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(Dated: December 6, 2023)

We report calculations for electron-mercury scattering using a complex relativistic optical po-
tential method. The energy range of this study is 0.001-1000 eV, with results for the elastic (and
momentum-transfer) cross section, summed discrete electronic-state integral excitation cross sections
and electron-impact ionization cross sections being presented. Here we obtain our cross sections from
a single theoretical relativistic calculation. Since mercury is a heavy element, a relativistic treatment
is very desirable. These ab initio calculations are compared to the cross section set recommended
by Mirié et al. [1], which were developed from a variety of experimental and theoretical sources.
Significant differences are noted between the total excitation and ionization cross sections, and
the low-energy momentum-transfer cross section. Electron transport coefficients are subsequently
calculated for reduced electric fields ranging from 0.01 to 1000 Td, using a multiterm solution of
Boltzmann’s equation. The results were compared against those calculated with the Mirié¢ et al.
set, and experimental measurements where possible. Overall, there is good agreement demonstrated
between both cross section sets and experiment. The drift and diffusion coefficients calculated with
the ab initio cross section set were generally lower than those calculated with the Miri¢ et al. set, at
low reduced field strengths E/N < 2 Td, and vice versa for reduced fields strengths E/N > 2 Td.
The ionisation coefficient calculated here was smaller than that of Miri¢ et al. and the experimental

measurements over the full range of electric fields investigated.

I. INTRODUCTION

Mercury has been used to produce light since the
discovery and subsequent development of the mercury
vapour lamp [2]. The fluorescent lamp eventually be-
came the backbone of the lighting industry due to the
high efficiencies found using various gas combinations.
The famous Franck-Hertz experiment [3] was originally
demonstrated using electrons in mercury vapour. While
light emitting diode (LED) technology has begun to dis-
place vapour lamps, the role of discharge plasma chem-
istry in the fabrication of complex condensed-matter sys-
tems is still of utmost importance. In both cases, the de-
tailed knowledge of the scattering cross section for a given
atomic or molecular target is a critical starting point for
any modeling procedure which hopes to produces predic-
tive results. The level of detail of this work is the integral
cross section including momentum transfer. This detail is
required such that the transport of energy can accurately
be predicted.

In a previous work, McEachran and Elford [4] calcu-
lated the the momentum-transfer cross section for low-
energy electrons in mercury, < 3.0 eV, using a similar
method to the one in this paper, and compared it to those
derived from swarm measurements. Although excellent
agreement was demonstrated for energies above 0.2 eV,
there were significant differences at lower energies. The
influence of mercury dimers was considered, as was the
possible inadequacy of the theoretical description in this
region, but ultimately the cause of the discrepancy is still
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unknown. In this work, the energy range is extended up
to 1000 eV, and inelastic processes including excitations
and ionization are included, along with elastic scattering.
Recently, Miri¢ and co-workers [1] constructed a cross
section set for electron transport in mercury, formed from
a variety of theoretical and experimental data, and mod-
ified it to give very good agreement to the available drift
and diffusion measurements over a wide range of reduced
electric field strengths. They also considered the effect
of mercury dimers on the transport, as well as their role
in the phenomenon of negative differential conductivity.
Whether a cross section set of similar high quality to the
Mirié et al. recommended set (MRS) can be determined
ab initio remains to be seen, and is one of the aims of
this work.

We begin this paper by describing the theory for the
cross section calculation using the complex relativistic
optical potential (ROP) method, and the details of the
transport theory and simulation in section II. The cross
section calculations are presented and compared to the
set of Miri¢ et al. in section IITA. The corresponding
transport properties are presented in section IIIB and
compared with experimental measurements were avail-
able. Finally, the results are summarized in section IV.

II. THEORETICAL AND TRANSPORT
SIMULATION DETAILS

A. Cross sections

In this work, the elastic, momentum-transfer and ab-
sorption cross sections were calculated using a complex



relativistic optical potential method in a similar man-
ner to that outlined in the recent papers for zinc [5],
indium [6] and cadmium [7]. The ROP method yields
elastic, excitation and ionization cross sections that are
in excellent agreement with experimental measurements
of electron scattering in zinc, and good agreement for
electron scattering in cadmium and indium, and thus
similar results are expected here for mercury. A com-
plete description of the ROP method is given in Chen et
al. [8].

The ROP method is based upon an approximate solu-
tion of the Dirac scattering equations which contain both
static and polarization potentials, the exchange terms,
and a non-local optical potential to account for both
excitation and ionization processes. The ground and
excited-state wavefunctions of mercury were determined
in a single configuration calculation using the multi-
configuration Dirac-Fock (MCDF) program of Grant et
al. [9]. The static potential was determined in the usual
manner from the ground state Dirac-Fock orbitals of mer-
cury while the non-local exchange interaction was in-
cluded by antisymmetrizing the total scattering wave-
function. The polarization potential was determined by
the polarized-orbital method [10, 11] and included the
first 7 multipole potentials plus the monopole potential
and the corresponding dynamic distortion polarization
potential [12, 13]. Thus, asymptotically the polarization
potential contained all terms up to and including those
corresponding to r—16.

The non-local optical potential is given by an expan-
sion over the inelastic channels of the target atom. These
inelastic channels include both excitation of the higher ly-
ing bound states and the single ionization of the valence
6s electron of mercury at 10.43 eV as well as ionization
of the 5d and 5d electrons of mercury at approximately
12.00 and 14.00 eV respectively. Eight excited bound
states of mercury were included in the optical potential.
These states included those where one of the electrons
in the outer 6s valence shell was excited to higher lying
states, namely, the np!®P| states with n = 6 to 9. The
wavefunctions for these excited states were determined in
a frozen-core approximation [14] and consequently, wave-
functions of the same overall symmetry, will be automat-
ically orthogonal [15]. These states gave rise to 24 excita-
tion channels. In the case of the excitation of individual
lines, the total excitation cross section was calculated
as follows. The total excitation cross section was deter-
mined without the line in question and this cross section
was then subtracted from the total cross section including
this line. In this manner, as much cross channel coupling
between the various states was included. In the case of
ionization, the 22 continuum states with an orbital an-
gular momentum of the incident electron of 0 to 3 were
included. This, in turn, gave rise to up to 106 ionization
channels depending on the total angular momentum of
the incident electron.

B. Transport simulations

The transport simulations are based on solutions to
Boltzmann’s equation employed here have been described
extensively elsewhere [16-20]. We describe only the key
points briefly here, and direct the reader to the references
above for a more detailed account.

The transport of electrons in a gaseous system, such
as a mercury vapour, subject to a uniform electric field
E, can be described by the solution of the Boltzmann’s
equation for the phase-space distribution function f:
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where r, v, and e denote the position, velocity, and
charge of the electron, respectively. The collision opera-
tor J(f) accounts for interactions between the electrons
of mass m. and the background medium.

If there are no strong gradients, then the space-time
dependence of the phase-space distribution function can
be projected onto the number density n(r,t) via the den-
sity gradient expansion [21],
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where ¢ is the azimuthal angle, and the superscripts L
and T define quantities that are parallel and transverse
to the electric field, respectively.

Solution of Boltzmann’s equation (1) with the expan-
sion (2) requires decomposition of the coefficients in ve-
locity space through an expansion in (associated) Legen-
dre polynomials, P/"(cos#) [22], i.e.,
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where 6 denotes the angle relative to the electric field
direction. Note that PlO are just the standard Legen-
dre polynomials. Boltzmann’s equation can then be re-
written as a hierarchy of equations for these expansion
coefficients [23].

The above represents a true multi-term solution of
Boltzmann’s equation, capable of accurately capturing
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anisotropic scattering effects in velocity-space. This is
important, as it is well known that the inclusion of in-
elastic processes can lead to a failure of low-order ap-
proximations [23-25]. In practice, the upper limit on
the summations in equations (3)—(5) is set to some value,
lmaz, and then systematically increased until convergence
of the relevant transport coefficients is achieved to the
desired precision. In this work, l,,4, = 5 is required for
the convergence of all transport coefficient considered to
within 0.5%, over the full range of electric fields.

Solving for the (normalised) coefficients of equa-
tions (3)—(5) provides sufficient information to calculate
transport properties [23], such as the flux drift velocity
W, mean energy ¢, flux longitudinal diffusion coefficient
DT and flux transverse diffusion coefficient D7,

€= mee/ v Fy(v)dv, (6)
0
4 o0
= g/o v Fy(v)dv, (7)
4 oo
DHT =2 R L (8)

which are related to their bulk coefficients counterparts,
the bulk drift velocity Wp, bulk longitudinal diffusion
coefficient DL, and bulk transverse diffusion coefficient
DL via
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where vg(v) is the total reactive collision frequency.
In the mercury vapour considered here, the only non-
conservative process is electron-impact ionisation, and
thus vg(v) = —Vion(v) = —Nvoon(v). The electron mo-
bility, u, is given by

_Ws

- (12)

1
and is often reported in ratio with the bulk diffusion co-
efficient, as a proxy for the mean energy of the system.
Physically, the flux transport coefficients detail mean
velocity and diffusion of the particles in the swarm,
whereas the bulk transport coefficients are concerned
with the spread about, and motion of, the swarm’s cen-
tre of mass. When particle non-conservative processes
are operative, such as ionisation, the bulk and flux co-
efficients can differ by several orders of magnitude, and
even exhibit entirely different quantitative behaviour. It
is important to recognize the difference, as it is the bulk
and not the flux transport coefficients which are generally
measured and tabulated in the vast majority of swarm

experiment literature [25-27], thus we will focus on bulk
properties here.

Finally, the net reaction rate R,.; is related to the
Townsend ionisation coeflicient, «, by the expression

Rpet = aWp — o?DE. (13)

and we will report the Townsend ionisation coefficient
rather than the net reaction rate in section III, for con-
sistency with previous literature.

III. RESULTS AND DISCUSSION

A. cross sections

The electron-mercury scattering cross sections for the
elastic momentum-transfer, total sum of excitations, and
electron-impact ionisation processes, calculated using the
ROP method described in section IT A, are shown in Fig-
ure 1, along with the corresponding cross sections from
Mirié et al. [1] (MRS). In the MRS, the excitations are
reported as separate individual processes for excitation
to the 3Py, 3Py, 3Py, 1P, and 'S states, as well as a
lumped higher-excitation cross section. Although they
are shown as totals in Figure 1 for comparison, we con-
tinue to treat each process separately when performing
the transport calculations in the remainder of this work.
In figure 1, the MRS ionisation coeflicient has been ex-
tended to slightly lower energies than that shown in Mirié
et al. [1], to make the behaviour near the threshold energy
more clear. This has been achieved by supplementing the
cross section with the near-threshold measurements from
Bleakney [28] which have been interpolated and extrap-
olated.

The momentum-transfer cross sections agree very well
for energies > 0.2 eV, but demonstrate a significant dis-
crepancy at lower energies. The low-energy momentum-
transfer cross section in the MRS comes from the swarm-
derived results of England and Elford [29], and this dis-
crepancy has been discussed previously [4]. The influence
of mercury dimers as well as possible inadequacies in the
theoretical description of the static and dynamic polar-
ization at very low energies have both been considered
as the source of the disagreement, but the issue remains
unresolved.

The total excitation cross section and the electron-
impact ionisation cross sections both demonstrate con-
siderable differences. In particular, the ROP set exhibits
a larger total excitation than the MRS, apart from close
to the threshold energy of ~ 5 eV. In contrast, the ion-
isation cross section from the ROP set is lower than
the MRS ionisation, for almost all energies. The MRS
ionisation cross section comes from the experiments of
Smith [30], and is already lower than similar measure-
ments from Jones [31], Bleakney [28], Liska [32], Harri-
son [33], as compiled by Kieffer and Dunn [34], further
highlighting the discrepancy with the ROP result. It is
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FIG. 1. cross sections for the elastic momentum-transfer

(MTCS), sum of excitations (Excitation), and electron-
impact ionisation (Tonisation) processes in mercury, calcu-
lated using the ab initio method described in Section IT A
(ROP, solid lines), and those digitized from Miri¢ et al. [1]
(MRS, dashed lines).

interesting to note that the magnitude of the ROP ion-
isation is very similiar to the MRS excitation, while the
ROP excitation is more similar in magnitude to the MRS
ionisation, such that the total inelastic, i.e the sum of ex-
citation and ionisation, is very comparable between the
two sets. Thus, while the strength of the total inelastic
interaction is very similar, the near-threshold dependen-
cies are likely to impact the finer details of the transport.
The affect of varying the relative strength of the excita-
tion cross section effecting the transport of electrons has
been demonstrated previously [25, 35].

The cross sections calculated using the ROP method-
ology described in section II A have been tabulated for a
selection of energies in the range 0 to 1000 eV in Table I,
for reference. Values for the total elastic are tabulated,
along with the momentum-transfer, total excitation and
ionisation, as displayed in the Figure 1.

B. Transport properties

Figure 2 displays transport properties (bulk drift veloc-
ity, mean energy, ratio of transverse diffusion coefficient
to mobility, bulk longitudinal and transverse diffusion co-
efficients, and the ionisation coefficient) for an electron
swarm in mercury vapour at 573 K. This temperature was
chosen to be consistent with the experiments of England
and Elford [29]. The calculated cross section set (Table I)
and the set published by Mirié et al. [1] were used. The
results consider the range of reduced electric fields E/N
1072 Td to 10® Td. Experimental measurements are also
included here where available.

Generally, the ROP yields smaller values of the drift
velocity and diffusion coefficients than those calculate
with the MRS cross sections for low reduced electric fields
E/N < 2, and vice versa at larger fields E/N > 2. At
E = 2 Td, the mean energy of the electron swarm is
approximately 1 eV. As shown in Figure 1, for energies
below 1 eV, the electrons are in the purely elastic scat-
tering regime, where the ROP momentum-transfer cross
section is larger than the corresponding MRS profile. The
enhanced momentum-transfer leads to reduced drift and
diffusion, as demonstrated. At higher energies, above
the excitation thresholds, the influence of the inelastic
channels becomes important. As shown in Figure 1, the
ROP exhibits a larger total excitation cross section, but
a smaller ionisation cross section, with respect the MRS
values. Noting that the MRS cross sections also feature
individual excitations with specific threshold energies,
the overall effect is to enhance the drift and diffusion at
the higher electric fields, with respect to the MRS values.

In Figure 2 (a), the bulk drift velocity is shown. There
is excellent agreement between the theoretical results us-
ing both sets of cross sections, and the the experimental
results from England and Elford [29] and Klarfeld [36]
over the reduced field range 0.1-10 Td. The experimen-
tal results from McCutchen [37] show significant differ-
ences at the low fields, and Miri¢ et al. [1] proposed that
this may be due to the presence of trace amounts of mer-
cury dimers. At very low fields < 0.1 Td, there is some
divergence between the theoretical calculations using the
two sets, but there is no experimental data here to com-
pare. At high fields > 100 Td, the drift velocity calcu-
lated using the MRS agrees well with the experiments
from Klarfeld, while the ROP set gives a slight overesti-
mation. Overall, the ROP cross section set respectably
reproduces the drift velocity of the MRS, and the exper-
imental measurements.

The ratio of the the bulk transverse diffusion coefficient
to electron mobility, DL /i, along with the mean energy,
¢, are shown in In Figure 2 (b). Despite significant differ-
ences between the ROP and MRS being demonstrated,
the agreement with the available experimental data for
the two sets is comparable, with the larger results of ROP
set agreeing better with the experiments of Klarfeld [36],
while the lower MRS values agrees better with the ex-
periments of Hayes and Wojaczek [38]. Both simulated
sets are in good agreement with the measurements of
Ovcharenko and Chernyshev [39]. The mean energy is
also shown for reference, and demonstrates similar be-
haviour to the characteristic energy, %Dg /i, justifying
the latter’s use as a proxy for the mean energy of the
electron distribution.

In Figure 2(c), the bulk longitudinal and transverse
diffusion coefficients are shown. There is no available
experimental data to evaluate accuracy. There is excel-
lent agreement in the longitudinal coefficients in the field
range £ — N = 0.1 — 2 Td. Otherwise, the ROP gives
larger values of the longitudinal and transverse diffusion
coefficients than the MRS for low fields, and vice versa
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FIG. 2. Comparison between transport simulated using the ab initio cross section set described in Section II A and tabulated in
in Table I (Sim: ROP, blue), and that using the cross section set of Mirié¢ et al. [1] (Sim: MRS, red). The transport properties
are defined in equations (6)—(12). a) Bulk drift velocity. The experimental data is from England and Elford 1991 [29] (Exp:
E&E, circles), McCutchen 1958 [37] (Exp: M, triangles) and Klarfeld 1958 [36] (Exp: K, squares), respectively. b) Ratio of bulk
transverse diffusion to mobility (sold lines), and mean energy (dashed lines). The experimental data for the characteristic energy
is from Ovcharenko and Chernyshev 1970 [39] (Exp: O&C, circles), Hayes and Wojaczek 1963 [38] (Exp: H&W, triangles)
and Klarfeld 1938 [36] (Exp: K, squares), respectively. ¢) The longitudinal (solid lines) and transverse (dashed lines) diffusion
coefficients. d) Ionisation coefficient. The experimental data is from Overton and Davies 1968 [40] (Exp: O&D, circles), along
with the recommended values of Raju 2011 [41], determined from various sources (Rec: R, triangles).

at higher fields, which is a reflection of the differences in
the cross section sets, as discussed above.

The Townsend ionisation coefficient is displayed in
Figure 2 (d). The ROP values are consistently smaller
than the experimental measurements of Overton and
Davies [40], the recommended values of Raju [41], and
the MRS values, the latter of which is a direct conse-
quence of the smaller ionisation cross section, shown in
Figure 1. Note that the MRS cross sections, specifically
the excitations, were modified [1] from earlier cross sec-
tions to better reproduce the recommended ionisation co-
efficients of Raju.

Overall, the ROP cross section set presented here re-
produces the (limited) experimental data for the drift
velocity and diffusion coefficients well, while consistently

underestimating the ionisation coefficient. We again em-
phasize that this approach has no free parameters, i.e.
that it represents an ab initio method. The transport
properties are comparable with, though showing dis-
tinct differences to, the cross section set recommended
by Mirié et al. [1], which was compiled from theoretical
and experimental sources and modified to give very good
agreement to the available experimental data.



TABLE I. A representative selection of the calculated cross sections for total elastic (Elastic), momentum-transfer (MTCS),
sum of all discrete excitations (Excitation), and electron-impact ionization (Ionisation), for electron scattering from mercury.
Calculations have been performed using the method described in Section IT A, and coincide with the profiles shown in Figure 1.

Energy  Elastic MTCS Excitation  Ionisation |Energy Elastic MTCS Excitation  Ionisation
[eV] [1072° m?] [1072° m?] [107*° m?] [107*° m?] |[eV] [1072° m?] [107*° m®] [107*° m?] [107%° m?]
0 124 12.4 0 0 15 6.62 3.43 11.0 1.82
1x107% 15.1 15.8 0 0 16 6.34 3.42 11.1 2.10
2x1073%  16.1 17.2 0 0 17 6.17 3.42 11.2 2.32
5x107%  18.2 20.1 0 0 18 6.08 3.43 11.2 2.48
1x1072 20.4 23.5 0 0 19 6.06 3.44 11.3 2.59
2x1072 23.6 28.7 0 0 20 6.09 3.46 11.3 2.66
5x1072  30.6 41.1 0 0 21 6.16 3.49 11.2 2.71
1x107! 426 61.7 0 0 22 6.26 3.53 11.2 2.74
2x1071  84.7 117 0 0 23 6.38 3.57 11.2 2.77
3x10~' 153 182 0 0 24 6.52 3.61 11.2 2.78
4x1071 199 206 0 0 25 6.67 3.65 11.2 2.79
5x107Y 209 196 0 0 30 7.49 3.83 11.3 2.82
6x1071 206 178 0 0 35 8.24 3.91 11.2 2.84
7x107t 198 158 0 0 40 8.79 3.87 11.0 2.86
8x10~ 186 140 0 0 45 9.16 3.71 10.6 2.87
9x10~t 175 124 0 0 50 9.36 3.48 10.2 2.89
1 163 110 0 0 55 9.44 3.21 9.82 2.90
1.1 152 08.2 0 0 60 9.43 2.93 9.43 2.89
1.2 143 88.6 0 0 65 9.38 2.67 9.07 2.88
1.3 134 80.6 0 0 70 9.30 2.43 8.72 2.87
14 126 73.8 0 0 75 9.20 2.21 8.41 2.85
1.5 119 68.1 0 0 80 9.09 2.02 8.11 2.82
1.6 113 63.1 0 0 85 8.98 1.86 7.83 2.79
1.7 108 58.8 0 0 90 8.87 1.71 7.57 2.76
1.8 102 55.0 0 0 95 8.75 1.58 7.32 2.73
1.9 97.7 51.7 0 0 100 8.64 1.47 7.09 2.69
2 93.5 48.7 0 0 110 8.42 1.29 6.86 2.62
2.5 76.4 37.4 0 0 120 8.21 1.15 6.50 2.55
3 64.0 29.9 0 0 130 8.00 1.04 6.16 2.47
3.5 54.6 24.5 0 0 140 7.79 9.54x107!  5.85 2.40
4 47.1 20.3 0 0 150 7.58 891x107Y 5.56 2.32
4.5 41.1 17.0 0 0 160 7.38 8.45x107Y  5.29 2.25
5 35.6 14.5 8.76x1072 0 170 7.18 8.13x107' 5.03 2.18
5.5 31.2 12.2 3.40x107Y 0 180 6.98 7.91x107r  4.79 2.11
6 27.6 10.4 552x107Y 0 190 6.78 7.78x107Y  4.57 2.05
6.5 24.5 8.93 7.44x107Y 0 200 6.59 771107 4.36 1.99
7 21.6 7.40 1.73 0 250 5.73 7.94x107r  3.75 1.73
7.5 19.3 5.86 3.59 0 300 5.06 8.39x107' 3.11 1.52
8 17.3 4.82 5.22 0 350 4.55 871x107Y  2.62 1.35
8.5 15.6 4.14 6.63 0 400 4.16 8.85x1071  2.23 1.20
9 14.1 3.73 7.66 0 450 3.87 8.85x107'  1.93 1.09
9.5 12.8 3.50 8.55 0 500 3.63 8.75%x107Y  1.69 9.87x107*
10 11.7 3.36 9.39 0 550 3.45 8.59x107r  1.64 9.22x107¢
10.5 10.8 3.30 10.1 7.30x107% |600 3.29 8.38x1071  1.47 8.50x107*
11 9.94 3.29 10.5 1.61x107% (650 3.16 8.16x1071 1.32 7.87x1071
11.5 9.24 3.32 10.7 3.80x1071 |700 3.04 7.92x107Y  1.20 7.31x107*
12 8.64 3.35 10.7 6.13x107Y |750 2.94 7.67x107Y  1.09 6.83%x1071
12.5 8.13 3.38 10.8 8.48x1071 800 2.86 7.42%x107Y  1.00 6.39%x107?
13 7.70 3.40 10.8 1.07 850 2.78 7.18x107Y  9.24x107'  6.01x107?
13.5 7.35 3.42 10.8 1.28 900 2.71 6.94x1071  854x107!  5.66x107*
14 7.05 3.42 10.8 1.48 950 2.64 6.70x1071  7.93x107! 5.34x107?
14.5 6.82 3.43 10.9 1.66 1000  2.58 6.47x1071  7.38x107!  5.06x107*




IV. SUMMARY

We have determined from ab initio ROP calculations a
set of cross section data for electron scattering from mer-
cury, including the elastic, elastic momentum-transfer,
the sum of discrete excited electronic-states and the
electron-impact ionization, processes. This cross section
set was compared to the set recommended by Mirié et
al. [1], which was assembled from a combination of theo-
retical and experimental sources to give very good agree-
ment to the available swarm measurement data. The two
cross section sets demonstrated significant differences in
the magnitude of the total excitation and ionisation cross
sections, as well as with the momentum-transfer cross
section at very low energies. The latter discrepancy has
been long known [4], but not yet resolved. When com-
paring the corresponding transport coefficients (Wg, e,
DL /u, NDE, NDL and a/N) for electrons in mercury
vapour at 573 K, subject to a uniform external electric
field, calculated from a multi-term Boltzmann equation
solution, the two sets agreed well with each other, and
with the limited available experimental measurements,
for the drift velocity and diffusion coeflicients over the
full range of reduced electric field strengths 0.01 — 1000
Td. Generally the transport coefficients calculated using
the ab initio cross section set were lower than those cal-
culated using the Mirié et al. set for fields E/N < 2 Td,

and vice versa for fields E/N > 2 Td. The ROP ion-
isation coefficient, however, consistently underestimated
the direct experimental and experimentally-derived val-
ues. This may warrant further future experiments for
measuring the electron-impact ionisation cross section of
mercury.
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