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We investigate a two-strain disease model with amplification to simulate the prevalence of drug-
susceptible (s) and drug-resistant (m) disease strains. Drug resistance first emerges when drug-
susceptible strains mutate and become drug-resistant, possibly as a consequence of inadequate treat-
ment, i.e. amplification. In this case, the drug-susceptible and drug-resistant strains are coupled. We per-
form a dynamical analysis of the resulting system and find that the model contains three equilibrium

Keywords: points: a disease-free equilibrium; a mono-existent disease-endemic equilibrium at which only the drug-
drug resistance resistant strain persists; and a co-existent disease-endemic equilibrium where both the drug-susceptible
multi-strain

and drug-resistant strains persist. We found two basic reproduction numbers: one associated with the
drug-susceptible strain (Rgs); the other with the drug-resistant strain (Ron,), and showed that at least
one of the strains can spread in a population if max[Rgs, Rom] > 1. Furthermore, we also showed that if
Rom > max[Rgs, 1], the drug-susceptible strain dies out but the drug-resistant strain persists in the pop-
ulation (mono-existent equilibrium); however if Rgps > max[Rom, 1], then both the drug-susceptible and
drug-resistant strains persist in the population (co-existent equilibrium). We conducted a local stability
analysis of the system equilibrium points using the Routh-Hurwitz conditions and a global stability anal-
ysis using appropriate Lyapunov functions. Sensitivity analysis was used to identify the key model param-
eters that drive transmission through calculation of the partial rank correlation coefficients (PRCCs). We
found that the contact rate of both strains had the largest influence on prevalence. We also investigated
the impact of amplification and treatment/recovery rates of both strains on the equilibrium prevalence
of infection; results suggest that poor quality treatment/recovery makes coexistence more likely and in-
creases the relative abundance of resistant infections.

stability analysis
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1. Introduction

Many pathogens have several circulating strains. The presence
of drug-resistant strains of a pathogen often follows soon af-
ter a new treatment becomes available. This can be due to sub-
therapeutic drug levels which may efficiently kill drug-susceptible
pathogens whilst allowing drug-resistant sub-populations to grow
[1]. This acquired resistance, which can result from incorrect treat-
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ment, poor adherence or malabsorption, is called amplification
[2-4]. One of the major challenges in preventing the spread of in-
fectious diseases is to control the genetic variations of pathogens
through proper treatment regimens [5,6].

Mathematical models can improve our understanding of ge-
netic variations of infectious pathogens as well as those compo-
nents that are significant to infectious disease diagnosis, and treat-
ment [7-13]. Mathematical models can also be used to improve
health policy and infectious disease monitoring plans by identify-
ing thresholds which must be reached in order to achieve elimi-
nation [13-15]. For example, analytical solutions, numerical solu-
tions and stability analyses of mathematical models can identify
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regions in the parameter space where the various asymptotic states
are stable or unstable, thus allowing us to predict the long-term
behaviour of the system [13,14,16]. Further, sensitivity analysis of
a mathematical model allows us to discover the parameters that
have the greatest influence on the model outputs [14,17].

The growing threat of drug-resistant pathogen strains presents
a significant challenge throughout the world, particularly in de-
veloping countries and those with lower socio-economic status
[18]. Once drug-resistant strains have emerged in a population,
primary transmission of these strains may also contribute to the
disease burden (in addition to amplification) [19]. Recent studies
[20-24] have shown that drug-resistant strains can in some cases
possess higher virulence to transmit disease than drug-susceptible
strains, and those individuals infected with a drug-resistant
strain have the highest mortality rate, e.g. tuberculosis and HIV
[25,26].

To examine the threat posed by genetic variations of pathogens,
we present a two-strain (drug-susceptible, and drug-resistant)
Susceptible-Infected-Recovered (SIR) epidemic model with coupled
infectious compartments and use it to investigate the emergence
and spread of mutated strains of infectious diseases. We consider
the possibility that an individual’s position changes from drug-
susceptible at initial presentation to resistant at follow-up. This is
the mode by which drug resistance first emerges in a population
and is designed to reproduce the phenotypic phenomenon of am-
plification. The model can be applied to investigate the co-existent
or competitive exclusive phenomena among the strains. We choose
the SIR model in this study in order to model the many diseases
that have a protracted infectious period with treatment-including
hepatitis C and HIV. Here the removed compartment “R” is to be
applied broadly to those people who are neither infectious nor sus-
ceptible, including people in treatment, isolation, no longer con-
tacting others or dead. In this way, we believe that our model cap-
tures many of the infectious agents that are traditionally modelled
by Susceptible (S) to Infected (I) models.

Explicitly, in this paper we perform a rigorous analytical and
numerical analysis of the proposed two- strain model properties
and solutions from both the mathematical and biological view-
points. For each, we use the next-generation matrix method to de-
termine analytic expressions for the basic reproduction numbers of
the drug-susceptible and drug-resistant strains and find that these
are important determinants for regulating system dynamics. With
a focus on the early and late-time behaviour of the system, we out-
line the required conditions for disease fade-out, infection mono-
existence, and co-existence.

To supplement and validate the analytic analysis, we use nu-
merical techniques to solve the model equations and explore the
epidemic trajectory for a range of possible parameter values and
initial conditions. The local stability of the three system equi-
libria is examined using the Routh-Hurwitz conditions and the
global stability of the disease-free equilibrium and mono-existent
disease-endemic equilibrium is examined using appropriate Lya-
punov functions. Following this, we perform a sensitivity analysis
to investigate the model parameters that have the greatest influ-
ence on disease prevalence.

The remainder of this paper is constructed as follows: in
section 2 we present the two-strain SIR model with differential in-
fectivity and amplification, and verify the boundedness and pos-
itivity of solutions as well as the existence of several equilibria.
Local and global stability analyses of the equilibria are presented
in section 3. In section 4 we discuss a sensitivity analysis of the
model outputs. We then provide numerical simulations to sup-
port analytic results in section 5. Finally, in section 6, we provide
a summary of our outcomes, discuss their importance for public
health policy and propose guidelines for future disease manage-
ment efforts.
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Fig. 1. Flow chart of the two-strain SIR model showing the four infection states,
and the per-capita transition rates in and out of each state (not shown: the constant
recruitment rate A into the susceptible compartment S). Subscripts s and m denote
drug-susceptible and drug-resistant quantities respectively.

2. Model description and analysis

Model equations:

We developed a dynamic two-strain SIR model for the trans-
mission of drug-susceptible and drug-resistant infections, where
the total population is divided into four subclasses: S— suscepti-
ble individuals; Is - individuals infected with the drug-susceptible
strain; I - individuals infected with the drug-resistant strain;
and R-recovered individuals, who are assumed to have immunity
against both strains. Thus the total population number N(t) at time
tis
N(t) = S(t) + s (t) + Im(t) + R(t). (1)

We also introduced the following parameters: A - constant
recruitment rate into the susceptible class through birth or im-
migration'; p-natural per-capita death rate across the entire
population; Bs (Bm) - effective contact rate between individuals
with drug-susceptible (drug-resistant) infection and susceptibles;
ws (wm)-per-capita treatment/recovery rate for drug-susceptible
(drug-resistant) infected individuals; ¢s (¢m)—disease-related per-
capita death rate for drug-susceptible (drug-resistant) infected
individuals; p-proportion of individuals who amplify from the
drug-susceptible strain to the drug-resistant strain during treat-
ment/recovery. We assumed the proportion of individuals who
amplify-due to incomplete treatment or lack of compliance in the
use of first-line drugs-move directly from the drug-susceptible
compartment Is; into the drug-resistant compartment Iy. The
model structure is illustrated in Fig. 1.

From the aforementioned, the populations in each disease state
are determined by the following system of nonlinear ordinary dif-
ferential equations:

S=A — 1S — BslsS — BmlmS, (2)
Iy = BlsS — (s + s + )]s, 3)
im = pwsls + ﬂmlmS — (®0m + Om + ), (4)

1 Data strongly suggest that the absolute number of births globally has been ap-
proximately constant for the last 30 years and is predicted to remain constant for
the next 30 years. Therefore, within the timescale of an SIR-type infection it is rea-
sonable to assume a constant growth rate (https://population.un.org/wpp/Graphs/
900).
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R= (1= p)wsls + Omln — UR. (5)

Given non-negative initial conditions for the system above, it
is straightforward to show that each of the state variables remain
non-negative for all t > 0. Moreover, summing equations (2)-(5)
we find that the size of the total population, N(t), satisfies

N(t) < A — uN(t).

Integrating this inequality we find
A
N(t) < m + N(0)e Mt

This shows that the total population size N(t) is bounded in
this case and that it naturally follows that each of the compart-
ment states (S, Ig, Im, R) are also bounded.

Note that equations (2)-(4) are independent of the size of the
recovered population R(t); therefore, if we only wish to track dis-
ease incidence and prevalence, we can focus our attention on the
following reduced system (6)-(8):

S=A — S — BlsS — BmlnS, (6)
is = (BsS — xs5)ls, (7)
im = pwsls + BmlmS — XmIm (8)

where xs = ws + ¢s + 1 and xm = wm + $m + 1 represent the to-

tal removal rates from the respective infectious compartments.
Given the positivity and boundedness of the system solutions,

we find that the feasible region for equations (6)-(8) is given by

A
D:{(S, I, Im)eRi:sHSngM} (©)

where D is positively invariant. Therefore, in this study we consider
the system of equations (6)-(8) in the set D.

2.1. Basic reproduction number

Here we estimate the basic reproduction number of the model
(6)-(8). In an epidemic model, the basic reproduction number is
the expected number of secondary cases created by a single infec-
tious case introduced into a totally susceptible population. If the
basic reproduction number is greater than one, the number of in-
fected individuals grows and the infection typically shows persis-
tent behaviour. Conversely, if the basic reproduction number is less
than one, the number of infective individuals typically tends to
zero [12,27,28]. Here we use the next-generation matrix technique
to estimate the basic reproduction number(s) of our system [28].

The reduced model (6)-(8) has two infected states: Is; and Iy,
and one uninfected state: S. At the infection-free steady state I} =
I, =0. Hence, from (6), in the absence of infection $* = %

Linearizing the system about the infection-free equilibrium, we
find that equations (3)-(4) are closed, such that the linearized in-
fection sub-model becomes

is = (/355* — Xs)ls, (9)

im = pwsls + BmlmS* — Xmlm. (10)

Here, the ODEs (9) and (10) describe the production of newly
infected individuals and changes in the states of already infected
individuals.

By setting X" = (Is, Im)T, where T denotes transpose, the infec-
tion subsystem can be written in the following form:

X=(T+I)x (1)
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The matrix T contains the transmission component of
equations (9) and (10) (i.e. the arrival of susceptible individuals
into the infected compartments Is and I,) and the matrix X con-
tains transitions between, and out of the infected states (i.e. recov-
ery, amplification and death).

For the subsystem (9)-(10), these components are given respec-
tively by

IBSS* 0 —Xs 0
T = dx = .
< 0 BmS* an PWs  —Xm

The next-generation matrix, K, is then given by [27]

S*ﬂs 0
— -1 _ Xs
K=-Tx" = SBmwsp S Bm
XsXm Xm

The dominant eigenvalues of K are the basic reproduction num-
bers for the drug-susceptible and drug-resistant strains; they rep-
resent the average number of new infections from each strain pro-
duced by one infected individual. The lower triangular structure of
K allows us to immediately read off the basic reproduction num-
bers for the drug-susceptible and drug-resistant strains respec-
tively as:

SBs A Bs
Ros = = a
0s Xs WXs ( )
and
S* A
Rom = 20m _ A P, (b)
Xm M Xm

Interestingly we find that the basic reproduction numbers Ry
and Ry, are both independent of the amplification rate p [29].

2.1.1. Strain replacement

To investigate the relative magnitude of Ry and Rgy,, which is
anticipated to strongly influence the system dynamics (see below),
we introduce the parameters ¢ and € which we respectively de-
fine as the fitness cost exacted on the transmissibility of strain m
relative to that of strain s, and the reduction in treatment rate of
strain m relative to that of strain s. More specifically, we let

Bm = (1-0)Bs
and
wm = (1- €)ws.

If we assume that both Rys and Rgy, are greater than 1, then
the condition for resistant infections to replace sensitive infections
is given by,

Rom > Ros.

Substituting the formulae (a) and (b) for the basic reproduction

numbers gives:

Bm - Bs
On+Pm+ U ws+ds+p

Assuming that u ~ 0 (since it is very slow compared to the
other rates) and that ¢, ~ ¢ yields the condition

(1-0)ps - Bs
(I-e)ws+¢s = ws+ s’
which we can rearrange to obtain

- c(ws + ¢s)

Ws

The above relation shows that the resistant strain can outcom-
pete the susceptible strain if the resistance level € is high (which
may be the case for drug-resistant individuals). Alternatively, the
resistant strain will be fitter than the susceptible one if the fitness
cost c is sufficiently low.
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2.2. System properties

2.2.1. Existence of equilibria
It is clear from equations (6)-(8) that a disease-free equilibrium
(denoted by E*) always exists:

Ef= (S, I, It) = (2 0, o). (12)

From equation (6)-(8) we can also derive the mono-existent
endemic equilibrium point (denoted by E*) at which the drug-
resistant strain persists and the drug-susceptible strain dies out:

E* = (s*.0.1}).

where
#_ S _ A
Rom  URom’
13
o pt _ PRon—1) ()
s =Y dn=—7—F%—-
Bm

Inspecting (13) we see that the mono-existent endemic equilib-
rium E* = (S%,0,1%) e D (i.e. exists) if, and only if Ry, > 1.

Finally, the co-existent endemic equilibrium of the system (6)-
(8) (denoted by E') is given by

Ef = ST I,

where
A
T _ Ok
St= :uROS =S /ROSv
(R 1)
y 14
i PRowsp (Res—1) (1)
m Bs Xm (Ros —Rom) + PRossBm’
_ PwsRos “ (Ros — 1) W
Xm(Ros — Rom) Bs
The variable W in equation (14) is defined as
PwsRos B ! pws R !
w1 + sR0sPm =1+ s ROm i
( Bsxm (Ros — Rom) Xs (Ros — Rom)
(d)

and 0 < ¥ < 1 for Rgs > Ry, Therefore, equation (14) shows that
the co-existent endemic equilibrium Ef = (ST, Il, Il) e D (i.e. ex-
ists) if, and only if Rgs > max[Rgy,, 1].

3. Stability analysis

Since equations (2)-(4) are independent of equation (5) (i.e. the
evolution of S, Is and Iy, are independent of R(t)), we can focus
our attention on the reduced system (6)-(8) to study the persis-
tence of the infection. To investigate stability of the equilibria of
equations (6)-(8), the following results are established:

3.1. Infection-free equilibrium

Lemma 1. If Ry = max|Rgs, Rom] < 1, the disease-free equilibrium
E* of (6)-(8) is locally and globally asymptotically stable; if, how-
ever, Rp = max[Rgs, Rom] > 1, E* is unstable.

Proof. : We consider the Jacobian of the system (6)-(8) which is
given by

—Bsls — Bl — 1 —BsS —BmS
= ,Bs[s ﬂss — Xs 0 .
ﬂmlm PWs ,BmS — Xm
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At the infection-free equilibrium point, E*, this reduces to

—BmS*
0 .
Xm (Rom — 1)
The structure of J* allows us to immediately read off the three

eigenvalues, A;, as

Ar=—p, Ay = xs(Ros — 1)and A3 = xm(Rom — 1). (15)

- —psS*
J=1 0 XsRos—1)
0 PWs

It is easy to verify that all the eigenvalues (15) have negative
real parts for Rgs <1 and Rgp < 1. Hence, the disease-free equi-
librium E* of (6)-(8) is locally asymptotically stable for Ros < 1 and
Rom < 1. If Ros > 1 or Rgp > 1, at least one of the eigenvalues
(15) has a positive real part and E* is unstable.

Now the global stability of the disease-free equilibrium E* for
Rgs <1 and Rgy < 1 can be investigated. First, from equation (7),
we have

is = (BsS — xs)ls,

which can be integrated to give

JBe S(DydT—xs t
Iy(t) = Iy(0)es™ (16)
for all t>0.
Substituting in the upper bound S(t) < % = S*, which follows
immediately from the definition of D (equation (c)), we obtain

I5(t) < I5(0)esS—xo)t,
< [S(O)exs(ROS—m.

It follows then that if Rys <1 we have [(t) - 0 as t— oo.
Hence the hyperplane Is = 0 attracts all solutions of (6)-(8) orig-
inating in D whenever Rys < 1.

Since [s(t) — 0 as t — oo for Rgg < 1, it follows that p wsls(t) —
0 such that equation (8) reduces to

im = ﬂmImS —_ Xmlm-

Following the same strategy for I, as we used above for Ig
yields
I (t) < Iy (0)eXmRom=1)t,

Similarly, if Rgm <1, Im(t) - 0 as t— oo and the hyper-
plane I, = 0 attracts all solutions of (6)-(8) originating in D. Fi-
nally, it is straightforward to show that if Iy — 0, and Iy — 0,
then S — S*. Therefore E* is globally asymptotically stable when
Rp = max[ROS, ROm] < 1.

3.2. Mono-existent endemic equilibrium

Lemma 2. If the boundary equilibrium E* = (S*,0,1#) of the
equations (6)—(8) exists and Rop, > max[1, Rgs], E¥ is locally and
globally asymptotically stable.

Proof. : We consider the Jacobian of the system (6)—(8) at the
mono-existent endemic equilibrium point E¥ which is given by

_lsmli - M —,355# —,Bms#
J# — 0 _ XS(ROR:;ROS) O
Bl OWs 0

The structure of J# allows us to immediately read off the first
eigenvalue, A = — XS% which is negative whenever Rg, >
Rgs. The remaining eigen\r/nalues can be calculated as the roots of
the following equation

()»2+a1)»+a2):0 (17)
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where
a1 = Bl + 1t = URom,
2 = BRIES" = wxm (Rom — 1).
For local stability we must ensure that the Routh-Hurwitz cri-

teria [30] are satisfied:

a; > 0, and
a; > 0, which holds whenever Ry, > 1.

Thus, by the Routh-Hurwitz criteria, the boundary equilibrium
E# is locally asymptotically stable whenever Ry > max[1, Rl
Conversely, for E* € D, it is unstable when Ry, < Rys.

Now we prove E¥ is globally asymptotically stable if Rgp >
max|1, Rgs]. Considering equation (7) and (8), we have

is = (BsS — xs5)ls, (18)

im = pwsls + lgm[ms — Xmlm. (19)

Following [31], first we divide equation (18) and (19) through
by Is and Iy, respectively to obtain

dlogl
o =S (20)
dlogl I
g m =,3mS*Xm+,0ws*s (21)
dt In
Rearranging equations (20) and (21) to solve for S we get
1 dlogls = xs 1 dlogln  xm pws Is
S= 2 + 5 =5 + 5= - — 22
Bodt "B PBm A ' PBu Pmlm (22)
which immediately leads to the following inequality:
ldloglS Xs Ldloglm Xm

B dt B~ PBm At Bm

Integrating both sides of the equation above gives

LONF s (In® "
<IS(O>> e”5t5<lm<0>> e

which we can rearrange to obtain

(Is(t)>”ls 3 (lm(o)ﬂlme(;g_;;)t
L0 ) =i '

Next, we use equations (a) and (b) for the basic reproduction
numbers, to rewrite this inequality as

b )F _ (In® ) 5 (s )
L0)) =\in)) € '

Finally, since both Is(t) and I, (t) are bounded, as we take the
limit as t — oo we find:

15(0) Im (0)

Hence the hyperplane I; =0 attracts all solutions of (6)-(8)
when Rgp, > Rgs.

To complete the global stability proof, we show the endemic
equilibrium E* is globally asymptotically stable on the hyperplane
Is = 0 by constructing the following Lyapunov function [32]:

V#=S—S*InS+ Iy — ¥ Inly + C

1 1
Bs Bm g 1 _ 1
tlim (Is(t)> < tlim (lm(t)> e’ (“Om “OS)t — 0forRom > Ros.

where

C=—(s*—S*Ins* + If, —If InIf).
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Taking the derivative of V#(t) along system trajectories yields

V= (1-%)5+ (1- 1) in.
=(1=%)(A = 1S = Buln$) + (1= £ ) (Bl — k).
=A — uS— BmlmS — A% + MS# + ,Bmlms# + BmlmS — xmlm

_,Bmlfns + Xm[ﬁr
First, we substitute in the identity

A = uS* + Bl s*,

to obtain

S#

) #
V# = uS* 4 Bnl# S* — us — MS#% — BmlE S* 5
+,3mlms# - Xmlm - ﬁmlﬁs + Xmlﬁv

# s* # Q# # #S# #
:l,(,S Z—S—#—§ +/3m[m5 _IBmImS ?+ﬁmlms

—Xmlm — lgmlﬁ-ls + Xmlfn

We can simplify this expression further by substituting in the
identity BmS* = ym to get

+ uS*

Ves 4 s st # St
V*=us 2—57—§ +Xm1m—Xm[m§+XmIm—Xm[m

— Xl g + Xl

S s* S s*
i #
=HS (2_5#_s>+xmlm(2_s#_s)’
s S
_ i #
_(;LS +Xm1m)<25# S)'

Since the arithmetic mean is greater than or equal to the geo-
metric mean, we obtain V¥ < 0.

Therefore, the mono-existent endemic equilibrium E* is glob-
ally asymptotically stable if Rgy, > 1.

3.3. Co-existent endemic equilibrium

Lemma 3. If the endemic equilibrium Ef = (S, I, I\,) of equa-
tions (6)—(8) exists, ET is locally asymptotically stable.

Proof. : We consider the Jacobian of the system (6)—(8) at the co-
existent endemic equilibrium point E' which is given by

—BHl =Bl - —BsST —BmS'
JT = ﬂsll ﬂssf — Xs 0
,BmIIn Pws BmS" = Xm

To simplify this expression, we use the following identities

_.3511 - ,Bml;rn — 1 =— Ros,

R S*

_Bst— _RosXs >

BsS' = S Ros Xs»
R S* R

_ T _ _ BOm Xm - _ Om

‘Bms B S+ ROS Xm ROs '

Ros — 1

gl = g LD g e, - 1w,

Bs

B = PWs Rom
mm Xs  (Ros — Rom)

S* R
ﬂSST*Xs :XS(’BS ]) = XS<R—ES 7‘l> =xs(1-1)=0,
s

H (Ros — )W,

Ros Xs
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BmS*
XmRos

:BmST_XmZXm( —l> = éj (Rom — Ros)

0s
where in the fourth line we have substituted in the definition of
W given in equation (d). This allows us to rewrite the matrix J© in
the following form:

—MRos —Xs —Xm l%:
I = Re-1)w 0 0
M Ros—D(A-W)  p ws Xm%

To determine the stability of this matrix we use the Routh-
Hurwitz criteria, which state that the real parts of the roots of the
characteristic polynomial associated with a three by three matrix |
are negative if A; > 0, A, >0, A3 > 0, and A;A; > A3, where A; =
—trace(JT), A, represents the sum of the two by two principal mi-
nors of |7 and A; = —det(J7).

Condition 1: For the matrix |, we have

Av = —trace (1 ) = 1 Ros + Xm_(Ros — Rom)

ROS
Hence, A; > 0 if Rgs > Rom-
Condition 2:
A = ‘ 0 . (R? olt —Ros —Xm ‘E‘gg
p s IR R — (1= W)y SomRed
—URos —Xs

+

s

H(Ros — W 0
= 4 Xm (Ros = Rom) + £ Xm = (Ros = 1) (1 = W) + )5 (Ros — W
Recalling that 0 < ¥ < 1 for Rys > Rgry,, we see that Ay, > 0 is

satisfied whenever Rgs > 1 and Rgs > Rop.
Condition 3:

As=det (J7),
_ Rom
_— (ROS—l)\IJ‘ oo MmRe
/0 a)S Xm []n]'n205 0s

sSAmM Rs*Rm sAm m
=—p (Ros — W [XX (Roz 0 )+prx Ro ]

0s

= (ROS _ 1)\11 XsXm (ROS - ROm) [-1 + P wsRom :I7

Ros X (Ros—Rom)
=/t (Ros — 1) XsXm (Ros — Rom) E
1t (Ros — 1) Zetm Ros =Rom) 3
Ros v
= ER® Ry~ 1) (Ros — Rom)
S

where in the fifth line we have substituted in the definition of W
given in equation (d). The condition Az > 0 is true if Ros > 1 and
Ros > Rom-

Finally, if we multiply the expressions for A; and A, it is
straightforward to show that the condition A;A; > Az is satisfied
when Rys > 1 and Rys > Rgyy. Thus, by the Routh-Hurwitz crite-
ria, the co-existent endemic equilibrium ET is locally asymptotically
stable when Rys > 1 and Ry > Rop,.

4. Sensitivity analysis

Recognizing the relative importance of the various risk factors
responsible for the transmission of infectious diseases is essential.
The progression of the drug-resistant strain and its incidence and
prevalence must be understood in order to determine how best to
decrease disease burden. For this purpose, we calculated the par-
tial rank correlation coefficients (PRCCs)-which is a global sensi-
tivity analysis technique using Latin Hypercube Sampling (LHS)-of
several key output variables. In each case we assigned a uniform
distribution from O to 3 times the baseline value for each input
parameter to generate a total of 100,000,000 computations of each
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Fig. 2. PRCC values depicting the sensitivities of the model output I with respect
to the input parameters B, ws, s, Bm, ©m, ¢m and p, when Ry > max[Ron, 1]
(i.e. co-existent endemic equilibrium ET).

0.8 b

PRCC

Fig. 3. PRCC values depicting the sensitivities of the model output I, with respect
to the input parameters Ss, ws, ¢s, Bm, ®m, Pm and p, when Ros > max[Rom, 1]]
(i.e. co-existent endemic equilibrium E).

output variable of interest. Here the model outputs we consider
are the number of infectious individuals Is and I, and their total
sum (Is + Iy) at equilibrium. Note that PRCC values lie between -1
and +1. Positive (negative) values imply a positive (negative) corre-
lation to the model parameter and outcomes. The bigger (smaller)
the absolute value of the PRCC, the greater (lesser) the correlation
of the parameter to the model outcome.

Figs 2-4 display the correlation between Is, I, and (Is + 1)
and the corresponding parameters fBs, ws, ¢s, Bm, ®m, ¢m and
p when Rgs > max[Rgy,, 1], that is, at the co-existent endemic
equilibrium. From Figs 2-4, it is easy to perceive that Is and
(Is +1m) have a strong positive correlation with fs and I, has
a weaker positive correlation with fs, implying that a positive
change of Bs will increase I, (Is +Im) and I,. Parameters ws and
¢s have a negative correlation with I, I, and (Is + I ). In addition
Bm has a negative correlation with Is and (Is +Im) but a strong
positive correlation with Ir,. Parameters wm and ¢y, have a posi-
tive correlation with Is and (Is + I,) but strong negative correla-
tion with Ip.
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Table 1
Description of model parameters
Parameters Description Estimated value References
A A demographic parameter which represents the recruitment rate into the population 1
0 Per-capita death rate 71*0 per year [33]
Bs The effective contact rate per unit time between susceptible and drug-susceptible infective individuals variable -
Bm The effective contact rate per unit time between susceptible and drug-resistant infective individuals variable -
ws The per-capita rate at which the drug-susceptible infected population progress to the recovery stage per 0.290 per year [34]
unit time as a result of treatment
(o The per-capita rate at which the drug-resistant infected population progress to the recovery stage per unit 0.145 per year Assume
time as a result of treatment
P The proportion of amplification due to treatment default on first-line drug therapy 0.035 [35]
(78 The per-capita rate at which the drug-susceptible infected population die from infection per unit time 0.37 over 3 years [35]
®m The per-capita rate at which the drug-resistant infected population die from infection per unit time 0.37 over 3 years [35]
1 T T T 1 T T T
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Fig. 4. PRCC values depicting the sensitivities of the model output Is + I, with re-
spect to the input parameters fs, ws, @s, Bm, ®m, ¢m and p, Ros > max[Rop, 1]]
(i.e. co-existent endemic equilibrium Ef).

Further, parameter p has a negative correlation with Is and
(Is +Im) but a strong positive correlation with Iny. Fig. 5 repre-
sents the correlation between the equilibrium value of I, and the

110

ﬂs wS ¢S ﬂm wm ¢m 4

Fig. 5. PRCC values depicting the sensitivities of the model output I, with
respect to the input parameters S5, ws, ¢s, Bm, ©®m,dm and p, when Ry >
Rgs and Rop, > 1] (i.e. mono-existent endemic equilibrium E*).

corresponding model parameters Bs, ws, ¢s, Pm, ®@m, ¢m and p
when Rgn, > Rgs and Ry, > 1 (i.e. at the mono-existent endemic
equilibrium). Parameters s, Bm and p (small value not showing)

100

Drug-resistant prevalence (I nn)

50 60
Drug-susceptible prevalence (1)

Fig. 6. Co-existent endemic equilibrium: Rgs > max[Roy, 1]. In this case both the drug-susceptible infection and drug-resistant infection persist in the population (black

dot). All parameter values assume their baseline values given in Table 1.
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Fig. 7. Effect of amplification (p) on the drug-susceptible (Is) prevalence and drug-
resistant prevalence (I,). All parameter values assume their baseline values given
in Table 1.

have positive PRCC values, implying that a positive change in these
parameters will increase In. In contrast, ws, ¢s, wm and ¢, have
negative PRCC values and, thus, increasing theses parameters will
consequently decrease Ip,.

5. Numerical simulations

In this section, we carry out detailed numerical simulations
(using the Matlab programming language) to support the analytic
results and to assess the impact of amplification and the drug-
susceptible treatment/recovery rate on equilibrium levels of total
prevalence and drug-resistant prevalence. For illustration we have
chosen baseline parameter values consistent with tuberculosis in-
fection and transmission [33-35]. In accordance with the analytic
results we found three equilibrium points: the disease-free equi-
librium E*; a mono-existent endemic equilibrium E*; and a co-
existent endemic equilibrium E'. We used different initial condi-
tions for both strains of all populations and found that if both basic
reproduction numbers are less than one (i.e. max[Rgs, Rom] < 1)
then the disease-free equilibrium is locally and globally asymp-
totically stable. If Ry, > max|[Rgs, 1], the drug-susceptible strain
dies out but the drug-resistant strain persists in the population.
Furthermore, if Rgs > max[Rgny,, 1], then both the drug-susceptible
and drug-resistant strains persist in the population.

Fig. 6 illustrates the stability of the co-existent endemic equi-
librium (i.e. when Rgs > max[Rgn,, 1]) by depicting system trajec-
tories through the Is vs Iy, plane originating from different initial
conditions. In this system both strains (Is and I,) persist because
of the amplification pathway from the drug-susceptible strain to
the drug-resistant strain. Fig. 7 depicts the effect of amplifica-
tion (p) on equilibrium levels of drug-susceptible prevalence and
drug-resistant prevalence and shows that in the first region (p <
0.6) the drug-susceptible prevalence is initially dominant but that
the drug-resistant prevalence rises with increasing p. Eventually,
for p > 0.6, the drug-resistant strain becomes dominant courtesy
of the amplification pathway.

Fig. 8, and Fig. 9 show the effect of the drug-susceptible strain
treatment/recovery rate on the equilibrium level of total preva-
lence, and drug-resistant prevalence when both infection rates
(Bs, Bm) are fixed. If we increase the proportion of amplification,
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Fig. 8. Effect of drug-susceptible treatment/recovery rate (ws) on the equilibrium
level of total prevalence when both infectious rates (s, Sm) are fixed to their base-
line values. All remaining parameter values assume their baseline values given in
Table 1.
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Fig. 9. Effect of drug-susceptible treatment/recovery rate (ws) on the equilibrium
level of the drug-resistant strain when both infectious rates (s, Bm) are fixed to
their baseline values. All remaining parameter values assume their baseline values
given in Table 1.

both the total prevalence and drug-resistant prevalence also in-
crease.

However, Fig. 9 shows that for high amplification, the drug-
resistant prevalence increased when the treatment/recovery rate
of the drug-susceptible strain moved from zero to around 0.25
to 0.30, then declined to a common point. For lower amplifica-
tion values, the drug-resistant proportion only increased up to the
common point. This point is the drug-resistant only equilibrium
and occurs when the effective reproduction number of the drug-
susceptible strain becomes lower than the basic reproduction num-
ber of drug-resistant strain. Numerical simulations show that for
sufficiently high amplification, the prevalence of the drug-resistant
strain will exceed that of its inherent equilibrium value (that is, the
resistant-only equilibrium) when the drug-susceptible strain exists
and is being treated.
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6. Discussion and conclusion

In this study, we formulated a two-strain SIR non-constant pop-
ulation model with amplification and investigated its dynamic be-
haviour. We considered amplification as the process by which an
individual infected with a drug-susceptible strain acquires infec-
tion with a drug-resistant strain. Using the next-generation matrix,
we obtained the basic reproduction number of each strain, namely
Rgs for drug-susceptible cases and Rqy, for drug-resistant cases. We
found that the basic reproduction numbers determine the equilib-
rium states of the system and their stability. Specifically if Ryy, is
greater than Ry and unity, only the drug-resistant strain will re-
main, whereas if Ry, is larger than Ry, and unity, a coexistence
is likely. We also found that both basic reproduction numbers are
independent of the amplification rate, which indicates that the re-
productive capacity of each strain is autonomous of the amplifica-
tion rate between them.

We also found that the drug-susceptible strain is not necessar-
ily the most prevalent at equilibrium even if it has the highest ba-
sic reproduction number. This is a consequence of the fact that
the drug-susceptible strain persists purely on direct transmission
whereas the drug-resistant strain prevalence is driven by a combi-
nation of direct transmission and amplification. These results ex-
plain in part the rise in drug-resistant strain prevalence when the
drug-susceptible strain is treated.

Lastly, we explored the effect of the drug-susceptible treatment
rate on the equilibrium level of total prevalence and drug-resistant
prevalence. We found that if we increase the drug-susceptible
treatment rate, the total prevalence will decline. However, the re-
sponse of the drug-resistant strain prevalence is non-monotonic,
increasing for a certain period and then declining at a particular
threshold point. This finding has important implications for choos-
ing the proper intervention or treatment strategies. From a micro-
biological viewpoint, resistance first occurs by a genetic mutation
in a micro-organism that leads to resistance to a treatment, mod-
elled by reducing the treatment rate. Therefore, one could ques-
tion whether it is prudent to risk the emergence of drug-resistant
strains by increasing the treatment rate of the drug-susceptible
strain. However, at least initially, such resistance-conferring mu-
tations typically exact a “fitness cost” whereby drug-resistant or-
ganisms reproduce at a lower rate and are often less transmissi-
ble than their drug-susceptible counterparts [36]. Nevertheless, the
selective pressure applied by antibiotic treatment permits drug-
resistant mutants to become the dominant strain in a patient in-
fected with disease on first-line therapy and allows for further
mutations with selection for fitness. Therefore, increasing drug-
susceptible treatment rates may increase the likelihood of emer-
gence of an even more prolific strain which also has drug resis-
tance.

In conclusion, this study has concentrated on a two-strain cou-
pled SIR epidemic model and performed a rigorous analytical anal-
ysis of the system properties and solutions, for understanding in-
fectious disease genetic variation and the rising threat of antibi-
otic resistance or inadequate treatment. These results help inform
the practice of drug treatment in the setting of drug resistance
and emergent strains, such as is occurring in tuberculosis and
other bacterial pathogens. This work shows theoretically that treat-
ment of drug-susceptible strains of an infectious disease can drive
the emergence of the drug-resistant strain, even if that strain has
reduced fitness, such that the reproduction number is less than
one. Further, under these circumstances, our analysis shows that
this emergence of drug resistance will be overcome if the treat-
ment rate is sufficient to eliminate the drug-susceptible strain from
the population. Hence, we recommend that for problematic drug-
resistant pathogens, estimates of the reproduction numbers of the
susceptible and resistant strains be made along with the risk of
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amplification, to ensure optimal levels of treatment be used to
minimise the risk of emergence of the resistant strains. Future
modelling studies could focus on specific pathogens (and their as-
sociated parameters) and whether treatment may lead to unin-
tended threats to infection control such as an increase in resistant
strains.
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