intensifies three-phase voltage

imbalance [4], further compromising the overall power quality of the

1.1. Background and motivation

With the widespread integration of renewable energy sources and
power electronic devices, active distribution networks (ADNs) are facing
growing challenges related to power quality [1]. Overvoltage and
undervoltage issues have become particularly prominent, especially in
distribution systems characterized by high R/X ratios. During daytime
hours, peak photovoltaic (PV) generation can lead to excessive voltage
rise, whereas the absence of PV output at night, combined with elevated
load demand, often results in voltage drops [2]. In addition, the prolif-
eration of non-linear loads, such as variable frequency drives used in
industrial and commercial customers and smart home appliances, in-
troduces significant harmonic currents, thereby aggravating voltage
harmonic distortion [3]. Moreover, the simultaneous presence of single-
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network.

Although mature mitigation strategies have been developed for in-
dividual power quality issues, their effectiveness is confined to specific
aspects of the problem. For instance, static var compensators dynami-
cally regulate reactive power to mitigate voltage fluctuations [5]; on-
load tap changers achieve global voltage control by adjusting trans-
former tap positions [6]; and active power filters are primarily employed
for harmonic suppression [7]. However, none of the above compensa-
tion devices are capable of simultaneously addressing the diverse power
quality challenges present in ADNs. While coordinated control of mul-
tiple devices offers a theoretical pathway to comprehensive mitigation,
practical implementation is hindered by disparities in device response
characteristics, conflicting control objectives, and the high capital and
operational costs associated with multi-device deployment.
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In contrast, energy storage systems (ESSs) offer a more integrated
solution for power quality enhancement. By regulating active power
output, ESS can directly mitigate voltage fluctuations [8]. Moreover,
thanks to their fully controllable power electronic interfaces, ESS are
inherently capable of suppressing harmonics and compensating for
three-phase imbalances [9]-[10]. Nevertheless, given the substantial
investment required for ESS deployment, it is essential to strategically
determine their optimal configuration within the ADNs to maximize
their effectiveness and economic return. Addressing this optimization
challenge forms the central focus of the present study.

1.2. Literature review

Currently, the optimal configuration of ESS is typically formulated
using either single-level or bi-level optimization models. Compared with
single-level approaches, bi-level optimization introduces an additional
layer of operational decision-making. Typically, the upper level de-
termines the location and capacity of ESS installations, while the lower
level focuses on optimizing their operational strategies. This structure
enables coordination across time scales and verifies configuration with
operation. For instance, [11-14] developed bi-level planning-operation
models where the upper level determines ESS capacity and siting, while
the lower level optimizes charging and discharging strategies, effec-
tively reducing network losses and total lifecycle costs. In scenarios with
high PV penetration, the upper-level models aim to minimize economic
costs, enhance supply reliability [15], and maximize the integrated
benefits of multiple stakeholders [16,17], while the lower-level models
focus on minimizing operational scheduling costs through optimal ESS
operation. These approaches improve renewable energy integration
while maintaining economic feasibility. However, studies in [11-17] did
not incorporate power quality improvement as an explicit objective.

To fully leverage the potential of ESS in improving power quality,
[18] proposed a bi-level optimization approach for ESS, where the upper
level aims to minimize wind curtailment and power loss while
enhancing voltage stability, and the lower level maximizes market
revenue, thereby improving both loadability and voltage stability. In
[19], a bi-level framework was developed, in which the upper level
determines the optimal ESS capacity by maximizing lifecycle net present
value, while the lower level maximizes the combined operating revenue
from time-of-use arbitrage and power quality services, yielding config-
urations that balance investment efficiency and operational perfor-
mance. In [20], renewables and ESS were treated as an integrated
resource: the upper level minimizes operating cost, voltage deviation,
and total harmonic distortion to optimize network operation, and the
lower level maximizes total revenue from participation in ancillary
service markets, improving economic efficiency and reducing harmonic
distortion. Reference [21] addressed overvoltage under high renewable
penetration with a bi-level model where the upper level minimizes
voltage deviation across the network to size ESS, and the lower level
derives the operating strategy by minimizing the charge and discharge
power required for voltage regulation. Further studies in [22-25]
focused on bi-level optimization in PV-rich distribution networks. In
[22,23], ESS siting and sizing were handled at the upper level, while the
lower-level optimized charge/discharge schedules, accounting for cost
and load fluctuations, thereby improving voltage stability and overall
grid performance. In [24,25], upper-level objectives include minimizing
voltage deviation [24], network losses, and voltage fluctuations [25],
with lower-level models assessing the impact of configuration decisions
and adjusting ESS operation accordingly. However, most prior studies
focused on fundamental voltage deviation or a single power quality
problem such as harmonic distortion and did not consider comprehen-
sive mitigation across multiple power quality problems, thereby failing
to fully exploit the potential of ESS to address multidimensional power
quality challenges. More importantly, [15-17,21-25] overlooked the
inherent power quality regulation capability of PV and its coordination
with ESS, leading to underutilization of power quality control resources.
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Beyond problem formulation, the selection of an appropriate solving
algorithm plays a crucial role in ensuring the reliability and efficiency of
ESS configuration results. For the upper-level ESS configuration model,
it is typically formulated as a mixed-integer nonlinear programming
(MINLP) problem. To tackle such complex optimization problems, [26]
compared classical, analytical, and heuristic approaches, concluding
that heuristic methods are the most suitable owing to their flexibility
and adaptability, despite the lack of guaranteed global optimality.
Building on this, recent studies have focused on improving existing
heuristic methods or hybridizing them with other techniques [27,28].
For example, [29] enhanced the traditional genetic algorithm by
incorporating linearized distribution power flow equations for rapid
constraint verification, enabling fast and accurate ESS sizing. In hybrid
algorithm research, [30] employed nondominated sorting genetic al-
gorithm II (NSGA-II) to balance investment cost and economic return,
and combined it with the cuckoo search algorithm to accelerate
convergence. While the above methods enhance upper-level solution
efficiency, the presence of numerous harmonic variables in power
quality-aware ESS configuration makes the determination of optimal
ESS siting and sizing a persistent challenge.

The lower-level ESS operational optimization is essentially an
optimal power flow (OPF) problem. Since the nonlinearity and non-
convexity of OPF primarily stem from the power flow equations [31],
many studies have focused on relaxing or approximating these equations
using convex formulations. For instance, [32] employed a first-order
Taylor expansion around a given operating point, combined with pre-
dicted power values and an enhanced semi-definite program relaxation
to achieve linearization. Similarly, [33] linearized the power flow
equations using a first-order Taylor expansion and discretized variables
such as restoration switching sequences. In [34], the authors identified
truncation errors and their first derivatives as key factors affecting
linearization accuracy, and proposed constructing distinct linear models
under different operating conditions. Reference [35] highlighted the
inefficiency of nonlinear programming solvers and suggested linearizing
the OPF model by incorporating elements such as resistance to represent
power losses. It is worth noting that linearization methods based on first-
order Taylor expansion are generally effective only under small per-
turbations. Since the ESS in this study is capable of harmonic compen-
sation, the resulting OPF problem inherently involves high-frequency
harmonic components and should be formulated as an optimal harmonic
power flow (OHPF) problem. Under such conditions, traditional line-
arization techniques often fail to capture the nonlinearities introduced
by harmonics, leading to significant inaccuracies.

1.3. Contribution and paper organization

In summary, configuring ESS in ADNs through bi-level optimization
can effectively reduce power losses and enhance renewable energy
integration. However, existing studies have predominantly focused on
applications such as peak shaving, valley filling, and load curve
smoothing, while paying limited attention to the potential of ESS in
addressing power quality issues like harmonics and three-phase unbal-
ance. Moreover, the synergistic effect of coordinated PV and ESS oper-
ation in power quality improvement remains largely unexplored,
resulting in suboptimal economic returns from ESS deployment. To
bridge these gaps, this paper proposes a bi-level optimization framework
for ESS configuration that explicitly incorporates coordinated PV-ESS
operation for power quality enhancement in ADNs. The main contri-
butions are as follows:

1) To address the limited consideration of power quality in ESS
configuration models, this paper proposes an enhanced bi-level
optimization framework that explicitly incorporates power quality
objectives. The upper level determines the optimal location and ca-
pacity of ESS, while the lower level establishes a multi-phase optimal
harmonic power flow (MPOHPF) model to coordinate ESS and PV
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outputs, aiming to minimize power loss and keep voltage deviations,
harmonic distortions, and voltage unbalance within standard limits
To tackle the high-dimensional complexity of the upper-level ESS
configuration model caused by the significant increase in harmonic
variables, a candidate node selection method is proposed based on
each node’s mitigation potential. The method quantifies each node’s
contribution to deviations across multiple power quality metrics
based on historical operating data, selects candidate nodes according
to their overall impact, and solves the optimization problem using
the improved grey wolf optimizer (IGWO) algorithm, thereby
reducing the solution space and improving computational efficiency.
3) To overcome the nonlinearity and computational challenges of the
lower-level MPOHPF model, power flow equations are reformulated
using current injection models, and proper relaxation techniques are
applied to convert the problem into a convex quadratically con-
strained quadratic program, enabling joint optimization of ESS and
PV outputs. An alternating iterative algorithm between convex
optimization process and power flow calculation is further employed
to reduce approximation errors, and accommodate variations in
nodal state variables. Compared to direct solving methods, the pro-
posed method significantly enhances the efficiency of the computa-
tion process.

2

—

The remainder of the paper is structured as follows. The bi-level
optimization model for ESS configuration with consideration of power
quality enhancement is established in Section II. Section III details the
solution approaches for both the upper and lower levels of the model.
Section IV presents case study results and evaluates the economic per-
formance of the proposed configuration model. Section V concludes this

paper.
2. Optimization model establishment

This paper builds a bi-level optimization model for ESS configura-
tion, incorporating comprehensive power quality improvement objec-
tives. The entire optimization framework is shown in Fig. 1. The upper-
level ESS configuration model is established based on economic opti-
mality, taking into account the investment cost, operation and mainte-
nance (OM) cost of ESS, the compensation cost for power quality
improvement through the dispatch of existing PV, and the economic
benefit resulting from enhanced power quality. In the lower-level opti-
mization model, the MPOHPF model is established to compensate power
quality in the ADN. The objective is to minimize power loss, subject to
constraints on fundamental voltage magnitude, total harmonic distor-
tion, and voltage unbalance.
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2.1. Upper-level model

The investment in ESS typically includes investment, OM, and bat-
tery replacement costs [36]. This paper focuses on two key aspects: ESS
configuration and power quality compensation. Accordingly, the
installation and OM costs of ESS are considered as the initial investment.
To address power quality compensation requirements, two cost indices
are introduced: (1) the cost savings achieved through power quality
improvement, measured by the reduction in power loss; (2) the
compensation cost associated with utilizing PV to enhance power
quality. These costs underpin the economic evaluation of ESS configu-
ration and power quality improvement.

Objective function: 1) Total investment cost minimization.

The full lifecycle investment cost of the ESS is the sum of its instal-
lation cost, OM cost and battery degradation cost.

CE.=CE +CE +CE (@))

The installation cost takes into account the power capacities of the
ESS and its expected service life, as shown in (2). To ensure consistency
in the time scale between the upper and lower levels of the bi-level
model, the capital recovery factor (CRF) is used to annualize the ESS
installation cost, as shown in (3).

Nm
Chg = Chga'CRF = | Y " (CpinsPlyy + CrinsEhy) | -CRF @

m=1

r(l+ r)Ny

CRF = ——————
1+~ -1

3

where P is the rated power of the configured ESS, and E™* is its energy
capacity. Cp ng is the unit cost per kW, and Cg,ins is the unit cost per
kWh. Np, is the number of ESS units configured, r is the discount rate,
and Ny, is the expected service life.

s _ | = Zma (CronPh + CronEhe)
ct = ; ey -CRF Q)
where Cp o, is the annual OM cost per kW, and Cg,om is the annual cost
per kWh of the ESS.

The ESS battery undergoes degradation during charge/discharge
cycling. It is commonly assumed that the battery reaches end-of-life
when its capacity declines to 80 % of the initial capacity. Therefore,
the battery degradation cost of the ESS is calculated from the actual
service life and the investment cost [37], as shown in (5). The actual
service life and the number of battery replacements are determined by
(6) and (7), respectively.

Obj e Total investment cost minimization

( Upper-Level )
S—

e Costsavings from power loss reduction maximization

e Compensation cost for PV dispatch minimization

Decision
Variables
e ESS siting and sizing

ESS Siting and Sizing }
A

Obj e Power loss minimization R

Decision e Reactive power and harmonic .
Variables currents injected by ESS and PV

Lower-Level

Co-optimization Strategies for
ESS and PV

Constraints
Power flow equations and harmonic load flow equations

Voltage; harmonic; unbalance constraints
ESS and PV operational constraints

'3

( Optimal ESS configuration and power quality enhancement )

Fig. 1. Bi-level optimization framework.
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Ny C
Cct = — ___|.CRF 5
7 <Z(1+r)'N“> ©
0. 2E5m
No=—72 (6)
N,
No= 3] %)

where C; is the battery replacement cost, equal to the initial total ESS
capacity cost. Ny is the actual service life. Ny is the number of battery
replacements due to degradation. 0.2 represents the total capacity loss of
the battery, and AG is the battery degradation rate.

2) Cost savings from power loss reduction maximization.

Configuring ESS effectively reduces network power loss. The
resulting cost savings are incorporated into the objective function as an
equivalent term.

Ny d
Cros = D > Pross(t)Ce(t)At ®)

y=1 t=1

where Pj is the active power loss at time t.

3) Compensation cost for PV dispatch minimization.

To maximize the utilization of PV and reduce the cost of ESS
configuration, an economic compensation mechanism is introduced to
transform distributed PV into a dispatchable asset for compensating
harmonics, unbalance, and other power quality problems.

Ny 4
Cy =RPC-> > s™(t)At ©)

y=1 t=1

where RPC is the compensation cost coefficient for PV. STV(¢) is the
dispatchable capacity of the distributed PV at time t, which includes the
reactive power and harmonic current provided by the PV.

4) Upper-level objective.

The upper-level model, which takes the location and capacity of ESS
as control variables, is nested with the lower-level model. It aims to
minimize the ESS configuration cost, provided that the resulting
configuration satisfies the power quality compensation requirements.

minCoy = Chec + Cross + Co (10)

2.2. Lower-level model

In existing researches, OPF models primarily aim to minimize power
loss, with constraints including fundamental power flow equations,
voltage limits, and energy constraints of ESS charging and discharging.
In this paper, the power quality control capabilities of both ESS and PV
are considered by introducing harmonic distortion and voltage unbal-
ance constraints to ensure that all power quality indices remain within
acceptable ranges. Additionally, to ensure safe and stable system oper-
ation, harmonic power flow constraints and operational limits of ESS
and PV inverters are incorporated.

Objective function: 1) Minimization of power loss.

Active power loss in the lines arises from both fundamental and
harmonic current flows.

N; H n
flnss = Z Z ZPIE;&}I (11)

k=1 h=1 ¢=a

where Nj is the total number of lines, and H specifies the highest har-
loss.h
P,

monic order taken into account. The term represents the phase ¢

power loss of line k at harmonic order h, which is calculated as the
difference in active power between the two terminals of the component,
as shown in (12).
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i <l Sk (i~ ) (0 - 1) |

where yf’(‘w,_q) corresponds to the h-th harmonic admittance between

phase ¢ and ¢’ of line k, and U?w indicates the harmonic voltage phasor

at phase ¢ of node i. The symbol * indicates the complex conjugate.
2) Objective of MPOHPF.

fluss

loss

minf = 13)

where Fjys denotes the baseline value of the objective function prior to
compensation.

As shown in (11) and (12), fis a quadratic function of node voltages,
and satisfies f,5s>0, indicating that it is a convex quadratic function with
respect to the voltage variables.

Constraint: 1) Power flow equation constraints.

v o -1 %1
UM) +]QPW - l</' Ifw'
. 1.7
if/ﬂp' +]QlLW’ = “/’ - lf/' IlLWﬂ as
1
lWP +JQEW = w' IIEW

where the superscripts PV, L and E denote that the associated variables
correspond to the PV, load and ESS, respectively. P}, and Qf ,, indicate
the active and reactive power contributions from the ESS linked between
phases ¢ and ¢’ at node i.

2) Harmonic load flow equation constraints.

The harmonic loads in the ADNs are commonly modeled as current
sources [38], with their injected harmonic currents computed using
(15).

’Ih‘ }I ’Ih spectrum
L —spectrum (15)

Hh = eh—spectrum + h(01

- 01 —spectrum )

where the harmonic and fundamental current magnitudes generated by

the loads are denoted by \Ih | and |I.1 |, respectively, and the phase angle of
the phasor enclosed in the bracket is indicated by 6. In_gecrum and
On_spectrum correspond to the amplitude and phase spectra of the har-
monic currents.

The relationship between the h-th harmonic current injected at node i
and the corresponding h-th harmonic voltage forms the harmonic power
flow constraint, as shown in (16).

Ny n
I:lf/' - Z IILZW +1JIEZW Z Z(ylthwUth/)) (16)

o'Fo J=1 ¢'=a

3) Voltage constraints.
The constraint defined in (17) specifies the permissible range for the
fundamental voltage magnitude.

KUnax a7)

where Unin and Upax are the lower and upper bounds

4) Harmonic constraints.

The harmonic constraint in (18) specifies the allowable limit of total
harmonic distortion at each node.

H 2 5
Z [ \ max) (18)
h=3
where U__ is the upper bound.

5) Voltage unbalance constraints.
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The unbalance constraint in (19) defines the permissible voltage
unbalance at each node.

2
(Ulla 4 gi240° Uib 4 g2’ Ullc)

- - - us . 19)
( Uia 4 e120° Uib 4 gi240° U;C) <(Upa )
where U is the upper bound.
6) Maximum charging power constraint of the ESS.
- Pmaxgpfl o9 <Pmax (20)
where PE, o0 . is the ESS power at time t, and Pp,ax is its rated active power.

—Ppax indicates discharging.
7) Charging and discharging capacity constraint of the ESS.

T
Emin< / Pf(/,,/,'(t)sEmax (21)
0

where Enin and Ep,x denote the lower and upper limits, respectively.
8) Inverter capacity limits for ESS and PV.
The reactive power and harmonic current outputs of ESS and PV are
limited by the rated capacities of their grid-connected inverters, as
formulated in (22) and (23).

a 2 h.PVh
(Z Uﬁp — Vig' ) (Z IlE(/)w ) max)2 (22)
h=1 h=1
o il 2 2
hz i | S(Imax) (23)
=1

where Sp. is its rated active power, and I, is its rated active power.

Due to the existence of nonlinear equality constraints (14) and
nonconvex inequality constraints (17), (19), (21), (22), the established
OHPF problem is both nonconvex and nonlinear. The control variables
of the model are the harmonic currents and reactive power outputs of
the ESS and PV systems.

3. Model-solving method
3.1. Upper-level model solving

The introduction of harmonic and voltage unbalance constraints
necessitates the inclusion of harmonic components (e.g., 3rd, 5th, and
7th orders) in the optimization model, significantly increasing its
dimensionality. To address this challenge, a promising strategy is
to narrow the configuration scope-i.e., pre-select a limited set of
candidate nodes for ESS siting before optimization. For this purpose, this
section proposes a candidate node selection method based on power
quality contributions. The IGWO algorithm offers strong global search
capability and maintains population diversity via an adaptive mecha-
nism, thereby reducing the risk of trapping in local optima and achieving
a favorable balance between solution quality and computational effi-
ciency [3940]. Accordingly, the IGWO algorithm is employed to identify
optimal location and capacity for ESS configuration.

Candidate node selection: 1) Voltage deviation contribution.

In the radial distribution network shown in Fig. 2, the power at node i
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is P, + jQi,, the injected power from the PV is vaw + jQpy,,, and the
impedance between nodes i-1 and i is R} ; The funda-

is derived based on the voltage drop

@l +JX l Loig'"
mental voltage at each node Uil_q),
theory, as expressed in (24).

Zk sz%zﬁ(P’W’ Tipig +kaxlww>
U}W

Uil-zp = U(lw - Z

j=1

(24)

After calculating fundamental power flow, the fundamental currents
of loads and PV systems Ilw can be obtained. These current values are
used to replace the original PQ nodes in the distribution network. When
the feeder source node is a balanced node, the voltage deviation Dey;

relative to the reference voltage is defined, as shown in (25).

n
-1
Dey; = Z Zigjo Ty (25)

where Z;,;, is the nodal impedance matrix, Z;,j, = Rigjy + jXipjo-
The relative contribution of node j to the voltage deviation at node i is
defined as shown in (26).

ipj¢ ; !

1 z, K IJ.W

C.=— 26
'j—i |D il ( )

Based on (26), the cumulative contribution sources of node i can be
calculated. Accordingly, a binary 0-1 matrix representing the contri-
bution relationship from node j to node i is defined, as shown in (27).

= I(Zsicjl*izr)
1/T }

27)
Sl=13je{1,2,..,
where I(-) is an index function that equals 1 when the condition is

satisfied; Si1 is the set of cumulative contribution sources; and 7 is the
cumulative contribution threshold.

2) Harmonic distortion contribution.

For harmonics, after calculating harmonic power flow and obtaining

the harmonic current Ijl o

Uf‘(/, is defined, as shown in (28).

Dis; = Z LpJjg Jw

at each node, the harmonic voltage distortion

(28)

where Z! i

The relative contribution of harmonic source node j to the harmonic
voltage distortion at other nodes is defined, as shown in (29).

. is the nodal harmonic impedance matrix.

ipj¢ J’/"/‘
ch, = ‘

= 29
I |Dis; | (29)

By extending (27), the cumulative contribution source matrix M]{i

and the cumulative contribution source set S' for harmonic voltage
distortion at each node are established.

3) Voltage unbalance contribution.

Voltage unbalance is primarily caused by unequal loading among the

13.8kV
69kV
RN EEj N » | - 2 »
3 Ll
69/13.8 1.0p.u.
Us, Node(1) Node(2) Node(3) Node(i) Node(n)

Fig. 2. Radial distribution network.
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three phases. Using the symmetrical component transformation matrix T
in (30), the unbalanced fundamental voltage can be decomposed into
positive, negative, and zero-sequence components. The negative-
sequence voltage is used to reflect the degree of asymmetry in the
system.

NEREI o
T:§ 1 @& al|,a=é% (30)
1 a a

By mapping the three-phase impedance, voltage, and current into the
sequence component coordinate system, the sequence impedance matrix
Zf’x ,/» Negative-sequence voltage U}, and negative-sequence current I},
are obtained, as shown in (31). The voltage unbalance at each node is

then defined as shown in (32).

Zy10y; =TZ ;T
Uy = % (Ul +a*Ul, + at,) G
1= (B + @1l + al,)
n
Negi = Z Zy, L, (32)

where, negative-sequence impedance matrix is Z%_iJ, and Z;jj =

{Z‘l’m”—] 22

The relative contribution Cj24 of node j to the voltage unbalance Neg;
at node i is shown in (33).

e ‘Z;i\jl%.i

T Negi ©2

By extending (27), the cumulative contribution source matrix szﬂ.
and the cumulative contribution source set S? for voltage unbalance at
each node are established.

4) Aggregated contribution source set.

Since different nodes in the ADNs are affected by different power
quality issues, the contribution source sets with significant impact on
fundamental voltage deviation S}, harmonic voltage distortion S?, and
negative-sequence voltage S? are combined through set union, as shown
in (34), to identify key candidate nodes for power quality compensation.

Si=Slustus? (34

Solving procedure:
Stepl: Based on the nodal impedance matrix Z;,;,, harmonic

impedance matrix Z},,; ,

the harmonic model established in (15), both fundamental and har-
monic power flow calculations are carried out. As a result, the funda-
ILI, IPV]

the active and reactive power of all nodes, and

mental currents , and the harmonic currents I are obtained.
Step2: Application of a contribution calculation framework for
various power quality problems:

e For fundamental voltage deviation: Based on (24)-(26), the voltage
deviation Dey; and its mapping to each node’s fundamental voltage
contribution lefi are calculated;

e For harmonic voltage distortion: Based on (28)-(29), the harmonic
distortion Dis; and its mapping to each node’s harmonic voltage
contribution C]’Li are calculated;

e For voltage unbalance: Based on (32)-(33), the voltage unbalance
Neg; and its mapping to each node’s contribution to voltage unbal-
ance Cj{i are calculated.
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;» and Cz

; are constructed, and the corresponding contribution

Step3: Based on C} ,
M}, M ', and M
source sets S}, S?, and S? for each power quality indices are identified.

Step4: By repeatedly performing Step2 and Step3 on historical oper-
ating data and calculating the cumulative power quality contribution
matrix, contribution source sets S}, SI, and S? are updated at a 95 %
confidence level. Then, the unified aggregated contribution source set S;
is selected according to (34).

Step5: The set S; is used as the solution space for the IGWO algorithm
to iteratively solve the upper-level model. In each iteration, the total
investment cost is calculated according to (10), until the optimal ESS
location and capacity are obtained.

the binary contribution matrices

3.2. Lower-level model solving

As the MPOHPF model considers power quality, multiple constraints
and optimization variables related to both fundamental and harmonic
power flows are involved. As a result, traditional DC-linear models and
power flow linearization methods based on first-order Taylor expansion
become inaccurate. Therefore, convexification is required during the
solution process. In this paper, power flow equations are replaced with
current injection equations, and several relaxation techniques are
adopted, thereby transforming the model into a convex quadratically
constrained quadratic program problem. To eliminate trigonometric
functions related to phase angles, complex quantities are represented in
rectangular form, as shown in (35).

U=

iy upx+.] 11/:y
L, =1, +ilt (35)

Loy’ g x

yzf/lj-f/" = Sigjy Jblr/llf/'

where the subscripts x and y denote the real and imaginary components
of voltage and current phasors, respectively, while g and b correspond to
the conductance and susceptance of elements within the nodal admit-
tance matrix. To eliminate the nonlinear equality constraints, power
flow and harmonic load flow analyses are first performed. This yields the
initial values of both fundamental and harmonic currents for subsequent
optimization. The power flow equations can then be simplified, as
shown in (36).
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where the superscript (0) denotes the initial value before optimization.
After replacing the nonlinear power flow constraints using (36), the

; G ; £l E1
control variables Q7 in the MPOHPF model isreplaced by If,, .. I,
IFZ«) o and IFZ y here. The energy exchanged (charged/discharged) by

the ESS must not exceed its energy capacity, as constrained by (37).

T
Emiﬂg /0 (Ulllsl(,)))( - Ulq) X)IIE(}W x(t) + (Ull(;c:))/ - Ulq) y)IlEz}:q; y(t)SEmaX (37)

It is approximately assumed that the active power output of the ESS
remains constant during the 15-minute dispatch interval. Therefore, the
approximation in (38) is used to replace (37).
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E' — P 1 x 0.252Eniy (38)
E' + Py x 0.25<E .«

where E' is the total energy stored in the ESS at time t, and Py, is the
active power output of the ESS in the (t + 1) time period. The coefficient
0.25 represents the time interval of 15 min, converted into hours. It is
used to calculate the energy variation of the ESS within each dispatch
period as the product of power and time.

To ensure the economic benefits of PV users, active power generation
must be prioritized for PV output, and constraint (39) is subsequently
introduced.

pPV

iLpg'

(U_l(o) _ Ut (0) )IPVI

ipx iy x/) iep' x

(U

PV1
ey U )I

iy y/ gy’ y

(39

In addition, the inverter constraints (22)-(23) are reformulated into a
convex representation, as shown in (40) and (41).
- <0) 2 (0) ! Eh/PVh\2
Z ( lwx - x) (U:IW Uilq: y) ) Z ((ILW’-,X )
h= h=1

1

I ) < Smar)” (40)
XH: ( Eh/PVh IEh/PVh)2)<(I )2 (41)
Lgg' x lww’\y Sitmax

h=1

Given that the fundamental positive-sequence voltage typically
dominates over both the negative-sequence and harmonic components,
voltage unbalance can be approximately characterized by the magni-
tude of the negative-sequence voltage, while harmonic distortion is
assumed to be proportional to the corresponding harmonic voltage
amplitude. Accordingly, constraints (42) and (43) are employed as
convex alternatives to (18) and (19) to preserve the convexity of the
problem.

H
2 2
> (W) + (Uh,))<(Uh) (42)
h=1
1 1 V3 N

(UlaxizUlbxizUllcx 2 Uiby 2 U}qy)

V3 V3 1 1.\ “

2
+ <Ullay77Ullbx TUtlcxiiUllby 2Uzlc_y> <g(Uir-lnax)

where U and UY
unbalance.

As shown in Fig. 3, voltage constraints are represented in rectangular
coordinates. Given that phase angle variations at each node in the ADN
are typically limited, the voltage feasibility region can be approximated
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by a trapezoidal area, highlighted by the shaded region in Fig. 3(a).
Accordingly, the voltage constraint for each phase can be transformed
into a group of linear inequalities. Taking phase b as an example, the
corresponding constraints are expressed in (44).
—2V3U<(3U},, + V3U}, )< — 2V3U

U}y, — tan(240° — 5/2)U}, <0

U}y, — tan(240° + 6/2)U}, >0

(44)

where 5 denotes the allowable variation in the phase angle. The
approximation accuracy is governed by 6 and deteriorates as § increases.
This study adopts § = 10°, which covers voltage phase angle deviations
in most distribution networks, with a maximum absolute error of 0.0038
U, as shown in Fig. 3(b).

After an initial power flow calculation at the current time step, all
nodes are treated as constant current sources. However, once the ESS is
configured and coordinated with PV for system optimization, the power
flow will change. The accuracy of this approximation method is largely
influenced by the initial power flow calculation results. Therefore, to
eliminate approximation errors, this paper adopts an alternating itera-
tive method between power flow calculation and optimization. In this
approach, the output of the power flow calculation serves as the input
for the optimization, and vice versa. The process repeats until the results
converge with no significant variation.

In summary, the solution process of the lower-level MPOHPF model
is shown in Fig. 4.

3.3. Overadll process of the optimization procedure

The overall flowchart of the bi-level optimization model is shown in
Fig. 5. In the upper-level, after candidate node selection, the ESS loca-
tion is chosen from the candidate set, and its installation capacity is
optimized as a continuous variable. Given the resulting location and
capacity, the lower-level solves an OHPF problem with the objectives of
minimizing active power loss and optimizing power quality. The lower-
level results are then returned to the upper-level. If the lower-level fails
to converge or violates constraints, a large penalty is imposed in the
upper-level objective to steer the search away from the current config-
uration. The procedure repeats until convergence, yielding the optimal
configuration and operation.

4. Case study
4.1. 162-node test network

The proposed method is validated on a 162-node three-phase four-

x 10° 7
4
3
2
1

S5 4 3 -2 -10 1 2 3 4 5

Voltage angle[°]
(b)

Fig. 3. Relaxed representation of voltage constraint.
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Fig. 5. Flow chart of the bi-level optimization model.

wire distribution network. The topology, load types, and line types of the
test system are shown in Fig. 6, with detailed network parameters pro-
vided in [41].

In this case study, predefined 15-minute interval profiles of active
and reactive power are adopted to replicate smart meter data at each
node, including residential, commercial, and industrial loads. To ensure
user generation benefits, PV power profiles are determined based on the
maximum power point tracking. The locations and total installed ca-
pacities of PV units and different types of loads are shown in Fig. 6 and
Fig. 7. Detailed information regarding the load nodes and PV connection
points is summarized in Table 1. Harmonic orders 3, 5, 7, and 9 are
considered, with their spectral characteristics derived from [42].

The basic configuration details of ESS [43,44] and the compensation
cost coefficient for PV are presented in Table 2. The time-of-use (TOU)
electricity pricing data, sourced from [45], are shown in Fig. 8.

4.2. Verification of the candidate node selection

Based on the candidate node selection process described in Section
3.1.2, the distributions of contribution sources for fundamental voltage
deviation, harmonic voltage distortion, and voltage unbalance are
shown in Fig. 9. As shown in the figure, the contribution sources of
harmonic voltage distortion exhibit a clear clustering pattern, primarily
concentrated at a few load nodes with high power levels and significant

harmonic spectra. In contrast, the contribution sources of fundamental
voltage deviation are more widely distributed and partially overlap with
those of harmonic distortion. The sources contributing to voltage un-
balance are mainly associated with a large number of single-phase loads
that are widely distributed throughout the system, making them the
most numerous and broadly dispersed. Therefore, by comprehensively
considering the contributions of fundamental voltage deviation, har-
monic distortion, and voltage unbalance, a total of 20 candidate nodes
are selected, as listed in Table 3.

Fig. 10 presents a comparison between the convergence curves of the
configuration problem addressed by IGWO with and without candidate
node selection. It can be observed that the node selection process
notably enhances the computational efficiency of the bi-level model,
resulting in an approximately 70 % reduction in the average number of
iterations. In addition, the proposed approach achieves superior solution
accuracy.

4.3. ESS configuration results

After solving the bi-level optimization model, the locations and ca-
pacities of the ESS configuration in the 162-node network are presented
in Table 4. Among the nodes with ESS configurations, the harmonic
current, total current (including all fundamental and harmonic compo-
nents), and reactive power output by the ESS at node 80 are shown in
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Fig. 7. Basic information on loads.

Table 1 Table 2
Fundamental characteristics of the 162-node test system. The basic information of ESS.
Load node number phase a/b/c: 65/62/64 Expected service life (N,) 15 (year)
Peak residential load 2.96/2.71/2.52 MW, power factor: 0.95 Actual service life (N) 9 (years)

PV number
Every PV peak generation
PV penetration rate
(PV peak generation/ Peak load)

36/33/31 per phase
50 kW per phase
60 %/60 %/61.5 %

Discount rate (r)
Cost per unit of power capacity
Cost per unit of energy capacity
OM cost of power

Fig. 11 (a), (b), and (c), respectively. The harmonic current, total cur-

OM cost of energy
Compensation cost coefficient (RPC)

6 %
405.56 ($/kW)
225.06 ($/kWh)
1 % ($/year)
10 ($/kWh/year)
1.5 % of the TOU

rent, and reactive power output of all PVs in the network are shown in
Fig. 11 (d), (e), and (f), respectively. It can be observed that between
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Table 3
The candidate node of ESS. Table 4
Three-phase node Phase A node Phase B node Phase C The configuration result of ESS-PV.
node Bus 32 350 kW/Phase Bus 52 450 kW/Phase
32, 39, 47, 52, 74, 85,132, 134, 136, 116,122,123,126, 141, 161 Bus 80 550 kW/Phase Bus 123 150 kW/Phase
78, 80 137,139 131 Bus 136 350 kW/Phase Bus 161 150 kW/Phase
x10° Convergence curve 3 x10° Convergence curve
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Fig. 10. Convergence curve of the upper-level optimization model.
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Fig. 12. Comparison of power quality before and after optimization

0-8 h and 16-24 h, the output currents of both the ESS and PV are

limited by the inverter capacity. Additionally, the PV system generates a Table 6
s e . N . . Case C.
significant amount of current and reactive power during the nighttime,
providing additional support for the high-quality power supply Bus 32 400 kW/Phase Bus 52 550 kW/Phase
Bus 80 550 kW/Phase Bus 123 350 kW/Phase
Bus 136 450 kW/Phase Bus 161 250 kW/Phase
Table 5
Case B.
Bus 32 450 kW/Phase Bus 52 550 kW/Phase requirements. . . .
The power quality enhancement result is shown in Fig. 12. As seen
Bus 80 550 kw/Phase Bus 123 350 kw/Phase from the figure, both the ESS-only and PV + ESS achieve significant
Bus 136 450 kW/Phase Bus 161 250 kW/Phase

11
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Table 7
The configuration cost.
Clec ClLoss cy Canl
Case A 3.8374 x 10° 4.7214 x 10° 1.1604 x 10° 4.4229 x 10°
Case B 5.1881 x 10° 4.125 x 10° 0 5.6006 x 10°
Case C 5.0754 x 10° 4.6387 x 10° 0 5.5392 x 10°

power quality improvement, with comparable performance. Before
optimization, the minimum voltage is below 0.95p.u. for extended pe-
riods. After applying the ESS, voltage is maintained steadily above
0.95p.u., thus avoiding low voltage occurrences. Prior to optimization,
the maximum total harmonic distortion exceeded 6 %, whereas after
optimization, total harmonic distortion is effectively suppressed to
below 3 %. Power loss and voltage unbalance are also suppressed, which
are not detailed here.

In terms of economic performance, this study compares the cost of
ESS configuration required under three different scenarios: Case A,
which considers the power quality compensation capability of PV; Case
B, which ignores the power quality compensation capability of PV; and
Case C, which ignores the power quality enhancement in ESS configu-
ration. Table 5 and Table 6 present the ESS configuration results for Case
B and Case C, respectively, while Table 7 shows the costs for all three
cases. According to Table 7, it can be seen that the total cost in Case A is
21.03 % lower than that of Case B, indicating that considering the power
quality compensation capability of PV leads to more economical ESS
configuration. In contrast, the total cost in Case C is only 1.096 % lower
than that of Case B, suggesting that including power quality indices,
such as harmonics, in ESS configuration has a limited impact on the cost
but contributes significantly to maintaining a higher power quality in
the ADNs.

4.4. Comparison with other OPF model solutions

The proposed lower-level OHPF solving method is compared with
conventional approaches, such as the nonlinear solver FMINCON and
the convex optimization solver MOSEK. Due to the large scale and non-
convex nature of the original OHPF model, the convex solver MOSEK
cannot directly handle the problem. Therefore, for a simplified OPF
problem with harmonics removed, a commonly used first-order Taylor
linearization method is applied to convexify the model, which is then
solved using MOSEK. The computational time required by the three
methods is summarized in Table 8. As shown, solving the non-convex
problem directly using FMINCON requires significantly more time
than the proposed method. Although the convexified problem solved by
MOSEK exhibits the shortest computation time, this approach is inca-
pable of handling OHPF problems that include harmonics. In contrast,
the proposed method not only offers superior computational efficiency
but also effectively accounts for harmonics in the optimization process.

4.5. Comparison with the convex model

To evaluate the error introduced by the convex optimization method,
we have calculated the maximum relative error between the convex
model solution and the original nonconvex solution from power flow.
The relative errors of power loss (epy), total harmonic distortion (ergp),

Table 8
Time cost comparison.

Solver Time cost (s)
Oh 6h 18h 20h
FMINCON 532.74 514.63 568.92 587.16
First-order Taylor approximation + 4.21 2.19 4.65 4.84
MOSEK
The proposed method 13.47 14.31 13.92 14.78
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Table 9
Relative errors between the convex model and power flow.
iterations epr, erHp ey ey er ep

1 0.0981 0.1640 0.0488 0.1060 19.5099 0.0656
2 0.0032 0.0539 0.0862 0.0198 0.8597 0.0008
3 0.0006 0.0067 0.0195 0.0035 0.1433 0.0011
4 0.0006 0.0005 0.0058 0.0009 0.0238 0.0001
5 0.0001 0.0007 0.0002 0.0006 0.0134 8 x 10°
6 0.0001 0.0005 0.0016 0.0005 0.0045 3 x10°
7 0.0001 0.0004 0.0021 0.0004 0.0012 0
8 0.0001 0.0004 0.0022 0.0004 0.0003 0
9 0.0001 0.0004 0.0022 0.0004 9 x 10° 0
10 0.0001 0.0004 0.0023 0.0004 2 x 10° 0
11 0.0001 0.0004 0.0023 0.0004 7 x 10 0
12 0.0001 0.0004 0.0023 0.0004 2 x 10° 0
13 0.0001 0.0004 0.0023 0.0004 2 x 10° 0

voltage unbalance (e,), voltage (ey), and current (e), and the constraint
violation degree (ey), are defined in (45).

X (@) = X5 () '
xq (@)

max{h—h,0},m=nh

max
WEQm

,m € {PL, THD,u,U,I}

em = (45)

where the superscripts C and P denote the convex model state variables
and the power flow results, respectively. For the inequality constraint h
(%), h and h denote the constraint value and its bound. The results are
summarized in Table 9 and Fig. 13.

As shown in Table 9 and Fig. 13, noticeable discrepancies appear
between the convex model solution and the power flow results during
the initial iterations. As the number of iterations increases, the error
gradually decreases, and the convex model solution becomes very close
to that of the original model, thereby verifying the effectiveness of the
proposed iterative scheme.

4.6. Comparison with different PV penetration levels

To investigate different PV penetration levels, the initial 50 kW of PV
per phase is incrementally increased by 50 kW steps up to 400 kW in
order. The corresponding ESS capacity optimization result is shown in
Fig. 14. From the figure, it can be observed that when the PV penetration
is low, such as with a per-phase PV power of 50 kW to 200 kW, the
daytime PV output peak can adequately compensate for the midday load
peak. When there is no voltage violation, the ESS power requirement is
relatively low. During nighttime when PV generation is unavailable, the
increase in PV penetration enhances the available dispatchable power
margin, thus reducing the ESS’s support requirement for power quality.
Therefore, when the overall PV penetration is relatively low, the total
ESS power demand decreases to a minimum value as PV penetration
increases. At this time, the ESS is primarily used to maintain voltage
stability and mitigate harmonic distortion. However, when the con-
nected PV power rises to 250 kW, 300 kW, or higher penetration levels,
excess PV integration leads to a significant increase in reverse power
flow, resulting in severe voltage violations. This forces the ESS power
demand to increase continuously to support power quality compensa-
tion. Although the dispatchable power margin increases during night-
time, the savings in ESS power cannot offset the substantial increase in
ESS power quality compensation costs during the day, which ultimately
causes the total ESS power demand to increase as PV penetration rises.
Therefore, as the PV penetration rate gradually increases, the required
ESS power initially decreases and then increases.

4.7. Impact of different RPC
The economic viability of PV-ESS coordination depends critically on

the compensation pricing mechanism. In Section IV-C, a fixed RPC of
1.5 % of the TOU price is used. This section evaluates the impact of
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exhibits higher economic efficiency; however, with further increases in
RPC, Case A loses economic feasibility because the rising PV compen-
P sation cost outweighs the ESS installation cost savings achieved through
651 2 PV scheduling.
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Fig. 15. Trend of total cost (Cqy) variation with RPC changes.

varying RPC values on the economic conclusions, as shown in Fig. 15. As
RPC increases, PV compensation cost rises, directly affecting the total
cost of Case A. When RPC is below 16.5 % of the TOU price, Case A
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mance. A significant advantage of the proposed method lies in its ability
to handle complex power quality constraints while maintaining
computational efficiency. Specifically, the upper-level model selects
candidate nodes based on their contribution to power quality indices,
thereby narrowing down the configuration space, while the lower-level
model transforms the power flow equations into current injection
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equations, further reformulating the MPOHPF problem into a convex
quadratic constrained quadratic program solved by an alternating iter-
ative algorithm.

The effectiveness of the proposed bi-level optimization model and
solving method has been verified using a 162-node three-phase four-
wire distribution network. The results demonstrate that the proposed
ESS configuration strategy can effectively reduce the power loss while
limiting the voltage deviation, harmonic distortion, and unbalance
within the standard limits. The economic analysis reveals that consid-
ering the power quality compensation capability of PV significantly
improves the cost-effectiveness of ESS configuration, achieving a 21.03
% reduction in total cost compared to the scenario where PV’s
compensation ability is disregarded. In contrast, when the impact of
power quality enhancement is excluded from the ESS configuration
process, the cost reduction is only 1.096 %, indicating that including
power quality indices, such as harmonics, in the ESS configuration has a
limited impact on cost but contributes significantly to maintaining
higher power quality in the ADNs.

In this study, ESS configuration is implemented within ADNs at a
single voltage level. Future work will use hierarchical coordination to
integrate conventional voltage regulation methods, such as transformer
tap changers, into the coordinated management framework of ESS and
PV, thereby enabling power quality control across multi-level power
grids. In addition, future work will incorporate more extreme scenarios
such as line faults and line switching into ESS configuration and develop
a dynamic candidate node selection method to enhance the reliability of
the configuration.
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