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Abstract

Endogeneity in regression models is a key marketing research concern. The Gaussian copula approach offers an instrumen-
tal variable (IV)-free technique to mitigate endogeneity bias in regression models. Previous research revealed substantial
finite sample bias when applying this method to regression models with an intercept. This is particularly problematic as
models in marketing studies almost always require an intercept. To resolve this limitation, our research determines the bias’s
sources, making several methodological advances in the process. First, we show that the cumulative distribution function
estimation’s quality strongly affects the Gaussian copula approach’s performance. Second, we use this insight to develop
an adjusted estimator that improves the Gaussian copula approach’s finite sample performance in regression models with
(and without) an intercept. Third, as a broader contribution, we extend the framework for copula estimation to models
with multiple endogenous variables on continuous scales and exogenous variables on discrete and continuous scales, and
non-linearities such as interaction terms. Fourth, simulation studies confirm that the new adjusted estimator outperforms
the established ones. Further simulations also underscore that our extended framework allows researchers to validly deal
with multiple endogenous and exogenous regressors, and the interactions between them. Fifth, we demonstrate the adjusted
estimator and the general framework’s systematic application, using an empirical marketing example with real-world data.
These contributions enable researchers in marketing and other disciplines to effectively address endogeneity problems in
their models by using the improved Gaussian copula approach.
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Introduction (2012) make a key contribution to addressing endogeneity

problems by introducing the Gaussian copula approach
Endogeneity in regression models is a fundamental market-  as an instrumental variable (IV)-free method to reveal
ing research concern (e.g., Jean et al., 2016; Sande & Ghosh, and reduce endogeneity bias in regression models. This is

2018; Shugan, 2004; Zaefarian et al., 2017). Park and Gupta ~ done by parameterizing the error term and the endogenous
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regressor’s joint distribution by means of a copula. More
specifically, the Gaussian copula approach decomposes the
endogenous independent variable and the error term’s joint
distribution into their marginal distributions, which are
thereafter used as the basis to calculate a control or likeli-
hood function. Due to its straightforward way of identifying
and correcting endogeneity bias in regression models (Rutz
& Watson, 2019), the method is now frequently applied in
empirical applications in premier marketing journal publica-
tions but also in other disciplines (Becker et al., 2022; Park
& Gupta, 2024).!

For the Gaussian copula approach to be valid, it must
meet specific identification requirements (Park & Gupta,
2012): (1) the error term distribution must be normal, (2)
the endogenous regressor distribution must be non-normal,
and (3) the copula dependency structure must be Gaussian
(see also Park & Gupta, 2024). While the first and third
requirements (i.e., the error term distribution and the Gauss-
ian copula correlation structure) are inherently unobserv-
able and cannot therefore be directly evaluated, researchers
can evaluate the second requirement (the regressor’s non-
normality) to ensure that the Gaussian copula approach is
applied appropriately (Becker et al., 2022; Haschka, 2022).

The Gaussian copula approach is deemed advantageous
because researchers often have difficulty finding suitable I'Vs,
which are also available in empirical studies (Falkenstréom
et al., 2023). Despite the potential benefits associated with
the Gaussian copula approach, a substantial finite sample bias
and low statistical power are critical problems if the model
includes an intercept (Becker et al., 2022). Simply estimat-
ing a model without an intercept is not a solution because
the results can also be heavily biased if the data-generating
process (DGP) requires an intercept but it is omitted from the
model estimation (Becker et al., 2022). Consequently, current
recommendations regarding applying the Gaussian copula
approach to regression models with an intercept require a
large sample size and the endogenous regressor’s strong non-
normality, especially if the skewness is high (Becker et al.,
2022; Eckert & Hohberger, 2023). These demanding require-
ments pose a threat to the approach’s valid application in
practice. This is particularly problematic, since almost all
regression models include an intercept in empirical studies
(e.g., see the review presented by Becker et al., 2022). Also,
variables’ mere standardization does not solve this problem
due to the copula approach’s intrinsic non-linearities.

' The literature review by Becker et al. (2022) reveals 69 publi-

cations that use the Gaussian copula approach by the end of 2020,
whereby 40 of the these applications (58%) appeared in premier mar-
keting journals such as International Journal of Research in Market-
ing (11), Journal of the Academy of Marketing Science (7), Journal
of Marketing Research (6), Journal of Retailing (6), and Journal of
Marketing (5).

@ Springer

Prior research (e.g., Becker et al., 2022; Eckert & Hoh-
berger, 2023; Falkenstrom et al., 2023; Haschka, 2022) cannot
answer the question of why regression models with an inter-
cept perform poorly, while those without an intercept perform
extremely well when the Gaussian copula approach is applied.
Our research explains the difference between models with
and without an intercept, and provides analytical derivations
regarding the bias’s sources. Further, these insights allow us
to make an important research contribution by developing an
adjusted empirical cumulative distribution function (ECDF)
that reduces the finite sample bias when the Gaussian copula
approach is applied to regression models with an intercept.

Another open methodological research question piv-
otal for empirical studies pertains to the Gaussian copula
approach’s ability to deal with multiple endogenous and
exogenous regressors with different types of scales as well
as non-linearities (e.g., interaction effects). Haschka (2022)
reveals that (in addition to the three initial assumptions by
Park & Gupta, 2012) the Gaussian copula approach has a
fourth requirement. The original approach requires uncor-
related endogenous and exogenous regressors to ensure
unbiased estimation of the endogenous regressor’s coef-
ficient. Based on this finding, Haschka (2022) develops a
modified maximum likelihood-based estimator for panel
data that takes the correlations between endogenous and
exogenous variables into account. Yang et al. (2022) build
on this finding by employing a control function technique
and proposing a two-stage estimator that also takes the cor-
relation between continuous endogenous and exogenous
variables into account. Qian and Xie (2024) propose a
method that allows discrete (e.g., binary) and continuous
regressors (endogenous and exogenous), transformations of
them, and interactions between them. However, unlike our
method, these regressors cannot handle normally distributed
endogenous regressors, and their estimator is computation-
ally expensive and complex to implement.

Our research extends these findings by establishing a gen-
eral and flexible framework permitting several correlated
endogenous and exogenous variables — with the former
being continuous and the latter being discrete or continuous
— and allowing non-linearities, such as interactions between
any variables. The proposed framework and methodologi-
cal advances focus on the control function technique, which
only requires adding additional copula terms to the model
of interest. It is therefore easier for researchers to adapt the
control function technique to a large variety of models,
because this does not require determining and implementing
the model’s specific likelihood function. Consequently, in
practice, most researchers use the control function technique
when applying the Gaussian copula approach in empirical
studies (Becker et al., 2022). Overall, our research includes
the following main contributions:
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First, we provide analytical derivations that show the
finite sample bias’s sources. This bias comprises two main
components. One component is the endogenous regressor’s
estimated cumulative distribution function’s (CDF’s) quality.
In finite samples, the CDF’s estimation leads to errors in the
copula’s estimation, which we show is proportionally related
to bias in the parameters of interest. Previous research on the
method (Becker et al., 2022; Eckert & Hohberger, 2023) and
its application in empirical (marketing) studies neglects the
CDF estimators’ crucial role. In their original article, Park
and Gupta (2012) propose a non-parametric, kernel-based
density estimation with numerical integration, while most
research refers to using an ECDF to estimate the endog-
enous regressor’s distribution, but does not explain how to
do so exactly. We, on the other hand, show that using differ-
ent methods to estimate the CDF could, in finite samples,
produce very different results. The bias’s second compo-
nent arises from collinearity in the predictor matrix, which
inflates the bias from the error in the CDF estimation. Our
analytical derivations show that the bias is inversely pro-
portional to a determinant based on the predictor matrix. In
the simple case of only one endogenous variable, this deter-
minant reduces to one minus the squared empirical correla-
tion between the endogenous regressor and the copula term.
Since the determinant (or the squared correlation) can be
calculated from the observed data, it could provide research-
ers with a general measure for assessing the potential bias in
the Gaussian copula approach.’

Second, we build on the analytical findings regarding the
role of the CDF estimator in the Gaussian copula approach’s
performance (bias) to develop an adjusted ECDF estimator.
This estimator substantially reduces the finite sample bias
that can arise when employing the Gaussian copula approach
in regression models with an intercept.’

Third, while Haschka’s (2022) and Yang et al.’s (2022)
Gaussian copula approaches can handle correlations between
continous endogenous regressors and exogenous covariates,
we extend these methods to a more flexible framework. It
accommodates multiple endogenous regressors on continu-
ous scales and exogenous regressors on both discrete (e.g.,
binary) and continuous scales. Our framework also accounts

2 While this is an interesting and important contribution of our

research, the comprehensive development of generally applicable
guidelines is beyond the scope of this article. Future research can
therefore utilize these findings to develop guidelines based on the
predictor matrix’s determinant in order to help researchers assess a
system of variables’ required non-normality when applying Park and
Gupta’s (2012) Gaussian copula approach.

In independent work, a recent working paper by Qian et al. (2024)
suggest a rank-based modification of the copula to reduce the bias
problem in finite samples. However, they only provide finite sample
results for a single restrictive DGP and no analytic results or discus-
sion regarding the various components of bias inflation.

for non-linearities (e.g., interaction effects) in the model and
allows the copula structure to vary across categories of dis-
crete exogenous covariates.

Fourth, based on our methodological contributions, exten-
sive simulations that mimic realistic application situations in
marketing studies show (i) that the adjusted ECDF estimator
that we propose outperforms related techniques previously
used in research (i.e., Becker et al., 2022; Eckert & Hoh-
berger, 2023; Park & Gupta, 2012) in order to mitigate the
finite sample bias. Additional simulation results substantiate
the assumption that (ii) our more general framework enables
researchers to validly deal with multiple endogenous and exog-
enous regressors, along with the interactions between them.

Fifth, we provide guidelines for the application of the
Gaussian copula approach in the proposed framework using
the adapted ECDF estimator and apply them to an empirical
example with real data that Park and Gupta (2012) used in
their original publication. Furthermore, we extend Park and
Gupta’s (2012) empirical example by considering multiple
endogenous and exogenous regressors as well as a varying
copula structure across time/quarters.

This research’s results support the Gaussian copula
approach’s application to endogeneity in regression models
under a more relaxed non-normality requirement than those
that Becker et al. (2022) and Eckert and Hohberger (2023)
present. Our proposed CDF estimator has lower finite sample
bias even for mildly non-normal distributions. In addition,
by building on Yang et al. (2022), our more general Gaussian
copula model also remains valid with normally distributed
endogenous regressors if one or more exogenous regressors
are sufficiently non-normal. Our proposed framework and
estimator therefore allow researchers to use the Gaussian
copula approach for regression models with and without
an intercept in a much wider range of data constellations.
We show that the use of our adjusted estimator could lead
to unbiased results even when only relatively small sample
sizes are available. Consequently, this research contributs
to a valid Gaussian copula approach’s application to correct
endogeneity bias in regression models.

The remainder of this article is structured as follows: To
begin with, we use a simple regression model with one endog-
enous variable to demonstrate the importance of the CDF
estimator for the Gaussian copula approach’s performance.
Building on these foundations, we extend the Gaussian copula
approach to accommodate scenarios with multiple endogenous
variables, discrete, and continuous exogenous variables, as
well as non-linearities (e.g., interaction terms) and varying
copula structures. Next, we validate this more general frame-
work by means of an extensive simulation study. To highlight
the applicability of our research, we present a flowchart out-
lining the application of the Gaussian copula approach with
our proposed enhancements. We conclude this article with a
discussion of the results and suggestions for future research.

@ Springer
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CDF estimators’ relevance for the Gaussian
copula approach’s performance
and an adjusted ECDF estimator

In the Gaussian copula approach, an important step is estimat-
ing the endogenous variable’s CDF. This is required regard-
less of whether the control function technique or the maxi-
mum likelihood-based copula approach are used. There are
different ways of estimating a random variable’s CDF (e.g.,
using a kernel approach or an ECDF). To date, researchers
often neglect the role of the CDF estimator in the Gaussian
copula approach’s performance. Consequently, to begin with,
we will highlight the importance of selecting an appropri-
ate CDF estimator. We first analyze a simple case with only
a single endogenous regressor as in Park and Gupta (2012)
and Becker et al. (2022). In Online Appendix OA.7, we show
that these findings are also transferable to the more general,
multivariate framework that we develop later in this article.

Characterizing the bias in the simple bivariate
model

Assume the data generation of an observation i in line with
the following model:

yi=a+ pP;+¢, (D)

where y; is the dependent variable, « € R is the intercept,
p € R is the slope coefficient of interest, and P; is a one-
dimensional regressor with a strictly monotonic CDF and
is potentially correlated with the error term €;. Owing to
the endogeneity of P;, ordinary least squares (OLS) estima-
tion produces a biased estimate of f. The Gaussian copula
approach to address endogeneity uses the following three
assumptions: (1) non-normal endogenous regressor P;, and
(2) the Gaussian copula structure

() -~(la 1) >

where P¥ = ®~'(F, (P;)). Fp(-) is the CDF of P, ®!(-) is
the inverse of the standard normal CDF, and p is the correla-
tion between €; and P;. This implies (3) thate; ~ N(O, 6%) with
62 > 0 (i.e., anormal error distribution). Under these assump-
tions, Park and Gupta (2012) suggest that the Gaussian copula
approach provides an unbiased, [V-free estimator of f, using
either a maximum likelihood or a control function technique.
While our research primarily centers on the control function
technique due to its prominence in empirical studies (Becker
et al., 2022), our contributions and proposed adjustments are
also applicable to maximum likelihood estimation.

The Gaussian copula’s control function technique adds a
copula term to Eq. 1. In this single endogenous regressor

@ Springer

case, the copula term is P;.", which we symbolize as C (P,-) to
denote its dependence on P;. Online Appendix OA.I
describes how including C(P,») acts as a control function that
removes the endogeneity problem. In practice, C (P,-) is
unknown, so it is estimated by a(Pi) =o! <1/‘\7P (Pi) )
which requires estimating the CDF of P;, F »(-). The Gauss-
ian copula approach endeavors to control the endogeneity in
P, by adding C(P;) as a control function to the model in
Eq. 1. Consequently, we consider the OLS estimation of the
following model:

vi=a+pP+yC(P) +u, i=1,2,...,n, 3)

where, according to Eq. 2, y = op. In finite samples,
C(P,) # C(P;), and the estimation error in C(P;) results in
a generated regressor bias in f (Pagan, 1984). As Becker
et al. (2022) show, the bias in ﬁ can be large in regression
models with an intercept. Equation 4 depicts the analytical
bias (see Online Appendix OA.2 for details) in regression
models with an intercept

4

<1 - @(P,-fm))z) 4

. [estimation error of 6(Pi)] ,

bias(/?lP) ~

where P = { (Pl-) }:;1 represents all of the endogenous
regressor’s sample values. In general, the bias increases as y
increases, and as the estimation error of 6(Pi) increases (e.g.,
when we use a less accurate estimator of C (Pi)). If the col-
linearity between P; and C (Pi) increases (i.e., an increase in
Corr(P;, C(P;))), any bias stemming from y, as well as from
the estimation error from 6‘(P,-), is amplified. Online Appen-
dix OA.2 shows that the construction of this amplification
effect is much less pronounced when there is no intercept
and P; has a non-zero mean. This situation corresponds to the
simulation results in Park and Gupta (2012). Equation 4 also
reveals that the non-normality of the endogenous regressor P;
only affects bias through its correlation with /C\'(Pi). Reducing
the bias of # also requires accurate estimation of C (Pi). In
order to do so, we outline an adjusted ECDF estimator, which
demonstrates considerably less bias in finite samples than
the CDF estimator that Park and Gupta (2012) use in their
original study (Table 1), as well as the ECDF estimators that
Becker et al. (2022) and Eckert and Hohberger (2023) employ.

Different CDF estimators for the copula model

While the non-normality in P; determines the correlation
between C ( PL) and P;, Eq. 4 shows that researchers could reduce
the bias in f by estimating c (Pi) accurately. Given that
c(P,) =0 <?7P (P) >, we should focus on the estimator Fp(-)
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to improve C (Pi). We therefore outline common ways of esti-
mating Fp(-) and propose an adjusted ECDF estimator (Table 1).

Park and Gupta (2012) first use an estimator of Fp(:),
namely F,, that utilizes a kernel-based estimator of the prob-
ability density function A, which was subsequently used to
estimate the CDF via

Em=/ h(y)dy, ©)

where 7 is a kernel-based estimator of /. That is:

N = - P,
hu):ﬁzK(xb z>’ (6)
i=1

where b > 0 is a bandwidth parameter, and K represents a
kernel function. Park and Gupta (2012) use an Epanechnikov
kernel and chose the bandwidth that Silverman (1998) pro-
poses. However, this bandwidth choice was not the most sen-
sible, since it is only mean-squared error (MSE) optimal if
the underlying variable P; has a Gaussian distribution, while,
on the other hand, the Gaussian copula approach requires P,
to be non-Gaussian. Consequently, and for comparison pur-
poses, we use an Epanechnikov kernel with a cross-validated
bandwidth selection to estimate the CDF (Li et al., 2017).
In contrast to F,, this second F, estimator (Table 1), which
uses a cross-validated bandwidth choice, does not require a
Gaussian distribution for optimality.
The ECDF is another candidate for estimating Fp(-):

ﬁm:%Zdasﬂ. 7
i=1

In the context of the Gaussian copula approach, a key concern
about ECDF estimators is that they require the inverse standard
normal function ®~!() of the estimated ECDF, and that
®~1(1) = oo, because the ECDF will be one for the largest value
inP; (e, ﬁ(miax [Pi] ) = 1), giving us miax [/C\'(Pl)] = o00.To
alleviate this problem, several researchers (e.g., Becker et al.,
2022; Eckert & Hohberger, 2023) and software implementations
(e.g., the R package REndo, Gui et al., 2022) use a third estima-
tor, F;, which adjusts the ECDF as

107 if Fx) =0
Fy0 =31-107 if F(x) = 1 (8)
F (x) else.

However, ®~1(1077) = 5.2 and &' (1-10") = -5.2 are
extreme values to draw from a standard Gaussian distribu-
tion. In fact, each of these draws occurs at a rate of 1 in
10 million. Since ﬁ(miax [Pi]> =1, there is always one
value of C(P;) that deviates considerably from a Gaussian
distribution. In small samples, this characteristic can

generate substantial bias. Although there are alternative

estimators based on the ECDF (e.g., Hill & Mann, 2000),

they also suffer from F (max [Pi] = 1, therefore rendering
1

them unsuitable for the Gaussian copula approach.

Since the estimators F,, F,, and F; often introduce
substantial bias to regression models with an intercept
(see the results of simulation Study 1), we propose a
Sfourth adjusted ECDF estimator (F,). To facilitate its use
in applied settings, the proposed estimator is simple to
implement, while the desirable asymptotic properties of
the ECDF are maintained. The F, estimator is given as

~ S
P = i n (nn2 ) > 1(pP; < x). )
i=1

This adjusted ECDF estimator is aimed at better approx-
imating the true CDF in small samples in which the Gauss-
ian copula approach has the largest bias. The new correc-
tion term is obtained by minimizing the true CDF’s MSE,
using the standard ECDF as a predictor in a linear regres-
sion. The resulting coefficients are subsequently approxi-
mated in terms of the sample size (see Online Appendix
OA.3 for details). This CDF estimator resolves the previ-

ously noted problem of ?(max[lﬂ) =1, because

Ii}(miax [Pi]> = %\ln + @Iiﬂ(miax [PJ) = n—no.s. Moreover,
Fy(x) = ﬁ + %F(x), so F, inherits the ECDF’s many
desirable large sample properties, such as its (uniform)
convergence to F.

Table OA.3-1 in the Online Appendix graphically
compares the estimated values of the CDF and the copula
obtained by applying the four different CDF estimators
to a sample of 10 observations from a uniform and Chi-
squared distribution.

Simulation Study 1: Showcasing the CDF estimator’s
importance

Based on the analytical derivations in the previous section,
the simulation results should substantiate and extend our
findings and knowledge regarding (1) the CDF estimators’
relevance for the Gaussian copula approach’s performance
(bias), and (2) the adjusted ECDF estimator’s performance
and usefulness compared to the alternatives outlined in
Table 1.

We illustrate our analytical findings’ consequences
by showing that the choice of the CDF estimator leads to
performance (bias) differences when the Gaussian copula
approach is applied to regression models with an intercept.
Specifically, we show that the proposed CDF estimator sig-
nificantly reduces the approach’s bias in various data con-
stellations, regardless of whether the regression model has
an intercept or not. Moreover, we show that as, for instance,

@ Springer
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Becker et al. (2022) and Eckert and Hohberger (2023) dis-
close, other established estimators exhibit the Gaussian
copula approach’s known problems.

Goal and design This simulation study’s goal is to assess
the importance of the CDF estimator choice for the Gauss-
ian copula approach’s performance. We therefore apply
the four different estimators to determine the performance
differences based on bias. The aim is to achieve an unbi-
ased result. We use the basic design and model of Park and
Gupta’s (2012) Study 1, but include an intercept in both the
DGP and in the regression specification. Specifically, we
consider the DGP

yi=3-1P;+¢, (10

where P; is endogenous.* The model is estimated with the
corresponding regression specification

y;=a+pP;+yC(P,) +u, an

where we will investigate how the ﬁ coefficient’s bias
changes when estimating the copula term C(P;) with each
of the CDF’s four estimators outlined in Table 1. We con-
sider nine different sample sizes (i.e., 100, 200, 400, 800,
1,600, 3,200, 6,400, 12,800, and 25,600), and use 3,000
replications of the 36 different specifications (i.e., nine dif-
ferent sample sizes and four alternative CDF estimators).
In Online Appendix OA.4, we extend these simulations by
considering, for example, models and regression specifica-
tions without intercepts, and an endogenous regressor with
a zero and non-zero mean.

Since different P; distributions could change the endo-
geneity bias’s level in a regression model without a copula
term, we compare the bias in a regression model with a cop-
ula term to the bias in a regression without a copula term.
The relative bias is given as

E|f]-p
ElBrune] =9

relative bias =

12

where ﬁnaive is the estimate of the endogenous regressor’s
coefficient when a copula term is excluded, ﬁ is the estimate
of the endogenous regressor’s coefficient when a copula term
is included, and f is the true coefficient. Consequently, the
relative bias accounts for the different levels of endogeneity
under different distributions and scales of P;, as reflected in

E [l};mve] — f. As such, the relative bias is a measure of the

bias reduction when the copula term is included in the

— e 0] [ 1 05
We generate P = ®(P*), with <P*> N([o]’[O.S L)y

resulting in P ~ U(0, 1).

regression model. More specifically, if lrelative bias| < 1,
the copula model, compared to a regression model with an
untreated endogeneity problem, reduces the bias.

Results Fig. 1 shows the relative bias results of the four
CDF estimators in Table 1, when considering the DGP and
the estimation specification in Eqgs. 10 and 11 (for the cor-
responding raw bias results, see Table OA.4-6 in the Online
Appendix). In line with Becker et al. (2022), we find that
existing methods for estimating the CDF of P; yield a sub-
stantial bias in a regression model with an intercept compris-
ing small to medium sample sizes. However, we find that
the adjusted ECDF estimator (i.e., F 4) only has a marginal
relative bias compared to other estimators with small sam-
ple sizes. Further, the newly proposed estimator converges
rapidly toward unbiasedness when the sample size increases.
More specifically, when using the adjusted ECDF estimator,
we obtain approximately unbiased estimates (i.e., less than
5% relative bias) around a sample size of 200 observations.
In contrast, the second-best estimator (i.e., F ;) needs a sam-
ple size of around 3,200 observations to be approximately
unbiased.

We also compare the variance of ﬁ when using the differ-
ent estimators (see Table OA.4-12 in the Online Appendix),
and find a general pattern that allows us to rank the CDF
estimators from the lowest to the highest variance of ﬁ .
More precisely, 1?3 and F , produce a low ﬁ variance, while
F , and particularly ?2 have a comparatively high variance
when the sample sizes are small.

When using the Gaussian copula approach, we find that
two general properties affect ﬁ “s bias (see also our charac-
terization of the bias in the simple bivariate model): (1) how
well we estimate the copula term, C (Pi), and (2) the correla-
tion between the endogenous regressor and the copula term,
Corr(P, /C\‘(P)). To understand how the different CDF estima-
tors (Table 1) perform with respect to these two properties,
we calculated the correlation Corr(P, 6‘(P)) and the root
mean square error of a‘(P), RMSE(&(P)), which measures

the estimation error in 6(P), with larger values indicating
more error (see Table OA.4-12 in the Online Appendix).
While Corr(P, 6‘(P)) is fairly stable across the sample sizes
for F s E 5, and F 4> the estimator F 3 produces a comparatively
low Corr(P, G(P)) for small sample sizes. The latter is due to
?73 using IA73 (miax [Pi] ) =1-10"and 1/53 (miin [Pi] ) =107,
both of which are unlikely values to obtain when drawing a
small sample from a standard normal distribution compared
to a larger sample. Consequently, these extreme endpoint val-
ues reduce the correlation between the endogenous regressor
and the estimated copula term. Although ﬁ‘3 s low
Corr(P, C (P)) values are beneficial in terms of bias, it is bur-
dened by the relatively high RMSE (6(P)) values for smaller

samples. That is, 1/53 does not estimate C(P) well, which
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Fig. 1 Different CDF estimators’ relative bias

worsens the bias of //3\ . Comparing the CDF estimators, we
find that the RMSE (C(P)) is lowest (best) for F,, but is

closely followed by F 1» which has the second lowest RMSE
across the simulation designs. The reason for F 4 outperform-
ing F 1 in terms of relative bias, is due to F 4 having a lower

Corr(P, C(P)), and a better RMSE(C(P)).

Summary and discussion Study 1 demonstrates that in regres-
sion models with an intercept, the CDF estimators perform
differently. These results support our claim that the choice of a
CDF estimator is important for the Gaussian copula approach’s
performance. Surprisingly, the Gaussian copula literature has
largely overlooked the relevance of the CDF estimator.

Study 1 also reveals that the adjusted ECDF estimator
consistently outperforms other estimators. Online Appendix
OA 4 extends the results in this section by considering situ-
ations where (1) data is generated either with or without an
intercept, (2) the data has a mean that either differs from zero
or is equal to zero (such as when using centered data), and
(3) the model is estimated either with or without an inter-
cept. The proposed CDF estimator performs better than the
CDF estimators in all cases considered in Online Appendix
OA.4, except in the simulation setup that corresponds to
Park and Gupta’s (2012) Study 1, in which neither the DGP
nor the regression specification includes an intercept. In this
case, all the estimators perform equally well. Furthermore,
the extended simulation results in Online Appendix OA.4
indicate that researchers can include an intercept in their
estimation equation if they use the adjusted ECDF — even if
the data-generating process does not include an intercept.

@ Springer

By only covering a uniformly distributed endogenous regres-
sor, this simulation study resembles Park and Gupta’s (2012)
original simulation setup. Online Appendix OA.5 extends the
simulations by replicating Becker et al.’s (2022) extensive simu-
lations in Study 4. This replication considers a range of endog-
enous regressor distributions, but also varies the endogeneity
level and the dependent variable’s explained variance. In line
with the theoretical derivations (see Eq. 4 and Online Appendix
0A.2), we find that neither the level of endogeneity nor the
explained variance affects the Gaussian copula approach’s rela-
tive bias. However, we do find that the degree of non-normality
affects the bias. As argued when characterizing the bias in the
simple bivariate model, the degree of non-normality is relevant
for the Gaussian copula and is determined by Eo?r(P, 6‘(P)).
Online Appendix OA.6 demonstrates, by means of simula-
tions, that in cases involving a single endogenous regressor,
a researcher could gauge the relative magnitude of the bias by
only considering the sample size and EJF(P, C (P)).

A general framework for Gaussian
copula-based model estimation

Methodological extension

The previous section considered the simple case of explain-
ing outcome y; with a single endogenous regressor P; (see
Eq. 1). Now, we show how to extend the copula method to
handle multiple continuous endogenous regressors P; € R%,
additional continuous exogenous regressors W; € R4, and
discrete exogenous regressors Z; € R%, such as binary vari-
ables. We allow for multiple regressors of each type, various
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transformations, and various interactions. In addition, we
also allow P, W, and Z to be correlated and the copula struc-
ture to vary across different categories of the discrete exog-
eneous variable Z.

We leave the regression equation for researchers to spec-
ify; therefore, keeping it in its most general form

vi=8(P.W.Z) +e, (13)

where g(P;, W;, Z;) is the structural function of interest to the
researcher. This could be a conventional linear-in-parame-
ters function with variables (P;, W;, Z;), which could include
interactions between the variables and any non-linear trans-
formations, such as quadratics or logarithms. This setting
is very general and encompasses many alternative models.
For example,

1. A single endogenous regressor:
g(P;) = a+pP,; (14)
which we introduced in the previous section.
2. The specification of the empirical example in Park and
Gupta (2012):

(P W; Z) =a+ pP;+ BPy; + B3P,

[} 15
+6\Z; + 6,2y + 6375, (15

which we will study in-depth in the later empirical
example.

3. Multiple endogenous, exogenous, and interactions:

g(Pu W, Z) = a+ Py + BoPy + 5y W, + 6,2,
+ 612P Py + 61w P W, + 6,,PrZ;

i°

(16)

which we will study in-depth with the means of simulations
in the subsequent section.

One goal of this research is to develop a more general
framework for the Gaussian copula approach. We therefore
outline the copula-based identification assumption provid-
ing the basis of how we derive the copula terms, and how we
add them to the original regression specification (see Online
Appendix OA.7 for details). Like the standard Gaussian cop-
ula structure given in Eq. 2, the general copula structure also
assumes a normal distribution between the transformations of
observed continuous variables and the regression error term.
However, it incorporates three extensions: First, it allows mul-
tiple endogenous variables to be correlated with the error term.
Second, it allows multiple exogenous variables to be corre-
lated with multiple endogenous variables. In Online Appendix
OA.7, we show that this extension requires the copula terms
to incorporate information from both the endogenous and

exogenous continuous variables. Third, the copula structure is
allowed to differ between the discrete Z variable’s categories.

Since P; is endogenous, the OLS estimator applied to
Eq. 13 is biased. We next describe how to augment this model
(Eq. 13) via control functions, and to mitigate bias in the
parameters of g(P;, W;, Z,)’s estimation under a general copula-
based identification assumption (see Online Appendix OA.7).
To better illustrate the above, we first extend the copula-based
identification assumption in Eq. 2 by allowing (potentially)
multiple P and W regressors but assume that no Z regressors
exist. Specifically, following our previously introduced nota-
tion, we create P¥ = C(P;) = @' (Fp(P;)) for each endog-
enous regressor P; and for each exogenous regressor W, we
create analogous W* = C(W;) = ®~!(Fy,(W,)) variables.
We assume (¢;, P:.‘, W;‘) are jointly normal, P;‘ is correlated
with ¢; and Wi*, but, as in Yang et al. (2022), ¢; and W,* are
uncorrelated.

As in the single endogenous regressor case without W,
the method continues by adding a copula term to the original
regression specification to mitigate the endogeneity. However,
we now not only require a copula term for each endogenous
regressor, but also need to account for the introduction of W
in the copula terms. The copula terms take the following mul-
tivariate form:

’ N\ 1
C(Pi’ Wl) = <C(Pl) C(Wl) )Zcép/_),c(vvi)<od::dp >’ (17)

where Z¢(p) c(w,) is the variance-covariance matrix of
(C(P), C(W)), 0, xq, is a (dy X dp) matrix of s, with dy,
and d, being the number of W and of P regressors, respec-
tively, and I, is the identity matrix of dimension dp. Note
that this results in the same number of copula terms as
endogenous regressors P, i.e. C(P W, ) isa (1 X dp) vector
of copula terms. For example, for a single endogenous P
and a single exogenous W, this results in one copula term
of the form C(P W;) = {C(P;)ogy, = C(Wi)ocw).com )/
St O = Oe.can - From Eq. 17 we denote Ci(P;, W;)
as the k™ copula term (i.e., the k" entry in the dp-dimen-
sional vector C(P;, W;)). For each of these copula terms, we
either need the endogenous variable P or one of the exog-
enous variables W to be non-normal if, similar to Yang et al.
(2022), Corr(P*, W*) # 0. This implies that no linear com-
bination of P and W should be perfectly correlated with the
copula term (i.e., we should have full rank of the predictor
covariance matrix).
To remove the endogeneity, we must add these copula
terms to the original regression model (Eq. 13), arriving at

,
yi=8(PyW;) + Z 1Ci(Pi W;) + €. (18)
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However, as in the simple model, C,(P;, W;) are unknown,
so they must be estimated (e.g., by using the adjusted ECDF
estimator). It should be specifically noted that the copula
terms depend on the covariance matrix of (P*, W*), which
must also be estimated (e.g., by the empirical variance-
covariance matrix). Using the estimated control functions
/C\'k(Pi, W,), Eq. 13 then becomes:

dp
=g(P. W) + ). nCu(PL W) +u, (19)
k=1

Similarly to the case of a single endogenous regressor,
OLS estimation of Eq. 19 will alleviate the endogeneity bias
arising from the endogenous regressors P;.

At this stage, we have not discussed how to include dis-
crete exogenous regressors. Fortunately, this only requires
a slight extension of the above methodology. Specifically,
we need to allow each copula term to vary with each cat-
egory/group that the discrete regressors can form. For
example, let us assume we have two binary variables,
(Vl, VZ), indicating marital status and loyalty member-
ship, respectively. We use Z as the categorical variable
representing all possible combinations of the discrete
variables.’ In the previous example with two binary vari-
ables we could therefore have four unique combinations
(Vi.V,) =Z € {z,....z4} = {(0,0),(0,1),(1,0), (1, 1)}
where z, is the label for observations that are not married
and have no loyalty membership (V, =0, V, =0), z, rep-
resents observations that are not married but have a loyalty
membership (V; =0, V, = 1), and so on. Consequently, we
must then allow the dp-dimensional copula term to differ
with respect to each of these four categories, resulting in a
total of four different copula terms.

In order to allow the copula terms to differ with respect
to each Z combination, we first allow P! and W to depend
onZ as follows: P’Z‘l = CZ( ) (O (FP|Z(P |Z = z))and

r=C(W,) =@ (FWlZ(W|Z = z) ), where Fp,(.|.)and
F W|z( |.) are the conditional distributions of P and W given
Z. Without further restrictions, this boils down to simply
calculating P; and W} separately for each subset of data
according to Z;. For example, if there were two binary vari-
ables for Z, researchers would split their data into four sub-
datasets based on the categories that Z can take. Thereafter,
they separately estimate P} and W} in each sub-dataset. The
covariance matrix of (P*, W*) also needs to be estimated

3 If the number of categories is large relative to the sample size, it may
be necessary to merge multiple Z categories or introduce other func-
tional form restrictions. A notable scenario involves panel data models
e.g. of the form Y; = Z; + BP; + u;, where Z; represents fixed effects.
In such cases, within transformations or first-differences can be applied
to eliminate Z; entirely. The control function can then be obtained using
either several copulas for the marginal errors over time or a copula for
their transformations or differences as in Haschka (2022).

@ Springer

conditional on Z. Again, we recommend that researchers
simply calculate this object separately for observations in
each category of Z.

Analogous to the model given by Eq. 19, the feasible
regression model involves adding the estimated copula terms
to the original regression of interest:

Z  dp
V=8P W, Z)) + Y. Y viCuP, W)I(Z, = z2) +u,
z=z; k=1
(20)
where Z can take all possible joint values in (zy, ..., ;),

Ci(P;,, W) is the k™ copula term for category Z; = z, the
regression parameters y; need to be estimated together with
the parameters in g(P;, W;, Z;), while the indicator function
I(Z; = 7) ensures that y; is only related to the copula term
corresponding to Z,.® Online Appendix OA.7 describes the
general model and how C}(P;, W;) act as control functions
that remove the endogeneity problem.

If researchers have sufficient theoretical support to impose
the constraint that the copula structure is independent of the
value of Z;, the copula terms collapse back to those given
in Eq. 18. It is possible to test whether the copula structure
varies between Z’s categories by testing whether the copula
terms, related to each endogenous variable, differ across Z
. If there are no continuous exogenous variables W and no
discrete variables Z, the copula terms are simply given by
C(P;) (i.e., as in the simple bivariate model).

We briefly outline a three-step procedure, explaining
how this could be implemented in practice for models with
continuous and discrete regressors (see also the flowchart
in Fig. 3 in the later empirical example). For each value
Z=2,2, ... ,2; that Z can hold, take the following steps:

1. Estimate the CDFs of P, and W,, conditional on Z; = z.
This could be done using the adjusted ECDF, and only
using the data (P;, W;, Z;) for which Z; = z.

2. Use the estimated CDFs to create the copula control
function via

A~ (e [ s I\&-q ]dp
Ci (P, W;) = (c (P (W) )25:(,3),5:(%( )

Odde,,
@n

where Z ). W) is the estimated variance-covariance
matrix of C*(P) and CZ(W) calculated by only using the

% Note that the superscript notation in Eq. 20, such as y; is not an
exponent but distinguishes that there is a different y, for every cat-
egory of Z.

7 Although these tests could inform subsequent research, it is advis-
able not to incorporate their results into modifications of the currently
investigated model to avoid multiple testing issues.
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data (P,, W, Z;) for which Z; = z. If we do not have any
discrete exogenous variables Z in the model, Eq. 21 is
calculated as given in Eq. 17.

These two steps yield estimated control functions
/C\']Z((Pi, W,) for each value z of Z; (or 6k(Pi, W) if no Z; is
present in the model). They are used to augment the original
regression (Eq. 13) in the third step:

3. Run the OLS regression in Eq. 20. If no Z, is present, the
OLS regression should instead be given as in Eq. 19.

The following simulation Study 2 demonstrates that aug-
menting the original regression equation in this way gives con-
sistent estimates, and that the bias depends on the non-normal-
ity level. Next, we provide a theoretical expression explaining
how the bias is related to the copula terms’ estimation error,
and to the multicollinearity level in the copula model.

Analysis of bias

When the model contains multiple endogenous and exog-
enous regressors, the bias sources are similar to those in the
single endogenous case as shown in Eq. 4. In particular, let
p denote the coefficient vector of the parameters of interest
to the researcher, which can include both endogenous and
exogenous variables. In Online Appendix OA.8, we show that

bias <ﬁ|P, w, Z) ~ constant

z
. [estimation error of C*(P,, Wl.)] . y_’
®

(22)
where ,z _ (yfyjp) and ¢zp,w) = @4, W..... G P W) The
bias inflation factor @ is a number derived from a matrix
determinant, which can be calculated from the data and
measures the degree of multicollinearity between the regres-
sors in Eq. 20. Crucially, @ will decrease towards zero as the
multicollinearity level increases in the model with w =0
corresponding to perfect multicollinearity (full details are
given in Online Appendix OA.8). Multicollinearity will typi-
cally be an issue in the Gaussian copula setup when P; is
very similar to E(P,-), that is, when the distribution of P, is
close to normal.

In the case wherezg(Pi, W,,Z;) = a + pP;, o reduces to

1- E()W’(Pi, a(Pl)> , which is the bias inflation factor in

the single endogenous case that Eq. 4 provides. Like the
single endogenous variable case, the bias also depends on
the copula terms’ estimation error. However, we now have
a copula term, ei(Pi, W;), for each value z of Z;, and for
each endogenous variable k = 1/:... ,dp. The estimation
error of each of the copula terms C: (P;, W; ) is weighted by

the vector ykz in Eq. 22, which in turn depends on the k™
endogenous regressor’s degree of endogeneity. In sum,
Eq. 22 shows that the bias is inflated for a certain level of
the copula terms’ estimation error, because the regressors
of interest are more related to the other regressors and to
the copula terms. Since the copula terms’ estimation error
could be decreased by increasing the sample size, and the
multicollinearity level could be estimated consistently,
future research can use extensive simulations to provide
guidelines for the sample size and values of the bias infla-
tion factor, w, that offer low levels of bias.

Simulation Study 2: Investigating the generalized
Gaussian copula approach

Goal and design In this simulation study, we assess our
generalized framework’s finite sample properties for the
Gaussian copula estimation developed previously, and show
that the bias converges asymptotically to zero in a variety
of situations.

Consequently, this simulation study’s focus is not the different
CDF estimators, but whether we are able to retrieve unbiased
coefficients for the general framework. Specifically, we will
investigate the bias in the coefficients from a regression with
the following variables: multiple endogenous, a continuous
exogenous (correlated with the endogenous), a binary exog-
enous, an interaction between two endogenous, an interaction
between an endogenous and the continuous exogenous, and an
interaction between an endogenous and the binary exogenous.
Specifically, we consider the following DGP

yi=1=1P;+ 1P,, — W, - 27,

= 1P ;Py; — 1P ;W; = 2P, Z; + ¢, (23)

where P ; and P, ; are continuous endogenous variables, W,
is a continuous exogenous variable, and Z, is a binary exog-
enous variable. To illustrate that the proposed method can
cope with the copula distribution changes between the Z cat-
egories, we specify the following two copula distributions:

3 01[ 1 0404 0]
P! o[04 1 0404

Li | 1 —
PE 1" Mo o404 1 04al|[FE=0
w? [0][ 0 0404 1 |

’ o - (24)
3 01[ 1 0606 0
P, o[[06 1 0606

Li | 1 —
PE "Ml o]os0s 1 06|
w? [0][ 0 0606 1 |

Using Eq. 20, the model is estimated with the following
regression specification
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Yi=a— ﬁlPI,i + ﬁ2P2,i - 61Wi - 52Zi - 53P1,iP2,i - 54P1,iWi

1 2
—65Py Zi+ D Y yiCH(Py Py W)I(Z,=2) + 1y,
=0 k=1

(25)

where we will investigate the bias of ﬁ and & after adding
the copula terms. Note that we estimate the copula terms
conditional on Z. As described above, this is done by split-
ting the data into those observations (P, ;, P, ;, W;, Z;) for
which Z; = 0 and those observations for which Z; = 1 and
estimating the copula terms separately within these two
subsamples. In Online Appendix OA.10, we also show how
ignoring the copula structure’s conditional dependence
affects the results negatively.

In this simulation study, we again consider nine differ-
ent sample sizes (100, 200, 400, 800, 1,600, 3,200, 6,400,
12,800, and 25,600), but now also consider different distri-
butions (Beta, Gamma, Chi-squared, and lognormal) with
different distribution values, not only a uniform distribu-
tion. We systematically vary the endogenous variables’ non-
normality by varying the distribution parameters so that they
range from very non-normal to very close to normal.® We
set the distribution of the continuous exogenous variable W
to a slightly non-normal distribution.

As our adjusted ECDF estimator F , had the lowest bias in
the single endogenous variable case (see simulation Study
1 and Online Appendix OA.4), we focus on this CDF esti-
mator in the remainder of the section. In Online Appendix
OA.9, we also present the results of the other CDF estima-
tors and a discussion of their relative performance in this
more general framework.

Results Fig. 2 shows the bias of all seven parameters (i.e.,
ﬁl, [/3\2 and 31_5). The bias converges monotonically toward
zero for all the model’s parameters, reaching levels of unbi-
asedness between 1600 and 3200 observations. Note that the
results shown in Fig. 2 average across a wide range of dif-
ferent distributions with different degrees of non-normality,
including some distributions that are very close to normal.
The bias converges to zero even faster for distributions with
high non-normality.

A closer investigation of the distribution’s effects (Online
Appendix OA.9) shows that previous findings about the

8 We use the correlation between an endogenous regressor and its

copula term in a bivariate model as a measure of non-normality. This
measure is motivated by Corr(C(P;),P;)) =1 only when P; has a
normal distribution — as, then, C(P,-) = <I)‘1(FP(PI-)) = P,). Fur-
thermore, this measure of non-normality aligns with the extensive
simulations in Online Appendix OA.6, which shows how a bivariate
model’s bias depends on the degree of non-normality quantified by
Corr(C(Pi), Pi) )

@ Springer

endogenous variable’s non-normality (and now also that of
the exogenous variables) are still applicable. The approach
requires more observations to reach unbiasedness when the
distributions are more normal, but the bias converges very
quickly to zero when they are substantially non-normal. Addi-
tional simulations not reported in this article suggest that our
approach shares the same capabilities as that of Yang et al.
(2022) regarding leveraging the non-normality of the exog-
enous W, when an endogenous regressor correlated with W is
not (very) non-normal. Consequently, the system’s total non-
normality is more important when there are additional cor-
related covariates and not merely the non-normality of each
endogenous regressor. This is also supported by our deriva-
tions in the previous section, where we show that the model’s
determinant influences the bias. The latter is due to the deter-
minant reflecting the level of multicollinearity in the copula
augmented regression and not, as in the bivariate model, only
the correlations between the endogenous variable and the
copula term.

Overall, these simulations substantiate that our more gen-
eral framework permits almost unbiased estimation across a
wide range of distributions, provided that the assumptions
underlying the copula approach are fulfilled. However, the
same finite sample bias revealed in previous research on the
Gaussian copula method also affects the extended framework.
This finite sample bias is stronger in more normal distribu-
tions and depends on the CDF estimators’ quality, which
our derivations and simulation Study 1 have shown. Online
Appendix OA.9 shows that our proposed CDF estimator is
also the overall best choice in this more general framework.

Empirical example

To guide researchers in applying the proposed more general
Gaussian copula framework and the adjusted ECDF estimator,
we revisit Park and Gupta’s (2012) empirical example, using
the data they obtain from the IRI (Information Resources,
Inc.) marketing dataset (Bronnenberg et al., 2008).° The data-
set includes store-level sales of paper towels (category sales)
for the two largest independent stores (store 1 and store 2)
in Eau Claire, Wisconsin, from 2001 to 2005 (i.e., N=260
weeks). More specifically, similar to Park and Gupta (2012),
we also consider the following regression model:

log(Sales,) =a+f- log(Pricet) + f, - Promotion, + p; - Display,
(26)
By 1Z = q) + Ps - 1(Z, = q3) + P - 1(Z, = q4) + €5

® We thank Sungho Park and Sachin Gupta for providing the dataset
used in their article.
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Fig.2 Bias of F,’s different parameters. Note: The bias shown here averages across a wide range of different distributions with different degrees
of non-normality. The pattern of the coefficients’ positive and negative bias that we observe, corresponds to the uncorrected (endogenous) mod-
el’s bias, suggesting that the bias in this copula model is a “remaining” bias that has not been corrected

where the logarithm of store sales across different points in
time ¢ is explained by the logarithm of retail price, promo-
tion (e.g., feature advertising at the category level), display
(e.g., shelf space allocation or special in-store display)'’ and
a categorical variable Z,, representing the quarter of the year
u (Z, = q2) = lif ¢ is in the second quarter, I(Z, = g3)=11if t
is in the third quarter, and so on) with ¢, being the reference
quarter,'' and ¢, the error term. For the model estimation, we
use our own code'? using the statistical software R (R Core

10" More specifically, Park and Gupta (2012, p. 582) provide the fol-
lowing information about the variables Price, Promotion, and Display:
“Retail price is defined on a per-roll basis. Retail price, in-store display,
and feature advertising at the category level are computed as market
share-weighted averages of UPC-level variables.” While Price is a con-
tinuous variable, Promotion and Display are (at the store level) typi-
cally dummies. However, their computation as market share-weighted
averages of UPC-level variables allows Park and Gupta (2012) to also
consider Promotion and Display as continuous variables.

"' In accordance with the operationalization of Z in the gen-
eral framework, we use (Qy, 05, 05,,04;) =27 € {q1, 44}
={(1,0,0,0),(0,1,0,0),(0,0,1,0),(0,0,0, 1)}, where Z can only hold
four labels as the year quarters are mutually exclusive.

12" The R code for this example is available at https:/github.com/
ECONshare/gaussian_copula.

Team, 2022) and follow four analytical steps when apply-
ing the Gaussian copula approach with the adjusted ECDF:

Step 1: Theoretically justify the endogeneity problem.
Step 2: Check for non-normality in the regression system.
Step 3: Estimate a copula model:

— Estimate the CDFs of P; and W;, conditional
on Z; =z, or unconditionally if Z, is not present.

— Use the estimated CDFs to create the copula control
function via Eq. 21 if Z, is present, or via Eq. 17
if Z;is not present.

— Run the OLS regression in Eq. 20 if Z, is present, or

in Eq. 19 if Z; is not present.
Step 4: Interpret the results and check for significance.

To begin with, Step 1 requires researchers to justify the
presence of endogeneity theoretically. Consequently, they
need to a priori carefully determine which of the variables
are potentially endogenous, and which could be considered
exogenous. This step usually also involves the careful con-
sideration of alternative methods, such as the IV approach,
if theoretically justifiable IVs are available in the dataset,
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or by providing reasons why such approaches would not
be feasible.

These theoretical considerations protect researchers
from an ill-considered application of the Gaussian copula
approach to handle endogeneity problems. In this empiri-
cal example, we follow Park and Gupta’s (2012) theoreti-
cal considerations in Step 1, and assume that unmeasured
product characteristics or demand shocks influence both
retailer pricing decisions and consumer decisions, resulting
in price endogeneity. Likewise, we initially assume that Pro-
motion and Display are exogenous variables. While Haschka
(2022) shows that correlations between endogenous vari-
ables and exogenous variables could lead to bias when using
the traditional Park and Gupta (2012) approach, the general
framework we developed, allows correlations between all
variables. It is also reasonable to allow the Gaussian copula’s
correlation structure to vary with each year quarter, as dif-
ferent unobserved variables might affect the demand and the
retailers’ pricing decisions differently during a year’s quar-
ters. This is likely to apply to many settings, and we suggest
that researchers should assume that the copula structure var-
ies between the categories of discrete exogenous variables
Z, unless theoretical arguments clearly indicate otherwise.

In Step 2, we address non-normality, which traditionally
focuses on the endogenous regressor (Park & Gupta, 2012).
However, in our suggested framework, non-normality is only
needed in the regression system as a whole (see the “Analysis of
bias” section for our general framework).13 If, for instance, the
endogenous regressor log(Price) is normal, we need a non-nor-
mal exogenous regressor (Promotion or Display). Conversely, if
the Promotion or Display variables are normal, we need a non-
normal log(Price) variable. First, we visually check the continu-
ous regressors’ non-normality in the model (i.e., log(Price),
Promotion, and Display). The estimated density plots of these
three variables appear to be non-normal (Fig. OA.11-1 in the
Online Appendix). This finding is supported by pronounced
skewness of the log(Price), Promotion, and Display of store
1 (or store 2), which have values of -3.89 (-4.35), 1.89 (1.56),
and 0.79 (1.00), respectively. To further substantiate our non-
normality assessment, we apply the Anderson-Darling and
Cramér-von Mises tests (as suggested by Becker et al., 2022 for
the Gaussian copula approach), both of which reject the null
hypothesis of normality with respect to each of the variables
(p-values below 0.0001).

13 In relation to our findings when analyzing the bias in the general
framework, we could assess the magnitude of w as an estimate of
the degree of multicollinearity in the model, which tends to increase
when the independent variables become more normally distributed.
While we have analytically established this relationship, we refrain
from reporting @ in our assessment as clear thresholds for prob-
lematic values have yet to be determined. We leave this for future
research.

@ Springer

Next, in Step 3, we need to add the copula terms for the
endogenous regressors to the original regression model.
Assuming that only log(Price) is endogenous (as in Park
& Gupta, 2012), we only need to add a single copula term
to the model. However, in accordance with our general
framework, the copula term needs to take the continuous
exogenous variables (W) into account (i.e., Promotion and
Display). Online Appendix OA.11.1 shows how to build the
copula term using Step 3.1 and Step 3.2. Furthermore, by
allowing the copula term to interact with the year quarters,
the copula structure is allowed to vary across these quarters
and provides the following regression model:

log(Sales,) =a+f - log(Price,) + p, - Promotion, + p5 - Display,
+ Py 1Z=q)+ Bs - 1(Z, = q3) + e - 1(Z, = q4)
+ ylziiceéz]rirml (Z=aq1)+ ygiiceezzrirml (Z =)
+ YZZ-ce@Z‘?im,/ (Z=4q3) + 7Zjiceaz4rice,zl (Z = qu) +u,.
27

The flowchart in Fig. 3 provides researchers with a tool
for deciding which copula terms to include in their analy-
ses. Following this flowchart, we start by categorizing the
independent variables based on Step 1’s theoretical consid-
erations: P is the endogenous regressor log(Price); W is the
non-normal exogenous regressors Promotion and Display,
and Z is the discrete categorical variable denoting the year
quarter.

We estimate the CDF of the log(Price), Promotion,
and Display variables by using our adjusted ECDF (F,)
for each of the four year quarters. In accordance with
Eq. 21, the copula term’s computation of the endog-
enous log(Price) regressor then uses all three variables’
estimated CDFs. We add the copula term to the original
regression and estimate the new model via OLS. Table 2
shows the model estimation results for store 1 and store
2 (i.e., in the “Proposed: Price copula” columns 4 and 8).
We also estimate a simple OLS regression that ignores
endogeneity, and a model that replicates Park and Gupta’s
(2012) model directly.'* In this model, the included copula

4 We replicated the coefficient estimates of Park and Gupta (2012)
as follows: The Epanechnikov kernel for the non-parametric density
estimation with a bandwidth of 0.0225 allowed us to obtain the copula
term for both store 1 and store 2. Note: Park and Gupta (2012) report
using bandwidths of 0.036 and 0.039 for store 1 and store 2, respec-
tively. However, these bandwidths yielded coefficient estimates that
differed from the ones they reported in Table 11 of their research. Fur-
thermore, the p parameter with an estimated value of 0.197 (0.080) for
store 1 (store 2) that Park and Gupta (2012) report in their Table 11,
is not an estimate of the log(Price) copula’s slope, but an estimate of
the correlation between the error term and the copula term. Based on
Eq. 10 in Park and Gupta (2012), we replicate their estimated p by
multiplying the copula’s estimated slope with the estimated standard
deviation from an OLS regression without any copula terms.
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Fig.3 Flowchart to apply to the Gaussian copula approach

term ignores the dependence structure between the vari-
ables in the regression system, and is only based on the
log(Price).

In comparison to the OLS model without the copula
terms, the Gaussian copula approach’s results when using
the adjusted ECDF show a larger (more negative) coefficient
for Price and a smaller coefficient for Display in both store
1 and store 2; importantly, the coefficient on Display is not
statistically significant in either store. Although most of the
coefficients seem similar to those of Park and Gupta (2012;
see their Table 11), which we also replicate in our research
(Table 2; column “P&G Price copula”), our approach spe-
cifically results in differences in the log(Price)’s slope coef-
ficient (A 0.126) and in the Display (A 0.063) in store 1.
These differences are less pronounced for store 2. Based
on our methodological considerations and on our simula-
tion studies’ findings, we anticipated differences between
the original outcomes that Park and Gupta (2012) present
and our framework, which includes using the adjusted ECDF
that we propose.

Finally, researchers often want to test for endogeneity.
In Step 4, we follow Park and Gupta (2012) and assess the
statistical significance of the copula terms’ coefficients
using bootstrapping. However, we consider a larger number

15 Owing to space constraints, Table 2 only reports the bootstrapped
standard errors and uses asterisks for typical p-value cut-offs. In
Table OA.11-1 in the Online Appendix, we provide the bootstrapped
confidence intervals.

of bootstrap subsamples (i.e., 5,000) to obtain the stand-
ard errors, confidence intervals, and p—values.15 In the case
of a single endogenous variable, Park and Gupta (2012)
demonstrate that scaling the copula term’s parameter by
the error term’s variance in a regression without copula
correction represents the correlation between the error
term and the endogenous variable. A test of this parameter
could, therefore, act as a test of endogeneity like the Haus-
man test (Hausman, 1978) as suggested by Papies et al.
(2017). Becker et al. (2022) show that this test has consid-
erable power issues with smaller sample sizes, and advise
researchers not to over-rely on such tests. However, our more
general framework requires a different test to determine
the copula terms’ joint significance. We recommend using
a bootstrapped version of the Wald test (Wald, 1943),16
which we apply to our example with the null hypothesis
thatyl =yl =yR =yk =0todetermine if endo-
geneity is present in the proposed model. Specifically, if
the null hypothesis is rejected, this indicates that at least
one copula term’s coefficient is different from zero, provid-
ing evidence of endogeneity. The p-value of 0.494 (0.773)
determined for store 1 (store 2) does not support significant

16 Alternatively, one could also test for endogeneity using a Haus-
man test (Hausmann, 1978). Researchers should use the residual
bootstrap approach that Wong (1996) describes for this test. However,
we suggest using the Wald test (Wald, 1943), because it is relatively
easy to apply and could be generalized to extensions with heterosce-
dastic error terms.
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price endogeneity.!” Consequently, we find no support for
the claim that unmeasured product characteristics or demand
shocks influence both consumer decisions and retailer pric-
ing decisions.

Nevertheless, we do not advise researchers to take this
result as an indication to use the uncorrected OLS model
for interpretation. First, theoretical considerations strongly
suggest the presence of endogeneity. Second, from pre-
vious research (Becker et al., 2022) we know that such
a test’s power could be low, resulting in false negatives.
Third, our simulation studies have shown that the Gaussian
copula approach with the adjusted ECDF estimator does
not worsen the endogeneity bias in the model. Conse-
quently, and to avoid pre-testing issues, researchers should
consider the copula model results for their theoretically
assumed endogenous variables, even if the copula terms
are not significant.

Despite Park and Gupta (2012) only providing theo-
retical arguments for retail price endogeneity, we further
extend the empirical example to simultaneously illustrate
the analysis of multiple, theoretically assumed, endog-
enous variables. The unmeasured product characteristics
or the demand shocks influencing both consumer and
retailer decisions may not only affect the retail price, but
also the retailer’s promotion and display decisions. This
should result in strong correlations between log(Price),
Promotion, and Display. In this empirical example, we
indeed see that log(Price) is negatively correlated with
Promotion (-0.57 store 1; -0.50 store 2) and Display
(-0.65 store 1; -0.55 store 2), while Promotion and Dis-
play show a strong positive correlation (0.64 store 1; 0.58
store 2). This indicates a higher Display and Promotion
intensity at lower prices and vice versa. It therefore seems

17" In both our replication of Park and Gupta’s (2012) results, and in
the analysis using the adjusted ECDF that we propose, we obtain the
outcome that there is no critical price endogeneity problem for store 1
or store 2 (since the copula terms are non-significant). At first glance,
this result may seem different from that of Park and Gupta (2012),
who show that their modified copula term (i.e., the p-parameter) for
log(Price) is statistically significant in store 1 (but not in store 2).
They therefore concluded that there is a significant endogeneity issue
in store 1’s regression model, which the Gaussian copula approach
revealed and treated by providing bias-corrected model estimations.
However, Park and Gupta (2012) consider the p-parameter’s empiri-
cal t-value of 1.8 for store 1 as an indication of a statistically signifi-
cant outcome. This finding suggests that Park and Gupta (2012) use
a two-sided test with a 10% probability of error or a one-sided test
with a 5% probability of error to determine the significance tests’
critical t-value. Since both copula terms and Park and Gupta’s (2012)
p-parameter can have positive and negative values, and we could not
find an a priori strong hypothesis for the error correlation’s direction,
we used a two-sided test, for which we chose a stricter 5% probability
of error. With such a test, Park and Gupta’s (2012) result would also
have been non-significant. This means that their results are in line
with the results and conclusions that we present.

@ Springer

reasonable to assume that the unobserved demand shocks
captured in the error term are not only correlated with
log(Price), but also with the advertising variables Pro-
motion and Display, thereby making all three variables
endogenous (Step 1).

With respect to Step 2, we already demonstrated all three
regressors’ non-normality, which also allows us to apply
the proposed framework in this extension of the empirical
example. Regarding Step 3, when following the flowchart in
Fig. 3, we designate log(Price), Promotion, and Display as
endogenous regressors P, and the year quarters represented
by the categorical exogenous regressors Z, while we have no
continuous exogenous regressors W. We therefore need to
include copula terms for all three endogenous regressors in
the model. We interact each of the three copula terms with
the indicator variables representing the year’s quarters, giv-
ing the following regression model:'®

log(Salest) =a+p - log(Price,) + p, - Promotion, + p; - Display,

+ Py 1Z =)+ s - 1(Z, = q3) + Bs - 1(Z, = q4)

+ Z mee Pncm

ql + z Yl’n)mumm Pmmmmn LI (Zf = qj)

+ Z Vanm) Dx\pla)l 1(z, = qj) +u.
(28)

We estimate the copula terms separately for observations
belonging to each of the four quarters by using the adjusted
ECDF that we propose. As there are no W variables in the
model, we only use the endogenous regressor’s estimated
CDF to compute each copula term. Table 2 shows store 1
and store 2’s results (i.e., in the “Proposed: Price, Promotion,
and Display copulas” columns 5 and 9).

Finally, Step 4 includes the significance test and interpre-
tation of the results. Despite certain individual copula terms
being significant, the results suggest that endogeneity is not
a critical issue since a bootstrapped Wald test for the copula
terms’ joint significance returns a p-value of 0.211 (0.304)
for store 1 (store 2). Nevertheless, as previously explained,
we use the copula model’s results rather than the naive OLS.
We focus on a comparison between the estimates resulting
from our proposed framework (i.e., with respect to store 1,

18 If theoretically justified, a researcher could easily introduce non-
linearities into the model, such as an interaction between log(Price)
and Promotion, and/or a squared Display variable, without altering
the calculation of the copula terms or the part of the model that incor-
porates these terms. This is because: (1) the calculation of the copula
terms is only affected by the classification of the continuous variables
as either endogenous or exogenous, and (2) the copula’s interactions
with discrete variables are intended to allow the copula structure to
vary across categories of the discrete variables, rather than being
based on the functional form of the structural model.
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we compare the “Proposed: Price copula” column 4 and the
“Price, Promotion, and Display copulas” column 5; regard-
ing store 2, we compare the “Proposed: Price copula” col-
umn 8§ and the “Proposed: Price, Promotion, and Display
copulas” column 9). Regarding store 1, the coefficients on
Promotion and Display increase substantially when they are
considered endogenous together with log(Price) (Table 2,
column 5) compared to the situation when only log(Price) is
considered endogenous (Table 2, column 4). Regarding store
2, the coefficient on Promotion shows a substantial increase,
and Display a substantial decrease when these variables are
considered endogenous together with log(Price) (Table 2,
column 9) compared to the situation when only log(Price)
is considered endogenous (Table 2, column 8). However, in
this extended example the sample size could be a limiting
factor. The 260 observations may not be enough to reliably
estimate such a complex model with multiple copulas and
using our extended framework’s full flexibility.

Conclusions and future research

Endogeneity is a common problem in regression analyses
of non-experimental data that leads to biased results in mar-
keting research and other disciplines (e.g., Rutz & Watson,
2019; Shugan, 2004). A typical issue of the popular IV
approach that researchers often encounter is a lack of suit-
able I'Vs that fulfill both the relevance and exclusion restric-
tion condition (e.g., Rossi, 2014; Sande & Ghosh, 2018).
It is also unclear whether the IV approach will ultimately
improve or worsen the situation (i.e., the cure can be worse
than the disease; e.g., Bound et al., 1993). To overcome
these concerns, [V-free methods have been proposed to help
researchers detect and address endogeneity problems with-
out the need for additional instruments. Among the IV-free
methods to deal with endogeneity issues, Park and Gupta’s
(2012) Gaussian copula approach is increasingly popular
(see the review presented by Becker et al., 2022). However,
Becker et al. (2022) reveal the Gaussian copula approach’s
limited applicability when regression models consider an
intercept, which other studies confirm (e.g., Eckert & Hoh-
berger, 2023; Falkenstrom et al., 2023).

In this research, we use theoretical derivations to show
that the bias depends on the CDF estimator’s quality. Based
on these insights, we propose an adjusted ECDF estima-
tor for the Gaussian copula approach that mitigates the
endogeneity bias problem in regression models with and
without an intercept. Simulation studies highlight this new
estimator’s strong performance in numerous data situa-
tions that researchers are likely to encounter in empirical
applications. At the same time, we compare the new estima-
tor’s results with those of other established estimators. We
thereby further substantiate that the choice of CDF estimator

matters, and that the adjusted ECDF performs effectively
in the Gaussian copula approach, consistently outperform-
ing other established estimators in terms of a lower finite
sample bias (i.e., when sample sizes are relatively small).
Additionally, our analytical derivations identify another key
factor influencing the bias, namely model collinearity. This
refers to the correlation between the endogenous variable
and the copula term in simple models, or the determinant @
in multivariate models. We show that this correlation (and
) is also connected to the non-normality level in the inde-
pendent variables.

Another critical methodological research question con-
cerns the Gaussian copula approach’s efficacy when han-
dling multiple endogenous and exogenous regressors with
different scales (i.e., discrete or continuous scales) and non-
linearities (e.g., interaction terms). Our additional meth-
odological advances enable the creation of a more general
Gaussian copula framework that enables researchers to more
effectively address endogeneity problems in a large variety
of regression models. We illustrate the practical applica-
tion of our advancements by means of an empirical market-
ing example with real-world data. This empirical example
takes researchers step-by-step through the application of
the more general framework we propose and highlights the
core decisions that researchers must make in the process. In
addition, the example provides researchers and practitioners
with valuable guidance in their quest for empirical rigor by
reducing the bias resulting from endogeneity in their regres-
sion models.

Our research unveils novel insights and contributes to
prior knowledge about the Gaussian copula approach for
dealing with endogeneity issues in regression models by (1)
developing an adjusted estimator and (2) presenting a new
comprehensive and adaptable framework capable of accom-
modating multiple correlated endogenous and exogenous
variables in regression models with and without intercept.
This framework is designed to handle exogenous variables
with discrete (e.g., binary) and continuous scales and can
capture non-linearities, including interaction terms in endog-
enous and exogenous variables. Consequently, this research
contributs to a valid application of the Gaussian copula
approach. Table 3 provides a summary of our research’s
contribution relative to other recent advances on the Gauss-
ian copula approach and related methods (see also Park &
Gupta, 2024).

However, these research results also have limitations.
Our general Gaussian copula framework requires an a
priori specification of the exogenous and the endogenous
variables from the set of available regressors. Consequently,
researchers still need to assess their variables’ causal struc-
ture carefully. For any variable for which we cannot argue
for exogeneity, we must include additional copula terms.
Otherwise, the results will suffer from endogeneity bias.
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However, including more copula terms increases model
complexity and data requirements, which can also increase
the likelihood that some of the bias will remain and that tests
will have low power. Future research can further investigate
the trade-off between increasing the model complexity by
including additional copula terms and misspecifying vari-
ables as exogenous. Moreover, including multiple copula
terms into a model also increases the chance of one being
significant (i.e., a multiple testing problem). In our empirical
example, we propose a bootstrap-based Wald test to assess
the copula terms’ joint significance. Future research can
assess this test’s power, and compare it to other potential
approaches, such as a bootstrapped Hausman test. In addi-
tion, regarding our most general model, which also includes
discrete regressors, we suggest estimating the copulas per
discrete level of the categorical variable. Our simulation
studies show that if the copula structure varies with the dis-
crete variable’s categories, only the conditional estimation
yields unbiased results. Future research can develop tests
that might help researchers decide whether this additional
model complexity is necessary.

Our general framework’s nature should also make it easily
applicable to panel data models by using within transfor-
mations or the dummy variable approach. Future research
could deepen this contributions’ relevance by using addi-
tional simulation studies to show our extended framework’s
performance with respect to models using panel data, and
by using empirical examples to develop related guidelines
for applications. Similarly, future research could investigate
extensions of the more general framework to limited depend-
ent variables (e.g., binary outcomes, such as in binary choice
models).

Finally, like the original approach, the proposed more
general Gaussian copula framework requires compliance
with central assumptions concerning (1) a normal error
distribution, (2) non-normal endogenous regressor(s),
and (3) fulfillment of a Gaussian copula structure. Our
findings do not alleviate general concerns about violat-
ing these central assumptions, such as the fulfillment of
a Gaussian copula structure or a normal error distribu-
tion, which, as Becker et al. (2022) show, could have a
substantial impact.!® While this research relaxes some of
the requirements regarding non-normality (e.g., through
higher quality CDF estimation by using our adjusted

19 Breitung et al. (2024) use a semiparametric approach that does

not require a full distributional model (i.e., a Gaussian copula) for the
dependence structure but instead uses a linear relationship between
endogenous and all exogeneous variables. In contrast, our method
is essentially unrestricted with respect to discrete exogeneous vari-
ables and models any dependence between continuous exogenous and
endogenous directly via a copula. The latter implies a linear relation-
ship between the respective quantile-CDF transformations that enter
as control functions.

@ Springer

ECDF estimator that has a lower finite sample bias), suf-
ficient non-normality is still important. Moreover, in the
general framework that we introduce, it is no longer the
non-normality of a single variable that matters, but rather
the presence of sufficient non-normality in at least some of
the variables that we leverage to identify the parameters.
We also show that a potential way of quantifying this non-
normality is through a determinant based on the predictor
matrix that we denote as w, which is a key component of
the approaches’ bias. These findings could guide future
research efforts in terms of establishing guidelines for the
Gaussian copula method’s viability, based on the sample
size and w. Future research may provide guidelines by
using empirically relevant simulations to explore the @
values’ boundary conditions where the Gaussian copula
approach is likely to yield low bias. Such investigations
could provide better thresholds for characterizing the nec-
essary level of non-normality than simple univariate tests
of each variable’s non-normality.

Any currently available method aimed at correcting
endogeneity bias depends on certain assumptions. Some
of these are untestable, like the Gaussian copula struc-
ture. Regarding, for example, the instrumental variables
approach, the exclusion restriction is the most problem-
atic assumption. However, researchers can use marketing
theory to provide careful arguments for their instruments’
exclusion restriction, and the quality of the instruments can
be judged by other researchers based on these arguments.
Conversely, there is a lack of guidance on how to justify
the unobservable Gaussian copula structure. We therefore
recommend that Gaussian copula methods should only be
applied after a careful search for suitable [V’s. In any case,
it will be a pressing concern of future research to find ways
to allow researchers to better assess whether the assump-
tions of the Gaussian copula are met. To address these
considerations in practice, researchers could triangulate
the causal effect of interest by means of multiple methods,
such as IV and frugal I'V-free approaches like the Gaussian
copula approach (see Ebbes et al., 2009, for other frugal
IV-free methods).
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