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ABSTRACT

This article employs fluid equations to analyze muon beams in gases subject to crossed electric and magnetic fields, focusing, in particular,
on a scheme proposed by Taqqu [Phys. Rev. Lett. 97, 194801 (2006)], whereby transverse compression of the beam is achieved by creating a
density gradient in the gas. A general criterion for maximizing beam compression, derived from first principles, is then applied to determine
optimal experimental conditions for 4" in helium gas. Although the calculations require the input of transport data for (4", He), which are
generally unavailable, this issue is circumvented by “aliasing” (u*, He) with (H*, He), for which transport coefficient data are available.

© 2023 Author(s). All article content, except where otherwise noted, is licensed under a Creative Commons Attribution (CC BY) license
(http://creativecommons.org/licenses/by/4.0/). https://doi.org/10.1063/5.0172598

I. INTRODUCTION
A. MTT and compression of muon beams

In the previous article' (referred to as Paper I below), we
showed how fluid equations of momentum transfer theory (MTT)*’
could be used to estimate the Lorentz angle for electrons in helium
gas in crossed electric and magnetic fields, using experimental
swarm data in an electric field only, symbolically,

(e”, He) swarm data for E field only + MTT —

Lorentz angle for crossed E x B fields.

Thus, the equations of MTT acted as an intermediary for processing
empirical data obtained in one particular situation in order to obtain
information about another, more general case. In addition to gener-
ating results in good agreement with simulation techniques,” * the
method has the advantage of being both physically transparent and
self-contained.

The present article deals with a beam of positive muons y* in
helium gas, subject to crossed electric and magnetic fields. Again,
calculations are carried out using MTT, though the emphasis and

aims are quite different from Paper I. Thus, we consider transverse
compression of the muon beam through imposition of a density
gradient in the gas, as proposed by Taqqu,” and derive criteria
for generating the gas density profile, which maximizes the com-
pression. In contrast to Paper I, the Lorentz angle is specified at
the outset, while MTT acts as an intermediary for generating the
required optimal experimental conditions, i.e., symbolically,

Lorentz angle + MTT — Optimal density gradient in the gas.

An additional component of empiricism is required since the proce-
dure requires the input of (u*, He) transport data, which is, however,
unavailable. A similar problem also arises in simulations, which
require the input of unknown (u*, He) scattering cross sections.
However, just as Taqqu’ argued that known (H", He) that cross
sections could adapted to the muon problem for simulation pur-
poses, we adapt or “alias” known (H', He) swarm experimental
transport data®” to (u*, He). Such a procedure has already been dis-
cussed in the context of MTT for muons in an E field only,'’ and
the present paper extends the method to crossed E and B fields. Note
that MTT has already been applied to muons in gases in the context
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of muon catalyzed fusion.'" A recent discussion of the kinetic theory
of muons, electrons, and ions in gases can be found here.'”

This article, such as Paper I, provides what we believe to
be an efficient, self-contained, and physically transparent pro-
cedure, over which the user has total control, thereby offering
an alternative, complementary approach to simulation packages
(e.g., GEANT* and Magboltz™°). In addition, the prescription we
provide for optimizing transverse compression can be incorporated
into both simulations and fluid analysis and is directly applicable to
the experiment.

B. Outline of this article

This article involves the conjunction of two distinct fields,
which come under the general headings of beam physics and trans-
port analysis, respectively. Readers familiar with one area may not
be familiar with the other, and we, therefore, commence with a
brief review of muon beams in Sec. II, followed by a summary in
Sec. 111 of the fluid equations of momentum transfer theory (MTT).
Section IV outlines how this theory is to be applied to beam analysis,
starting with the derivation of an expression for stopping power."
In Sec. V, Taqqu’s proposal’ for beam compression in a gas with
a spatially varying density is then explored, and we obtain criteria
for maximum transverse compression. This “maximum compres-
sion theorem” is then applied in Sec. VI to obtain optimal conditions
for a (u*, He) compression cell. Section VII concludes this article
with a discussion of the results.

Il. REASONS FOR STUDYING MUON BEAMS

The fundamental particle muon plays an important role in
low energy, precision particle physics, and materials science. "
In particular, experiments with positive muons (4*) and muonium
atoms (u*e”) offer promising possibilities for tests of fundamen-
tal symmetries and searches for physics beyond the standard model
of particle physics, e.g., the measurement of the muon anoma-
lous magnetic moment (g — 2),'”'"” the search for a muon electric
dipole moment,'” muonium spectroscopy,w” or muonium gravity
measurements.”””" The next generation of these precision particle
physics experiments or muon spin resonance research methods in
materials science requires high-intensity low energy muon beams
with very small phase space, i.e., with small transverse size and
energy spread.

At the present time, standard muon beams available at meson
facilities””” are produced by pion decay, and due to the large area of
the production target and the large capture acceptance of beam line
elements of the secondary beamline, the beams have relatively poor
phase space quality and high energy. Common phase space compres-
sion schemes based on stochastic cooling, electron cooling, or muon
energy moderation in materials are not applicable due to the short
muon lifetime (~2.2 ps) or low cooling efficiencies (< 1074).

Several years ago, a new compression scheme’ was proposed
and a novel device’ that reduces the full phase space of a y* beam by
10 orders of magnitudes with an efficiency of 107 is currently under
development at the Paul Scherrer Institute. The applied method””*°
moderates a positive muon beam in a few mbar cryogenic
helium gas while simultaneously compressing its beam spot in an
E x B field.

ARTICLE pubs.aip.org/aipl/jcp

I1l. FLUID EQUATIONS IN BEAMS
AND SWARM EXPERIMENTS

A. A brief resume of fluid modeling

Consider a beam or “swarm” of low-energy charged particles of
mass m, number density #, interacting with a target gas (e.g., helium)
of far more numerous atoms or molecules of mass mg, number
density np > n, as shown schematically in Fig. 1.

In a time-of-flight experiment,”” the time taken for the center-
of-mass of the swarm to move a known distance under the influence
of external electric and magnetic fields, plus the dispersion of par-
ticles about the center-of-mass, is measured to yield drift velocity
and longitudinal and transverse diffusion coefficients, respectively.
These quantities can be calculated theoretically by either

(i) kinetic theory,l“'” in which one first solves Boltzmann’s equa-
tion for the swarm velocity distribution function f(v) fol-
lowed by appropriate averaging over v to obtain the average

particle velocity ¥, average kinetic energy 1/2 mv?, and so on,
or

(i) fluid theory,”” where the averages are obtained directly as
solutions of macroscopic conservation equations for momen-
tum, energy, and so on, without the need to find f first; of
particular interest are the expressions for the average rate of
transfer of these properties in collisions.

Although (ii) provides a much faster way of finding the phys-
ically measurable quantities, this “short cut” comes at the price
of reduced accuracy since some approximation is inevitable. Thus,
whereas kinetic theory typically yields physically measurable quanti-
ties to within an uncertainty of 1% or better, the fluid equations used
here, based on momentum-transfer theory,” furnish the required
averages accurate to within an uncertainty of around 10%.

Note that the neutral gas, whose properties are specified by sub-
script 0, is at rest and in equilibrium at temperature T so that vy = 0,

%i’l’l()V()2 = %kTo.
Fundamental to the calculations is the collision frequency for

momentum transfer,
[2¢
vm(a) = No ;O'm(s); (1)
r

where
m
om(e) = 27‘1’/0(8,)()[1 — cos ] sin ydy (2)
0
incident {¢———region of interaction —» transmitied
beam beam
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FIG. 1. A low density beam of particles interacts with a target gas of known prop-
erties. Electric and magnetic fields (not shown) may be applied in the region of
interaction to achieve the desired acceleration and dispersion (longitudinal and/or
lateral) of the beam.
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is the momentum transfer cross section, ¢ is the center-of-mass
energy, y is the scattering angle in the center of mass frame, o (e, x)
is the differential cross section, and

pr = mmo/(m +mo) 3)

is the reduced mass. The following mass ratios also appear in what
follows:

M=m/(m+mp), Mo=mo/(m+mp).

B. The collision terms

The energy-dependence of the cross section is determined by
the nature of the charged particle-atom interaction potential, e.g., for
an inverse-fourth power law potential, 6,x(¢) ~ £ /2, and by Eq. (1),
vm is a constant, independent of energy (Maxwell model”***"). In
this special case, the collision terms in the fluid equations can be rep-
resented exactly, but otherwise, an approximation is required. MTT
consists in assuming that fluid equations of the same mathemati-
cal form as the Maxwell model can be employed in more general
circumstances. In particular, the mean collisional transfer rates of
momentum and energy in elastic collisions are given by

omv

and

omv*[2 (- 3
( oy )CDZ~—2Mvm(£)(£—EkTo), (5)

respectively. For the Maxwell model, these expressions are exact, and
otherwise, the approximations are better for collision frequencies,
which vary slowly with energy.

For gases whose constituent atoms and molecules have internal
states I, which may be altered through inelastic collisions, Eq. (15)
must be modified by the inclusion of an additional term.”” Thus, in
general,

(5], = oo o) w75 o

I

F1= (o) = oy /%?I(s) %)

denotes the average excitation collision frequency characterized by
cross section o r(e) with threshold energy & and % denotes the
corresponding quantity for the inverse process, i.e., de-excitation.
Well above threshold, € > ¢, inelastic cross sections (and there-
fore inelastic collision frequencies) may vary sufficiently smoothly,
making it reasonable to assume that

T1(e) = T1(8) = oy /?71(5). ®)

where

ARTICLE pubs.aip.org/aipl/jcp

Athigh energies, £ > 3 kT, the thermal motion of the gas molecules
can be neglected (cold gas), and inverse collisions may be neglected,
Y1 — 0. Thus, the high energy limit of (6) is

-
( omv[2 ) ~ —2Mvy, (8)E - Mo Y. & 71(8). )
ot col I

In addition, for a cold gas e~ %yr?, and therefore, \/§ ~ \/j

= Vrms. Then, (9) can be written in the alternative form as follows:

—
( 8"2; /2 ) ~ 7vrm5[2Mom(E)E + Moy, 8171(5)]. (10)
col 1

This expression will be used in the derivation of an expression for
stopping power of muons in a gas in Sec. I'V.

C. Balance equations for energy and momentum

As afirst approximation, we consider a spatially uniform swarm
and also neglect any time variation. Using (4) and (6), we find that
fluid equations corresponding to momentum and energy balance in
uniform external electric and magnetic fields are””’

q(E+7V x B) » pyvi(5)¥ (1)

and

_ _f_ 3
qE-vmve(s)(s— 5kT0+Q)’ (12)
respectively, where
Q=M s,(ﬁ—?,)/ve(é) (13)
T

and

ve(€) = 2Mvu (%) (14)

is the average collision frequency for elastic energy transfer.
Equations (11) and (12) may be combined to give

3 1
&= KTy + Emovz - Q(5), (15)

which reduces to the well-known Wannier energy equation’*”
when inelastic processes are negligible.

In Paper I, we did not require the explicit expression (13) for
Q, and neither did we need to know the solution of Eq. (15), only
that it shows that the mean C.M. energy can be determined if the
average velocity is known, or conversely, i.e., € = €(¥) or v = ().
Indeed, the same simplifications apply in most of the present paper,
and Eq. (10) is required only for the purpose of deriving expressions
for stopping power (see Sec. I'V).

Just as Egs. (11) and (15) provide the framework for fluid
analysis of traditional ion and electron swarm experiments, they
also provide the basis for modeling compression of muon beams
(see Sec. V). In addition, they also furnish the means of obtaining
otherwise unknown properties of muons by “aliasing” proton data
for which transport quantities are known.*
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IV. STOPPING POWER

Before proceeding to the question of muon compression, we
make contact with the literature on beams by showing how the
MTT formalism yields expressions for stopping power familiar in
the beam literature.

By Eq. (10), it follows that the rate of loss of energy per unit
distance x along the particle track is

omv’2\ 1 (omv’)2
0x col - Vrms ot col

~ f[ZMam(E)E + Moy, 8171(2)]. (16)

The stopping power is defined by

gz 1(3’”V2/2) _ g, glned a”)
[ Ox col
where
S = 2Mzo,, (5) (18)
and
S - My &G 1(5) (19)
1

denote the contributions from elastic and inelastic processes, respec-
tively. These general expressions can be simplified slightly for lighter
particles, such as muons, through the approximations M ~ m/mg and
My =~ 1. In particular, Eq. (18) can be written as

S = Az 0, (2), (20)
where
2
A€ = ﬁg
mg

is the average kinetic energy lost by a muon in an elastic collision.
Similar expressions for the stopping power can be found in the
literature."”

V. BEAM COMPRESSION IN EXTERNAL FIELDS
A. Optimal conditions for compression

The criterion that we shall assume gives that optimal beam
compression is simply that the mean muon velocity converges in
space, i.e.,

V- -v<O. (21)

Thus, by calculating an expression for ¥ in terms of external fields
and other parameters, using the balance equations for momentum
and energy [(11) and (15)], respectively, and substituting in (21),
we obtain the criterion for convergence in terms of those fields and
parameters.

While the externally applied electric and magnetic fields,
E and B, respectively, are uniform, the gas number density

ARTICLE pubs.aip.org/aipl/jcp

no generally varies with position. If it is assumed that the following
holds:

e to first order, muon properties are approximately uniform,
even though gas properties may vary with position,

e muon density is very low, i.e., n < g, so that muon-muon
interactions can be neglected in comparison with
muon-neutral molecule collisions, and

e space-charge effects of any perturbations of the external
fields are negligible,

then the momentum and energy balance equations [Eqs. (11)
and (15)] for a spatially uniform swarm may be applied, to a first
approximation, to the muon beam.

B. Longitudinal beam compression in an electric field

We start with the simplest case where there is either no mag-
netic field or the mean velocity is directed along the magnetic field.
In that case, the term ¥ x B on the left-hand side of (11) vanishes,
and it follows that

v =KE, (22)
where
q
K = 23
NG =

is the muon mobility coefficient. Note that the relationship (15)
between mean energy € and mean velocity ¥ remains the same, with
or without a magnetic field. Equations (15) and (23) together enable
calculation of the mean velocity and mean energy for specified cross
sections.

Other points to note are that since v, ~ np, we have the
following:

e The mean velocity and mean energy depend on E and
ng through the ratio E/ng (the “reduced electric field”) rather
than on each factor separately.

o Although (22) is strictly speaking valid only for spatially uni-
form conditions, we, nevertheless, apply it to non-uniform
situations, resulting from a number density, which varies in
space, i.e., ng = no(r). Obviously, this involves some degree
of approximation.

Taking the divergence of (22) and using (15) then give

_ _ 1
V-v=-av-—Vny, (24)
1o

where

mov* v’ 2K; -1

— = 25
1+Q,Vm K, ( )

a=1-

A prime indicates a derivative with respect to the mean energy, and

K, = Olnv

" 9ln E/ng (26)

is the logarithmic differential mobility.
For the special case of a Maxwell model (constant collision
frequency), Eq. (25) shows that o = 1. Otherwise, in general, given
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FIG. 2. Longitudinal compression (a) and shear flow (b) of a beam in the presence
of a density gradient in the gas.

the lack of information about the quantities on the right-hand side
of (25) for muons, we shall simply assume for the purposes of the
following discussion that « is of the order of unity.

First, if the gas density gradient Vny is parallel to E, Eq. (22)
then implies that it is also parallel to v. Thus, it follows from (24)
that

V-v~-E<0. (27)

Thus, a muon beam driven through a neutral gas whose density
increases in the field direction tends to converge or compress in the
field direction. On the other hand, when the density gradient is per-
pendicular to the field and, therefore, to v, Eq. (24) implies that
V - ¥ = 0. In this case, there is a shear in the velocity field rather than
compression.

The two cases are portrayed schematically in Fig. 2.

The most important result here is that maximum longitudi-
nal compression is achieved when the field and density gradient are
parallel.

C. Transverse beam compression in crossed
electric and magnetic fields

We now consider the case where the beam is compressed in
the transverse direction by applying a magnetic field in a direction
perpendicular to the electric field. For simplicity and in keeping with
the semi-quantitative nature of the discussion, we shall neglect any
variation of the collision frequency with energy.

The average drift velocity is found as the solution of (11) as

v = V[cospE + singE x B|, (28a)

where

¥=KE/\/1+ (KB)? (29)

is the magnitude of the average velocity; ¢ is the Lorentz angle”’
between v and the direction E of the electric field, defined by

qB .
prvm(€)’

tang = KB = (30)

ARTICLE pubs.aip.org/aipl/jcp

and B denotes the direction of the magnetic field. Since we are inves-
tigating compression in the transverse direction only, we need to
consider the direction

¥ =¥/v = [cosgE + singE x B] (28b)
of the mean velocity only, and hence,

V-v= %Vﬂo-[—sin¢ﬁ+cosq}ﬁxl§]. (31)
Note that since v, ~ ng, Eq. (30) implies that the Lorentz angle

decreases with increasing gas number density, i.e.,
Op/dny < 0. (32)

Proceeding as in Subsection V B, we note that the right-hand side of
(31) is a maximum when the density gradient is parallel to the field
combination inside the brackets, i.e., when

Vi = [~ singE + cosgE x B], (33)

where c is some constant. After substituting (33) in (31) and applying
(32), we find

V¥ =c0¢/On <0, (34)

the negative sign on the right-hand side indicating convergence.
Note further that by (28b) and (33),

v-Vno=0. (35)

Since Vny is, by definition, orthogonal to surfaces of constant no,
this implies that the direction ¥ of muons is also along these surfaces.
Yet another way of stating this result is that optimal convergence is
achieved if the surfaces of constant gas density are oriented at the
Lorentz angle with respect to the electric field. A picture of how
this leads to transverse convergence of the muon beam is shown
in Fig. 3.

ny'>ny, T, < T,

FIG. 3. Schematic diagram portraying transverse compression of a muon beam
subject to crossed electric and magnetic fields, and in the presence of a gradient
in gas density no, achieved by maintaining upper and lower bounding surfaces
at different temperatures. Maximum compression is achieved when the average
muon velocity v is directed at the local Lorentz angle ¢, effectively along a sur-
face of constant gas density. At two different points, P’and P, where the gas
densities and Lorentz angles are ny’, ny and ¢’, ¢, respectively, with np’> no
and ¢’< ¢, the corresponding muon velocities v/ and v converge toward focus
point O.
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This concludes an outline of the theoretical framework used
for calculation of transport properties needed to analyze the muon
beam compression. In what follows, we describe how to use this
theory in combination with tabulated swarm experimental data
in order to furnish experimental parameters for the muon beam
experiment.

VI. EXPERIMENTAL PARAMETERS FOR OPTIMAL
TRANSVERSE COMPRESSION OF MUON BEAMS

A. Outline of the procedure

The optimal configuration described above shown in Fig. 3 may
be achieved by specifying the experimental parameters through the
following procedure:

o First, the direction from point P in question to focus point
O determines the required Lorentz angle ¢ at P. It is empha-
sized that this is a prescribed, independent variable, along
with values of the fields E and B and the gas pressure po.

e Second, using Egs. (29) and (30), we obtain following
expression for the average speed of muons:

E
V= 3 sing. (36)

This could, if desired, be inserted in Eq. (15) to calculate the
corresponding mean energy ¢ in the C.M. of the muons and
the helium gas atoms, but this is not needed here.

o Third, we introduce the reduced mobility coefficient,

K = noK/ny, (37)

where 717, = 2.69 x 10*® m™ is the number density of an ideal
gas under standard conditions of pressure and temperature
(Loschmidt’s number), and we rewrite Eq. (30) as

nLICB

tan ¢ = .
"o

Rearrangement then gives gas number density correspond-
ing to the prescribed value of the Lorentz angle,

m_ KB (38)

ny tang
The right-hand side can be evaluated, provided that the
reduced mobility of muons in the gas is known. This is
equivalent to requiring information about the scattering
cross section since by Egs. (1), (23), and (37), we have

G S (39)

T s /2ure0m () '

o Using the value of ny obtained from (38) and the experi-
mentally specified gas pressure py, we may then calculate
the temperature T, of the gas along a surface oriented at
any angle . In particular, we can find the temperatures of
the upper and bounding surfaces, which correspond to the
minimum and maximum angles, respectively.

ARTICLE pubs.aip.org/aipl/jcp

B. Determination of the muon reduced mobility
by the method of aliasing

The analysis as outlined above is complete except for one vital
consideration: data on the mobility of muons in helium gas are gen-
erally not available, and the right-hand side of the all-important
equation [Eq. (38)], therefore, cannot be evaluated. A similar obsta-
cle arises in simulation techniques, which require information on
(4", He) scattering cross sections. Such problems may be obviated
by using an approximation called aliasing.'” Here, one adapts the
known properties of some other particles in helium, thought to
mimic muons, in order to furnish the otherwise unknown data.
Following Taqqu’ and Belosevic,” we alias (u*, He) by (H*, He)
and assume that oy, (€) is the same in both systems for the same
value of C.M. mean energy €. With this assumption, it follows from
Eq. (39) that the mobilities in the respective systems are simply
proportional, i.e.,

IC(/f,He) = 5/C(H+,He), (40)
where

My (M + mie)

m}ﬁ (mH+ + mHe)

36
=\/ — =27 41
Vs (41)
is a mass scaling factor.

Muon mobilities in helium gas then follow by substituting
known swarm experimental data”” for K(H*,He) on the right-
hand side of (40). However, as follows from (39), the mobility coef-
ficients on both sides of Eq. (40) must correspond to the same value
of g i.e., we must select those values of IC(H+,He) from tabulated
swarm data, which correspond to the actual mean C.M. energy &,
which occurs in the (4", He) beam compression scenario under con-
sideration. This would require solving Eq. (15) for € with values of
v specified by (36). If inelastic processes are negligible, then Q ~ 0,
and assuming the thermal motion of the neutral gas atoms to be
also negligible, then Eq. (15) gives immediately & ~ 1mov’. However,
things are not so simple if inelastic processes are important for two
reasons:

o () given by Eq. (13) involves inelastic cross sections o;(),
which would have to be aliased, in addition to g, ().
e Equation (15) is then rather more difficult to solve for &.

Fortunately, these steps can be bypassed using the simple
procedure discussed below.

C. Mean energy vs mean velocity
as the independent variable

While the C.M. mean energy € is common to both sides of
Eq. (40), we have, as noted after Eq. (15), that v and € are in one-
to-one correspondence. Therefore, the mobilities on both sides of
(40) can be regarded as functions of v, instead of €, something that
greatly simplifies the calculations. As explained in the Appendix, it
is then a straightforward matter to convert tabulated data of K vs
reduced electric field in a swarm experiment to tables of K vs v.
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TABLE I. Gas temperature and density at various Lorentz angles, which optimize transverse compression of muons in helium
gas, found from the equations of MTT transport theory, using the (H*, He) system to alias required input data, for the same
fields, E = 1.8 x 105 V/m and B = 5 T and gas pressure py = 4.6 mbar as used by Tagqu.” More details can be found in the

Appendix.

— (104 | 2y-1 -1 -2
¢ (deg) v (10° m/s) Emov (eV) K(em V7 s) no/n (107°) To (K)
30 1.8 6.2 157 13 9
45 2.6 14.1 189 9.5 13
60 3.1 20.0 205 5.9 21

D. Summary of results

Proceeding in this way, we are able to find the required muon
mobility data necessary to evaluate the right-hand side of Eq. (38),
and the results are summarized in Table I for three different val-
ues of ¢. The results are in broad agreement with Taquu’s results,”
obtained using an essentially empirical gas density profile in GEANT
simulations,” though without imposing any criterion for optimal
convergence.

VII. DISCUSSION AND CONCLUDING REMARKS

This article employs fluid analysis, of a type well known in
low energy gaseous ion and electron transport theory, to provide a
bridge between analysis of traditional swarm experiments and cur-
rent experiments involving low energy muons u* in gases. First, we
show how this approach furnishes an expression for stopping power
familiar in beam physics. The main focus is, however, on deter-
mining experimental parameters, which optimize compression of a
muon beam, using a density gradient in the gas. After discussing
longitudinal compression in an electric field, we consider transverse
compression of a beam in the presence of both electric and mag-
netic fields and establish that optimal compression is achieved when
the surfaces of constant gas density are oriented parallel to the local
Lorentz angle. An analysis was carried out for a 4™ beam in helium
gas in crossed electric and magnetic fields, and experimental para-
meters for optimal transverse compression were thus obtained. The
results are in broad agreement with Taqqu’s results” obtained from
GEANT simulations.

A problem faced in both simulation procedures and trans-
port analysis is that neither scattering cross sections nor swarm
experimental data are generally available for muons. Thus, this
article follows Taqqu,” Belosevic,”’ and Robson et al.!’ in carry-
ing out the calculations through “aliasing” the (u*, He) system by
(H*, He), for which scattering cross sections and experimental
swarm data are known. The circumstances surrounding the beam
compression described here are, however, somewhat specialized,
and a more general discussion of the aliasing technique is warranted.

Note that while this article offers a distinct alternative to mod-
eling muon beams relying on standard simulation packages by
offering a self-contained theory involving a minimum of mathe-
matical and computational analysis, we feel that the two different
approaches should be regarded as complementary. However, at the
same time, it is our view that both should be guided by the criterion
established here for optimal transverse compression.

Finally, we note that the application of fluid transport equa-
tions for investigation of beams is not by any means confined to
low energy (~10 eV) muons, as discussed here. Indeed, the approach
has been successfully employed to model the highly relativistic,
ultra-high energy (~1 GeV) electron beams in compact plasma
accelerators. There, the fluid approach compares favorably with sim-
ulation methods, such as particle in cell (PIC), in both accuracy and
efficiency.’”
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APPENDIX: ALIASING OF SWARM DATA

1. Estimating experimental parameters for (u*, He)
from swarm data

The procedure used to generate the data in Table I may be
summarized as follows:

1. First, Eq. (36) with Taqqu’s values’ of the fields E = 1.8 x 10°
V/mand B=5T gives

¥=3.6x 10" sing m/s, (A1)
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where the right-hand side can be evaluated for the Lorentz
angle ¢ of interest.

2. Next, we convert tabulated swarm experiment data®’ for
K(H+,He) vs reduced electric field to IC(H+,H6) vs v and
select C corresponding to the value of ¥ given by (A1). Equa-
tion (40) then immediately gives K(u*, He) for the angle ¢ in
question. The details are shown below.

3. The required gas density at this angle then follows from
Eq. (38).

4. Finally, the corresponding gas temperature is found from the
ideal gas equation of state for a gas pressure of p = 4.6 mbar.”

In step (2), establishing the relationship IC = (V) between the
reduced mobility IC and drift velocity v, from swarm experimen-
tal data in an electric field only, requires further discussion. Swarm
experiments traditionally analyze motion of ions in an electric field
E in a neutral gas of number density ny. Measured reduced ion
mobilities K are usually reported in units of cm®> V™' s7! and
tabulated as a function of the reduced field E/ny, the latter being
expressed in units of Td = 1 townsend = 107" V m?. The usual rela-
tionship v = KE between the drift velocity and electric field can be
expressed in terms of the reduced mobility as

¥=2.69K, 1y (E/no) g ms™. (A2)
For convenience, in what follows, we shall simply write K for
KCm2571V71 .

Note that E and no on the right-hand side of (A2) represent
the electric field and gas density, respectively, in the swarm exper-
iment from which mobility data are obtained, not the quantities in
the muon beam experiment under investigation. The common fac-
tor linking the two experiments is the drift velocity v, which, on the
one hand, for the swarm experiment is determined by (A2) for given
mobility data and, on the other hand, for the beam compression
experiment is found from (A1) for a given Lorentz angle ¢.

The procedure to find ng that optimizes transverse compression
of the muon beam is then as follows:

e From given K vs E/ng data®’ for (H", He), calculate the
corresponding swarm drift velocities v using (A2). This
effectively generates the function (V).

o Reduced mobilities for the beam compression scheme then
follow by evaluating /C(v) with v given by (A1), over a range
of Lorentz angles, e.g., ¢ = 30°, 45°, and 60°, respectively.

e This I (H +,He) data can readily be converted to values of
IC(y+, He) using Eq. (40) of the text.

o Find the gas density ny corresponding to these angles from
Eq. (38), which becomes

no _ KB o (A3)
nr tang

for K = IC(;f',He) data expressed in units of cm* V™' 71,

e Finally, we can calculate temperatures T corresponding
to these densities from the ideal gas equation of state,
po = nokTy, for a given value of gas pressure, e.g., following
Taqqu,” po = 4.6 mbar.

The results are summarized in Table I of the text.
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