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ABSTRACT Ambient backscatter communications (AmBC) are a promising technology for addressing
the energy consumption challenge in wireless communications through the reflection or absorption of
surrounding radio frequency (RF) signals. However, it grapples with the intricacies of ambient RF signal
and the round-trip path loss. For traditional detectors, the incorporation of pilot sequences results in a
reduction in spectral efficiency. Furthermore, traditional energy-based detectors are inherently susceptible
to a notable error floor issue, attributed to the co-channel direct link interference (DLI). Consequently, this
paper proposes a blind symbol detector without the prior knowledge of the channel state information, signal
variance, and noise variance. By leveraging the intra-symbol differential amplitude shift keying (IDASK)
scheme, this detector effectively redirects the majority of the DLI energy towards the largest eigenvalue of
the received sample covariance matrix, thereby utilizing the second largest eigenvalue for efficient symbol
detection. In addition, this paper conducts theoretical performance analyses of the proposed detector in
terms of the false alarm probability, missed detection probability, and the bit-error rate (BER) lower
bound. Simulation results demonstrate that the proposed blind detector exhibits a significant enhancement
in symbol detection performance compared to its traditional counterparts.

INDEX TERMS Ambient backscatter communications, Blind symbol detector, Intra-symbol differential
amplitude shift keying.

I. INTRODUCTION

RECENTLY, ambient backscatter communications
(AmBC) have emerged as an energy-efficient tech-

nology to satisfy the low-power radio frequency (RF)
requirements in green Internet of Things (IoT) [1], [2].
Unlike traditional communication system of generating RF
signal for information transmission, an AmBC system uses
backscatter devices (BDs) to reflect surrounding RF signals
to the receiver [3], [4], [5]. In addition, it can achieve
high spectral utilization efficiency by sharing the same
spectra with traditional communication systems [6], [7], [8].
However, the signal reflected through the transmitter-BD-
receiver link in the AmBC system is invariably affected by

the direct link interference (DLI) from an ambient RF source.
Thus, successful symbol detection in the AmBC system
necessitates the estimation of: (i) the direct channel from the
RF source to the corresponding receiver; and (ii) the cascaded
channel in the source-BD-receiver link. Nonetheless, the path
loss of the cascaded channel is much higher than that of the
direct channel [9], which presents a formidable challenge in
detecting backscatter symbols.
Numerous traditional detectors have been developed for

AmBC systems [10], [11], [12], [13], [14], [15], [16], [17],
[18], [19], [20], [21], [22], [23], [24], [25]. In the traditional
detectors, symbols are evaluated based on the statistical
properties of the received signal. According to whether the
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detector possesses complete knowledge of ambient RF signal
and channel state information (CSI), traditional detectors
can be categorized into coherent detectors and non-coherent
detectors [26].
A coherent detector leverages prior knowledge by utilizing

comprehensive ambient signal information and CSI for
symbol detection. Based on this, the authors of [10] proposed
the maximum a posterior probability (MAP) detector and
the energy-threshold determination (ETD) detector for a
multi-antenna AmBC system with M-ary frequency shift
keying (MFSK) modulation. These detectors effectively
counter jammer attacking. Reference [12] designed the
MAP detector for AmBC system using on-off keying
(OOK) modulation to achieve an error-floor-free detection
performance. In [11], an adaptive dual-threshold detector
was proposed for frequency diverse array based AmBC
systems. Reference [8] derived the optimal maximum-
likelihood (ML) detector, sub-optimal linear detectors as well
as successive interference-cancellation (SIC) based detectors
for the AmBC system with flat fading channels.
Non-coherent detectors operate without requiring full

knowledge of the ambient signal and complete CSI. The
authors of [19] proposed ML and energy-based detectors,
which utilize incomplete CSI for the AmBC system with
Gaussian signals and phase shift keying (PSK) signals.
Reference [20] proposed the generalized likelihood ratio test
(GLRT) detector for AmBC system without the knowledge
of CSI. To further enhance the detection performance in
AmBC systems, the authors of [21] proposed a multi-antenna
AmBC signal detector based on the maximum-eigenvalue
of the received signal covariance matrix. This detector
employed pilot sequences to estimate the statistical variances
of the received signals. Reference [22] proposed an energy-
based AmBC detector for complex RF signals including
complex-valued Gaussian or phase shift keying (PSK)
signals, and designed the statistical variances estimator of
the received signals. Reference [23] proposed an efficient
detector with interleaved coding and pilot sequences, which
utilizes the complex ratio to preserve the phase information.
Additionally, the authors of [24] employed the eigenvalue
decomposition of the received signal covariance matrix for
CSI estimation. Reference [25] designed a CSI estimator
based on a clustering method with pilot sequences.
Nonetheless, the incorporation of pilot sequences results

in a reduction in spectral efficiency. To address this issue,
the authors of [13], [14], [15] employed the differential
encoders in the BD of the AmBC systems. Specifically,
in [13], the authors proposed an energy-aware detector and
provided an analytical characterization of its achievable
bit error rate (BER) performance. In [14], a data-driven
estimator was designed to efficiently evaluate the statistical
variances of the received signals to enhance the symbol
detection performance. In [15], an improved detector was
developed to eliminate the assumption of equal probability
for symbol bits. This improvement also removes the need for
an estimation process, simplifying the detection mechanism.

In addition, [18] proposed the expectation maximization
(EM) based blind CSI estimator for the AmBC system with
PSK ambient signals. The EM-based signal detection method
was further developed in [16], [17]. Specifically, in [17], the
authors proposed three detectors for the AmBC system with
multi-antenna BD, and the latter two are blind detectors.
Additionally, they proposed optimal tag antenna selection
schemes to improve the detection performance. In [16], the
authors proposed an AmBC system with multiple BDs, and
a non-coherent parallel detection algorithm was designed to
detect the symbols without requiring CSI. However, these
detectors often exhibit a high error floor.
Given the above observations, one of the most significant

challenges in AmBC systems is to mitigate the high DLI
in a completely blind detection manner. To tackle this
challenge, we design a blind symbol detector for AmBC
systems. The proposed detector leverages the eigenvalues of
the received signal covariance matrix as a key feature for
detection. Intuitively, with IDASK-modulated transmission
and multi-antenna reception, the largest eigenvalue primarily
corresponds to the dominant DLI component, while the
second largest eigenvalue captures the contribution of the
backscatter signal. By focusing on the second largest
eigenvalue, the proposed detector effectively isolates the
backscatter signal from the strong DLI, enabling the AmBC
signal detection without the prior knowledge of the ambient
RF signal and CSI. Our main contributions of this paper can
be summarized as follows.

• Firstly, we propose a blind symbol detector for the
AmBC system based on the second largest eigenvalue
of the received signal covariance matrix. In the AmBC
system, the intra-symbol differential amplitude shift
keying (IDASK) is employed to mitigate the DLI.
Furthermore, we design a noise variance estimator based
on the impact of the received signal on the second
largest eigenvalue, in order to improve the estimation
accuracy.

• Secondly, we derive the close-form expressions of the
missed detection probability and false alarm probability
of the proposed blind detector. Furthermore, we evaluate
a lower BER bound using the total variation theory.

• Finally, simulation results demonstrate that the proposed
detector exhibits superior detection performance in
AmBC systems compared to conventional counterparts.

The rest of the paper is organized as follows. In Section II,
we introduce the AmBC system model with a single-antenna
ambient source, an IDASK-based BD, and a multi-antenna
receiver. In Section III, the blind symbol detector based on
the second largest eigenvalue is presented. In Section IV,
the theoretical missed detection probability and false alarm
probability of the proposed blind detector are analyzed,
followed by the analysis of the lower bound of BER. In
Section V, simulation experiments are given. In Section VI,
this paper is concluded.
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FIGURE 1. An AmBC system with a single-antenna ambient RF source, a
single-antenna BD, and a multi-antenna receiver.

Throughout this paper, lowercase symbols represent
scalars, while boldface symbols denote vectors or matrices.
CN (μ, σ 2) refers to the circularly symmetric complex
Gaussian distribution with mean μ and variance σ 2, whereas
the real Gaussian distribution with mean μ and variance
σ 2 is denoted by N (μ, σ 2). IN stands for the identity
matrix of order N. SH , tr(S), rank(S) and det(S) represent
the conjugate transpose, trace, rank and determinant of the
matrix S, respectively. ‖w‖ denotes the Euclidean norm of
the vector w. CM×N represents a complex matrix with M
rows and N columns. exp(·) is the exponential function. Q(·)
denotes the Q-function. Z stands for the set of integers.

II. SYSTEM MODEL
This paper delineates a three-node AmBC system compris-
ing a single-antenna ambient RF source, a single-antenna
backscatter device (BD), and a receiver equipped with M
antennas. The BD has an analogue front-end that can use
the power switching protocol for energy harvesting and
information transmission [26]. As illustrated in Fig. 1, the
ambient source broadcasts its RF signal via an omnidirec-
tional antenna. The BD is designed to modulate its binary
symbols over the incident RF signal from the ambient source
by manipulating its antenna impedance. Subsequently, the
BD reflects the incident RF signal to the receiver based on
the bit information. At the receiver, rather than demodulating
the ambient signal directly, our objective is to detect the
information embedded by the BD. In this paper, we refer to
the direct communication link between the ambient source
and receiver as the direct link, and the cascade link between
the ambient source (after passing BD) and the receiver as
the backscatter link.
It is noted that when a multi-antenna RF source is

considered, beamforming techniques are typically employed
to direct the RF transmission. In such scenarios, the BD must
be placed within a specific region to ensure it can effectively
receive the ambient RF signal and modulate it. For simplicity,
our system model assumes an omnidirectional antenna at the
ambient source to relax the strict placement requirements
for the BD. Additionally, while a multi-antenna BD could
be incorporated into our system model, this would introduce

increased complexity and high costs [17]. Therefore, we
assume that the BD is equipped with a single antenna.

A. IDASK-AIDED SIGNAL TRANSMISSION
The energy of the reflected RF signal in the backscatter link
is lower than that of the direct link. Thus, to capture the
low-energy reflected RF signal, the BD has a lower rate
than the ambient source [25]. As illustrated in Fig. 2, we
assume that the period of one BD symbol is equal to that
of N consecutive symbols in the ambient source.
We first assume that the channels exhibit quasi-static

block-fading characteristics. Thus, according to [23], via a
short-distance communication link connecting the ambient
source and the BD, the RF signal s̄n received at the BD can
be written as

s̄n = Allsn, (1)

where n = 1, . . . ,N and sn denotes the signal transmitted by
the ambient source at time interval n with variance σ 2

s . Al
and l denote the large-scale and small-scale channel fading
of the source-BD link, respectively [23], [25].
To modulate its information into the ambient RF signal

while mitigating the high DLI, the BD employs IDASK.
Unlike traditional ASK, IDASK introduces a differen-
tial encoding mechanism in a single BD symbol period.
Specifically, the amplitude levels of adjacent signal segments
in the same BD symbol are compared, and the bit information
is embedded in the relative amplitude changes rather than
absolute values. We assume that the binary variables bn = 1
and bn = 0 denote the reflection and non-reflection states
of BD, respectively. Based on IDASK, the BD modulates
the binary symbol c ∈ {0, 1} into the ambient RF signal by
leveraging the two states of reflecting and non-reflecting its
received RF signal s̄n. For c = 0, the BD remains in the non-
reflection state during one BD symbol, that is, bn = 0 for
all n = 1, 2, . . . ,N. On the contrary, for c = 1, as depicted
in Fig. 2, only a portion of the received RF signal in one
BD symbol period is reflected. In this paper, the RF signal
is not reflected in the first (1 − k)N symbol periods of the
ambient source, meaning bn = 0 for n = 1, 2, . . . , (1 − k)N,
and is reflected in the last kN symbol periods of the ambient
source, where bn = 1 for n = 1 + (1 − k)N, . . . ,N. The
parameter k represents the reflection ratio of the RF signal
during one BD symbol period, with kN ∈ Z and k ∈ (0, 1].
Therefore, the state of BD during one symbol period should
satisfy

bn =
⎧
⎨

⎩

0, n = 1, . . . ,N, c = 0,

or n = 1, . . . , (1 − k)N, c = 1,

1, n = (1 − k)N + 1, . . . ,N, c = 1.

(2)

Consequently, the RF signal reflected by BD can be
expressed as

stn = αbns̄n, (3)

where α denotes the reflection coefficient of BD [25].
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FIGURE 2. Schematic diagram of the IDASK scheme.

B. RECEIVED AMBC SIGNAL
According to [15], under the assumption of a short distance
between the BD and receiver, the propagation delays of
the direct and backscatter links are approximately equal.
Consequently, the received RF signal is expressed as

yn = Af fsn + Aggstn + un = ybn + ydn + un, (4)

where Ag and g ∈ CM×1 denote the large-scale and small-
scale channel fading of the BD-receiver link, respectively.
Af and f ∈ CM×1 denote the large-scale channel gain and
the small-scale channel fading vector of the direct link,
respectively [23], [25]. We assume h1 = Af f and h2 =
αAllAgg. Thus, we have ybn = bnh2sn and ydn = h1sn. In
addition, un ∼ CN (0, σ 2

n IM) is the additive white Gaussian
noise (AWGN) with variance σ 2

n .
The hypotheses of BD sending symbols c = 0 and c = 1

are denoted by H0 and H1, respectively. The received RF
signal yn is expressed in matrix form as Y = [Y0,Y1] ∈
CM×N , where Y0 = [y1, y2, . . . , y(1−k)N] ∈ CM×(1−k)N and
Y1 = [y(1−k)N+1, y(1−k)N+2, . . . , yN] ∈ CM×(kN). The signal
sn could be either a complex Gaussian signal or a modulated
one [26]. According to [26], a complex Gaussian ambient
source is assumed, which satisfies sn ∼ CN (0, σ 2

s ). Then,
under the hypothesis of Hi, Yj ∼ CN (0,Rj

i), where i, j ∈
{0, 1}, and we have

R0
0 = E

[
Y0YH

0 |H0

]
= σ 2

s h1hH1 + σ 2
n IM = R0

1 = R1
0, (5)

R1
1 = E

[
Y1YH

1 |H1

]
= σ 2

s (h1 + h2)(h1 + h2)
H + σ 2

n IM.

(6)

Then, the AmBC symbol detection process follows the
binary hypothesis test as

Y = [Y0,Y1] ∼
{CN (0,R0

0) · CN (0,R1
0), H0,

CN (0,R0
1) · CN (0,R1

1), H1.
(7)

Based on [27], under the hypothesis of Hi, the probability
density function (PDF) of Yj can be formulated as

f
(
Yj;Hi

) =
exp

{

−tr

((
Rj
i

)−1
YjYH

j

)}

πMN det
(
Rj
i

)Nj
, (8)

where N0 = (1 − k)N and N1 = kN. Based on (8), the PDF
of Y can be derived as

f (Y;H0) = f (Y0;H0) · f (Y1;H0)

=
exp
{
−tr
((
R0

0

)−1
YYH

)}

πMN det
(
R0

0

)N , (9)

f (Y;H1) =
exp
{
−tr
((
R0

1

)−1
Y0YH

0 + (
R1

1

)−1
Y1YH

1

)}

πMNdet
(
R0

1

)N0 det
(
R1

1

)N1
.

(10)

Under the assumption of equal probabilities of symbols
c = 0 and c = 1, according to [12], the general likelihood
ratio test (GLRT) is utilized to detect the symbols as follows

L(Y) = f (Y;H1)

f (Y;H0)

=
exp
{
−tr
((
R1

1

)−1
Y1YH

1

)}
det
(
R1

0

)N1

exp
{
−tr
((
R1

0

)−1
Y1YH

1

)}
det
(
R1

1

)N1

H1
≷
H0

1. (11)

In practice, the complete information of the ambient RF
signal variance, noise variance, and the CSI is unavailable.
As a result, the GLRT-based detector cannot achieve the
optimal symbol detection performance [26]. Furthermore,
in practical AmBC communication systems, the cascaded
channel gain is considerably lower than the direct channel
gain [25]. Here, we define an average energy ratio �γ of the
cascaded channel gain to the direct channel gain as follows

�γ = E
[‖h2‖2]

E
[‖h1‖2] . (12)

As the value of �γ is close to zero, the direct link will result
in significant interference to the backscatter link. To solve
this problem, in the next section, we will propose a blind
symbol detector based on the second largest eigenvalue of
the received signal covariance matrix.

III. SECOND LARGEST EIGENVALUE BASED BLIND
DETECTOR
In this section, we first design a blind detector based on
the second largest eigenvalue of the covariance matrix of
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the received AmBC signal. Subsequently, a noise variance
estimation algorithm is proposed.

A. BLIND SYMBOL DETECTOR
Based on (5) and (6), the covariance matrix of the received
AmBC signal can be written as

Ri = E

[
YYH|Hi

]

= kE
[
Y1YH

1 |Hi

]
+ (1 − k)E

[
Y0YH

0 |Hi

]
. (13)

For hypotheses of H1 and H0, Eq. (13) is respectively
expanded as

R1 = (1 − k)σ 2
s h1hH1 + kσ 2

s (h1 + h2)(h1 + h2)
H + σ 2

n IM,

(14)

R0 = σ 2
s h1hH1 + σ 2

n IM. (15)

Under hypothesis H1, we derive the following theorem
on R1.
Theorem 1: When �γ → 0, the determinant of R1 can

be approximated as follows

det(R1) ≈
(
σ 2
s ‖h1‖2 + σ 2

n

)((
k − k2

)
σ 2
s ‖h2‖2 + σ 2

n

)

·(σ 2
n )

M−2
. (16)

Proof: See Appendix-A.
Without loss of generality, we assume that l1 ≥ l2 ≥ · · · ≥

lM are the ordered eigenvalues of R1, and λ1 ≥ λ2 ≥ · · · ≥
λM are the generalized eigenvalues of the sample covariance
matrix R̂, where R̂ is expressed as

R̂ = YYH

N
. (17)

As �γ approaches zero, according to Theorem 1, we have

l1 = σ 2
s ‖h1‖2 + σ 2

n , (18)

l2 = σ 2
s ‖h2‖2

(
k − k2

)
+ σ 2

n , (19)

l3 = · · · = lM = σ 2
n . (20)

Eqs. (18)-(20) reveal that when k < 1, IDASK modu-
lation combined with multi-antenna reception significantly
enhances the separation of the backscatter signal from the
received AmBC signal by redirecting the energy of the
backscatter signal towards the second largest eigenvalue of
R1. Thus, the DLI corresponding to the largest eigenvalue
can be directly eliminated from the received AmBC signal.
When k = 1, IDASK becomes the conventional OOK in [21].
In this case, the energy of the backscatter signal will be
directed towards the largest eigenvalue of R1, combined with
the DLI.
Under hypothesis H0, we have det(R0) = (σ 2

s ‖h1‖2 +
σ 2
n )(σ 2

n )
M−1

[27], and

l1 = σ 2
s ‖h1‖2 + σ 2

n , (21)

l2 = · · · = lM = σ 2
n . (22)

It can be seen that the second largest eigenvalue of
R0 is only related to noise, while the left eigenvalues are
identical to those obtained in hypothesis H1. Therefore,
under hypotheses H0 and H1, the second largest eigenvalue
of the covariance matrix of the received signal can be served
as a key indicator for the detection of reflected signals
through the BD. Based on this, we design the following
detector

T(Y) = λ2

σ 2
n

H1
≷
H0

η, (23)

where η is a given threshold. To conduct the second largest
eigenvalue-based symbol detection, the noise variance should
be estimated in advance.

B. ESTIMATION OF NOISE VARIANCE
Under hypothesis H0, according to (22), the noise variance
is estimated as

σ̂ 2
n = tr(R̂) − λ1

M − 1
,H0. (24)

Under hypothesisH1, according to (20), the noise variance
can be estimated as

σ̂ 2
n = tr(R̂) − λ1 − λ2

M − 2
,H1. (25)

It can be observed from (24) and (25) that due to the
effect of the backscatter link, different expressions are used
to estimate the noise variance. In practical blind detection,
to accurately evaluate the noise variance, the reflection
state of the BD should be first determined. Fortunately,
considering the higher second largest value in the reflection
state compared to the non-reflection state, λ2 − λm (m =
3, 4, . . . ,M) will be small in hypothesis H0, and will be a
larger value compared to the noise variance in hypothesis
H1. Thus, the estimation of the noise variance is devised as

σ̂ 2
n =

⎧
⎪⎪⎨

⎪⎪⎩

tr(R̂) − λ1

M − 1
, λ2 − λm <

tr(R̂) − λ1 − λ2

M − 2
,

tr(R̂) − λ1 − λ2

M − 2
, λ2 − λm ≥ tr(R̂) − λ1 − λ2

M − 2
.

(26)

Consequently, based on (26), the blind detector in (23) is
improved as

T(Y) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

λ2(M − 1)

tr(R̂) − λ1
, λ2 − λm <

tr(R̂) − λ1 − λ2

M − 2
,

λ2(M − 2)

tr(R̂) − λ1 − λ2
, λ2 − λm ≥ tr(R̂) − λ1 − λ2

M − 2
.

(27)

C. COMPUTATIONAL COMPLEXITY
The computational complexity of the proposed detector
primarily involves two operations: (1) generating the sample
covariance matrix R̂ and (2) extracting the eigenvalues of R̂.
According to [27], the former requires M2N multiplications
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FIGURE 3. Computational complexity with varying values of M and N .

and M2(N − 1) additions, while the later requires O(M3)

multiplications and O(M3) additions. Thus, the total com-
putational complexity is proportional to

O
(
M2N

)
+ O

(
M3
)
. (28)

As shown in Fig. 3, the complexity of the proposed detector
increases as M and N increase. Since N 	 M, this
complexity mainly depends on N. Furthermore, in practice,
since N 	 M, the complexity is dominated by O(M2N).
Since the number of antennas M at the receiver is typically
small (e.g., M = 4 in many multiple-input multiple-
output (MIMO) systems), the proposed method achieves a
relatively low-complexity implementation, making it suitable
for practical applications.

IV. ANALYTICAL PERFORMANCE EVALUATION
In this section, we evaluate the detection performance of
the proposed blind detector in terms of the false alarm
probability, the missed detection probability, and the lower
bound of BER.

A. FALSE ALARM PROBABILITY
Under hypothesis H0, when threshold η is much lower than
the value of λ2/σ

2
n , the received AmBC signal is susceptible

to being erroneously detected as a signal with the reflected
RF signal, resulting in a false alarm. To quantify the impact
of the threshold on the false alarm, we analyze the false alarm
probability. Firstly, we define the ratio of the transmitted RF
signal variance to the channel noise variance as γ = σ 2

s /σ 2
n .

Then the following lemma is proposed to demonstrate the
distribution of λ2/σ

2
n .

Lemma 1: When γ is large, the second largest eigenvalue
λ2 normalized by σ 2

n follows

λ2/σ
2
n − μN,M−1

σN,M−1
∼ TW2, (29)

FIGURE 4. Analytical false alarm probability with varying values of M , N , and η,
where M = 5, 6, . . . , 30, N = 50, 60, . . . , 300, and η = 1.5524, 1.962.

where TW2 denotes the Tracy-Widom distribution of order 2
[28], and

μN,M =
(

1 +
√
M

N

)2

, (30)

σN,M = 1√
N

(

1 +
√
M

N

)(
1√
N

+ 1√
M

)1/3

. (31)

Proof: See Appendix-B.
According to Lemma 1, a closed-form expression for

the false alarm probability is derived under the asymptotic
regime where M and N are large.
Lemma 2: Under large M and N, the false alarm proba-

bility Pfa is written as

Pfa = P[T(Y) > η|H0]

= P

[
λ2/σ

2
n − μN,M−1

σN,M−1
>

η − μN,M−1

σN,M−1

∣
∣
∣
∣H0

]

= 1 − FTW2

(
η − μN,M−1

σN,M−1

)

, (32)

where FTW2(·) denotes the cumulative distribution function
(CDF) of the Tracy-Widom distribution of order 2.
For a given Pfa, the threshold is derived as

η = μN,M−1 + σN,M−1F
−1
TW2(1 − Pfa), (33)

where F−1
TW2(·) denotes the inverse function of FTW2(·).

Fig. 4 illustrates the analytical false alarm probability Pfa
in (32) with different values of M, N, and η. It shows
that an increase in N when N 	 M, or an increase in the
threshold value of η can result in a notable decrease in the
false alarm probability Pfa. Conversely, it also reveals that
for a fixed threshold, when N is not substantially larger
than M, the false alarm probability experiences a notable
increase. Furthermore, this figure and (33) provide insights
into the selection principle for the threshold η. In practical
applications, where a small value of Pfa is typically required,
the threshold η is determined by the values of M and N. As
observed in Fig. 4, increasing M and N under the condition
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N 	 M suggests a smaller value of η, while decreasing M
and N under the same condition suggests a larger value of η.
Additionally, increasing N can significantly reduce the false
alarm probability, which implies that the proposed method
is more suitable for wide-band RF sources than narrow-band
RF sources. This is because wide-band systems inherently
support larger values of N, leading to improved detection
performance and lower false alarm.

B. MISSED DETECTION PROBABILITY
Under hypothesis H1, when threshold η is much larger than
λ2/σ

2
n , the reflected RF signal is susceptible to being missed.

Thus, we analyze the missed detection probability about the
proposed blind detector. In the following parts, we assume
that the value ofM and N are large enough. Firstly, according
to Theorem 1, (18) and (19), the distribution of λ2 is given
in the following lemma.
Lemma 3: When �γ is low and γ ‖h2‖2 ≥ 1, the

distribution of λ2/σ
2
n follows

λ2

σ 2
n

∼ N
(

(1 + γ1)

(

1 + M − 1

Nγ1

)

,
(1 + γ1)

2

N

)

, (34)

where γ1 = ‖h2‖2(k − k2)γ .
Proof: See Appendix-C.
According to Lemma 3, the missed detection probability

Pmd is expressed as

Pmd = P[Y(Y) < η|H1]

= 1 − Q
⎛

⎝
η − (1 + γ1)

(
1 + M−1

Nγ1

)

1+γ1√
N

⎞

⎠. (35)

It can be concluded from (35) that the missed detection
probability is the conditional probability of γ1, which is
time-varying in the same way as h2. We assume that fγ1(x)
is the PDF of γ1. Hence, we have the following conclusion.
Lemma 4: The average probability of missed detection

can be calculated by

Pmd =
∫ ∞

0
Pmd(x)fγ1(x)dx

= 1 −
∫ ∞

0
Q
⎛

⎝
η − (1 + x)

(
1 + M−1

Nx

)

1+x√
N

⎞

⎠fγ1(x)dx.

(36)

C. BIT ERROR RATE
According to (32) and (36), the BER can be written as

Pe = Pfa + Pmd

2

= 1 − 1

2

∫ ∞

0
Q
⎛

⎝
η − (1 + x)

(
1 + M−1

Nx

)

1+x√
N

⎞

⎠fγ1(x)dx

−1

2
FTW2

(
η − μN,M−1

σN,M−1

)

. (37)

It is difficult to derive the closed-form expression of the
BER. Therefore, we analyze the infimum lower bound of the
BER for the blind detector. We assume P0 and P1 denote
the probability distributions of λ2/σ

2
n under the hypotheses

of H0 and H1, respectively. The total variation [29] can be
formulated as

V(P0‖P1 ) � 1

2
‖p0(x) − p1(x)‖1, (38)

where p0 and p1 denote the probability densities of P0 and
P1, respectively, and ‖ · ‖1 refers to the L1 norm. According
to [30], the BER of the blind detector satisfies

Pe ≥ 1 − V(P0||P1). (39)

where V(P0||P1) is characterized by the following theorem.
Theorem 2: When �γ is low, as γ approaches infinity,

the total variation between P0 and P1 converges to

lim
γ→∞V(P0||P1) ≈ 1

2

(
1 + Q

(
−√

N
))

. (40)

Proof: See Appendix-D.
Based on Theorem 2, the lower bound of BER in (39)

can be expressed as

lim
γ→∞Pe ≥ 1

2

(
1 − Q

(
−√

N
))

. (41)

When N → +∞, the lower bound of Pe approaches 0. It
implies that increasing the value of N can reduce the BER of
the proposed blind detector. Furthermore, it is evident that an
increase in γ1 leads to a reduction in the BER. According to
Theorem 2, γ1 = ‖h2‖2(k−k2)γ depends on the parameters
γ and the IDASK. Given a fixed value of γ , the maximum
value of γ1 is achieved when k = 1/2. In this case, the
proposed blind detector (23) exhibits the optimal detection
performance.

V. SIMULATION RESULTS
In this section, we present simulation results to demon-
strate the detection performance of the proposed blind
detector. Consistent with established AmBC channel mod-
els in [25], [26], we set γ ∈ [0, 70] dB to represent
diverse ambient RF sources (WiFi/FM), while �γ ∈
{−20,−40,−60} dB accounts for dual-path attenuation
across practical BD-receiver distances. In the presented
simulation results, a Rayleigh fading channel is assumed
with the channel path gains [0,�γ ] dB. We assume the
noise variance is σ 2

n = −20 dBm, and the value of m
in (26) is m = 3. Unless otherwise specified, the ambient RF
source is assumed to follow a complex Gaussian distribution.
The Monte Carlo method is used to calculate the simulated
BER, Pfa, and Pmd. For fair comparison, we compare our
proposed second largest eigenvalue (SE) based detector with
the joint-energy (JE) based blind detector in [15], the largest
eigenvalue (LE) based detector in [21], and the improved
energy (IE) based detector in [19]. Moreover, we adopt
the optimal (OP) detector with perfect CSI and accurate

VOLUME 6, 2025 4229



MA et al.: INTRA-SYMBOL DIFFERENTIAL AMPLITUDE SHIFT KEYING-AIDED BLIND DETECTOR FOR AmBC

FIGURE 5. Complementary ROC (Pmd vs. Pfa) of the SE detector, where
γ = 30, 35, 40 dB.

FIGURE 6. Complementary ROC of the SE detector, where M = 5, 8, 10.

statistical variances of the received signals and noise as an
upper bound benchmark.
Figs. 5 to 8 plot the complementary Receiver Operating

characteristics (ROC) curves regarding the probabilities of
missed detection versus Pfa of the proposed SE detector.
Specifically, Fig. 5 shows the probability of missed detection
versus Pfa under different values of γ . We set �γ = −30
dB, M = 5, and N = 100. Indeed, the detection performance
of SE detector is noticeably improved as γ increases. Fig. 6
shows the probability of missed detection with different M,
where γ = 30 dB, �γ = −30 dB, and N = 100. It shows
that the detection performance of the SE detector is enhanced
as M increases, indicating the performance gain provided
by spatial diversity. Fig. 7 demonstrates the probability of
missed detection with different values of N, where γ = 35
dB, �γ = −30 dB and M = 5. It shows that the detection
performance of the SE detector improves as the N increases.
Furthermore, Fig. 8 plots the probability of missed detection
of the SE detector with different values of k, where γ =

FIGURE 7. Complementary ROC of the SE detector, where N = 50, 100, 150.

FIGURE 8. Complementary ROC of the SE detector, where
k = 7/8, 3/4, 1/2, 1/4, 1/8, 1/16.

35 dB, �γ = −30 dB, M = 5, and N = 160. As can
be observed in Fig. 8, the SE detector exhibits the optimal
detection performance when k = 1/2, which is consistent
with the analysis in Section IV-C.

Figs. 9 to 11 plot the simulated BER versus γ of the JE,
LE, SE, IE and OP detectors with different values of �γ .
The number of antennas at the receiver is set as M = 5
and the BD symbol period is N = 100. In the JE and LE
detectors, accurate statistical variances of the received signals
are used for the calculation of the detection threshold. In the
IE detector, the perfect CSI estimation is assumed. The BER
of OP detector is provided as an upper bound benchmark.
In the SE detector, the detection threshold η is calculated
by Pfa = 10−3. It can be observed that for large values
of γ , the BERs of the SE detector are significantly lower
than those of the JE, LE, and IE detectors. For different
values of �γ , the proposed SE detector exhibits a higher
BER compared to JE, LE, and IE detectors at low values
of γ . Conversely, as γ increases, the proposed SE detector
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FIGURE 9. Simulated BER versus γ for the JE, LE, SE, IE and OP detectors, where
�γ = −20 dB.

FIGURE 10. Simulated BER versus γ for the JE, LE, SE, IE and OP detectors, where
�γ = −40 dB.

achieves a significant improvement in BER performance,
outperforming the other detectors. This demonstrates the
robustness and effectiveness of the proposed SE detector in
high SNR regimes. However, for large values of �γ , such
as �γ = −60 dB, a substantially high SNR is required.
To relax this high SNR requirement, we will investigate
potential solutions in our future research.
Fig. 12 plots the simulated BER versus N of the SE

detector with different values of γ . We set M = 5, �γ =
−20 dB and Pfa = 10−2. It can be observed that the BER of
the SE detector decreases with the increases of N. Fig. 13
plots the simulated BER versus k of the SE detector with
different values of γ . We set M = 5, N = 100, �γ = −20
dB and Pfa = 10−2. It shows that the proposed method
achieves the lowest BER when k = 1/2, which is consistent
with the theoretical analysis in Section III. Fig. 14 compares
the simulated BER versus γ of the SE and OP detectors
with varying digital modulation types in the ambient RF
signal. The digital modulation types are BPSK, QPSK, and

FIGURE 11. Simulated BER versus γ for the JE, LE, SE, IE and OP detectors, where
�γ = −60 dB.

FIGURE 12. Simulated BER versus N of the SE detector with different values of γ .

16-QAM. This figure demonstrates that the proposed SE
detector exhibits a similar BER performance for different
digital modulation types.
Fig. 15 plots the simulated BER of the SE detector with

the number of receive antennas M = 3, 4, 5, 6, 7, 8, 9, 10.
We set N = 100, �γ = −20 dB, and Pfa = 10−3. It can be
seen that for all values of M, the proposed detector achieves
a notable improvement in BER performance as γ increases.
For example, when M = 3, as γ increases from 20 dB to
30 dB, the BER decreases from 0.45 to 0.06.
In Fig. 16, we introduce a metric σ 2

n1, referred to as
the average power of interference from other sources,
to quantify the impact of additional interference on the
BER performance of the proposed detector. The simulation
parameters are set as M = 5, N = 100, �γ = −20 dB,
γ = 30 dB, and Pfa = 10−3. The channels between the
interference sources and the receiver are modeled as Rayleigh
fading channels, and the signals from the interference sources
are assumed to follow complex Gaussian distributions. As

VOLUME 6, 2025 4231



MA et al.: INTRA-SYMBOL DIFFERENTIAL AMPLITUDE SHIFT KEYING-AIDED BLIND DETECTOR FOR AmBC

FIGURE 13. Simulated BER versus k of the SE detector with different values of γ .

FIGURE 14. Simulated BER versus γ of the SE and OP detectors. The ambient RF
signal employs a variety of digital modulation types, including BPSK, QPSK, and
16-QAM.

observed in the results, the BER performance of the proposed
detector degrades significantly as the interference power
from other sources increases.
Furthermore, we investigate the impact of sampling

frequency offset on the proposed method. To quantify this
impact, we define a parameter called the sampling offset
Noffset, which measures the number of sampling points by
which the actual sampling instants deviate from the optimal
sampling points. Specifically, Noffset < 0, Noffset = 0, and
Noffset > 0 correspond to the advanced, optimal, and delayed
sampling, respectively. As can be observed in Fig. 17, when
Noffset > 0, a moderate sampling offset has a small effect on
the BER performance of the proposed detector. In contrast,
when Noffset < 0, a moderate sampling offset causes a
significant degradation in BER performance.
Fig. 18 shows the simulated and analytical BER versus

M of SE detector for a large value of γ , where Pfa =
10−1, 10−2, 10−3. The noise variance is estimated using the
unmodified scheme in (25) and the modified scheme in (26).

FIGURE 15. Simulated BER versus M of the SE detector with different values of γ .

FIGURE 16. Simulated BER versus the average power of interference from other RF
sources for the SE detector with different values of σ 2

n .

We set γ = 30 dB, �γ = −20 dB, and N = 20M. As the
values of M and N increase, all the BER curves converge
to the analytical curves of Pfa/2. More importantly, the
BER performance of the modified noise estimation scheme
outperforms that of the unmodified scheme.
Fig. 19 plots the simulated and analytical probability of

missed detection versus γ of the SE detector with different
values of �γ . We set M = 10, N = 100, and Pfa = 10−2.
It can be seen that the theoretical curves align closely with
the simulation results, validating the accuracy of the derived
expressions of (35) and (36). Fig. 20 plots the simulated
and analytical probability of false alarm versus M of the
SE detector with different values of Pfa. We set N = 20M,
�γ = −20 dB, and γ = 30 dB. It can be seen that as M
and N increase, the simulated probabilities of false alarm
approach to the theoretical curves in (32).
To investigate the impact of the number of antennas M

to the false alarm probability Pfa, Fig. 20 plots simulated
and analytical probability of false alarm versus M for
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FIGURE 17. Simulated BER versus Noffset of the proposed SE detector with varying
values of γ .

FIGURE 18. Simulated and analytical BER versus M for the SE detector under
different Pfa and different estimation schemes of σ̂ 2

n .

the SE detector under different values of Pfa. We set
N = 20M, �γ = −20 dB, and γ = 30 dB. For
each M ∈ {5, 10, 15, . . . , 50}, the corresponding threshold
is recalculated by (33) to maintain the targeted Pfa ∈
{10−1, 10−2, 10−3}. The results demonstrate two key obser-
vations: 1) a large discrepancy exists between theoretical and
simulated results for small values of M; 2) the simulated Pfa
approach to the theoretical curves derived from (32) as M
increases.
Fig. 21 illustrates the throughput versus the received SNR

γ of the non-coherent detector in [21], coherent detector
in [12], and the proposed detector. We assume that all
three detectors operate under identical conditions in terms
of band-width, packet error rate and protocol efficiency.
For the coherent detector and the proposed detector, the
same bandwidth is allocated for data transmission. The non-
coherent detector utilizes 40% of the bandwidth for data
transmission, with the remaining 60% reserved for pilot
signals. As can be observed from Fig. 21, the proposed

FIGURE 19. Simulated and analytical probability of missed detection versus γ of the
SE detector with different values of �γ .

FIGURE 20. Simulated and analytical probability of false alarm versus M of the SE
detector with different values of Pfa .

detector possesses the same throughput as the coherent
detector and the higher throughput than the non-coherent
detector.
Fig. 22 plots the simulated BER versus γ of the proposed

SE detector for relatively small values of �γ . We set M =
5, N = 100, and Pfa = 10−3. This figure shows that the
proposed detector achieves a significantly improved BER
performance as �γ increases.

VI. CONCLUSION
A. SUMMARY OF CONTRIBUTIONS
This paper investigated the blind symbol detection problem
of the AmBC system. Firstly, by leveraging IDASK, the
second largest eigenvalue of the received signal covariance
matrix was distinguished from the DLI in the proposed blind
symbol detector. Moreover, an improved noise estimation
scheme was presented to enhance the accuracy of noise
variance estimation. Secondly, a theoretical analysis was
conducted to evaluate the false alarm probability and the
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FIGURE 21. Throughput versus the received SNR γ of the non-coherent detector,
coherent detector, and proposed detector.

FIGURE 22. Simulated BER versus γ of the proposed SE detector for relatively
small values of �γ .

missed detection probability of the blind detector, followed
by a lower BER bound. Finally, the simulation results
validated that the proposed detector exhibits the optimal
detection performance with IDASK using a reflection ratio
of 50%, i.e., k = 1/2, and exhibits a great detection
performance compared to conventional counterparts.

B. CHALLENGES AND FUTURE WORK
• In real-world scenarios, ambient RF environment may
be highly dynamic, and the ambient RF signals do
not follow a Gaussian distribution, posing significant
challenges for our proposed method in achieving

optimal detection performance. Furthermore, in multi-
user environments, the increased interference from
multiple RF sources complicates the IDASK-aided
modulation in the AmBC systems, potentially degrad-
ing system efficiency and reliability. Addressing these
challenges will be the focus of our future work.

• A significant challenge for the proposed method is
to achieve high data rate transmission due to the
binary IDASK-aided modulation. While the current
framework is optimized for binary modulation, future
work will investigate the potential extension to higher-
order modulation schemes in AmBC systems.

• Due to the sensitivity of the proposed detector to exter-
nal interference, it is essential to develop strategies for
mitigating multi-source interference in future research
to enhance the robustness of AmBC systems.

APPENDIX
A. PROOF OF THEOREM 1
Under hypothesis H1, the following matrix is first con-
structed

R̄1 =
⎡

⎣
1 0 (h1 + h2)

H

0 1 hH1
0M×1 0M×1 R1

⎤

⎦. (43)

It is inferred from (14) and (43) that det(R̄1) = det(R1).
Then, multiplying the following lower triangular matrix

A =
⎡

⎣
1 0 01×M
0 1 01×M

−kσ 2
s (h1 + h2) − (1 − k)σ 2

s h1 IM

⎤

⎦ (44)

by R̄1, namely, AR̄1, yields
⎡

⎣
1 0 (h1 + h2)

H

0 1 hH1−kσ 2
s (h1 + h2) − (1 − k)σ 2

s h1 σ 2
n IM

⎤

⎦. (45)

Moreover, based on the product of the following upper
triangular matrix

B =

⎡

⎢
⎢
⎣

1 0 − (h1+h2)
H

σ 2
n

0 1 − hH1
σ 2
n

0M×1 0M×1 IM

⎤

⎥
⎥
⎦ (46)

and the matrix in (45), R̄1 can be transformed as
⎡

⎢
⎢
⎣

kσ 2
s ‖(h1+h2)‖2

σ 2
n

+ 1 (1−k)σ 2
s (h1+h2)

Hh1

σ 2
n

01×M
kσ 2

s h
H
1 (h1+h2)

σ 2
n

(1−k)σ 2
s ‖h1‖2

σ 2
n

+ 1 01×M
−kσ 2

s (h1 + h2) − (1 − k)σ 2
s h1 σ 2

n IM

⎤

⎥
⎥
⎦. (47)

det(R1) =
(
σ 2
s ‖h1‖2 + σ 2

n

)((
k − k2

)
σ 2
s ‖h2‖2 + σ 2

n

)(
σ 2
n

)M−2

︸ ︷︷ ︸
P1

+ (k)2σ 2
s σMn ‖h2‖2 + kσ 2

s σMn

(
hH1 h2 + hH2 h1

)
−
(
k − k2

)
σ 4
s

∥
∥
∥hH2 h1

∥
∥
∥

2(
σ 2
n

)M−2

︸ ︷︷ ︸
P2

. (42)

4234 VOLUME 6, 2025



Based on the transformations of R1 from (43) to (47), the
determinant of R1 is obtained in (42), shown at bottom of
the page. As �γ → 0 and h1 and h2 are independent of
each other, the value of P2 in (42) is significantly smaller
than that of P1. Consequently, Theorem 1 is proved.

B. PROOF OF LEMMA 1
We first formulate a binary hypothesis testing when the
receiver is equipped with M − 1 antennas. In the presence
of a direct channel, the null hypothesis H0 is applicable.
Conversely, in the absence of a direct channel, the alternative
hypothesis H1 is relevant. Thus, the received signal Ȳ =
[y1, y2, . . . , yN] ∈ C(M−1)×N follows

Ȳ ∼
{CN (0, R̄0

)
, H0,

CN (0, R̄1
)
, H1,

(48)

where R̄0 = σ 2
s h̄1h̄H1 + σ 2

n IM−1, R̄1 = σ 2
n IM−1, and h̄1

denotes the direct channel vector. We assume that the
covariance matrix of Ȳ is R̄, whose eigenvalues satisfy
λ̄1 ≥ λ̄2 ≥ · · · ≥ λ̄M−1. Under hypothesis H0, according
to [31], [32], the distribution of the largest eigenvalue of R̄
follows

λ̄0
1/σ

2
n ∼ N

(

(1 + γ0)

(

1 + M − 2

Nγ0

)

,
(1 + γ0)

2

N

)

, (49)

where λ̄im is the m-th eigenvalue of R̄ under hypothesis Hi

for m = 1, 2, . . . ,M − 1 and i = {0, 1}, and γ0 = ‖h̄1‖2
γ .

Then, under hypothesis H1, based on [33], the distribution
of the largest eigenvalue of R̄ satisfies

λ̄1
1/σ

2
n − μN,M−1

σN,M−1
∼ TW2. (50)

In the original hypotheses of (7), for hypothesis H0, λ1
and λ2 of R̂ in (17) can be recalculated as

λ1/σ
2
n = max{λ̄0

1/σ
2
n , λ̄1

1/σ
2
n }, (51)

λ2/σ
2
n = min{λ̄0

1/σ
2
n , λ̄1

1/σ
2
n }. (52)

The PDFs of λ̄0
1/σ

2
n and λ̄1

1/σ
2
n is denoted by p̄0 and p̄1,

respectively. According to the definition of the overlapping
coefficient (OVL) in [34], for any a ∈ (−∞,+∞), the OVL
of λ̄0

1/σ
2
n and λ̄1

1/σ
2
n is written as

OVL =
∫ +∞

−∞
min{p̄0(x), p̄1(x)}dx

=
∫ +∞

a
min{p̄0(x), p̄1(x)}dx+

∫ a

−∞
min{p̄0(x), p̄1(x)}dx

≤
∫ ∞

a
p̄1(x)dx+

∫ a

−∞
p̄0(x)dx. (53)

Based on (49), we have

∫ a

−∞
p̄0(x)dx = 1 − Q

⎛

⎝
a− (1 + γ0)

(
1 + M−2

Nγ0

)

(1+γ0)√
N

⎞

⎠.(54)

As γ → +∞, (54) can be approximated as
∫ a

−∞
p̄0(x)dx ≈ 1 − Q

(
−√

N
)

≈ 0. (55)

Furthermore, based on (50), through numerical calculation,
we obtain

∫ 5
0 p̄1(x)dx = 1−10−10. Consequently, for a large

value of a, such as a > 5, we have
∫ +∞
a p̄1(x)dx ≈ 0.

Therefore, for γ → +∞ and a large value of a, the
OVL in (53) approaches zero. In this case, the distribution
of λ2/σ

2
n can be approximated by the distribution of λ̄1

1/σ
2
n .

Thus, Lemma 1 is proved.

C. PROOF OF LEMMA 3
Similar to Appendix-B, we also formulate a binary hypothe-
sis testing when the receiver is equipped withM−1 antennas.
In the presence of the direct channel, the null hypothesis
H0 is applicable. In the presence of the cascaded channel,
the alternative hypothesis H1 is relevant. Thus, the received
signal Ȳ = [y1, y2, . . . , yN] ∈ C(M−1)×N follows

Ȳ ∼
{CN (0, R̄0

)
, H0,

CN (0, R̄1
)
, H1,

(56)

where R̄0 = σ 2
s h̄1h̄H1 + σ 2

n IM−1, R̄1 = σ 2
s h̄2h̄H2 K +

σ 2
n IM−1, h̄1 and h̄2 denote the direct and cascaded channels,

respectively, and K = k − k2. Under hypothesis Hi(i ∈
{0, 1}), the distribution of the largest eigenvalue λ̄i1/σ

2
n of

R̄ satisfies [31]

λ̄i1/σ
2
n ∼ N

(

(1 + γi)

(

1 + M − 2

Nγi

)

,
(1 + γi)

2

N

)

. (57)

where γ0 = ‖h̄1‖2
γ and γ1 = ‖h̄2‖2

Kγ .
According to [21], the OVL of λ̄0

1/σ
2
n and λ̄1

1/σ
2
n can be

expressed as

OVL

= Q

⎛

⎜
⎝

√
Nγ − M−2√

Nγ
∥
∥h̄1

∥
∥2
K
∥
∥h̄2

∥
∥2

(∥
∥h̄1

∥
∥2 + K

∥
∥h̄2

∥
∥2
)
γ + 2

(∣
∣
∣
∥
∥h̄1

∥
∥2 − K

∥
∥h̄2

∥
∥2
∣
∣
∣

)

⎞

⎟
⎠.

(58)

When �γ → 0 and γ ‖h̄2‖2 ≥ 1, (58) is approximated as

OVL = Q

⎛

⎜
⎜
⎝

√
Nγ − M−2√

Nγ
∥
∥h̄1

∥
∥2∥∥h̄2

∥
∥2

(

1 + K
∥
∥h̄2

∥
∥2

∥
∥h̄1

∥
∥2

)

γ + 2
∥
∥h̄1

∥
∥2

(∣
∣
∣
∣
∣
1 − K

∥
∥h̄2

∥
∥2

∥
∥h̄1

∥
∥2

∣
∣
∣
∣
∣

)
⎞

⎟
⎟
⎠

≈ Q

⎛

⎜
⎝

√
Nγ − M−2√

Nγ
∥
∥h̄1

∥
∥2∥∥h̄2

∥
∥2

γ + 2
∥
∥h̄1

∥
∥2

⎞

⎟
⎠

≈ Q

⎛

⎜
⎝

√
Nγ

γ + 2
∥
∥h̄1

∥
∥2

⎞

⎟
⎠. (59)

Eq. (59) shows that for a large value of N, the OVL
approaches 0. Therefore, based on (51) and (52), the
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distribution of the second largest eigenvalue λ2/σ
2
n can be

approximated by the distribution of λ̄1
1/σ

2
n . Lemma 3 is

proved.

D. PROOF OF THEOREM 2
The total variation between P0 and P1 is written as

lim
γ→∞V(P0‖P1 ) = lim

γ→∞
1

2

∫ ∞

0
|p0(x) − p1(x)|dx

= 1

2

∫ a

0

∣
∣
∣
∣p0(x) − lim

γ→∞ p1(x)

∣
∣
∣
∣dx

+1

2

∫ ∞

a

∣
∣
∣
∣p0(x) − lim

γ→∞ p1(x)

∣
∣
∣
∣dx, (60)

where a is a non-negative large number. Through numerical
calculations, for a large value of a, we have

∫∞
a p0(x)dx ≈ 0.

In this case, the probability of p1(x) in the interval [a,+∞]
is expressed as

lim
γ→∞

∫ ∞

a
p1(x)dx = lim

γ→∞Q
⎛

⎝
a− (1 + γ1)

(
1 + M−1

Nγ1

)

(1+γ1)√
N

⎞

⎠

= Q
(
−√

N
)
, (61)

where γ1 = ‖h2‖2(k − k2)γ . Consequently, we have

lim
γ→∞V(P0‖P1 ) ≈ 1

2

∫ a

0
p0(x)dx+ lim

γ→∞
1

2

∫ ∞

a
p1(x)dx

≈ 1

2

(
1 + Q

(
−√

N
))

. (62)

Theorem 2 is proved.
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