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Abstract

In clustered distributed storage systems (CDSSs), one of the main design goals is mini-
mizing the transmission cost during the failed storage nodes repairing. Generalized regen-
erating codes (GRCs) are proposed to balance the intra-cluster repair bandwidth and the
inter-cluster repair bandwidth for guaranteeing data availability. The trade-off performance
of GRCs illustrates that, it can reduce storage overhead and inter-cluster repair bandwidths
simultaneously. However, in practical big data storage scenarios, GRCs cannot give an
effective solution to handle the heterogeneity of bandwidth costs among different clusters
for node failures recovery. This paper proposes an asymmetric bandwidth allocation strat-
egy (ABAS) of GRCs for the inter-cluster repair in heterogeneous CDSSs. Furthermore, an
upper bound of the achievable capacity of ABAS is derived based on the information flow
graph (IFG), and the constraints of storage capacity and intra-cluster repair bandwidth are
also elaborated. Then, a metric termed global repair bandwidth cost (GRBC), which can
be minimized regarding of the inter-cluster repair bandwidths by solving a linear program-
ming problem, is defined. The numerical results demonstrate that, maintaining the same
data availability and storage overhead, the proposed ABAS of GRCs can effectively reduce
the GRBC compared to the traditional symmetric bandwidth allocation schemes.

1 INTRODUCTION

With the demands of massive data storage, large-scale storage
systems are often built on hundreds or even thousands of stor-
age servers around the world and composed of multiple racks or
clusters, which is also called Clustered Distributed Storage Sys-
tems (CDSSs), for example Amazon Dynamo [1] and Microsoft
Azure [2]. One of main design goals of CDSSs is ensuring the
file availability against nodes failures. To guarantee data reliabil-
ity, pre-storing additional data redundancy is an advantageous
approach in practical systems [3], [4], that is replication and era-
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sure coding. Compared to replication, erasure coding has a bet-
ter storage efficiency, while a data collector can reconstruct the
lost data file by connecting arbitrary multiple storages nodes in
file retrieval process. In order to ensure storage efficiency, tradi-
tional erasure coding expends large repair bandwidth. For exam-
ple, Reed-Solomon (RS) codes [5], a typical maximum distance
separable (MDS) code, has to download the chunks whose size
is several times that of the lost data. To reduce the repair band-
width, regenerating codes (RCs) are introduced by Dimakis et al.
[6], which can effectively reduce the repair bandwidth with the
same storage-efficiency of MDS codes.
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As repairing the failure node in CDSSs, system will occupy
two kinds of bandwidth resources. First, in the host cluster
(in which node failed) and the remote help clusters, object
nodes will download the repair data from alive nodes that occu-
pies intra-cluster bandwidth. Second, the object nodes in the
remote help clusters send repair data to the newcomer that
occupies inter-cluster bandwidth. Generally speaking, the intra-
cluster bandwidth is considered as fully available and cheap,
while inter-cluster bandwidth is considered as scarce and expen-
sive [7]. For the same requesting frequency, the available inter-
cluster bandwidth is about 1/5 to 1/20 of the intra-cluster
bandwidth. In some extreme cases, this proportion can even
deteriorate to 1/240 [8]. In order to distinguish between intra-
cluster repair bandwidth and inter-cluster repair bandwidth, and
to reduce the inter-cluster repair bandwidth, generalized regen-
erating codes (GRCs), as an extension of regenerating codes
(RCs), are proposed by Prakash et al. [9], which can reduce inter-
cluster bandwidth by increasing intra-cluster bandwidth. Since
inter-cluster bandwidth is much more expensive than intra-
cluster bandwidth, the entire cost of node repair can be reduced
effectively.

There are two problems needed to be solved for the current
node repair in CDSSs. (i): All coding strategies (including GRCs)
and system models only distinguish the bandwidth differences
between intra-cluster and inter-cluster, and the inter-cluster
repair adopts a symmetric repair model (newcomer download
the same size of data from different remote helper clusters).
For example, HDFS of Hadoop adopts the erasure coding
like RSs and LRCs, and the both strategies are symmetric for
inter-cluster repair. (ii): Most studies only focus on the optimal
of inter-cluster bandwidth, simply treats bandwidth and cost
equally. However, in the practical heterogeneous CDSSs, due to
the different communication distances, stabilities of bandwidth
and prices of transmission [10], transmitting the same size of
data spends widely differently on different inter-cluster links.

It is noted the difference of exact repair and functional repair:
Under exact repair, the content of the repaired node is identi-
cal to that of the failure node. While under functional repair,
repaired node is not necessarily store the same content as the
failure node, but has the same function as the failure node,
which means that the repair content permits data collection and
repair of additional failed nodes. This paper focuses on the func-
tional repair of GRCs.

On the basis of above motivations, our main contributions
are summarized as follows:

∙ We propose an asymmetric bandwidth allocation strategy
(ABAS), and derive its achievable upper bound of file stor-
age capacity by information flow graph (IFG). Moreover, for
achieving the upper bound, we elaborate the constraints of
intra-cluster bandwidths in the host cluster and remote help
clusters, respectively, and obtain their lower bounds.

∙ We give the definition of global repair bandwidth cost
(GRBC), which quantifies the performance of node repair.
Then we derive GRBCs of ABAS and symmetric repair strat-
egy for GRCs, and get the formula expressions between
GRBC and other parameters. By solving a linear program-

ming problem, we minimize GRBC and get the optimal
parameter settings with intra-cluster bandwidth constraints.

∙ We provide the numerical results by simulation to compare
GRBCs among ABAS of GRCs, symmetric repair of GRCs
and RCs. Finally, we prove that ABAS of GRCs is an effective
solution for heterogeneous storage system in reducing repair
cost of node failures.

The rest of this paper is organized as follows. Section 2 intro-
duces the related work and some basic knowledge. Section 3
presents the asymmetric bandwidth allocation strategy. Based
on the information flow graph, the capacity upper bound of file
storage size and the lower bound of intra-cluster bandwidth are
derived under functional repair. Section 4 introduces the defi-
nition of GRBC, and optimizes GRBC by solving a linear pro-
gramming problem under different parameters. The numerical
comparison are illustrated in Section 5. Section 6 concludes this
paper. The key notations used are summarized in Table 1.

2 RELATED WORK AND
PRELIMINARY

2.1 Related work

For heterogeneous CDSSs, there exits many coding methods
and system models. Locally Repairable Codes (LRCs) [11] are
a type of non-MDS codes suitable for hierarchical storage sys-
tem, which are currently used in large-scale distributed storage
such as Microsoft Azure. In addition [12], considers the size of
the local group, indicating that any node in a local group can
be repaired by any other nodes in the same group, and each
local group is protected by a MDS code. The capacity of LRCs
is increased, but the size of the repair set is still limited to a
small range [13]. considers a LRC construction where a node
has multiple mutually exclusive repair sets of size, and improves
the maximum bit rate to a certain extent [14]. proposed a generic
transformation for any MDS codes to achieve optimal repair
access for a single-node repair, which achieved optimality in
both repair and update for normal MDS codes.

Theoretical studies on RC [15] in a hierarchical network as
cluster topology also emerges endlessly [16–18]. distinguish the
differences in bandwidth costs between internal and external
racks in actual multi-rack storage systems [16]. and [17] allow
nodes within a rack to participate in transmitting help data,
thereby reducing the repair bandwidth overhead of the rack.
In the Double Regenerating Codes (DRCs) proposed by [18],
each rack stores multiple coded symbols (not one symbol) of a
data block in different storage nodes. To repair a failed node,
it must first regenerate newcomer in each rack. A node in each
rack collects the encoded data from all nodes in the rack and re-
encodes it. The regenerated data is transferred to the failed rack
and the content of the failed node is recovered. Pernas et al.
in [19] propose a variant system model similar to the two-rack
model in [17], in which the storage costs of the nodes in the
two racks are different, and the feasibility of minimum band-
width regeneration code is verified under this model. Calis and
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TABLE 1 Key notations

Notations Descriptions Notations Descriptions

n Number of clusters in a system m Number of storage nodes in each cluster

k Number of clusters for file reconstruction d Number of remote helper clusters

𝓁 Number of local helper nodes in host cluster 𝛼 Storage overhead on each node

𝛽i j Inter-cluster repair bandwidth from j th cluster to ith cluster  Repair bandwidth cost

𝛾 Intra-cluster repair bandwidth in host cluster 𝓁′ Number of local helper nodes in each of remote help
clusters

𝛾′ Intra-cluster repair bandwidth in remote helper cluster 𝜌i j Cost ratio of transmission from j th cluster to ith cluster

B Size of storage file 𝜀i Number of the out-nodes when FIG cut passed ith

cluster which belongs to sink set

Koyluoglu et al. [20] also consider a two-tier storage model,
which consists of blocks (similar to clusters) of several storage
nodes. Different aggregation methods are used for data collec-
tion and node repair. They assume that the entire block where
the faulty node is located may be unavailable, and only use the
nodes in other blocks for repair, without distinguishing between
bandwidth costs within and outside the block [21, 22]. propose
rack-aware regenerating code, which can divide the storage sys-
tem into racks, based on [9], and provide the coding construc-
tions. Shah et al. [23] propose the Flexible Regenerating Codes
(FRCs) based on the work in [15]. This scheme allows the data
collector to connect any number of nodes to recover the entire
file, as long as it can meet the condition that the total amount
of data obtained by the new node through other help nodes is
greater than or equal to the stored file size. At the same time,
the help data obtained by the new node from each help node is
only required to be less than the link capacity, and the total help
data amount is greater than or equal to the preset parameters.
Cooperative Regenerating Codes (CRCs) is proposed by Hu
et al. [24], which can effectively reduce the inter-cluster band-
width by sharing data among newcomers.

Shen [25] proposes cluster-aware scattered repair based on
RS codes, which researches the best help blocks that makes
inter-cluster bandwidth smallest. [26] and [27] propose the block
replication strategy, choosing different data blocks to minimize
the inter-rack transmission bandwidth. For the cost issue, Yu
et al. [28] and Ernvall et al. [29] consider the heterogeneous dis-
tributed storage system. The trade-off between system storage
cost and the download cost of node repair data, the capacity
and security of the system under this model are both studied
[30]. analyzes the trade-off relationship between download cost
and repair bandwidth. There are two node clusters with differ-
ent download costs, the download cost required for the new
node to rebuild data depends on its location. Each helper node
should find the optimal path, possibly through other intermedi-
ate nodes, to reach the new-born node, in order to use all kinds
of link capabilities to transmit all the helper node data needed
for repair in the shortest possible time. Qu et al. [31] propose
the Asymmetric Regenerating Codes (ARCs) to minimize the
repair bandwidth of node repair. Its model is similar to flexi-
ble regenerative codes. All these repair models are based on the
non-heterogeneous system.

At the same time, in order to minimize the download cost
of help data during node repair in heterogeneous systems [32],
studies the system with different node storage capacities, con-
siders the different cost of downloading data from different
nodes, and proves that the approximately uniform repair (quasi-
uniform repair) method can achieve the optimal repair band-
width cost [33–36]. study the problem of minimizing the cost
of RCs in a tandem network topology. Among them [33], con-
siders the situation that some node may not be able to trans-
mit directly, and put forward the best repair plan under the
multi-hop distributed storage system. Through different repair
paths, the RC encoding principle based on precise repair and
the optimal problem of node repair are given [34]. discusses
the topology design of the distributed storage system, compre-
hensively considering the differences in storage capacity, storage
cost, and data transmission cost between different nodes in the
normal distributed storage system, and it proposes a new topol-
ogy model. By introducing the data transmission cost matrix
in the normal distributed system, the best data restoration cost
method is obtained [35]. proposes a series network model in
which there is only one link between adjacent nodes. When a
single node is repaired, only adjacent nodes will transmit data.
And by comparing with the general network model structure, it
is concluded that no matter where the failed node is, compared
with the general network repair model, the series structure can
get the best repair cost [36]. compares the performance differ-
ences between centralized storage systems and distributed stor-
age systems, and considers the transmission cost as a convex
optimization problem. Using the original decomposition and
dual decomposition methods, decoupling is a local solution to
minimize the transmission cost.

From the above analysis, it can be known that most of the
research on RC repair costs in heterogeneous conditions cur-
rently focuses on normal storage networks, although it takes
into account the differences in link bandwidth costs and net-
work topology.

2.2 Preliminary

We will present the natural GRCs for CDSSs. The detailed
encoding process of GRCs is introduced in [9], we mainly
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FIGURE 1 System model of node repair and data collection for GRCs in
CDSSs. Data collection needs to download the contents of k clusters. Each of
l nodes transmits 𝛾 symbols in the host cluster, each of d remote clusters
transmits 𝛽 symbols and each of l ′ nodes transmits 𝛾′ symbols in remote help
clusters which are needed when repairing a single failure node

introduce and optimize the performance indicators for GRCs
under functional repair, with the purpose of reducing the repair
cost. The system consists of n clusters, with m nodes in each
cluster. The system is fully connected meaning that any two
nodes with in a cluster are connected via an intra-cluster link,
and any two clusters are connected via an inter-cluster link by
a pair of dedicated nodes. A node in a cluster can communi-
cate with another node in another cluster via the corresponding
inter-cluster link. A data file with the size of B symbols will be
encoded into nm𝛼 symbols, and stored in these nm nodes with
each node stores 𝛼 symbols. The symbols are assumed to gen-
erated from a finite field 𝔽q of q elements. The clustered stor-
age system allows data failure by data repair and executes file
reconstruction by data collection. For data collection, GRCs sat-
isfy the MDS property in inter-clusters, which means the entire
content of any k clusters is sufficient enough for reconstruct-
ing the original file data. For data repair, we only focus on the
situation of one single failure node in the paper. We describe
GRCs by parameters d , 𝛽 and l , assume that the failure node
and its replacement (which is called the newcomer) are located
in the same cluster. And we call the cluster where the failure
node located as the host cluster. The newcomer downloads 𝛽
symbols each from any set of d other clusters, which is called
remote help clusters and 𝛽 is assumed to be a function of the m𝛼
symbols in the cluster. Every node in the cluster is required to
compute these 𝛽 symbols and then transmit these 𝛽 symbols to
the host cluster. Further, newcomer downloads contents from
any set of l other nodes (which are called local helper nodes) in
the host cluster. Therefore, the size of symbols d𝛽 represents
the entire inter-cluster repair bandwidth. The repair process is
shown in Figure 1. We further parameterize GRCs by parame-
ters {(n, k, d ), (𝛼, 𝛽), (m, 𝓁)}.

For more details, intra-cluster bandwidth is needed to down-
load repair data from l local help nodes in the host cluster, and
to connect l ′ local help nodes with each to transmit 𝛾′ sym-
bols for computing 𝛽 in remote help clusters. In this model,
the newcomer downloads 𝛾 (𝛾 ≤ 𝛼) symbols from each of the l

local help nodes from the host cluster and 𝛽 symbols each from

d remote help clusters. For a remote help cluster, we assume
that the 𝛽 symbols are just a function of l ′ and 𝛾′. We make
the assumption that any set of l ′ nodes can be used to compute
the 𝛽 symbols. Further, we limit the amount of data that each
of these l ′ nodes can contribute to at most 𝛾′ (𝛾′ ≤ 𝛼) symbols.
Next, we introduce some performance indicators of GRCs.

2.2.1 Upper bound of file size B

After giving the parameters of GRCs, the upper bound of file
size B under functional repair can be expressed as 1:

B ≤ B∗ ≜ 𝓁k𝛼 + (m − 𝓁)
k−1∑
i=0

min{𝛼, (d − i )+𝛽}, (1)

where the notation a+ denotes max(a, 0), for any integer a.

2.2.2 Lower bound of intra-cluster bandwidth

To achieve the upper bound of B, intra-cluster bandwidth 𝛾 and
𝛾′ need to be constrained. We present the lower bounds of intra-
cluster bandwidth 𝛾, l ′ and 𝛾′, under the assumption that 1 is
achieved with equal sign. For these two parameters 𝛾 and 𝛾′,
when one achieves the lower bound, the other is considered as
𝛼. In [9], for the optimal GRCs under function repair, its param-
eters satisfy as following:

𝛾 ≥ 𝛾∗ = 𝛼 − (d − k + 1)+𝛽, (2)

l ′ = m, (3)

and

𝛾′ ≥
𝛽

m − l
. (4)

3 ASYMMETRIC BANDWIDTH
ALLOCATION STRATEGY

The practical CDSSs are composed of multiple clusters dis-
tributed among large-scale data centres in different geographi-
cal locations. Data transmission across clusters is often affected
by link bandwidth, network topology and pricing management.
Availabilities and communication qualities of inter-cluster band-
widths are diverse, in other words, inter-cluster bandwidths of
CDSSs are heterogeneous. The detailed encoding method of
GRCs is shown in [9]. And in this section, we propose an asym-
metric bandwidth allocation strategy (ABAS) of GRCs to opti-
mize the repair process in order to reduce repair cost.

3.1 Repair model of ABAS

As shown in Figure 2, we consider a (n, k, d ,m, 𝓁) asymmetric
bandwidth allocation strategy (ABAS) of GRCs, which consists
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FIGURE 2 ABAS of GRCs. The contents of any k clusters is enough to
reconstruct the original file. When repairing a single failure node, each of l

nodes transmits 𝛾 symbols in the host cluster and each of d remote clusters
transmits 𝛽i j symbols. In remote help clusters, l ′ nodes with each transmits 𝛾′

symbols to calculate 𝛽i j

of n clusters, with each cluster contains m storage nodes. We
represent the 1st cluster to nth cluster by 1,2, … ,n, and
denote j th node in ith cluster by Ni, j . When a certain node
failure happens in i , i ∈ [n], a newcomer will replace the failed
node by downloading help data sized 𝛾 from each of 𝓁 local
helper nodes, and 𝛽i,h inter-cluster helper data from each of
remote helper cluster h, h ∈ i , where i represents the set
of indexes of remote helper clusters that the host cluster i

request. Note that, i ⊆ [n]∖i and the cardinality of i is d .
Hence, we can easily get that, when repairing a single node
in i , the inter-cluster repair bandwidth is a d -dimensional
vector 𝜷 = [𝛽i,1, … , 𝛽i,h]T, h ∈ i . We permit 𝛽i,h from h

are possibly a function of 𝓁′ and 𝛾′. Moreover, newcomer
acquires 𝛾 data from each of other 𝓁 nodes in the host cluster
i . For data collection, the whole contents from any k clusters
is enough for reconstructing the original file.

3.2 Information flow graph description

In this section, we describe the repair and reconstruction pro-
cess in ABAS by a directed acyclic graph G = ( ,  ), that is
information flow graph (IFG).  denotes the set of nodes in
IFG and  denotes the set of edges in IFG. The storage capac-
ity of one node is 𝛼. Time is divided into stages, and the stages is
denoted by non-negatives integers. Upon the failures of a stor-
age node, we will repair it and advance to the next stage. So,
from stage s − 1 to stage s, a newcomer will replace the failed
node successfully. In G = ( ,  ), an actual node Ni, j , where
1 ≤ i ≤ n, 1 ≤ j ≤ m is represented by a pair of node N in

i, j and

N out
i, j , and there exists an edge of capacity 𝛼 from N in

i, j to N out
i, j ,

denoted as e(N in
i, j → N out

i, j ). Also, we assume every cluster has
an additional control node responsible for communicating with
other clusters, denoted by N ctrl

i , which has an edge with capacity
𝛼 from each N out

i, j ). In actual, the control node can be regarded

FIGURE 3 An IFG example of ABAS for a (n = 3, k = 2, d = 2,
m = 2, 𝓁 = 1) GRC

as any node in a cluster. The source node S represents the posi-
tion of original file encoded into nm nodes, and it connects
every initial N in

i, j in an edge with infinity capacity, represented by

e(S → N in
i, j ). DC represents the data collector, executing the file

reconstruction by connecting control nodes from any k clusters
with an infinity capacity edge e(N ctrl

i → DC), which means any
k clusters’ contents can reconstruct the original file.

In the repair process, it is noted that each cluster at any stage
only has m available nodes. When an actual node fails (we denote
it as Ni, j ), it becomes unavailable. We call the cluster that
contains failed node as the host cluster. We replace Ni, j by a

newcomer, denoted as N i, j , which connects the remote helper
cluster hi

, hi ∈ i to acquire the remote help data and con-
nect to other 𝓁 nodes in the cluster it lies to acquire local help
data. In the IFG, the remote help data is denoted by 𝛽i,hi

and

the connection is represented by an edge e(N ctrl
hi

→ N i, j ). Use
, = {N out

i,r , 1 ≤ r ≤ m, r ≠ j } to denote the set of the local
helper nodes, and the local helpers are denoted as the edges

e(N ctrl
i,r → N

in
i,r ) with capacity 𝛼. Figure 3 gives an IFG exam-

ple of ABAS for a (n = 3, k = 2, d = 2,m = 2, 𝓁 = 1) GRC. In
such IFG, with every failed node is replaced by a newcomer, and
a new available cluster will replicate the other m − 1 nodes in the
cluster and simultaneously has a pair of node, an edge e(N in

i,r →

N out
i,r ), 1 ≤ r ≤ m, r ≠ j and a control node N

ctrl

i responsible
for the external communication. We use the notation i (s) to
the available cluster of ith cluster in stage s, 0 ≤ s ≤ ni . More-

over, we use N in
i, j (s), N out

i, j (s), N
ctrl
i (s), 1 ≤ j ≤ m to denote the

nodes in i (s). The pair of node N in
i, j (s), N out

i, j (s) can be simpli-
fied into Ni, j (s). Moreover, we use i to denote all the nodes
of ith cluster after s repairs, including the available and unavail-
able clusters.

3.3 The upper bound of capacity

In this section, we derive the upper bound of capacity that
ABAS can achieve, by analyzing their IFGs under functional
repair setting.
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FIGURE 4 A min-cut example of ABAS for a (n = 3, k = 2, d = 2,
m = 2, 𝓁 = 1) GRC’s IFG

3.3.1 Min-cut analysis

As Figure 4 shows, it is a min-cut example of ABAS for a (n =
3, k = 2, d = 2,m = 2, 𝓁 = 1) GRC’s IFG. The node failure
sequence is (N1,2,N2,2), and the DC connects the control node

N
ctrl
1 and N

ctrl
2 to acquire the whole content of cluster 1(1) and

cluster 2(1). Taking the whole single cluster as an entirety, we
sort all the clusters topologically as (1(1),2(1)). At this time,
for the 1th repair, the min-cut experiences the edge e(N in

1,1(0) →
N out

1,1 (0)) with cut-value 𝛼. Additionally, the min-cut also experi-

ences these two edges e(N ctrl
2 (0) → N

in
1,2(1)) and e(N ctrl

3 (0) →

N
in
1,2(1)) with cut-value (𝛽1,2 + 𝛽1,3) or the edge e(N in

1,2(1) →
N out

1,2 (1)) with cut-value 𝛼. At this moment, we already attribute
1 to the sink. Thus the first node brings a contribution of 𝛼 +
min{𝛼, 𝛽1,2 + 𝛽1,3} to the cut. For the 2th repair, the edges that
the min-cut experiences have e(N in

2,1(0) → N out
2,1 (0)) with cut-

value 𝛼, and one of the two edges e(N ctrl
3 (0) → N

in
2,2(1)) with

cut-value 𝛽2,3 or e(N in
2,2(1) → N out

2,2 (1)) with cut-value 𝛼. The
min-cut contribution from the second node is 𝛼 + min{𝛼, 𝛽2,3}.
Therefore, the min-cut value is (2𝛼 + min{𝛼, 𝛽1,2 + 𝛽1,3} +
min{𝛼, 𝛽2,3}). From Figure 4, we can observe that for the repair
of N1,2, the index set of the tail of edge from remote helper

cluster to N
in
1,2(1) is 2, 3, and for the repair of N2,2, it turns to 3.

Now we begin to analyze the min-cut of ABAS for
GRCs in general case, whose brief diagram is shown
in Figure 5. Following Prakash’ proof of Theorem 1,
we also consider a failure sequence of k(m − 𝓁) fail-
ures and repairs that Ni,𝓁+1,Ni,𝓁+1, … ,Ni,m fails suc-
cessively from i = 1 to i = k. The corresponding nodes
can be described as N1,𝓁+1(0),N1,𝓁+2(1), ..,N1,m (m − 𝓁 −
1),N2,𝓁+1(0), … ,N2,m (m − 𝓁 − 1), … ,Nk,m (m − 𝓁 − 1).
The newcomer of each failed node Ni,𝓁+t (t − 1), 1 ≤
t ≤ m − 𝓁, needs to contact the local helper nodes
Ni,1(t − 1),Ni,2(t − 1), … ,Ni,𝓁(t − 1) in the host cluster and
the remote helper clusters 1(m − 𝓁), … ,i−1(m − 𝓁) which
have been repaired and other d − min{i − 1, d } = (d − i + 1)+

available clusters to acquire help data. Let DC connect to the
last k available clusters 1(m − 𝓁), … ,k(m − 𝓁). The edges
that the min-cut experiences including that:

FIGURE 5 The brief diagram about the min-cut of asymmetric repair
GRCs in general case

∙ {e(N in
i, j (0) → N out

i, j (0)), i ∈ [k], j ∈ [𝓁]}, whose total capacity
is 𝓁k𝛼.

∙ Either the set of edges {e(N in
i,𝓁+t

(t ) → e(N out
i,𝓁+t

(t )), i ∈
[k], t ∈ [m − 𝓁]}, each of them has capacity 𝛼. Or the set of
inter-cluster help edges {e(N ctrl

hi
(0) → N in

i,𝓁+t
(t )), hi ∈ i},

where i ⊆ [n]∖[i], |i | = d − min{i − 1, d }. The total cut-
value is given by (5):

k∑
i=1

{
l𝛼 +

m∑
j=𝓁+1

min

{
𝛼,min

i

∑
hi∈i

𝛽i,hi

}}

= lk𝛼 + (m − 𝓁)
k∑

i=1

min

{
𝛼,min

i

∑
hi∈i

𝛽i,hi

}
.

(5)

Hence, we already have derived the upper bound of capac-
ity B that ABAS for GRC can achieve under functional repair
setting as Theorem 1 demonstrates.

Theorem 1. The capacity B of ABAS for GRC having parameters

(n, k, d ,m, 𝓁) under functional repair is upper bounded by 6:

B ≤ B∗ ≜ 𝓁k𝛼 + (m − 𝓁)
k∑

i=1

min

{
𝛼,min

i

∑
hi∈i

𝛽i,hi

}
,

(6)
where, i ⊆ [n]∖[i], |i | = d − min{i − 1, d }, which expresses the

index set of the tail in the edge from remote helper clusters to the newcomer

that the min-cut experiences, when repairing ith cluster.

3.3.2 The reachability of the upper bound

This part mainly involves the illustration about the reachability
of the capacity upper bound B in 6 that for any valid IFG. We
assume that any S-DC cut can divide the IFG G into two sets
( , ), which represent the source and sink set, respectively.
Since the capacity of edge DC is infinity, the source set 
certainly contains the control nodes of last available clusters.
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In a directed acyclic graph, if there exists a directed edge
e(A → A′ ), A must appears before A′ in the topological sorted
result. Therefore, following the topological sorted results, we
can easily obtain our IFG’s observation about the upper bound
B for any S-DC cut ( , ) as shown in (7):

mincut(S-DC) ≥
k∑

i=1

(
𝜀i𝛼 +

m∑
j=𝜀i+1

min

{
𝛼, (𝓁 − j + 1)+𝛼

+ min
i

∑
hi∈i

𝛽i,hi

})
, (7)

where 𝜀i denotes the number of the out-nodes, which belong to
 , for the ith cluster that the cut passed, the right side of 7 can
be simplified into

max(𝜀i , 𝓁)k𝛼 + (m − max(𝜀i , 𝓁))
k∑

i=1

min

{
𝛼,min

i

∑
hi∈i

𝛽i,hi

}
,

(8)
we also can get:

mincut(S-DC) ≥ max(𝜀i , 𝓁)k𝛼 + (m − max(𝜀i , 𝓁))

k∑
i=1

min

{
𝛼,min

i

∑
hi∈i

𝛽i,hi

}

≥ lk𝛼 + (m − 𝓁)
k∑

i=1

min

{
𝛼,min

i

∑
hi∈i

𝛽i,hi

}
.

(9)

It can be known that, for the arbitrary cut of the information
flow graph, regardless of the order of the repair sequence, the
lower bound of the min-cut value is shown in this section, so the
upper bound of capacity of ABAS for GRCs is always reach-
able. By analyzing the GRCs’ IFG of ABAS, the upper bound
of capacity always can be reached as long as the repair times
has a bound. Hence, without loss of generality, we can assume
the cost that transmit unit data between i and  j gradually
increases from j = 1 to j = n, to optimize the repair process,
(6) can be simplified into

B ≤ B∗ ≜ 𝓁k𝛼 + (m − 𝓁)
k∑

i=1

min

{
𝛼,

d+1∑
j=i+1

𝛽i, j

}
. (10)

3.4 The constraint of local repair bandwidth

In the previous section, we have proved that the optimality of
capacity of ABAS for GRCs. However, our assumption ignores
the influences about intra-cluster repair bandwidth. In this sec-
tion, we will separately consider the maximum capacity that
can be achieved when the intra-bandwidth is constrained. It
is known that, the intra-cluster repair bandwidth includes two

FIGURE 6 The failures and repairs in k clusters

parts, that is 𝛾 denotes intra-cluster repair bandwidth in host
cluster and 𝛾′ denotes intra-cluster repair bandwidth in remote
helper clusters. It is noted that, when we achieve one of them,
the another is considered equal to 𝛼.

3.4.1 The lower bound of 𝛾

Theorem 2 describes that for reaching the maximum capacity,
the intra-cluster repair bandwidth in host cluster has a minimum
constraint to satisfy.

Theorem 2. For ABAS of GRCs under functional repair setting having

parameters (n, k, d ,m, 𝓁), when d ≥ k, 𝛾′ = 𝛼, 𝓁′ = m, to reach the

maximum capacity, the intra-cluster repair bandwidth in host cluster 𝛾 is

lower bounded by 11:

𝛾 ≥ 𝛾∗ ≜ 𝛼 − min

{
𝛼,

d+1∑
j=k+1

𝛽i, j

}
. (11)

The Proof of Theorem 2 is similar to Theorem 2.

Proof. Consider a failure sequence of k(m − 𝓁) + 1 failures
and repairs. The previous k(m − 𝓁) repairs is the same as in
Theorem 1, the main difference is that in the kth cluster, and
the later m − 𝓁 repair sequence Nk,𝓁+1,Nk,𝓁+1, … ,Nk,m . The
node Nk,1 also needs to be repaired, thus the failure sequence
in kth cluster is denoted as Nk,𝓁+1(0),Nk,𝓁+2(1), ..,Nk,m (m −
𝓁 − 1),Nk,1(m − 𝓁). For the repair of Nk,𝓁+1(0), the set
of local helper node is {Nk,1(0),Nk,1(0), … ,Nk,𝓁(0)}, while
for the other node Nk,(𝓁+t+1)(t ), 1 ⩽ t ⩽ m − 𝓁, their set of
local helper node is {Nk,2(t ),Nk,3(t ), … ,Nk,𝓁+1(t )}. 1(m −
𝓁),2(m − 𝓁), … ,min(d ,k−1)(m − 𝓁) represents the remote
helper clusters to repair the node failure in kth cluster. Figure 6
gives an example of an IFG about k clusters with (m = 4, 𝓁 =
2). In Figure 6, 3rd 4th, 1st node fail successively, when 3rd or 4th

node fails, 1st, 2nd nodes undertake the local helper nodes, while
1st node fails, 2nd, 3rd nodes undertake the local helper nodes.
The DC contacts 1(m − 𝓁),2(m − 𝓁), … ,k(m − 𝓁 + 1)
to reconstruct the original file, the min-cut can be analyzed by
divided into two parts:

1) From 1st to (k − 1)th clusters, it is the same as
Theorem 1. The cut-value is (k − 1)𝓁𝛼 + (m −

𝓁)
∑k−1

i=1 min{𝛼,
∑i+(d+i+1)+

j=i+1 𝛽i, j }.
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2) In kth cluster,
a) For [e(N out

k,1 (0) → N in
k,𝓁+1(1))], the cut-value is 𝛾.

b) For [e(N in
k, j (0) → N out

k, j (0)), ∀ j ∈ [2, 𝓁]], the cut-value is
(𝓁 − 1)𝛼.

c) Either the edge set [{e(X in
k,𝓁+1(t + 1) → X out

k,𝓁+t+1(t +

1)), 0 ⩽ t ⩽ (m − 𝓁)}] or {e(N ctrl
i′

(0) → N in
k,𝓁+t+1(t +

1))}, where i′ belongs to the subtraction between the
index set of remote helper clusters that X in

k,𝓁+t+1(t +
1), 0 ⩽ t ⩽ (m − 𝓁) connects. Let d ≥ k, the cut-value of

this part is (m − 𝓁 + 1) min{𝛼,
∑k+(d−k+1)+

j=k+1 𝛽i, j }.

The total min-cut value can be described as 12:

mincut(S-DC) = (k − 1)𝓁𝛼 + (m − 𝓁)
k∑

i=1

{
min(𝛼,

d+1∑
j=i+1

𝛽i, j )

}
− 𝛼 + min

⎧⎪⎨⎪⎩𝛼,
i+(d−i+1)+∑

j=k+1

𝛽i, j

⎫⎪⎬⎪⎭
+ 𝛾 + (𝓁 − 1)𝛼 + (m − 𝓁 + 1) min

⎧⎪⎨⎪⎩𝛼,
k+(d−k+1)+∑

j=k+1

𝛽i, j

⎫⎪⎬⎪⎭ ,
(12)

after being simplified, it turns to 13:

mincut(S-DC) = k𝓁𝛼 + (m − 𝓁)
k∑

i=1

min

(
𝛼,

d+1∑
j=i+1

𝛽i, j

)

− 𝛼 + min

{
𝛼,

d+1∑
j=k+1

𝛽i, j

}

= B∗ − 𝛼 + min

{
𝛼,

d+1∑
j=k+1

𝛽i, j

}
+ 𝛾.

(13)

According to Theorem 1, for a system with bounded failures,
no matter what the failure sequence is, the upper bound of the
reachable capacity of ABAS for GRCs is shown in 10, so the left
side of 13 should be larger than or equal to 10. Therefore, we
can get 11.

Next, we further prove that when 𝛾 ≥ 𝛾∗, the upper bound
of any valid IFG under any repair sequence is still B∗. Substitute
the intra-cluster repair bandwidth in 7 with 𝛾, we can get the 14:

mincut(S-DC) ≥
k∑

i=1

(
𝜀i𝛼 +

m∑
j=𝜀i+1

min

{
𝛼, (𝓁 − j + 1)+𝛾

+ min
i

∑
hi∈i

𝛽i,hi

})
.

(14)

FIGURE 7 An example of IFG about ABAS for GRCs having
parameters (n = 3, k = 2, d = 2,m = 2, 𝓁 = 1)

Then, we simplify 14 to 15:

mincut(S-DC) ≥
k∑

i=1

(
𝜀i𝛼 +

m∑
j=𝜀i+1

min

{
𝛼,

(𝓁 − j + 1)+𝛾 +
i+(d−i+1)+∑

s=i+1

𝛽i,s

⎫⎪⎬⎪⎭
⎞⎟⎟⎟⎠ .

(15)

At this moment, 𝛾 ≥ 𝛾∗, we get 16:

(𝓁 − j + 1)+𝛾 +
i+(d−i+1)+∑

s=i+1

𝛽i,s ⩾ 𝛼. (16)

No matter j ⩽ 𝓁, i ⩽ k, 11 can be obtained. □

3.4.2 The lower bound of 𝛾′

Theorem 3 illustrates that for reaching the maximum capacity,
the intra-cluster repair bandwidth in remote helper cluster has a
minimum constraint to satisfy.

Theorem 3. For ABAS of GRCs under functional repair setting hav-

ing parameters (n, k, d ,m, 𝓁), when d ≥ k, 𝛾 = 𝛼, 𝓁′ = m, to reach

the maximum capacity, the intra-cluster repair bandwidth in remote helper

cluster 𝛾′ is lower bounded by (17):

𝛾′ ⩾
min

{∑k

j=i+1 𝛽i, j , 𝛼 −
∑d+1

s=k+1 𝛽i,s

}
(k − i )(m − 𝓁)

, ∀i ∈ [1, k − 1].

(17)

Proof. Similarly, consider same failure and repair sequences as
Theorem 1 proof does, Figure 7 gives an example of IFG about
ABAS for GRCs having parameters (n = 3, k = 2, d = 2,m =
2, 𝓁 = 1). The min-cut of such IFG consists of the following
parts:

1) The edge set {e(N in
i, j → N out

i, j ), i ∈ [k], j ∈ [𝓁]}, the cut-
value is 𝓁k𝛼;

2) For each i, i ∈ [k], the min-cut experiences either the

edge set {e(N
in
i, j → N

out
i, j ), j ∈ [𝓁 + 1,m] with cut-value
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(m − 𝓁)𝛼, or {{e(X ctrl
i1

→ X
in
i, j )} ∪ {e(X

out
i2, j

→ X ctrl
i2

)}, i1 ∈
[k + 1, d + 1], i2 ∈ [i + 1, k], j ∈ [𝓁 + 1,m]} with cut-value

(m − 𝓁)[
∑d+1

s=k+1 𝛽i,s + (min{k, d + 1} − i )+(m − 𝓁)𝛾′].

So we obtain the total min-cut value as (18):

mincut(S-DC) = 𝓁k𝛼 + (m − 𝓁)
k∑

i=1

min

{
𝛼,

d+1∑
s=k+1

𝛽i,s+

(min{k, d + 1} − i )+(m − 𝓁)𝛾′
}

.

(18)

According to Theorem 1, we have (19):

mincut(S-DC) ⩾ B∗ = k𝓁𝛼 + (m − 𝓁)
k∑

i=1

min

{
𝛼,

d+1∑
j=i+1

𝛽i, j

}
.

(19)
Substitute (6) into 19, we can obtain (20):

min{𝛼,
d+1∑

s=k+1

𝛽i,s + (min{k, d + 1} − i )+(m − 𝓁)𝛾′}

min

{
𝛼,

d+1∑
j=i+1

𝛽i, j

}
, ∀i ∈ [k].

(20)

Then we have (21) and (22), for ∀i ∈ [k],

⎧⎪⎪⎨⎪⎪⎩

d+1∑
s=k+1

𝛽i,s + (min{k, d + 1} − i )
+

(m − 𝓁)𝛾′ ⩾
d+1∑

j=i+1
𝛽i, j

d+1∑
s=k+1

𝛽i,s + (min{k, d + 1} − i )
+

(m − 𝓁)𝛾′ ⩾ 𝛼

,

(21)⎧⎪⎪⎪⎨⎪⎪⎪⎩

𝛾′ ⩾

k∑
j=i+1

𝛽i, j

(k−i )(m−𝓁)

𝛾′ ⩾
𝛼−

d+1∑
s=k+1

𝛽i,s

(k−i )(m−𝓁)

, ∀i ∈ [1, k − 1], (22)

Finally, we get (17) proved. □

4 GRBC OF GRC REPAIR FAILURES

4.1 Global repair bandwidth cost

In CDSSs, data needs to be sent to the newcomer from the help
nodes in different clusters when repairing the failure node. In
the above section, we proposed ABAS of GRCs to optimize the

data repair bandwidth during node repair, and derived the con-
straints of two local repair bandwidths 𝛾 and 𝛾′, and get their
lower bounds for achieving the maximum capacity. For GRCs,
when repairing the failure node, another two kinds of band-
widths will be considered, which are intra-cluster bandwidth
and inter-cluster bandwidth. Both intra-cluster bandwidth and
inter-cluster bandwidth directly determine the transmission cost
when repairing the failed node. In actual channel transmission,
the costs of transmitting data within the cluster and without the
cluster are different. Similarly, different inter-cluster bandwidth
costs are also different. Therefore, we propose a definition of
global repair bandwidth cost (GRBC) to represent the total data
transmission overhead of GRCs during node repair.

We first propose the definition of transmission cost factor.
We define unit cost of intra-cluster bandwidth, which means
the cost of occupying the unit intra-cluster bandwidth is 1. In
most cases, the intra-cluster data transmission is wired, so we
can ignore the difference in costs. Therefore, 𝜌 represents the
cost ratio of inter-cluster to intra-cluster bandwidths. Besides,
when different clusters perform cross-cluster data transmission,
the cost factor is considered to be different either. For simpli-
fying the analysis, the transmission cost model when repairing
a failure node can be described as a n × n symmetric matrix 𝚿
as 23, where 𝜌i, j represents the ratio of the cost of inter-cluster
bandwidth from cluster j to cluster i and the cost of the intra-
cluster bandwidth. When repairing a failure node, GRCs permit
any other d clusters transmitting data to the newcomer, of which
the total bandwidth cost has

(n

d

)
possibilities, represented by

𝜓i
, where |i | = d represents the index set of remote helper

cluster. Without loss of generality, we simplify 𝜓i
as 𝜓.

𝚿 =

⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣

1 𝜌12 ⋯ 𝜌1i ⋯ 𝜌1n

𝜌21 1 ⋯ 𝜌2i ⋯ 𝜌2n

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝜌i1 𝜌i2 ⋯ 1 ⋯ 𝜌1n

⋮ ⋮ ⋮ ⋮ ⋮ ⋮

𝜌n1 𝜌n2 ⋯ 𝜌ni ⋯ 1

⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
. (23)

For symmetric repair strategy of GRCs, due to ignoring the
difference of inter-cluster bandwidth, matrix 𝚿 can be consid-
ered as a matrix consists of two elements. 𝜌i, j can be expressed
as:

𝜌i, j =

{
1, i = j

𝜌, i ≠ j
. (24)

Upon the above concepts, we define a more comprehensive
target to describe the total bandwidth cost — Global Repair Band-

width Cost (GRBC). In the above sections, we have introduced
how the GRC repairs the failed node. When repairing a single
node, in the intra-cluster repair, we need l nodes with each node
transmit 𝛾 symbols to the newcomer. And in the inter-cluster
repair, we need d remote clusters with each cluster transmit 𝛽
symbols to the newcomer. In each remote cluster, there are l ′
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nodes, and each node transmits 𝛾′ symbols to calculate 𝛽. So,
the function expression of the GRBC is as follows:

Cglobal = 𝓁𝛾 + d𝓁′𝛾′ + 𝜓𝛽. (25)

For symmetric repair model, GRBC of GRCs satisfies the for-
mula (25).

Under ABAS, given a CDSS with 𝚿 fixed, when repairing a
node in ith cluster, the newcomer contacts any d remote helper
clusters from other n − 1 clusters. Assume these d clusters’
indexes forms i , and 𝛽i,hi

, hi ∈ i denotes the inter-cluster
repair bandwidth from remote helper cluster hi

to i . There-
fore, we can get the GRBC of ABAS for GRCs when repairing
node in ith cluster as (26).

Cglobal(i ) = 𝓁𝛾 + d𝓁′𝛾′ +
∑

hi∈i

𝜌i,hi
𝛽i,hi

. (26)

4.2 Optimization of global repair bandwidth
cost

Considering the intra-cluster bandwidth, in order to reach the
optimal capacity, it must satisfy the minimization constraint
either in host cluster as shown in (11) or in remote helper clus-
ter as shown in (17), and we change them into (27) and (28)
respectively.

𝛾 ≥ 𝛾(𝜷 ) = 𝛼 − min{𝛼, e[k+1,d+1]𝜷 [k+1,d+1]}, (27)

𝛾′ ⩾𝛾′(𝜷 ) = min{e[i+1,k]𝜷 [i+1,k],

𝛼 − e[k+1,d+1]𝜷 [k+1,d+1]}∕𝜉i , ∀i ∈ [k − 1].
(28)

In (27) and (28), 𝜷 is a n-dimensional inter-cluster repair
bandwidth column-vector, 𝜷 = [𝛽i,1, 𝛽i,2, … , 𝛽i,n]T, 𝛽i,i = 0,
and 𝜷 [k+1,d+1] represents a sub-vector from the (k + 1)th to

the (d + 1)th in 𝜷, 𝜷 [k+1,d+1] = [𝛽i,k+1, … , 𝛽i,d+1]T. Meanwhile,
e[k+1,d+1] denotes a row-vector whose elements are all 1, and
dimension is the same as 𝜷 [k+1,d+1]. 𝜉i and 𝜉i = (k − i )(m − l ).
Based on the following descriptions, we formulate the GRBC
of ABAS for GRCs as linear programming problems 1 and
2, which correspond to the condition 𝛾 and 𝛾′ are limited by
the lower bound, respectively.

1 ∶ min
𝜷

ci (𝜷 ) ≜ 𝓁𝛾 + md𝛼 + 𝝆i𝜷 i , (29)

s.t. 𝜷 ≥ 0, (30)

𝛾(𝜷 ) ≤ 𝛾, (31)

k𝓁𝛼 + (m − 𝓁)
k∑

i=1

min{𝛼,min
i

ei𝜷 i} ≥ B. (32)

2 ∶ min
𝜷

ci (𝜷 ) ≜ 𝓁𝛼 + md𝛾′ + 𝝆i𝜷 i , (33)

s.t. 𝜷 ≥ 0, (34)

𝛾′(𝜷 ) ≤ 𝛾′, (35)

k𝓁𝛼 + (m − 𝓁)
k∑

i=1

min{𝛼,min
i

ei𝜷 i} ≥ B. (36)

In 1 and 2, ci (𝜷 ) represents the GRBC for repairing arbi-
trary single node in ith cluster, 𝝆i represents a row-vector com-
posed of 𝜌i, j from  j to i , 𝝆i = {𝜌i, j , j ∈ i} and 𝜷 i rep-
resents the inter-cluster repair bandwidth column-vector for
repairing node in ith cluster, 𝜷 i = {𝛽i, j , j ∈ i}.

Furthermore, in order to simplify the constraints in 1 and
2, we consider in the system the cost ratio 𝜌i, j , i ≠ j increases
with j changes from 1 to n, that is 𝜌i,1 ≤ 𝜌i,2 ≤ … ≤ 𝜌i,i−1 ≤
𝜌i,i+1 … ≤ 𝜌i,n. It is obvious that to minimizing the GRBC of
repairing a single node, it is profitable for the host cluster to
choose the cheaper help connection, which indicates the host
cluster will contact the remote helper clusters between which
𝜌i, j are less. Therefore, we confirm the index set of the remote
helper clusters that the host cluster i contacts should be i =
[d + 1]∖i, the optimization problems 1 and 2 transform into
3 and 4.

3 ∶ min
𝜷

ci (𝜷 ) ≜ 𝓁𝛾 + md𝛼 + 𝝆i𝜷 i , (37)

s.t. 𝛾(𝜷 ) ≤ 𝛾, (38)

𝛽i,1 ≥ … ≥ 𝛽i,i−1 ≥ 𝛽i,i+1 ≥ … ≥ 𝛽i,n ≥ 0, (39)

k𝓁𝛼 + (m − 𝓁)
k∑

i=1

min{𝛼,min
i

ei𝜷 i} ≥ B. (40)

4 ∶ min
𝜷

ci (𝜷 ) ≜ 𝓁𝛼 + md𝛾′ + 𝝆i𝜷 i , (41)

s.t. 𝛾′(𝜷 ) ≤ 𝛾′, (42)

𝛽i,1 ≥ … ≥ 𝛽i,i−1 ≥ 𝛽i,i+1 ≥ … ≥ 𝛽i,n ≥ 0, (43)

k𝓁𝛼 + (m − 𝓁)
k∑

i=1

min{𝛼,min
i

ei𝜷 i} ≥ B. (44)

It is obvious to see from 3 and 4 that, the constraint on
the inter-cluster repair bandwidth vector has changed, and the
reason is proved in the following description.

Proof. Assume the optimal solution of 1 or 2 is 𝜷
∗
1 =

[𝛽∗
i,1, … , 𝛽

∗
i,i−1, 0, 𝛽

∗
i,i+1, … , 𝛽

∗
i,n], which satisfies the constraint
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(32) or (36). If there exists 𝛽∗i,i1
≥ 𝛽∗i,i2

, for some i1 ≤ i2,
exchange the values of 𝛽∗i,i1 and 𝛽∗i,i2

, the feasible solution set
for the optimization problems 1 or 2 remains unchanged,
since the constraints in 1 or 2 unchanged. However, the opti-
mization object function will decrease, because 𝜌i, j multiplied
by a larger 𝛽∗i,i1 reduces, which violates the previous hypothesis

that 𝜷∗1 = [𝛽∗
i,1, … , 𝛽

∗
i,i−1, 0, 𝛽

∗
i,i+1, … , 𝛽

∗
i,n] is the optimal solu-

tion. Thus, for an optimal solution 𝜷
∗
1 , it should meets that

𝛽i1 ⩾ … ⩾ 𝛽i,i−1 ⩾ 𝛽i,i+1 … ⩾ 𝛽in ⩾ 0. In other words, we mul-
tiply the larger 𝜌i, j with a smaller 𝛽i, j , then GRBC can be
optimized. □

It is noted that, when repairing different nodes in any cluster
i, if it chooses different remote helper clusters every time, the
ci (𝛽) will differ, hence we further formulate the average GRBC
for repairing the failure nodes in r clusters as shown in (45).

cavg(𝜷 ) =
1
r

r∑
i=1

ci (𝜷 ). (45)

Therefore, we formulate two more LP problems 5 and 6.
It is noted that

5 ∶ min
𝜷

cavg(𝜷 ) ≜ 𝓁𝛾 + md𝛼 +
1
n

n∑
i=1

𝝆i𝜷 i , (46)

s.t. 𝛾(𝜷 ) ≤ 𝛾, (47)

k𝓁𝛼 + (m − 𝓁)
k∑

i=1

min{𝛼, e[i+1,d+1]𝜷 [i+1,d+1]} ⩾ B. (48)

𝛽i,1 ⩾ 𝛽i,2 ⩾ … ⩾ 𝛽i, j ⩾ … ⩾ 𝛽i,n ⩾ 0∀i ≠ j , i ∈ [n], j ∈ [n]
(49)

6 ∶ min
𝜷

cavg(𝜷 ) ≜ 𝓁𝛼 + md𝛾′ +
1

k − 1

k−1∑
i=1

𝝆i𝜷 i , (50)

s.t. 𝛾′(𝜷 ) ≤ 𝛾′, (51)

k𝓁𝛼 + (m − 𝓁)
k∑

i=1

min{𝛼, e[i+1,d+1]𝜷 [i+1,d+1]} ⩾ B, (52)

𝛽i,1 ⩾ 𝛽i,2 ⩾ … ⩾ 𝛽i, j ⩾ … ⩾ 𝛽i,n ⩾ 0 ∀i ≠ j , i ∈ [n], j ∈ [n].
(53)

It is easily to point out that the average GRBC expressed
in 5 and 6 is just like the GRBC of GRCs under symmet-
ric repair.

5 NUMERICAL RESULTS

In this section, we will provide the numerical results by simu-
lation diagrams. These numerical results are based on the con-
straints of intra-cluster bandwidths in host cluster and remote

FIGURE 8 GRBCs comparison among different repair coding strategies
under different construction parameter settings

FIGURE 9 GRBCs comparison among different repair coding strategies
under different cost factors of heterogeneous systems

help cluster (𝛾 and 𝛾′), respectively. First, we compare the
GRBC between ABAS of GRCs, symmetric repair of GRCs and
RCs for different coding parameters and different cost factors
𝝆i . And then, we optimize ABAS of GRCs by changing param-
eters to further reduce the GRBCs.

5.1 Comparison of GRBCs between
different repair coding strategies

Numerical results are provided to show the comparison among
three repair processes for different GRCs and RCs parameter
settings. The results are both based on the Intra-cluster repair
bandwidth constraints of host and helper clusters as 𝛾 and
𝛾′, respectively.

First, we will verify the advantages of ABAS of GRCs in
reducing GRBC compared to other coding constructions under
different parameters. In GRCs, the three construction parame-
ter settings are Code1 (n = 5, k = 3, d = 4, m = 4), Code2 (n =
7, k = 4, d = 5, m = 6) and Code3 (n = 7, k = 4, d = 6, m =
6). We set B = 36, l = 3, l ′ = m and 𝝆 = [1 2 5 10 20 50 100].
Notice that parameters n, k and d of RCs are the same as those
of GRCs.

As Figure 8 shows, when 𝝆 = [1 2 5 10 20 50 100], for the
above three parameter settings, ABAS of GRCs reduces GRBC
effectively compared with other repair strategies no matter 𝛾 or
𝛾′ is constrained. Moreover, we can get that the reduction of
ABAS of GRCs is suitable for all other valid parameters.

Then, we will show the influence of cost ratio 𝝆. Similarly,
we choose the GRC with parameters of (n = 7, k = 4, d = 5,
m = 6, l = 3, l ′ = m). We set three kinds of 𝝆, which are 𝜌1 =
[1 2 5 10 20 50 100], 𝜌2 = [1 3 15 20 30 100 200] and
𝜌3 = [1 5 20 50 100 200 500].

In Figure 9, these three cost ratio increases grad-
ually, which quantified the heterogeneity of inter-cluster
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FIGURE 10 Relationship between optimized GRBCs and l with two
intra-cluster repair bandwidth constraints

transmissions. When 𝝆1 = [1 2 5 10 20 50 100],
the reduction of cost is about 20.8%, and when 𝝆3 =
[1 5 20 50 100 200 500], the reduction achieves 40.28%. We
can get a conclusion, if the heterogeneity of inter-cluster trans-
missions is larger, ABAS performs more effectively in reduc-
ing GRBC.

5.2 GRBC optimization for ABAS

In this part, numerical results will be given to show the func-
tion between GRBC and parameters of GRCs. In GRCs, the
parameter settings are n = 7, k = 4, d = 5, m = 6, l ′ = m with
l values among 1, 2, 3, 4 and 5, and the cost ratio 𝝆i is set as
𝝆i = [1 2 5 10 20 50 100]. Results will be obtained with intra-
bandwidth 𝛾 and 𝛾′ constraints, respectively. Compared (a) and
(b), we can get the converse conclusion. In Figure 10a, GRBC
of symmetric repair and ABAS decreased with the increase of l

when 𝛾 is constraint. However, Figure 10b shows that when 𝛾′

is constraint, by increasing the number of l , GRBC increased
either. Therefore, for reducing GRBC, if 𝛾 is constraint, we
need to reduce l , and conversely, if 𝛾′ is constraint, l need to
be increased.

6 CONCLUSION

Based on the characteristics of heterogeneous network band-
widths between clusters in a clustered distributed storage sys-
tem, this paper proposes an asymmetric bandwidth allocation
strategy (ABAS) for generalized regenerating codes (GRCs),
derives the upper bound of the capacity of ABAS for GRCs
based on the information flow graph (IFG), and proves its
capacity for any valid IFGs. In addition, based on the reacha-
bility of the upper bound, the lower bound of the intra-cluster
repair bandwidth of the host cluster and the remote helper clus-
ters are analyzed to obtain the minimum constraints.

In order to minimize the GRBC of ABAS for GRCs, the
capacity upper bound constraint and the intra-cluster band-
width minimum constraint are used as the subject constraints,
and the vector composed of inter-cluster repair bandwidth
between different clusters is used as an optimization variable.
Linear programming problems of node repair and GRBC for
the entire system are formulated and optimized. After numeri-

cal simulation to find the optimal solution, it was confirmed that
even though the local bandwidth under ABAS performs no bet-
ter than that under symmetric repair strategy, ABAS for GRCs
can effectively reduce the GRBC under the condition of het-
erogeneous bandwidth costs between clusters compared to the
symmetric repair strategy. The larger gap of cost coefficients,
the better ABAS effect is, the maximum reduction in GRBC
achieves 49.48%.
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