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The understanding of the transient behavior of natural convection boundary layer
(NCBL) on a heated vertical solid surface under various heating conditions is of
fundamental significance and application importance. In this study, scalings for the
parameters representing the behavior of unsteady NCBL flow of a linearly-stratified
Pr > 1 fluid on a semi-infinite vertical solid surface heated with a time-varying si-
nusoidal temperature at different development stages are developed with a scaling
analysis, in terms of Ra, Pr, s and f,, which are the Rayleigh number, Prandtl num-
ber, stratification number and frequency of the sinusoidal temperature, respectively.
These scalings are validated and quantified with a series of numerical simulations
over wide ranges of Ra, Pr, s, and f,,. The frequency of the fluctuations experienced
by the NCBL behavior at the transitional stage, due to the stratification of the am-
bient fluid, is also analysed, and it is shown that the previously obtained scaling for
the unsteady NCBL case with the constant heat flux heating condition is basically
applicable for the current case, Ra and f,, have additional effects as well due to the

time-varying nature of the applied temperature.

@) Electronic mail: wenxian.lin@jcu.edu.au.
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I. INTRODUCTION

As a classic fluid mechanical and heat transfer problem, the natural convection
boundary-layer (abbreviated as ‘NCBL’ hereafter) flow under various heating conditions
and different configurations is of fundamental significance and practical application impor-
tance, making it a topic which has drawn enormous research and is still heavily studied

(see e.g.,t12).

Among that under numerous heating conditions and configurations, the
unsteady NCBL on a heated vertical solid surface (abbreviated as ‘VSS’ hereafter) with
time-varying heating conditions, particularly that in a sinusoidal temperature or heat flux,

is the main mechanism for numerous practical applications, such as for many solar thermal

13-15 16,17

technologies like in a Trombe wall in a solar house , in a solar air collector'®'’, in a solar

18-20 2,3,5-7,11,12,21-41
b b

chimney etc. Although there are many studies on this specific topic
our current understanding of the transient behavior of such NCBL on VSS heated with
time-varying conditions in stratified ambient fluids is still very limited.

We have studied the unsteady NCBL on VSS heating by both constant and time-varying
temperature and heat flux in both homogeneous and linearly-stratified ambient fluids with

a wide range of Pr (see, e.g., 11212224,2627,4274T)

We obtained, through scaling analysis,
the scalings for the key parameters which characterize the behavior of unsteady NCBL flow,
which include the wall temperature, thermal boundary-layer (abbreviated as ‘TBL’ here-
after) thickness, viscous boundary-layer (abbreviated as ‘VBL’ hereafter) thickness, max-
imum vertical velocity within the VBL, the Nusselt number, and the corresponding time
scales typifying the various flow development stages. These scalings predict quantitatively
these parameters in terms of the control parameters of NCBL flow, i.e., the Rayleigh num-
ber (Ra), Prandtl number (Pr), frequency of the time-varying heating flux or temperature,

and stratification parameter of the ambient fluid. They were validated by numerical results

obtained over large ranges of the control parameters.

In the present study, we extended our previous studies to the case in which the unsteady
NCBL flow is on a VSS subject to a sinusoidal temperature in a linearly-stratified ambient
fluid with Pr > 1. We achieve the aim by conducting a similar scaling analysis to develop
the corresponding scalings for the characteristic parameters of the behavior of the unsteady
NCBL flow, which are then validated and quantified with a series of numerical simulations

over wide ranges of the control parameters.
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II. PHYSICAL AND COMPUTATIONAL MODELS
A. Physical model

The physical model considered here is a VSS of length H, which is without thickness
and placed in a Pr > 1 Newtonian fluid that is linearly-stratified, and is heated by a
sinusoidal temperature (ST), as sketched in Fig. 1. It is assumed that the unsteady NCBL
flow formed along the VSS is laminar and two-dimensional. The stratified ambient fluid
is initially stationary and at the constant temperature gradient S, = d7,,(Y")/dY in the
vertical direction (Y-direction), where T, ¢(Y") is the initial temperature of the ambient fluid
at height Y (at time ¢ = 0) and S, is the ambient stratification parameter. Along the VSS
(0 <Y < H), the temperature imposed on it, T,(t), changes sinusoidally with time as
follows,

T (t) = Tpmsin(2m ft) + Too(H), 1)

in which T, ,,, is the magnitude of the ST, which is also the characteristic temperature (i.e.,
temperature scale), f is the frequency of the ST, and T, o(H) is the initial temperature of
the ambient fluid at height H, which is the height where the VSS ends at the top. The
origin is at X = 0 and Y = 0, where X is the horizontal coordinate. It is assumed that X
and Y are positive in the right and upward directions, respectively.

At time ¢, the local temperature inside the fluid at Y is T(Y), so a local fluctuating
temperature, T(Y), away from the initial ambient temperature at Y, can be defined as

follows,

Ty (V) = T(Y) = Tao(Y). 2)

This means that the local fluctuating temperature imposed on the VSS at the height Y (i.e.,

the VSS temperature in terms of fluctuating temperature) is,
T p(t) = Ty(t) = Too(Y) = Ty msin(2m ft) + Ty o(H) — Tyo(Y). (3)
As T, o(H) =T,o(Y =0) + S,H and T, 0(Y) = T, 0(Y =0) + S,Y, Eq. (3) becomes,
Ty f(t) = Tymsin(2m ft) + S, (H — Y). (4)

It should be noted that, in terms of the fluctuating temperature, the fluctuating tem-

perature imposed on the VSS, T, ¢(¢), is not constant along the VSS (i.e., it changes with

3
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FIG. 1. Sketch of the physical model, computational domain and initial and boundary conditions.

Y). If T, f(t) is constant along the VSS, the physical model considered will not be the

time-varying ‘temperature’ case, but the time-varying ‘heat flux’ case instead.

B. Computational model

The governing equations for the unsteady NCBL flow, with the Boussinesq approxi-

mation for buoyancy, are written as follows in terms of T;(Y) (but for brevity, T} is used),

au Vv

X + Y - 0, (5)
U oU ou 10P *U 00U
o Vax Py T ax ”(axﬁm)v (6)

1% 1% 1% 10P vV 0*V
o Vax Vv T oy ”(aXﬁW)”BTf’ @)

4
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oTy 9Ty 0Ty (2T 2Ty
o PVax TVay TV =R laxe T o (8)

where U and V' are the velocity components in the X and Y directions, P is pressure, p, 3,

k and v are the density, coefficient of thermal expansion, thermal diffusivity and kinematic
viscosity of fluid, respectively, and g is the gravitational acceleration which is in the negative
Y direction.

The parameters in the above governing equations can be made dimensionless by using

the following relations.

LKLY U v
7H7 nyw 7%7 7‘/07 7(H—/Vb)7
P Ty
=—:F, 0= ,
P T T
in which Vy = kRa'/?/H is the velocity scale and Ra is the Rayleigh number which is defined
as,
TwmH?
Ra = 9P Twmt”, (9)
VK

In addition to Ra, the Prandtl number Pr, the dimensionless frequency of the sinusoidal
temperaturef,, and the dimensionless stratification number s are other control parameters

for the unsteady NCBL flow considered. These parameters are defined as follows,

Pr= % (10)

Cdfao(y)  dTao(Y)/Tun)  H dTo(Y) H
T Tday d(Y/H)  Tom dY) TwS (11)
fom ot = O 0D (12)

T Vo/H  Vo/H
where ¢, is the total heating time duration of the sinusoidal temperature and 7,;, =
tne/(H/Vp) is its dimensionless form. In accordance with the clear sky solar radiation
model'®, only the heating part is considered in the present study, thus 27 ft,;, = =, so
f = 0.5/t which leads to f,, = 0.5/7,;. Nevertheless, the scaling laws developed in the
present study are widely applicable for many other situations in addition to the unsteady
NCBL cases caused by the sinusoidal solar radiation.

The above governing equations (5)-(8) can then be written in the dimensionless forms as
follows,
Oou  Ov

et T 1
ot oy 0, (13)

5
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FIG. 2. Time series of d7y, 6viy, Vmy, and Nu, at y = 0.7 for the DNS case with Pr = 10,
Ra =108 s =1 and f, = 0.025 (DNS Case 3).

ar " Yoz Uay Oz RavY2\ox?  oy2)’
ov v dv  Op Pr (0% 0%
E—’_u%—i_vaiyi_@iy#_W(@_kain)—i_th (15)
0y 0 00 1 0%y %0y
o +u8m +vay +us = T2 \ a2 o ) (16)

IIT. SCALING ANALYSIS

For the cases considered in this paper, there are four major dimensionless parameters
to characterize the BL behavior at the dimensionless height v, i.e., the dimensionless TBL

thickness, dr,, the dimensionless inner VBL thickness, 6,;,, the dimensionless maximum

6



AlIP
Publishing

£

vertical velocity within the VBL, vy, which occurs at = d,;,, and the Nusselt number on
the VSS, Nuy. dr,y and d,;, are made dimensionless by H, while vy, , is made dimensionless

by Vo. Nu, is determined by

ox

Figure 2 depicts, as a representation, the numerically obtained time series of these four

parameters at y = 0.7 for the case with Pr = 10, Ra = 10%, s = 1 and f,, = 0.025 (DNS Case

Nu, = {aef (y)Lzo. (17)

3 as listed in Table I). From this figure, it is seen that the development of both dr,, and dy;,
experience three distinct stages; the start-up stage (abbreviated as ‘SUS’ hereafter), which
is in general small, in which é7,, and 6, , increase monotonically and quickly; this is followed
by the transitional stage, in which d7, and d,;, fluctuate at a frequency mainly related to s
due to the stratification of the ambient fluid, as will be shown later; and eventually the quasi-
steady stage (abbreviated as ‘QSS’ hereafter) which is generally much longer and in which
both 7, and d,;, only have small variations. The development of v, , is different; although
Uy has similar developments in the first two stages to that for dpy, and dy;,, it differs
significantly in the QSS, as it basically follows the trend of 6,,, which is the dimensionless
sinusoidal temperature imposed on the VSS, although they still have distinct differences,
e.g., at the end of the heating, v,,, does not become zero, but is at a finite value. The
development of Nu, is also different; it reduces substantially and very rapidly in the SUS,
but becomes to increase in the transitional stage and the early part of the QSS, followed by
the substantial reductions to approach essentially zero at the end of the heating, apparently
as then no heat transfers from the VSS to the fluid anymore.

The scalings for these characteristic parameters at the SUP and QSS will be obtained
in the subsequent scaling analysis whereas the scalings at the transitional stage cannot be
developed. As the exact times for the end of the SUS and the transitional stage are not easily
defined and thus not uniquely determined, to quantitatively validate the obtained scalings
at the SUS and QSS with the DNS results, it will be appropriate to just assume that the
BL development consists of the SUS and QSS only, with 7,, which is the time when d7,
attains the maximum for the first time, as the time scale for both the end of the SUS and
the commencement of the QSS, as 7, is a unique time that can be determined numerically, as
shown in Fig. 2. Although no scalings for these four parameters can not be developed at the
transitional stage, the frequency of the fluctuations of these parameters in the transitional

stage can be numerically obtained and will be compared to the available relevant scaling.

7
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We follow the same procedure as taken by us in the past studies on the unsteady NCBL
flows with different heating conditions and configurations, in particular that in?226:27,42,44-46
Some details in the following scaling analysis are therefore not repeated as they can be found

in these past studies.

A. At the SUS

As shown in Lin et al.*?, by balancing the unsteady and diffusion terms in Eq. (16)

over the TBL at height y gives, ,
172
57’,1} ~ .

Ral/4

For Pr > 1 fluid, the inner VBL thickness at height y, according to Lin et al.??, has the

(18)

following relation with o7,

5 L5 o 19
viy (1+ Pr—1/2) Tw ™ (1+ Pr-1/2)Ral/4’ (19)
and the buoyancy force is balanced by the viscous force in Eq. (15), which leads to the

following transient vertical velocity scale at height y at time 72227,
; Ra1/2A0f,y6%y Ay, T [sin(27 f,7) + s(1 — y)|7 (20)

™Y (14 Prot/2)2 (1+ Pr-1/2)2 (1+ Pr—1/2)2
where
Tw t Twm. 2 t SaH_Y .

Ay, =0, = () _ Tumsin(2r ) + Sl ) Csn@rfur) +s(1—y). (1)

Tw,m B T’“’am
It should be noted that Afy, = 0y 5 — 045 = Oy, as O, is zero because the fluctuating
temperature of the ambient fluid is zero. The local Nusselt number at the SUS is then as

follows,

00/(9)} N Aby N [sin(27 f,,7) + s(1 — y)]Ral/zl‘ .
z=0

Nu —

Y [ Oz Oy T1/2
Egs. (18), (19), (20), and (22) are therefore the scalings for dr,y, dyiy, Umy, and Nu, at the
Sus.

B. At the QSS

The growth of the boundary layer continues, with heat convected vertically by the

velocity represented by Eq. (20), until the heat conducted in from the boundary balances

8



AlIP
Publishing

L.

that convected away, and subsequently the boundary layer attains the QSS. Hence, from

Eq. (16), the balance becomes,

Al 1 A6
Um,y( yf,y +5) fy

" Ra? 3,
Putting Eq. (20) for v,,, and Eq. (18) for dr, into Eq. (23) yields,

Agfny Aﬂfﬂy +s A@Ly
(1+ Pr—1/2)2 T

)

which gives,
. (1+ Pr-%/?) (1 + Pr1/2)yt/?

(Agm N 8)1/2 ~ [sin(27 f,,7s) + s]V/2°

Y

This is the time scale for the boundary layer growth to reach the QSS.

At this time scale, the scalings for 67,y s, dviyy,s) Vm,y,s» and Ny, s, which are the respective

scales for 07y, dviy, Umy, and Nu, at the QSS, respectively, can be obtained as follows:

putting Eq. (25) into Eq. (18) gives,

751/2 (1+ Pr*1/2)1/2y1/4 _
Ra'/*  [sin(27 f,75) + s]Y/4Ral/t’

§T,yys ~

putting Eq. (25) into Eq. (19) gives,
1 1/4
6’02’ y,s ™ 6T.y s ™ . Y >
(14 P2 T (14 ProY2) Y2 sin (2 fTs) + 8]Y/4Ral /A

putting Eq. (25) into Eq. (20) gives,

[sin(27 fu7s) + s(1 — )]7e

Umye ™ (14 Pr-=1/2)2
[sin(27 fu7s) 4+ (1 — y)]7s (14 Pr1/2)y/2
(1+ Pr-1/2)2 [sin(27 f,75) + |1/

o bin@rfar) + s —y)y?
(1+ Pr=1/2)[sin(27 f,,7s) + s]'/?’

and putting Eq. (25) into Eq. (22) gives,

[sin(27 f,7,) 4 s(1 — y)][sin(27 f,,7s) + s]V/4 Ral/4

Nuy ; ~ 1+ Pr*1/2)1/2y1/4

(26)

(27)

(28)

(29)

It is worth noting that if the ambient fluid is not stratified, i.e., s = 0, the above scalings

will become exactly the same for the unstratified case, as obtained by Lin & Armfield?’,

which are as follows:
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At the SUS:

F1/2

F1/2
Oy ~ s 31
Y (1+ Pr-1/2)Ra'/4 (31)
sin(27 f, 7)T
Uy ~ (T3 P12 (32)
[sin(2n f,,7)] Ra'/*
At the QSS:
(1 + Pr-t/2)yl/2 (34)
Ts [sin(27 f,7)] /2
14+ Prl/2)1/2,1/4
W5 [sin(27 f7s) | Y/4 Rat/4
B v 36
vies L Pro/2) 1 2[sin (27 fors) /A Ra VA (36)
[sin(27 f,75)] 2y "2
mas ~ T preiE) (37)
qn(2 5/4p 174
Nu [sin(27 f,75)]"/* Ra (38)

y,s ™ (14 Pr-172)1/2y1/4 -
It should be emphasized that all the above scaling relations are obtained and hence valid

under the assumption that 7, is larger than 7.

IV. NUMERICAL VALIDATION OF THE SCALINGS
A. DNS runs

In the present study, all numerical simulations were conducted in a dimensionless
1 x 2 computational domain with a mesh of 599 x 599 nodes, as sketched in Fig. 1. The
use of the extra regions with the dimensionless height of 0.5 above and below the plate
is to minimize the effect of the boundaries, as commonly used for such problems (see,

e.g.,t1,2122,24.26,2743°48) " The initial and boundary conditions used are listed below:

u=v=0,60=0at all z,ywhen 7 <0;

and

u=v=0,0,=0at =0, -0.5 <y <0

10
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u=v=0,0=sin2rf,7)+s(l—y)at 2=0,0<y <1,
u=v=0,0,=0at =0,1<y <15
u,=v=0,=0at x=1, 05 <y < 1.5
u=v=0,0,=0at 0<z <1 y=-0.5
u,=v,=0,=0at 0<z <1, y=15when 72>0,

where the subscripts ‘z’ and ‘y’ denote the partial derivatives of a parameter with respect
to x and y, respectively.

The scalings obtained above are assessed and validated numerically with numerical sim-
ulations. To examine the roles of Ra, Pr, s and f,, in the scalings, a total of 16 DNS runs
were carried out, with details of these runs presented in Table I; four runs (Runs 1-5) are
at varying Ra over 10¢ < Ra < 10° with fixed Pr = 10, s = 1 and f,, = 0.025 to show the
Ra dependence; five runs (Runs 3, 9-12) are at varying Pr over 5 < Pr < 100 with fixed
Ra =108, s = 1 and f,, = 0.025 to show the Pr dependence; five runs (Runs 3, 5-8) are
for the variation of s in the range of 0.2 < s < 5 at Ra = 108, Pr = 10 and f,, = 0.025 to
show the s dependence; and five runs (Runs 3 and 13-16) are for the variation of f, over
0.005 < f, < 0.1 at fixed Ra = 10%, s = 1 and Pr = 10 to illustrate the f,, dependence. As
the scaling laws are developed assuming Pr > 1, the minimum value of Pr selected is 5.

26,45,46

All numerical simulations were conducted with our in-house code used in and a

series of our other past studies, such ag?*4448,

As the numerical methodology, meshes,
benchmarking of the code, etc., were detailed in those papers, particularly in264%, they will

not be presented here to avoid repetition.

B. Validation of the scalings for the TBL thickness

The scaling for o7, at the SUS is Eq. (18), which shows that only Ra has effect. This
is apparently validated by the numerical results presented in the left column in Fig. 3, as
only the time series of d7, at different Ra values (DNS runs 1-4), as shown in Fig. 3(b),
differ from each other, while the time series of d7, at different y, s, Pr and f, values are
essentially the same when Ra = 108, as shown in Fig. 3(a), (c)-(e).

The scaling for 7, , at the QSS is Eq. (26), which indicates that all four control param-

eters (Ra, Pr, s and f,) have effects on o7, ; and o7, , varies at different height (y) as well.

11
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FIG. 3. Time series of o7, raw data (left column) and scaled data (right column): (a) and (f)

Run 3 with varying y; (b) and (¢g) Runs 1-4 with varying Ra at y = 0.5; (¢) and (k) Runs 3, 5-8

with varying s at y = 0.5; (d) and (¢) Runs 3, 9-12 with varying Pr at y = 0.5; and (e) and (j)

Runs 3, 13-16 with varying f, at y = 0.5.
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TABLE 1. Values of Ra, Pr, s, fn, and 7 for the 16 numerical simulation runs.

Run Ra s Pr f, ™

1 10 1 10 0.025 20

2 107 1 10 0.025 20

3 102 1 10 0.025 20

4 10° 1 10 0.025 20

5 108 0.2 10 0.025 20

6 10% 0.5 10 0.025 20

7 108 2 10 0.025 20

8 108 5 10 0.025 20

9 10%5 1 5 0.025 20

10 10 1 20 0.025 20

11 10 1 50 0.025 20

12 10% 1 100 0.025 20

13 10 1 10 0.005 100

14 10® 1 10 0.01 50

15 10® 1 10 0.05 10

16 10 1 10 0.1 5

All these effects are clearly demonstrated by the numerical results presented in the right
column in Fig. 3 as the time series of dr,  vary when any of the parameter changes.

To quantify the scaling (18) for d7,, the raw and scaled time series of all 16 DNS runs,
each at a specific y value which is randomly selected, are presented in Fig. 4. From Fig. 4(b),
it is seen that all scaled time series of dr,, plotted against 7'/2/Ral/* within the SUS are
essentially on the same line represented by

172

Ory = 214

(39)

which confirms and quantified the scaling (18) for d7,,.

With the definition of 7, as shown in Fig. 2, the values of 7, are obtained for all DNS
runs, with each run at five heights (y = 0.1, 0.3, 0.5, 0.7, and 0.9) and the results are
presented in Fig. 5. From Fig. 5(b), it is seen that the scaling (25) for 75, which is 75 =

13
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FIG. 4. (a) o7, plotted against 7 (raw data) and (b) o7, plotted against 7'/2/Ral/* (scaled data)
for all 16 DNS runs, each at a specific y value. The red dashed line in (b) is the slope of d1,, plotted

against 7'/2/Ral/*, which represents 7, = 2.7417/2/Ral/*.

(1 4 Pr=Y2)yl/2/[sin(27 f,7) + s]'/2, collapses the numerically obtained 7, approximately
onto the following straight line, which is the linear fit obtained with the regression analysis
with all data presented in Fig. 5(b),

(14 Pr=1/2)yt/?
[sin(2m f,,75) + s]/?

Ty = 2.2927; — 0.344 = 2.292 —0.344, (40)

with the regression constant of R = 0.9372. The slope of 2.292 in the above equation
represents the quantified empirical proportional constant between 7, and 7. The noticeable
deviations of the numerically obtained 7, values away from the above linear fit are due to the
some relatively large dp, s differences for different cases and at different heights, as shown
in Figs. 3 and 4. Such noticeable deviations in 7, result in large deviations in dyiy.s, Um.y,s

and Nuy s, which are obtained at 7, as will be shown subsequently.
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for 7.
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is the scaling (26) for dry.s.
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The scaling for d7,, at the QSS is Eq. (26). To see if this scaling can be validated by
the numerical results, the numerically obtained d7, , values for all DNS runs, with each
run at the five heights, are plotted in Fig. 6. From Fig. 6(b), it is seen that the scaling
(26) for 67, which is o, = (1 4+ Pr=1/2)/2y!/4/[sin(2n f,7,) + s]'/*/Ra'/*, collapses the
numerically obtained d7, ; approximately onto the following straight line, which is the linear

fit obtained with the regression analysis with all data presented in Fig. 6(b),

(1 + Pr‘1/2)1/2y1/4
[sin(27 f,75) + s]/4Ral/4

01y = 2.30307,,5 +0.001 = 2.303 40.001, (41)

with the regression constant of R = 0.9845. The slope of 2.303 in the above equation
represents the quantified empirical proportional constant between d7, , and STﬁy,s. The
noticeable deviations of the numerically obtained dr, ; values away from the above linear
fit are due to the some relatively large d7, s differences for different cases and at different
heights, as mentioned above.

The scalings for the other three parameters can be validated in the same way, as detailed

below.

C. Validation of the scalings for the inner VBL thickness

The scaling for d,;, at the SUS is Eq. (19), which shows that both Ra and Pr have
effects. This is clearly validated by the numerical results presented in the left column in
Fig. 7, as only the time series of d,;, at different Ra values (DNS runs 1-4), as shown in
Fig. 7(b), and that at different Pr, as shown in Fig. 7(d), differ from each other, while the
time series of &,;, at different y, s, and f, values are essentially the same when Ra = 108
and Pr = 10, as shown in Fig. 7(a), (¢), and (e).

The scaling for d,; ., at the QSS is Eq. (27), which indicates that all parameters Ra, Pr,
s, fn, and y have effects on 6y, , 5. All these effects are clearly demonstrated by the numerical
results presented in the right column in Fig. 7 as the time series of d,;, s vary when any of
the parameters changes.

To quantify the scaling (19) for d,;,, the raw and scaled time series of all 16 DNS runs,
each at a specific y value which is randomly selected, are presented in Fig. 8. From Fig. 8(b),

it is seen that all scaled time series of §,;, plotted against 7V/2/(1 + Pr='/2)/Ra'/* within

17
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the SUS are essentially on the same line represented by

172

Opiy = 1.838 ———F——7,
Y (1+ Pr—1/2)Ral/4

(42)

which confirms and quantified the scaling (19) for d,;,.

The scaling for d,;,., at the QSS is Eq. (27). To see if this scaling can be validated by
the numerical results, the numerically obtained 0,;, ., values for all DNS runs, with each
run at the five heights, are plotted in Fig. 9. From Fig. 9(b), it is seen that the scaling
(27) for Gy y.s, Which is by« = y"/*/(1 + Pr=Y2)V2[sin(2n f,7,) + s]'/*/Ra/*, collapses

the numerically obtained d,;, s approximately onto the following straight line, which is the

Y,
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linear fit obtained with the regression analysis with all data presented in Fig. 9(b),

Suigs = 16698, .« + 0.00065

Y/

= 1.669
(1 + Pr=1/2)1/2[sin(27 f,75) + s]Y/4Ral/4

+0.00065, (43)

with the regression constant of R = 0.9904. The slope of 1.669 in the above equation
represents the quantified empirical proportional constant between d,;, s and 51,,-,%5. The
noticeable deviations of the numerically obtained d,;,  values away from the above linear

fit are due to the same reason as mentioned above.

D. Validation of the scalings for the maximum vertical velocity

The scaling for vy, , at the SUS is Eq. (20), which shows that, with the exception of
Ra, all other parameters (Pr, s, f, and y) have effects. This is clearly validated by the
numerical results presented in the left column in Fig. 10, as only the time series of v,,, at
different Ra values (DNS runs 1-4), as shown in Fig. 10(b), do not vary at the SUS, while
the time series of v, , at other parameters differ from each other. It is noted that the effect
of f, on vy, is mainly near the end of the SUS, as shown in Fig. 10(e).

The scaling for v,,, . at the QSS is Eq. (28), which indicates that, again, with the
exception of Ra, the other four parameters (Pr, s, f,, and y) have effects on v,,, . All
these effects are clearly demonstrated by the numerical results presented in the right column
in Fig. 10. It is worth noting that, although Ra has no effect on vy, at the QSS, there
are still differences of the fluctuations in the time series of v,,, at the QSS, as shown in
Fig. 10(g).

To quantify the scaling (20) for v,,,, the raw and scaled time series of all 16 DNS
runs, each at a specific y value which is randomly selected, are presented in Fig. 11. From
Fig. 11(b), it is seen that all scaled time series of v,,, plotted against [sin(27 f,7) + s(1 —
y)]7/(1 4+ Pr=1/2)2 within the SUS are essentially on the same line represented by

[sin(27 f7) + (1 — y)}T!

Uy = 0.816 1+ Pri/2)

(44)

which confirms and quantified the scaling (20) for vy, .
The scaling for vy, s at the QSS is Eq. (28). To see if this scaling can be validated by the

numerical results, the numerically obtained v, s values for all DNS runs, with each run at
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y)]7/(14 Pr=1/2)2 (scaled data) for all 16 DNS runs, each at a specific y value. The red dashed line
in (b) is the slope of vy, , plotted against [sin(27 f,,7) + s(1 — y)]7/(1 + Pr='/2)2, which represents
Uy = 0.816[sin(27 f,7) + s(1 — y)|7/(1 + Pr=1/2)2,

the five heights, are plotted in Fig. 12. From Fig. 12(b), it is seen that the scaling (28) for
Vpngos, Which is G, ¢ = [$in(27 f,70) +s(1—)]y"/?/[sin(27 f,75) +5]"/2 /(14 Pr=1/2), collapses
the numerically obtained v, , approximately onto the following straight line, which is the

linear fit obtained with the regression analysis with all data presented in Fig. 12(b),

Um,y,s = 0.7651/),”7%5 —+ 0.003

[sin(27 f75) + s(1 — y)Jy/?

=0.765
[sin(27 f,,75) + s]Y/2(1 + Pr—1/2)

+0.003, (45)

with the regression constant of R = 0.9107. Again the large deviations of the numerically
obtained vy, , s values away from the above linear fit are due to the same reason as mentioned

above.
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E. Validation of the scalings for the Nusselt number

The scaling for Nu, at the SUS is Eq. (22), which shows that, with the exception
of Pr, all other parameters (Ra, s, f, and y) have effects. This is clearly validated by the
numerical results presented in the left column in Fig. 13, as only the time series of Nu, at
different Pr values (DNS runs 3, 9-12), as shown in Fig. 13(d), do not vary at the SUS,
while the time series of Nu, at other parameters differ from each other.

The scaling for Nu, s at the QSS is Eq. (29), which indicates that all parameters (Ra,
Pr, s, f,, and y) have effects on Nu, . All these effects are clearly demonstrated by the
numerical results presented in the right column in Fig. 13, although the effect of Pr is much
small than that of others.

To quantify the scaling (22) for Nu,, the raw and scaled time series of all 16 DNS
runs, each at a specific y value which is randomly selected, are presented in Fig. 14. From
Fig. 14(b), it is seen that all scaled time series of Nu, plotted against [sin(27 f,7) + s(1 —
y)|Ra'/*/7"/? within the SUS are essentially on the same line represented by

[sin(27 f,7) + s(1 — y)| Ra'/*
172 ;

Nu, = 0.563 (46)

which confirms and quantified the scaling (22) for Nu,,.

The scaling for Nu,, at the QSS is Eq. (29). To see if this scaling can be validated
by the numerical results, the numerically obtained Nu,, values for all DNS runs, with
each run at the five heights, are plotted in Fig. 15. From Fig. 15(b), it is seen that the
scaling (29) for Nu,, ,, which is Nu, , = [sin(27 f,7,) +s(1 — y)][sin(27 f7s) + 5]/ Ra'/* /(1 +
Pr=Y2)172 /4 collapses the numerically obtained N Uy,s approximately onto the following
straight line, which is the linear fit obtained with the regression analysis with all data

presented in Fig. 15(b),

N, = 0.514Nu, , + 8.443
[sin(27 f,7,) 4 s(1 — y)][sin(27 f,,75) + s]Y/* Ra'/4

=0.514 (1 + Pr1/2)1/2y1/4

+8.443, (47)

with the regression constant of R = 0.9972. The slope of 0.514 in the above equation
represents the quantified empirical proportional constant between Nwu,, and N Uys. The
results in the figure show that the deviations of the numerically obtained Nu, ; values away

from the above linear fit are much smaller than that of the other parameters.
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FIG. 13. Time series of Ny,: raw data (left column) and scaled data (right column): (a) and (f)
Run 3 with varying y; (b) and (g) Runs 1-4 with varying Ra at y = 0.5; (¢) and (h) Runs 3, 5-8
with varying s at y = 0.5; (d) and (¢) Runs 3, 9-12 with varying Pr at y = 0.5; and (e) and (j)
Runs 3, 13-16 with varying f, at y = 0.5. 26
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y)|Ral/4/71/2 (scaled data) for all 16 DNS runs, each at a specific y value. The red dashed line
in (b) is the slope of Nu, plotted against [sin(27f,7) + s(1 — y)]Ra'/*/7'/2, which represents
Nuy = 0.563[sin(27 f,,7) + s(1 — y)]Ra'/*/71/2,

F. Average frequency of fluctuations

As presented and observed above, there are fluctuations in the time series of d7,y, dy;y,
Umy and 6, ,, mainly in the transitional stage. Such fluctuations are expected, as it has been
proved that in a linearly-stratified ambient fluid, a flow will experience fluctuations at the
Brunt-Viisald N given by*?,
dT,0(Y)

e " (49)

It has been shown that this is true in unsteady NCBL in a linearly-stratified ambient fluid,

as we observed in some of our previous studies?"42.
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y)][sin(27 f,,75) + s]/ARal/* /(1 4+ Pr=1/2)1/2 /yl/* is the scaling (29) for Nuy .
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In our study on the unsteady NCBL on a vertical isothermal plate in a linearly stratified
fluid with Pr > 1, it was observed that there are fluctuations in the time series of 7, and
Uy, but we did not make an analysis of the feature of the fluctuations*?. However, in our
study on the unsteady NCBL of a linearly-stratified ambient fluid with Pr < 1 on an evenly
heated semi-infinite vertical plate, we noted very strong fluctuations in the time series of all
characteristic parameters of the flow, i.e., 07y, 6yiy, Um,y and 0,4, which is the dimensionless
temperature on the plate at y, in the transitional stage, which is quite long compared to

what shown in the present case?'. We derived, and verified with our numerical simulation
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results, that the fluctuations are at the following frequency f;.,
for o sPr2. (49)

However, this scaling for f, is for the heat flux case applied on the plate which does not
vary with time.

For the present case, what applied on the plate is not heat flux, but temperature, which
is also not constant but varies with time sinusoidally. In addition, f,, and Ra, which are

1.,2!, may have effects on

not present in the constant heat flux case considered in Lin et a
fur as well. To examine the effects of Ra, Pr,s and f,, on f; for the case considered in the
present study, the average value of f,,, fi., which is the average of f,. along the plate (i.e.,
the average of f;. at y = 0.1, 0.3, 0.5, 0.7 and 0.9), is obtained for each DNS runs with
the numerical results for dr,, with the results presented in Fig. 16. It is expected that for
obtained from the o7, results is the same for d,;,, v,y and Nu, as well. It should be pointed
out that for some DNS cases, either the magnitudes of the fluctuations are negligible or no
fluctuations at some heights at all, as shown in the time series of 07y, dyiy, Um,y and Nu, in
the relevant figures presented above, which results in noticeable inaccuracy of the obtained
values of fi.

Figure 16 demonstrates that all four control parameters (Ra, Pr, s, and f,,) have effects
on f, for the time-varying temperature case considered in the present study. It is found
that f,. increases with Ra, as shown in Fig. 16(a), which can be correlated approximately
by a power fit; increases linearly with s almost perfectly, as shown in Fig. 16(b), which
is in agreement with the scaling (49) even this scaling is for the constant heat flux case;
increases with Pr, as shown in Fig. 16(c), which is found to be correlated reasonably well
with Pr'/2 (not shown in the figure), which is also in good agreement with the scaling (49);
and increases with f,,, as shown in Fig. 16(d), which can be correlated well by a power-fit

too.

V. CONCLUSIONS

A set of scalings for the key parameters characterizing the behavior of unsteady NCBL
flow of a linearly-stratified Pr > 1 fluid on a semi-infinite vertical solid surface heated with a

time-varying sinusoidal temperature are developed with a scaling analysis. These parameters
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include the maximum vertical velocity within the boundary layer, thermal boundary-layer
thickness, inner viscous boundary-layer thickness, Nusselt number, and the relevant time
scale. The scalings are represented in terms Ra, Pr, s and f,,, which are the major controlling
parameters of the flow.

It is found that the unsteady NCBL experiences three distinct development stages; the
start-up stage, the transitional stage, and the quasi-steady stage, and the scalings for each
parameter are different at different stages. The obtained scalings are validated and quantified
with 16 DNS runs over 106 < Ra < 10, 0.2 < s < 5,5 < Pr < 100, and 0.005 < f, < 0.1.
It is found that the numerical results are in general in good agreement with the scalings,
verifying the effects of these controlling parameters.

At the transitional stage, due to the stratification of the ambient fluid, there are fluc-
tuations in the time series of the behavior characteristic parameters at the Brunt-Vaisala
frequency. The numerical results show that the previously obtained scaling for the fluctua-
tion frequency for the unsteady NCBL on a vertical isothermal plate in a linearly stratified
fluid with Pr > 1 with the constant applied heat flux, in terms of s and Pr only, is ba-
sically applicable for the case considered in the present study as well, but the frequency
is also influenced additionally by Ra and f,, due to the time-varying nature of the applied

temperature.
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