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JL6stract 

The fatigue crack growth behaviour of 316L stainless steel (Batch A} following a tensile 

overload has been observed. Micrographs and compliance measurements have also been 

taken. Results indicated that strain hardening may be the primary contributor toward 

retardation of crack growth. High strain - low stress interactions were observed in 316L 

stainless steel (Batch B and C}, mild steel (C1020 and AS1214) and aluminium alloy 

(6060-TS). This was done as plasticity-induced crack closure is largely removed by using 

tensile specimens. Pre-training of 316L (Batch B) by low cycle fatigue (LCF) showed an 

increase in the fatigue life while pre-training of 316L (Batch C) showed a retardation of 

fatigue crack initiation and growth. Pre-training of the other materials showed little effect 

or a decrease in the fatigue life. 

The conclusions of this thesis are as follows: 

1. Fatigue crack growth occurs by a process of damage accumulation in the material in 

front of the crack tip. 

2 Tensile overload creates a plastic deformation zone ahead of the crack tip. The . 

material within . this zone is strain hardened and also causes plasticity-induced 

crack closure (PICC). It has been found that retardation of post-overload fatigue 

crack growth is mainly a result of the increased fatigue resistance of the· strain­

hardened material within the overload plastic zone. 

3. A tensile overload enhances the fatigue damage ahead of the crack tip.· This results 

in a transient acceleration in the fatigue crack growth following overload. 

4. 316L Stainless Steel (Batch B} displayed ail enhancement of fatigue life with LCF · 

pre-training. Crack initiation and propagation was retarded in 316L (Batch C) by 

similar LCF pre-training. This behaviour was not observed in mild steel (C1020 

and AS1214) or aluminium alloy (6060-TS). A martensitic strain induced 

transformation was found to be not responsible for the observed behaviour of 

316L (Batch B). It is suggested that this behaviour supports the findings of fatigue 

crack growth experiments of 316L stainless steel (Batch A}, i.e. that strain 

hardening. is primarily responsible for fatigue crack growth retardation following 

tensile overload. 
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:Nomenc{ature 

Latin alphabet 

a 

B 

B* 

C 

C(a) 

C'(a) 

Cco(a) 

Cocc 

COD 

Cp1cc 

CT 

da 

da/dN 

dN 

E 

H 

J 

K 

Kc 

Kie 

M 

n 

crack· 1ength, notch length 

specimen thickness 

critical thickness above which plain strain conditions prevail 

fractional life sum 

elastic compliance (as a function of crack length) 

first derivative of elastic compliance with respect to crack length 

experimentally measured compliance for open crack 

middle part of compliance curve (Discontinuous Crack Closure) 

crack opening displacement 

lower part of compliance curve (Plasticity-Induced Crack Closure) 

compact tension 

increment of crack length 

fatigue crack growth rate 

cycle number increment 

Young's Modulus; also energy associated with magnetic moment . 

magnetic field intensity 

J integral 

stress intensity factor; fracture toughness; constant 

Plain stress fracture toughness - specimen width dependent 

Plain strain fracture toughness - specimen width·independent 

magnetic moment 

number of fatigue cycles 

number of fatigue cycles 

number of fatigue cycles to failure 
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p 

R 

rp 

t 

T 

w 

x, y, z 

y 

load (kN) 

critical load (used to calculate Kc) 

load ratio = minimum load divided by maximum load during fatigue 

radius of residual compressive zone 

radius of plastic zone 

time 

temperature 

length of specimen from loading line to back face 

coordinate axis notation 

geometry factor 

Greek alphabet 

Aa 

AK 

.!\op 

cI>(a) 

a 

V 

e 

0 

Oy 

p 

crack tip displacement after overload 

stress intensity factor range 

Plastic strain range 

compliance function defined by C(a) and Cco(a) (see text) 

a/Wratio 

vertical displacement at notch mouth 

Strain 

Phi function 

Poisson's ratio 

Angle measured from plane of crack 

Stress 

Yield strength 

radius of curvature 
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Superscripts and subscripts 

av 

e 

f 

i 

i, j 

max 

average 

elastic 

failure 

model 

indices of tensor, with reference to respective coordinate axes 

maximum 

min minimum 

m,n 

p 

th 

y 

exponent in a power law 

plastic 

theoretical 

yield 
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Chapter One: Introduction 

Fatigue is a progressive damage process in a structure subjected to cyclic loading. This 

load may or may not exceed the yield strength of the material. The plastic deformation 

that results from an excursion beyond the yield strength may be confined to a small part 

of the structure (i.e. at a crack tip) or the entire structure may be grossly deformed. 

Knowledge of fatigue involves a combined effort of two disciplines: mechanical and 

materials engineering. The occurrence of fatigue in industry is a problem that is often 

dealt with by the mechanical engineer. The study of fatigue for the mechanical engineer 

centres on crack propagation rates and fatigue life. Since microstructure is a 

determining factor in fatigue, materials engineering aspects need to be investigated. The 

instruments for a materials oriented study of fatigue include the field emission scanning 

electron microscope (FESEM), magnetic moment measurements and further specialised 

techniques, alongside mechanical testing. 

The first published paper on the effects of metal fatigue was by Albert in 1838. It was 

based on a study that is believed to have beeli conducted in 1829 [1]. The notion of 

failure of metals as a result of 'fatigue' loading was first coined by Poncelet [2] in 1839. 

As previously mentioned, industrial fatigue failure is often catastrophic in nature. The 

failures are often dramatic and, unfortunately, can lead to loss of human life. A railway 

accident in Versailles, France in 1842 was of this type and sparked the first detailed 

scientific study .of fatigue. In 1843, W.J.M. Rankine noted the danger of stress 

concentrations [3]. It is now recognised that avoiding stress concentrations is the most 

important aspect of good fatigue design. Wohler first noticed the loss of strength as a 

result of fatigue loading in 1860 [4]. This is now known as strain-induced softening but 

some materials .do exhibit strain-induced hardening. In his study of 1864, Fairbairn [5] 

concluded that a maximum cyclic load of only one third of the ultimate strength would 

still cause the eventual failure of the component. Study of life calculations was initiated 
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by Gerber [6] and Goodman [7], Bauschinger extended the work of Wohler by 

identifying both cyclic softening and hardening [8]. Major works were published in 

1900 by Ewing and Rosenhain [9] and in 1903 by Ewing and Humfrey [10]. 

Observations of slip bands progressing to cracks were made. Surface damage (now 

referred to as extrusions and intrusions) was also noted. Basquin [11] showed in 1910 

that the presentation of a double logarithmic S-N plot displayed a linear relationship 

between the stress amplitude (S) and the number of cycles to failure (N) over a 

significant strain range. Palmgren [12] and Miner [13] published fatigue damage 

accumulation models in 1924 and 1945, respectively. Langer presented a variable 

amplitude fatigue study in 1937 [14]. Neuber published results from notch effect studies 

in 1946 [15]. Zappfe and Worden first documented fatigue striations in 1951 [16]. 

Coffin [17] and Manson [18] both noted the connection between plastic deformation 

and cyclic damage in 1954. 

Miner's rule states that the damage fraction at a given stress amplitude is linearly 

proportional to the fractional life: the number of cycles actually spent at that stress 

amplitude divided by the would-be life at that stress amplitude. The latter quantity can 

be taken from the appropriate S-N curve. Miner's rule takes the following form: 

where: 

(1.1) 

Di = number of cycles of stress in the i-th conditioD: determined by 

the stess amplitude, 

Ni= life (number of cycles to failure) at that stress amplitude and 

C = total accumulated damage sum 

It is assumed that failure occurs when C = 1. However, the constant C is experimentally 

found to range substantially from unity [19]. The life to failure can be estimated by 

adding up the fractional lives, subtracting the result that from. the damage sum, C. 

ASTM guidelines. [20] recommend that this damage sum be equated to 1. In other words, 

the life of a material is tested in the laboratory and a structure is estimated to -have a 

certain life based on that data. However, the sum of fractional lives is generally not equal 

to 1 and as stated above, the constant C can depart from that value quite appreciably. The 

total life depends on what loadings the material is exposed to, particularly on the 

sequencing of loadings. It is assumed that the damage created during a certain loading is 

not dependent on· when that loading pattern took place in the life history of the structure. 
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Non-linear damage hypotheses exist but due to their complexity, a linear rule is still 

attractive for use by engineers. 

Irwin developed the linear elastic fracture mechanics approach and introduced the stress 

intensity factor, K, in 1957 [21]. In 1960, Forsyth and Ryder correlated the fatigue crack 

growth rate with fatigue striations [22]. In 1961, Paris parameterised crack growth rates 

with K [23]. An interesting and often humorous account of Paris' early work can be 

found in the literature [24]. The next step was taken by Biber in 1970 [25] when he 

established that the fatigue crack growth rate was dependent upon the effective K, rather 

than K proper. This was due to the plastic deformation at the crack tip causing the 

fracture surfaces to contact each other prior to the complete removal of tensile load. In 

the early 1980's, Ritchie extended the notion of crack closure to include many other 

possible reasons for this effect [26, 27, 28]. Elber's result was then termed plasticity­

induced crack closure. One major consequence of this work was that the prior loading 

history was observed to affect the fatigue crack growth rate. As a result, earlier studies 

that examined fatigue crack growth under constant amplitude conditions were 

superseded by studies where variable amplitude fatigue loading exists. The role of 

res~dual compressive stress has been a subject of some controversy and disagreement 

between some researchers as to its effect. Shin [29] argued against the effect of residual 

compressive stress as immediate crack retardation was not observed. However, the 

presence of a damage zone ahead of the crack tip observed by Damri [30] and others 

can explain the transient acceleration without discounting the presence of the residual 

compressive zone observed by Suresh [31], among others. Observation of the material 

at the crack tip by Hu and Mai [32] have shown the large contribution made by the 

material in this area that is added to crack closure factors. The fatigue life can be 

extended by fabricating a material that encourages crack deflection, cf. Suresh [31]. 

Miller [33] observed that mixed mode crack growth needs to be understood because 

crack growth in the presence of material defects may be different from Mode I. Miller 

further notes [34] that prior loading history is often ignored in experimental studies. 
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Chapter7'wo: Literature ~view 

2.1 P atigue Cracl (}rowtfi 

Crack growth occurs through localised plastic deformation within slip bands near the 

crack tip. Uniaxial fatigue crack growth is divided into distinct stages. The first stage is 

characterised by crack growth occurring in the direction of the primary slip system by 

single shear in a given grain. Due to grain misorientation in a polycrystal, this leads to a 

zig-zag path of a crack. The crack and the plastic deformation zone ahead of the crack 

tip are a few grain , diameters long. After the crack grows to a larger length or at higher 

stress concentrations, the size of the plastic zone at the crack tip is many grain 

diameters. 

Stage II crack growth [35) is associated with deformation along two slip systems. The 

result is a crack path normal to the applied stress direction. The yielding is considered 

small scale when .the plastic zone is much smaller than the crack length. It has been 

observed that the fatigue crack growth rate in region II is relatively insensitive to 

microstructure and monotonic deformation properties. This is m contrast to the fatigue 

crack growth rate in region I. The fatigue crack growth rate in region II is relatively 

constant for similar materials. In fatigue loading, cyclic flow properties control 

fracture. Striations are visible marks on the crack surface that are parallel to the crack 

front. They are an often-observed phenomenon associated. with Stage II crack. growth. 

Striations were first observed in 1951 [36) and are found in many ductile alloys and 

pure metals. A. striation may form every cycle and a count of the striations gives an 

estimate of the fatigue life of the failed component. Steels generally do not exhibit this 

behaviour. H crack growth is allowed to continue sufficiently long then failure of the 

component will occur. 

Surprisingly, there is still some controversy about the exact mechanism of fatigue crack 
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growth. The plastic blunting model of Laird [37, 38].is quoted in the literature a great 

deal. The model suggests that as the load. increases, the crack tip is blunted. Due to the 

stretch zone as a result of the blunting, the crack grows slightly. Local slip follows the 

plane of maximum shear stress and therefore occurs at an angle of ±45° to the plane of 

crack propagation. The direction of slip then reverses during the unloading fatigue cycle, 

the crack tip folding inward. This process occurs in every fatigue cycle. One upshot of this 

model is that a striation should be formed in every fatigue cycle, but this has been 

observed not to occur [39]. The model has been seen to be deficient because Laird's. 

blunting mechanism should be related to the change in crack tip opening displacement. 

That implies that the fatigue crack growth rate should be directly proportional to (AK)2. 

Experimentally derived Paris exponents, however, vary between 3-4 for metals. A 

possible interpretation of this discrepancy is that the model is incorrect, but there may be 

other reasons for it. 

Another model is the damage accumulation model. In this model, it i& viewed that the 

fatigue process induces damage in the material directly ahead of the crack tip. When a 

certain level of damage is attained, the fatigue crack grows incrementally. A model by 

Vasudeven, Sadananda and Louat [40] based upon dislocation motion in the plastic 

zone has been put forward. An interesting consequence of the model is that the 

contribution of crack closure is considered, at the very least, to be much less than 

previously thought. Its major proponent, Ritchie, has vigorously defended the influence 

of crack closure [41]. 

For high AK levels that occur during region m, the fatigue crack growth rate 

accelerates. It is believed to occur partly due to both fracture and fatigue mechanisms 

operating concurrently. A number of different mechanisms, including shear, microvoid 

coalescence and striations may be operative. Microvoid coalescence and/or shear 

dominate the final stage that culminates in fracture. 

The process of fatigue damage and ultimate failure has a probabilistic nature that begins 

from the atomic level and continues up to the final specimen or machine fomi. For this 

reason, considerable statistical scatter exists. For the same testing conditions, the cyclic 

durability can change by an order of magnitude or more [ 46]. 
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2. 2 ?Ji,e (Fa{mgren-9vtiner .Jlpproacfi 

With the S-N curve, the fatigue life is measured from initiation of fatigue loading until 

the specimen fractures. The crack growth phase is not differentiated from the other 

phases of fatigue life that includes the number of cycles to induce microscopic damage 

and that of growth of the major crack to ultimate failure. The fractional life that is 

expended to produce a dominant crack can vary from 0-80% of the total life. The main 

division in fatigue testing within the S-N curve approach is into low and high cycle 

fatigue. Low cycle fatigue (LCF) occurs within stress or strain ranges where large-scale 

plastic deformation prevails. High cycle fatigue (HCF) occurs where elastic deformation 

predominates. Failures that occur before approximately 1()3 cycles are deemed low cycle 

fatigue cases, whereas those. above this level are referred to as high cycle fatigue. 

S-N plots are constructed to show the life to failure at each particular stress or strain 

amplitude. However, structures are rarely exposed to constant amplitude fatigue loading 

in ·reality. In order to approximate the level of fatigue damage a material has sustained, 

Palmgren [12] and Miner [13] independently developed the cumulative damage rule. 

The· number of cycles a material sustains under a certain loading is divided by the 

predicted life of· the material at· that loading taken in isolation. The fractional lives, 

calculated for all loading conditions involved, are summed. The damage accumulation 

(associated with fatigue loading) is assumed to be linear. It is assumed that the order of 

different loading conditions does not affect the remaining life. Studies indicate that only 

with a confidence level of 0.05, can 1t be said that the loading history does not influence 

the total fatigue life [46]. The final assumption is that failure occurs when the sum of 

fractional lives reaches unity. These assumptions do not hold in many instances. Despite 

this, the Palmgren-Miner rule-is-the cornerstone of residual.life assessment in ASTM 

standards. 
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-~----
107 

cycles to failure, :Vr 

Figure 2.1 - S-N cmve (schematic) [19]. 

The Palmgren-Miner rule can be derived by integration of the appropriate fatigue crack 

growth rate expression for high cycle fatigue at different stress ranges or during low 

cycle fatigue. This calculation shows that, at failure, the fatigue life summation is equal 

to unity [42]. The mathematical proof is attached as an Appendix. However, by the 

mere fact of integrating the appropriate fatigue crack growth rate expression, the 

Palmgren-Miner rule is therefore implicitly concerned with fatigue crack propagation. 

The major part of the fatigue life that is taken up by crack initiation is neglected. Based 

on this, the success of Miner's rule is somewhat surprising [42]. However, the 

delineation between crack initiation and growth has been well researched [43]. 

Deviations from Miner's rule may occur when one considers a fatigue life being taken 

up by two different stress range applications. Generally, it is observed that if the higher 

stress range is applied first, followed by the lower stress range, then the fatigue life 

summation is less than one. If the lower stress range is applied first, then the fatigue life 

summation is· greater than one. However, the argument for this behaviour relies on the 

first stress range initiating a crack. The second stress range then does not have to initiate 

a crack and Miner's rule is altered from unity. The first stress range, prior to initiating a 

crack, simply cold works the specimen. Chaboche [44, 45] reports that for 316L, a 

number of high level load cycles increase the fatigue life at a subsequent lower level of 

load. 

Experimental results show a large scatter, not a perfect fatigue life summation equal to 

one [46]. This scatter is due to the statistical scatter of the fatigue resistance of the 

samples. This scatter is compounded by the scatter within the loading applied to the 

specimens. Large numbers of specimens must be tested to fully account for the 

statistical variations. The conclusion that damage increases linearly with exposure to 
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fatigue is also highly debatable. Non-linear cumulative models of damage are able to 

support strengthening effects by preliminary fatigue loading [46]. 

2.3 <Fracture Mecfianics 

2.3.1 Linear Elastic Fracture Mechanics 

Fracture mechanics that includes the assumption that the material is obeying Hooke's 

law is grouped within linear elastic fracture mechanics (IBFM). Essentially, plasticity is 

ignored in this division of fracture mechanics. The assumptions of linear elastic fracture 

mechanics are: 

1. Defects and cracks are present in materials and structures. 

2. The fracture toughness is a material constant. 

3. The crack tip is defined as being infinitely sharp and the crack surfaces are free 

of any stresses ( e.g. residual stresses). 

The· stress distribution at the crack tip is characterised by the stress intensity factor, K 

The stress intensity factor range is dependent on the maximum and minimum loads 

experienced during the constant fatigue applied amplitude and by the crack length. 

:,: , ·:SS 

Figure 2.2- Stress range [49]. 

This curve is dependent on similitude being maintained throughout crack growth. 

Consequently, the crack tip conditions can be uniquely defined by a single factor, such as 

the stress intensity factor. This would imply that KMAX and KMJN are kept constant. This 

means that the stress intensity factor range at which fatigue crack growth occurs at is kept 

constant. Tests carried out with similitude being maintained are fairly well understood. 
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However, there are some difficulties with this concept. The above description presumes 

that the material is uniform throughout. If a compliance measurement is taken, one can 

see using energy methods how the stress intensity is also dependent on Young's 

modulus [47]. Hence, any change in the material and the stress intensity would also 

change. 

If the plastic deformation at the crack tip exceeds a .certain level, K cannot be used to 

characterise the crack tip stress distribution. Other parameters can be employed for these 

conditions. If the fatigue crack· growth rate is plotted against the stress intensity factor 

range, AK, the following plot may be generated. 

I 
I 
I 
I 
I 
I 
I 
I I 
I I 
I I a, I I ~ I I .II> 

00 I I g 
.gj~ 
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I I .t I I <II I ... 

I s: 
I ~ I 0 I I ... 
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I ..>C I 0 

I ~ I 0 
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Region II I Region I I I Region Ill 
N linear relationship I Unstable between I crack log JiK and log da 

· dN I growth 
I I I I 

Figure 2.3 - Paris curve with mechanisms of crack growth for each stage. The major 

contnbutors toward these mechanisms are also presented. 

The linear behaviour at medium AK levels is clearly observable in the double logarithm 

plot. Paris [23] suggested the following relation to describe the stable crack growth 

associated with region n fatigue crack growth: 
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(2.1) 

Toe constants C and m in the Paris law are material parameters. It should be noted that 

history effects are ignored in this formula. The Paris law only applies to constant 

amplitude fatigue crack growth. 

Shortly after the breakthrough by Paris, Biber [ 48] was able to shed more light on the 

effects of altering the ratio between the minimum and maximum fatigue load (ie. the R 

ratio). Biber also explained the occurrence of a non-linear section of the sigmoidal 

fatigue crack growth curve (Fig. 2.12). Through the use of compliance plots, Biber 

showed that the experimentally determined compliance approached theoretical values at 

high loads, but at low loads the compliance approached that of an uncracked specimen. 

Compliance-Adisplacement 
Aload 

. ! Crack closure 

displacement 

Figure 2.4 - Compliance plot of a specimen containing a crack. 

Biber attributed this behaviour. to the crack fracture surfaces contacting each other while 

some tensile force continued to be applied. Since the specimen was no longer 

experiencing the tensile load below the level at which the fracture surfaces were 

expected to be in contact, it was reasoned that the stress intensity range applied to the 

specimen was not in fact fully transmitted to the crack tip. This implies that the driving 

force for crack growth was less than the nominal one. Biber defined an 'effective' stress 

intensity range. 
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Figure 2.5 - Stress intensity factor range theoretically applied (Kmax·Kmin) versus the effective 

stress intensity factor range (Kmax·Kc1) [49]. 

Extensive research confirmed the occurrence of crack closure. Suresh and Ritchie [50] 

discussed five mechanisms that would result in the occurrence of crack closure, cf. Fig. 

2.14. 

~ ~ 
wake fa ti ue curr~nt transformed zone 

cra;k plastic 
wne 

(a) (e) 

~ ~ 
oxide film crack obstacle 

(h) l/) 

~ =r,M;H fracture surface asperity (g) 

(c) 
fibers 

~ 1 .- • :::> -

' viscous fluid crack 
particles 

(d) (h) 

Figure 2.6 -Types of crack closure [19]. Plasticity-induced closure (Case (a)) is of 

particular relevance to this thesis. 

Plasticity-induced crack closure (Case (a)) is what Elber originally n?ticed during his 

initial research. It is caused by residual stresses resulting from plastic deformation in the 

plastic zone and leading to partial contact of the sides of the crack. 

Viscous fluid-induced crack closure can be used in the repair of fatigue cracks by the 

introduction of foreign materials within the crack [51]. 

Schijve [52] appears to be the first to observe crack retardation following the 

application of a single tensile overload, cf. Fig. 2.15. 

Page 24. 

Literature Review 

L::i.K 
base/app 

t 
K 

op 

t 
Figure 2.7 -A single tensile overload [49]. 

Von Euw [53] noticed that the fatigue crack retardation did not set in immediately after the 

overload, but rather occurred after the crack had grown approximately through the 

overload plastic zone. Ellyin noted [54] that Elber [25] used crack closure to explain the 

retardation of fatigue crack growth following an overload. However, Elber suggested 

that the crack opening stress was greater for the stabilised crack (prior to overload) than 

after overload. Ellyin therefore concluded that an acceleration of crack growth must 

occur prior to an overall retardation. 

The transient acceleration was explained by Carlson [55] in the following manner. The· 

tensile overload blunts the crack and therefore increases the effective stress intensity 

factor range. A report by Kumar [56] showed that following a tensile overload, the 

crack closure level did in fact increase. However, results from Tsukuda [57] displayed 

transient acceleration with the load ratio, R, approximately equal to 0. The inconsistent . 

findings in regard to closure may be the result of the difficulty in measuring [58]. 

The theoretical relation <I> is dependent on crack length and offers some insight into the 

reason for the acceleration. The equation is based on linear Elastic fracture mechanics. 

The theoretical compliance may be greater, the same or less than the experimentally 

determined compliance value. 

E'<E" .. 

Figure 2.8 - Fatigue damage zone at crack tip. 
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The former case can be interpreted in terms of the experimentally measured Young's 

modulus being less than the theoretical one, ie. the material is effectively less stiff, 

which is believed to be caused by a damaged zone at the crack tip that has a Young's 

modulus smaller than the surrounding material. If the experimental compliance is greater 

(ie. the effective Young's modulus is smaller) than that expected from theory, the 

damaged zone effectively 'lengthens' the crack. It should be noted that the damage 

zone (Fig. 2.27) is not identical with the plastic zone mentioned above. The distinction 

between the two will be discussed below. In the course of monotonic loading, Young's 

modulus is usually not changing. However, strain hardening does occur and the 

endurance limit for subsequent cyclic loading increases. 

Figure 2.9 - Plastic deformation at crack tip as a result of tensile overload. Young's modulus 

within the plastic zone is considered not ·to differ from that outside the plastic zone. 

During fatigue, a fatigue damage zone (FDZ) is established ahead of the crack tip. The 

FDZ is an area where damage is initiated. It is believed that the FDZ is enclosed within the 

plastic zone, as schematically depicted in Fig. 2.30. 

t+ 

E'<E 

Figure 2.10 - Fatigue.damage zone within the plastically deformed zone at the crack tip. 

Young's modulus within the fatigue damage zone, E', is considered to be smaller than E. 

Skorupa [59] noted that depending upon the combination of loading, material, 

specimen, microstructure and environment, identical loading sequences can produce 
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either retardation or acceleration in the fatigue crack growth following a tensile 

overload. In another contribution, Skorupa [ 60] concluded that plastic straining at the 

crack tip can account for the majority of experimental results. Plastic straining at the 

crack tip results in a number of effects. These include crack tip blunting, plasticity­

induced .crack closure (PICC), as well as strain hardening an residual stresses in the 

material ahead of the crack tip. Modelling of the experimental results is continuing [ 61 ]. 

Crack tip blunting has two opposing effects upon the fatigue crack growth rate. 

Christensen [ 62] noted that a blunted crack tip was similar to a notch and therefore a 

certain number of cycles would be required to re-initiate a fatigue crack. However, 

Fleck [63] observed that a stress relieving a specimen following a single tensile 

overload did not result in fatigue crack retardation. This indicates that the blunted crack 

tip did not cause the retardation as the stress relieved specimen still had a blunted crack 

tip. This seems to indicate that the removal of some crack closure by blunting (resulting in 

acceleration of the fatigue crack growth) dominates over the contribution of crack 

blunting that requires re-initiation of crack propagation. 

A tensile overload results in increased plastic deformation at the crack tip. After 

removal of the overload, the surrounding elastic material produces a compressive stress in 

the material in the plastic zone [64]. Davidson [65] observed that the level of residual 

stress approximates the material's yield stress and the size of the residual stress affected 

zone is larger after an overload than before it. Schijve [ 66] argued that the compressive 

stresses reduce the effective stress intensity factor range and hence cause crack growth 

retardation. 

PICC comes into effect after the initial acceleration period. The residual compressive 

forces, while decreasing the stress intensity factor range, also cause the crack faces to 

contact more than in the absence of an overload. Fleck [63] observed the occurrence of 

discontinuous crack closure (DCC), leading to a faster crack growth than predicted by 

common crack closure models. Fleck suggested that this results from the crack flanks 

being open but the crack surfaces still touching at the crack tip. 

Jones [ 67] reasoned that the plastic deformation of the material ahead of the crack tip 

could cause strain hardening there. This would then lead to fatigue crack growth 

retardation. Experimental evidence was presented to substantiate this mechanism [68]. It 

was suggested that this small zone of hardened material, surrounded by softer material, 

impedes crack growth [60]. In that paper, Skorupa also observes that the material ahead 

of the crack tip can be thought of as experiencing low cycle fatigue. 
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2.3.2 Elastic-Plastic Fracture Mechanics 

If the size of the plastic zone ahead of the crack tip is of a size that precludes the use of 

LEFM, then Elastic-Plastic Fracture Mechanics (EPFM} may be used. The parameter 

used for the characterisation of fracture in real ductile materials is the J integral 

developed by Rice [69]. Another method of characterisation is through measurement of 

the crack tip opening displacement (CTOD). The CTOD provides information on the 

size of the region at the crack tip where strain deformation is dominant. Through this 

measure, a critical CTOD when fracture occurs can be observed. This measure provides 

a pleasing link between microscopic failure processes and the measure of the fracture 

toughness. The Tomkins model [70], which models striation formation on the intense 

plastic flow at the tip of the fatigue crack, is another basis for EPFM. 

2.3.3 Mixed Mode Fracture Mechanics 

LEFM and EPFM cannot cope with combined mode loading situations. The application of 

different modes of loading may have a dramatic effect in the crack growth. Solutions for 

mixed mode loading in the mode I and Il situation and for deflected and branched cracks 

have been developed. 

Chapter Cfnree: 

3.1 Summary 

3.1.1 Types of experiments 

i. Fracture toughness tests, 

ii. Fatigue crack growth tests (including application of overload}, 

iii. Compliance measurements, 

iv. Observation of crack tip and wake through FESEM, 

v. High strain/low stress tests, and 

vi. Magnetic moment measurements. 

3.1.2 Techniques 

i. Fracture toughness tests were carried out as per ASTM standard E399-90. 

ii. Fatigue crack growth tests were carried out as per ASTM standard E647-93. 

iii. Compliance measurements were conducted as per ASTM standard E647-93. 

Essentially, a COD (crack opening displacement) gauge was used to determine 

COD as a function of applied load. From these plots, the load at which crack 

opening occurred, as well as the compliance of the material, could be determined. 

iv. Observation of crack tip and wake through FESEM was conducted with the. 

assistance of staff at the UW A Centre for Microscopy and Microanalysis (Mr. 

John Hillyer). 

v. High· strain/low stress tests were conducted by subjecting standard specimens 

(ASTM standard E606-92) to a high strain regime followed by a low stress 
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regime. The purpose of this series of experiments was to expand upon results 

obtained on CT specimens. For this reason, following the high strain regime 

applied to the specimens, notches were introduced into the standard specimens. I 

would like to thank Professor Yves Bre chet for the suggestion of this modification 

to the standard specimen shape. The low stress regime was then applied and 

continued until failure. 

vi. Magnetic moment measurements were conducted under the direction of 

staff/students of the UWA Hi-Perm Laboratory (Mr. Leonard Wee, Mr. Rob 

Woodward and Professor Robert Street). Essentially, small cylinders were 

removed from the central region of the standard test specimens. These small 

cylinders were then tested for the presence of magnetic material. The presence ( or 

change in concentration) of magnetic material would indicate the occurrence of a 

strain induced phase transformation. 

3.1.3 Specimen shapes 

i. Standard CT specimens were used as per ASTM standard E399-9O. 

ii. Standard CT specimens were used as per ASTM standard E647-93. 

iii. Compliance measurements were conducted upon Standard CT specimens were 

used as per ASTM standard E647-93. 

iv. FESEM observation of the crack tip and crack wake required the sectioning of 

areas of interest from the CT specimens. This is required due to FESEM 

dimensions. The specimens were rectangular in shape and measured 

approximately 5XSX10mm. 

v. Standard 'hourglass' specimens, as per ASTM standard E6O6-92, were used. 

Following the application of a high strain regime, a notch was introduced into the 

middle of the specimen. This was done to approximate the notch of a CT 

specimen. 

vi. Specimens for magnetic moment determination were of a cylindrical shape and 

measured approximately 2mm in diameter and 5mm . in length. They were 

removed from the centreline of the 'hourglass' specimens. A specimen was 

removed from the threaded and the gauge length sections of the 'hourglass' 

specimens. 
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3.1.4 Materials 

i. Fracture toughness tests were determined for 316L stainless steel (Batch A - CT 

specimens). 

ii. Fatigue crack growth tests were conducted upon 316L stainless steel (Batch A -

CT specimens). 

iii. Compliance tests were conducted upon 316L stainless steel (Batch A - CT 

specimens). 

iv. FESEM observations were· conducted upon 316L stainless steel (Batch A~ CT 

specimens). 

v. High strain/low stress tests were conducted on 316L stainless steel (Batch Band 

C). In addition, aluminium alloy 6060-TS and two mild steels (C1020 and 

AS1214) were tested. The AS1214 material was tested in the as-received and the 

normalised conditions. 

vi. Magnetic moment measurements were conducted on 316L stainless steel (Batch 

B). 

3.2 Patig'l!,e Cracft (]rowtfi Investigations 

The 316L austenitic stainless steel (Batch A) was available in the rolled bar form. The 

'L' in the label refers to the low carbon variety of this type of steel. Testing was done in 

the as-received condition with the mechanical and chemical properties summarised in 

Table 3.1. 

Table 3.1 

Chemical and mechanical properties (316L stainless steel - Batch A). 

C Si Mn p s Ni Cr Mo N 

0.025 0.41 1.3 0.031 0.003 10.62 16.n 201 0.032 

Yield stress [MPa] U.T.S. [MPa] Elongation [%] Hardness [HR] 

334 588 62.9 87 
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Compact Tension {CT) specimens of standard geometry (Fig. 3.1) were manufactured 

from a bar. 

48mm 

B=5.75mm ~ 

(a) 

(b) 

Figure 3.1-(a) CT specimen dimensions (b) Crack opening displacement (COD) gauge. 

The specimen width (W) was 40 mm. The thickness of the specimens was 6 mm. An 

a/W ratio of 0.3 was used for the experiments. Notches were manufactured parallel to the 

bar's longitudinal axis (ie. T-L orientation), cf. Fig. 3.2. Holes of 5mm were installed such 

that bars could be inserted for load application. 
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Fig. 3.2 - Nomenclature coding for specimen orientation relative to stock [49]. 

In order to facilitate observation and optical measurements of crack length, one side of the 

specimen was polished. This was done in. a gradual, step-wise fashion down to 1 µm 

diamond paste as a polishing medium. 

Optical measurement of crack length was carried out in all cases via a travelling optical 

microscope attached to the servo-hydraulic Instron 8501 testing machine that was used for 

all tests (Fig. 3.2). 

Figure 3.3 - Instron 8501. 

The optical crack measurement technique was used to avoid any interference of 

overload with crack length measurement using elastic compliance. The accuracy of 
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crack length measurement was ±O.O2mm. Crack front shape was considered to be 

unchanging throughout crack growth. 

The testing procedure began with a fracture toughness test. This was done in order to 

determine the critical load, Pr (used to calculate Kc). The procedure followed was to 

install a fatigue crack in the specimen to a minimum length of 1.3 mm. This 

necessitated using a step-down method to allow crack initiation from the notch. Since 

the notch is more blunt than the fatigue crack tip, a much larger maximum load is 

required during the fatigue cycling to allow crack initiation. After initiation, the 

maximum load is reduced so that excessive plastic deformation is avoided. For 316L 

investigated, this final fatigue applied amplitude had a maximum load of 3.0 kN, · a 

· frequency of 20 Hz and a load ratio of R = 0.1. The load was then increased at a constant 

rate to obtain a load vs. strain diagram. The 0.2% offset rule was used to determine Pc· 

The fracture toughness was found to be 32.9 MPav'm [71 ]. Using this value, the critical 

thickness, B *, was calculated according to the standard. The material at the surface of a 

specimen will always be subjected to plane stress due to the lack of triaxialty. However, a 

critical thickness exists beyond which plane strain condition prevails. The B* value 

obtained for the 316L material was found to be greater than the actual specimen 

thickness. This means that the plane stress rather than plane strain condition applied. 

That is to say, it was the fracture toughness Kc that was determined, rather than K1c. 

The next step was to grow similar length fatigue pre-cracks into CT specimens with a 

notch length of 12mm. This pre-crack was 1.3 mm long. After this fatigue loading, the 

specimens. were subjected to different types of overload and then fatigue cracks were 

grown .further under the same cyclic. loading conditions as prior to the overload. The 

fatigue applied amplitude and the loading history were similar in all cases [121 ]. 

The specimens were divided into four groups. In the first group, no overload was 

applied. That is, the same fatigue applied amplitude was continued until failure. Optical 

measurements, .made by means of a travelling microscope,. were taken about every 5000 

cycles. The remaining . groups of· specimens (i.e. two specimens per group) were 

subjected to varying levels and time periods of tensile overload. One set was overloaded 

to 90% of Pc ( 4 kN) (Pc used to calculate Kc) for either 1 minute or 1 hour. The next set 

was overloaded to 110% of PC (5 kN) for either 1 minute or 1 hour. The final set was 

overloaded to 120% of Pc (6 kN) for the same time periods: The same fatigue applied 

amplitude as prior to overload was then applied and the crack growth measured. The 

crack length measurements were smoothed using a four point travelling average 
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technique. In the first round of experiments (i.e. the first specimen from each group), 

apparent crack growth acceleration following re-establishment of the fatigue applied 

amplitude was noted. If the crack growth measurements were not averaged, this initial 

acceleration could be observed. In the later experiments (i.e. the second specimen from 

each group), the crack growth measurements were taken at much shorter intervals 

following reinstatement of the fatigue applied amplitude so that this acceleration was 

discernible in the averaged crack growth results, as well. 

In these later experiments, compliance measurements were also taken concurrently with 

crack length measurements. The accuracy of compliance measurement was 

±0.00lmrn/kN. An Instron CMOD (crack mouth opening displacement) strain gauge 

(gauge length: 10mm, travel distance: 4mm) was attached to the front face of a 

specimen. This type of strain gauge is the most commonly used due to ease of its 

implementation, as only one gauge is required and also since it is insensitive to crack tip 

. position. Further, the fact that it returns averaged through-thickness values 

complements nicely the surface crack length measurements. As outlined in Section 3.1, 

following the application of a tensile overload, the same fatigue applied amplitude as 

prior to overload was applied again. After the qualitative observation of fatigue crack 

growth acceleration, the experiments were repeated and the interval between crack length 

and compliance measurement was reduced drastically. In the first 300-400 µm of crack 

growth, compliance measurements were taken approximately every 100 µm. After this 

first crucial crack growth, measurements were taken approximately every 0.5 mm. The 

results of the experiments are grouped into low, medium and high overloads. These 

divisions ~e made on the basis of the presence or absence of certain sections of the 

compliance curve. The compliance plots show the presence or absence of Plasticity­

Induced Crack aosure (PICC), Discontinuous Crack Closure (DCC) and Crack Opening 

(CO), cf. Section 2.4 where this terminology was introduced. Compliance plots were 

produced using a Lloyd PL3 chart recorder. No ma them a tic al data processing was 

required as the plots clearly show piecewise Hnear behaviour with single, dual or triple 

slope characteristics. The compliance was measured directly from the chart. The elastic 

region was the straight section of the curve nearest to the origin. The Discontinuous 

Crack Closure region (if present) was the second straight·section of the plot while the 

Crack Opening portion was the last straight section of the curve, cf. Fig. 4.9. This 

interpretation of the three stages of the compliance curves will be discussed in Chapter 

Five. 

Page 35. 



Chapter Three 

To assist in determining the reason behind the transient acceleration, two further groups of 

specimens were produced for the purpose of field emission scanning electron 

microscope (FESEM) observation. The first group consisted of 3 specimens with 

fatigue pre-cracks of 6 mm in length. These were subjected to overloads of 130% of Pc for 

1 minute. The second group consisted of specimens that had fatigue pre-cracks of 1.3 

mni. A sinusoidal applied amplitude between 0.4-4 kN at 20 Hz was applied. These 

specimens were subjected to tensile overloads amounting to 45%, 75%, 80% and 200% of 

Pc, The overloads of 75% and 80% of Pc were over the fatigue applied amplitude 

maximum. These two groups of specimens were analysed under the FESEM. The 

specimens were sectioned to allow installation in the FESEM. The sectioned specimens 

were ultrasonically cleaned in acetone and carbon coated to reduce edge highlighting 

and also to reduce the formation of scanning squares on the specimen surface~ These 

squares are produced as a result of the electron beam burning oil vapour onto the 

surface. The· oil vapour is a result of the final stages of vacuum production in the 

FESEM. 

3.3 1-figfi Strain-Low Stress Interactions 

· This segment. of the investigation was conducted in order to more closely examine 

material changes as a result of fatigue loading. The investigation into the effect of 

tensile overloads on · fatigue crack growth rates showed that fatigue caused damage to 

the material. However, the scale of the damage was yery small. The effects involved 

were studied on tensile specimens subjected to fatigue loading. In addition, there is a great 

need for studies into the interaction between different modes of cyclic loading. In this 

project, the effect of low cycle fatigue on subsequent fatigue life under high cycle 

fatigue conditions was investigated.. Different materials were used for comparison 

purposes. 

Initially, standard 316L 12.7mm round bar was used in the as-received condition (Batch 

B). Two batches of 316L were tested (Batch B and C) with the chemical and mechanical 

properties given in Tables 3.3 and 3.4. 
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Table3.2 

Chemical composition of 316L (Batch Band C). 

316L C Mn Si p s Ni Cr Mo Cu Nppm 

BatchB 0.022 1.38 0.390 0.037 0.012 11.50 17.49 2.15 0.110 270 

Batch C 0.020 0.61 0.42 0.024 0.026 11.93 17.26 2.05 - 0.050 

Table3.3 

Mechanical properties of 316L (Batch B and C). 

316L yield strength tensile elongation area hardness 

(MPa) Strength (%) reduction(%) (HB) 

BatchB 509 687 37.4 68.2' 207 

Batch C 632 741 40 75 217 

Later, other materials were also tested. These materials included aluminium alloy 

6060-T5 and two mild steels (C1020 and AS1214). The AS1214 material was tested in 

the as-received and the normalised conditions. 

Tensile specimens were manufactured to the dimensions shown in Fig. 3.5. As in the 

case of CT specimens, the gauge length of each specimen was polished to lµm 

diamond paste level. 

<i> 6.3 q, 12 

Figure 3.4 - Tensile specimen dimensions {all lengths are in mm). Notch in specimen that 

underwent LCF deformation is produced by a 2mm diameter mill and is 2mm deep. 

In order to identify the load and strain at which the transition from elastic to plastic 

regime . takes place, a tensile test was conducted for each material. Based on this 

information, the low cycle fatigue and high cycle fatigue applied amplitudes were chosen. 
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The low cycle fatigue applied amplitude chosen for 316L- Batch B was strain controlled 

with tensile strain ranging from 0.5-1.5% at 5Hz. The other materials were subjected to a 

variety of low cycle fatigue applied amplitudes. These different applied amplitudes are 

marked on the resulting plots. The high cycle fatigue regime chosen was a load- · 

controlled applied amplitude of 1-9 kN at 5 Hz. Some results reported below refer to a 

load-controlled applied amplitude of 1-10 kN at 5 Hz, but they were obtained only for 

one series of high cycle fatigue tests. 

After a selected number of low cycle fatigue cycles, the LCF exposure was stopped and a 

notch was machined into the middle of the tensile specimen, Fig. 3.5. This notch was 

produced by a 2 mm diameter mill and was 2 mm deep. This was done to concentrate 

the effects of the subsequent high cycle fatigue applied amplitude in a specific area of 

the specimen. This was done because in the CT specimen, HCF was concentrated by a 

notch and this was wanted to be duplicated for the tensile specimens. The notch depth 

and radius were kept constant for all tests. The high cycle fatigue applied amplitude was 

then applied to the specimens. The high cycle fatigue life (the number of cycles to 

failure) was recorded for specimens with different low cycle fatigue histories. 

A fractional life summation was then carried out. In the present case, the following 

equation results: 

c = nLCF + nHcF 

NLCI' NHCF 

where nLCF is the actual low cycle fatigue exposure (cycles), 

N1CF is the low cycle fatigue life, 

(3.1) 

nHCF is the actual high cycle fatigue exposure (cycles), and 

NHCF is the high cycle fatigue life. 

Fractional life summation was carried out for the combinations of low cycle fatigue and 

high cycle fatigue exposures. Plots of the fractional life sums as a function of low cycle 

fatigue exposure are presented in Section 4.2. Also presented are plots of the high cycle 

fatigue life as a function of the. low cycle fatigue exposure. 
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3.4 5Wagnetic 5Woment Investigation 

One possible mechanism for the fatigue life enhancement results for 316L stainless 

steel (Batch B) [122) might be associated with the formation of deformation induced 

martensite. The magnetic measurements were undertaken to determine the quantity of 

ferromagnetic material (ferrite and/or martensite) within the austenitic stainless steel 

in order to confirm or disprove this hypothesis. The literature shows a number of 

instances of this method being used [123, 124 ). 

The three specimens that exhibited the greatest high cycle fatigue life enhancement 

were chosen. Namely, the magnetisation .kinetics in the specimens that had been 

subjected to 0.5-1.5% low cycle fatigue at a frequency of 5 Hz for 250 cycles (that 

had then shown an increase in high cycle fatigue life of about 3 times, cf. Section 4.2) 

were measured. Three millimetre thick slices of material from within the gauge and 

thread sections were prepared using a Struers Accutom 2. Cutting was undertaken with a 

blade velocity of700 rpm and a feed pressure of 0.4 bar. 

The material for magnetisation measurements was taken from each specimen in two 

different locations in order to isolate the effects of low cycle fatigue exposure. The 

ma~erial from the threaded section of the specimen would not have been exposed to low 

cycle fatigue as this material was held within the grips of the Instron servohydraulic 

testing machine. The slice of material taken from the gauge length was removed 

approximately 5mm away from the machined notch. The material removed from the 

gauge length would have been exposed to low cycle fatigue, but not to substantial levels of 

high cycle fatigue. This is because the specimen had been notched prior to high cycle 

fatigue loading. Since the notch, introduced prior to HCF, concentrates the effects of 

high cycle fatigue in the material directly in front of it, the material from the gauge 

_length will not have been exposed to high cycle fatigue. Visual observation of the 

deformation of the gauge length during low cycle fatigue indicated that uniform 

deformation was occurring. 

From the 3mm thick disks cut, 3mm diameter cylinders were prepared by ultrasonic 

cutting. A Gatan model 601 ultrasonic disc cutter was used for this purpose. A cylinder 

was removed from the centre of a disc to avoid any possible edge effects. The cylinder 

was ultrasonically cleaned for 5 minutes in methanol and weighed in a Sartorius 

BA210S. Magnetic measurements were then conducted by a Vibrating Specimen 

Magnetometer (VSM); · Aerosonic 3001, coupled with an Oxford Instruments ST 
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Superconducting Solenoid. The magnetic moment of the disc, M, normalised by its 

mass, was plotted as a function of the magnetic field, H. 

The intercept of the hysteresis curve with the M-axis (ie. the remanent magnetic 

moment) was determined and compared with the known saturation magnetisation of 

martensite. 
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4.1 Patigue Cracf(qrowtfi Investigations 

4.1.1 Crack length data 

Figure 4.1 displays crack length as a function of number of fatigue cycles for all tests 

done in the two series of experiments. Both the overload and non-overload fatigue tests 

are presented. The magnitude and duration of the overload are indicated. Only post 

overload data is shown. For the non-overload tests, data is shown from the same crack 

length as shown for the overload tests. Note that curves A-G are for the testing for the first 

specimen from each group. 
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Figure 4.1 - Crack retardation behaviour for 316L stainless steel. 
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Transient acceleration was observed qualitatively m initial experiments. The 

acceleration could only be observed if no averaging of the data was carried out. These 

non-averaged results are presented in Fig. 4.2. 
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Figure 4.2- Raw data points (full circles) plotted along with averaged data (open circles) to 

show initial acceleration of fatigue crack growth following overload for first group of tests 

of 316L(Batch A). The details of overloads are given in each diagram;, (a) to (f). These 

· plots correspond to Fig. 4.1, curves (A)-(G). 

Additional tests with extra emphasis on initial crack growth following overload were 

also carried out. The results are presented in Fig. 4.3. 
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Results 

Figure 4.3 - Acceleration of fatigue crack growth following overload for additional tests of 

316Lstainless steel (Batch A). The details of the overloads are indicated above each 

individual diagram, (a) to (t). These plots correspond to Fig. 4.1, curves (H)-(N) . 

Figure 4.4 summarises the crack length at which the maximum, minimum and recovered 

fatigue crack growth rate observed. The figures in the legend indicate the amount of 

overload(kN) and its duration (minutes). 
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Figure 4.4 - Summary of minimum, maximum and recovered growth rates associated with 

tensile overloads for 316L stainless·steel (Batch A). 
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4.1.2 Compliance Measurements 

Prior to overload, the compliance curve is as shown in Fig. 4.5. 

Crack openingdisplacement 

Figure 4.5 - Compliance curve in the absence of an overload for 316L (Batch A). 

If the compliance data are plotted as a function of the crack length at which the 

compliance was measured, the following plot is found, cf. Fig. 4.6. 
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-~ a. E 0.04 
0 
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--e-- no overload-PICC 
-a- no overload-CO 

16 18 20 22 24 26 .i.8 
a (mm) 

Figure 4.6 - Compliance of non-overloaded specimens as a function of crack length 

316Lstainless steel (Batch A). 

If the compliance values for the specimens that were subjected to a low level of 

overload are plotted as a function of crack length, the following plot results, cf. Fig. 4.7. 
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Figure 4.7 - Low overload compliance as a function of crack length 

(316L steel - Batch A). 

Results 

For specimens that were exposed to medium level overloads ( e.g. 90%Pc for 1 hr and 

115%:Pc for 1 min), the plots are initially similar to that for a low overload. However, 

after the fatigue crack grows to a certain length, a second bend in the plot is noted, cf. 

Fig. 4.8. This is Discontinuous Crack Oosure (DCC). 

Displacement o 

Figure 4.8 - Medium overload compliance curve after some fatigue crack growth 

(316Lstainless steel, SkN-lmin overload, ~a= 3.1mm). 

The dependence of the compliance on the crack length in the three regimes is shown in 

Fig. 4.9 for two different overloading conditions: (a) 4kN, 1hr and (b) SkN, lmin 
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Figure 4.9 - Medium overload compliance as a function of crack length 

(316L stainless steel - Batch A). 

hi the high level overload cases, crack closure is removed entirely, cf. Fig. 4.13. 

However, the discontinuous crack closure curve corresponding to the plateau section of the 

crack opening curve is still observed. The dependence of compliance on crack length is 

presented in Fig. 4._10. 
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Figure 4.10 - High overload compliance as a function of crack length 

(316Lstainless steel-Batch A), (a) 5kN, 1hr; (b) 6kN, lmin; (c) 6kN, 1hr .. 

The compliance vs. crack length data for all tests is presented in Fig. 4.11. 
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Figure 4.11 - Summary of compliance data for all overload tests 

(316L stainless steel- Batch A). 

4.1.3 Bend in a Compliance Curve 

Figure 4.12 presents the load at which bends in the compliance curve appear as a 

function of the crack length. These bends separate the linear sections of the compliance 

curve and therefore separate the compliance measurements associated with PICC and DCC 

and crack opening. 
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Figure 4.12 - Loads corresponding to bends in the compliance curves 

(316L stainless Steel - Batch A). 

4.1.4 Hysteresis 

Results 

Figure 4.13 (a) presents an actual compliance plot for a high level overload case. The 

compliance plot was taken immediately following overload. Figure 4.13 (b) presents a 

schematic representation of the compliance curve. 
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Figure 4.13 - Compliance curve following overload (316L stainless steel - Batch A, 

SkN-lhour overload, 0.1-SkN compliance measurement taken directly after overload). (a) as 

observed (b) schematic. 

4.1.5 Phi function 

The plot in Fig. 4.14 shows the results of processing the compliance values of all the tests 

by the Phi function. The value of the Phi function is plotted versus the crack length at which 

the compliance measurement was taken. 
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Figure 4.14 - Phi function plotted as a function of crack length incrementAa (316L 

stainless steel - Batch A). 

4.1.6 Micrographs 

4.1.6.1 Unperturbed cracks 

The micrographs presented below refer to the crack tip (Fig. 4.15) and of a zone in the 

wake of a crack (Fig 4.16) in a CT specimen that had not undergone any tensile 

overload. In both cases, the crack is progressing upward. 
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Figure 4.15 -·Non-overloaded specimen's surface (fatigue crack profile) at the crack tip 

(316Lstainless steel-Batch A) (crack growth to the top of the page). 

Figure 4.16 - Non-overloaded specimen's surface (fatigue crack profile) in the wake of a 

crack (316Lstainless steel-Batch A) (crack growth to the top of the page). 

The fracture surface of a non-overloaded specimen is presented in the FESEM pictures in 

Fig. 4.17. The areas of the fracture surface associated with fatigue (area A) and breaking 

open of the specimen (plastic tearing - area C) are marked. The smooth transition zone 

between areas A and C (area B) is associated with cleavage fracture through the FDZ. 
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Figure 4.17 - Fracture surface of a non-overloaded specimen (316L stainless steel- Batch 

A) ( crack growth to the right). 

4.1.6.2 Tensile load less than Pc 

Figure 4.18 shows the fracture surface of a fatigue specimen that underwent a tensile 

overload of 80% Pc The fracture surface associated with fatigue is shown in area A The line 

seen at the A marker is where the 80% of PC overload occurred. The notch is seen in area 

C. The surface associated with tearing open of the specimen is .area B. The fracture surface 

at the point of overload is enlarged in Fig. 4.19 (line A). 
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Figure 4.18 - Fracture surface of a fatigue specimen that underwent a tensile overload of 

80% Pc (316Lstainless steel-Batch A) (crack growth to the top of the page and to the left). 

Figure 4.19 - Same as in Fig. 4.18, but with a larger magnification. 

4.1.6.3 Tensile load greater than Pc 

Figures 4.20 and 4.21 refer to fatigue specim~ns that were subjected to a tensile 

overload of 130% of Pc, Fatigue was not · continued after the overload. The micrographs 

present views of the specimen surface (fracture profile). 
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Figure 4.20..:... Evidence of voids at crack tip after tensile overload (316L stainless steel­

Batch A) ( crack growth to the top of the page). The crack front is blunted due to the 

overload. 

Figure 4.21 - Evidence of quasi~leavage microcracking at crack tip after tensile overload 

(316L stainless steel- Batch A) ( crack growth to the top of the page). The quasi-cleavage 

micro-cracking is seen as a white line ahead of the blunted crack tip. 

In Figs. 4.22 and 4.23, the micro graphs resulting from a 200% Pc tensile overload are 

presented. This specimen was subjected to fatigue after overload, but the cyclic load 
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was of an insufficient magnitude to cause further fatigue crack growth. Voids in Fig. 4.23 

are readily observable in the zone between fatigue fracture surface and ductile tearing 

fracture surface. 

Figure 4.22 - Micrograph of a specimen that underwent a tensile overload of 200% PC 

(316L stainless steel- Batch A) ( crack growth to the top of the page and left)). 

· Figure 4.23 - Voids at crack tip on fracture surface. Smooth section on fracture surface 

indicates fracture to be a result of breaking open of specimen (316L stainless steel - Batch 

A) (crack growth to the top of the page and left)). 
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4.2 J-figfi Strain -Low Stress Interaction 

4.2.1316L Stainless Steel (Batch B) 

The specimens produced from 316L (Batch B) were exposed to a low cycle fatigue 

applied amplitude that was strain controlled between 0.5-1.5 % at 5 Hz. The HCF 

waveform was a range of 1-9 kN at 5Hz. The results .of testing 316L (Batch B) are 

presented in Fig. 4.24. 
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Figure 4.24 - High cycle fatigue life as a function of prior low cycle fatigue exposure 

(316L stainless steel- Batch B). 

The horizontal line in Fig. 4.24 and in all further HCF life vs. LCF exposure plots 

presented below marks the 'virgin' HCF life, i.e. that of specimens that had not been 

LCF pre-loaded. 

The fractional life summation for 316L (Batch B) is presented in Fig. 4.25 where the 

fractional life sum C is plotted as a function of the LCF cycle number. 
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Figure 4.25 - Fractional fatigue life sum C as a function of prior low cycle fatigue exposure 

(316Lstainless steel-Batch B). 

4.2.2 316L Stainless Steel (Batch C) 

Figure 4.26 presents the HCF life as a function of the LCF exposure. The strain ranges 

used in the LCF loading of the specimens are given in the insert. Frequency was 5Hz in all 

LCF tests and 20Hz in all HCF tests. 
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Figure 4.26 - High cycle fatigue life as a function of prior low cycle fatigue exposure (316L 

stainless steel - Batch C). 

Figure 4.27 presents the normalised HCF life as a function of the normalised LCF exposure. 
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Figure 4.27 - Effect of the number of LCF cycles and the applied amplitude on H CF life 

(316L). The normalised HCF life is defined as the HCF life following LCF pre-straining 

divided by the virgin specimen's HCF life. Full circles refer to 316L (Batch B): (•: 0.5-

1.5%, 5 Hz). The other symbols refer to 316L (Batch C). Open circles: (0 : 0.6-l.4%, 5 

Hz). Open squares: (n: 0.5-1.5%, 5 Hz). Open diamonds: (0 : 0.4- 1.6%, 5 Hz). Xs: (X: 

0.65-1.95%, 5 Hz). Crosses:(+: 0.2-1.2%, 5 Hz). 
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Figure 4.28 - Crack length vs. HCF cycle number for 316L (batch C). 

The fatigue crack growth for 316L (batch C) is presented in Fig. 4.28. 

4.2.3 Mild Steel (C1020) 

This material was chosen as there was some concern that the life enhancement observed in 

316L on both tensile· specimens and .CT specimens might be a result of a martensitic 
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transformation. Mild steel was thus tested to rule out a martensitic transformation. The 

next plots presented are for the mild steel C1020. 
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Figure 4.29 - High cycle fatigue life as a function of prior low cycle fatigue exposure for 

steel C1020. 

As for 316L plots, the horizontal lines represent the reference ('virgin') high cycle 

· fatigue life. 
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Figure 4.30 - Fractional life sum as a function of prior low cycle fatigue exposure for steel 

C1020 (HCF load range: 1-SkN). 
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Figure 4.31 - Fractional life sum as a function of prior low cycle fatigue exposure for steel 

C1020 (HCF load range: 1-lOkN). 

4.2.4 Mild Steel (AS1214) 

The next material investigated was mild steel AS1214. The results for the material 

tested in the as-received condition and the normalised condition are shown in Figs. 

4.32 & 4.33 and 4.34 & 4.35, respectively. 
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Figure 4.32 - High cycle fatigue life as a function of prior low cycle fatigue exposure for 

AS 1214, as-received. 
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Figure 4.33 - Fractional life sum as a function of prior low cycle fatigue exposure (AS 1214, 

as-received). 

4.2.5 Normalised Mild Steel (AS1214) 

The tests were repeated with normalised material. The first question investigated for 

this material was whether even a singular tensile excursion beyond the yield point 

would affect the fatigue life (Fig. 4.34). 
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. Figure 4.34 - High cycle fatigue life as a function of tensile strain in a singular overload (AS 

1214, normalised). 

Figures 4.35 and 4.36 present the HCF life as a function of the LCF exposure and the 

damage sum as a function of the LCF exposure, respectively. 
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Figure 4.35 - High cycle fatigue life as a function of prior low cycle fatigue exposure (AS 

1214, normalised). 
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Figure 4.36 - Sum of fractional fatigue lives as a function of prior low cycle fatigue 

_exposure (AS 1214, normalised). 

4.2.6 Aluminium alloy 6060-TS 

In order to see whether the violations of Miner's rule observed on steels also occur in 

non-ferrous alloys, an aluminium alloy (6060-TS) was tested in a similar fashion. Figure 

4.37 shows the dependence of HCF life of the alloy on the LCF cycle number. The 

attendant fractional life summation plot is shown in Fig. 4.38. 
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Figure 4.37 - High cycle fatigue life as a function of prior low cycle fatigue exposure for 

aluminium alloy 6060-TS. 

1.6 ·,--------------------

. 1.4 

1.2 

u 0.8 

0.6 

0.4 -

0.2 -

D 

D 

D 
D 

______ a ________________ _ 

0 -t-, -------,------,----------l 

0 100 200 300 
LCF cycles 

Figure 4.38 - Fractional life sum as a function of prior low cycle fatigue exposure for 

aluminium alloy 6060-TS. 

. 4.3 :M.agnetic :M.oment Investigation 

While no LCF induced martensitic transformation can occur in the mild steel and · 

aluminium tested, it cannot be ruled out for the 316L steel. Magnetic measurements 

were therefore conducted in order to see whether a marte~sitic transformation in the 

316L stainless steel could be considered responsible for· the observed fatigue life · 

extension. 

The hysteresis loop was .taken three successive times to ensure that saturation of the 

magnetisation behaviour had occurred. The diagram presented in Fig. 4.39 
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demonstrates that saturation had occurred within the first loop. The three loops 

measured are seen to coincide exactly. Despite this, the third hysteresis loop was used 

for all subsequent calculations. 
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Figure 4.39 - Three successive hysteresis loops of the gauge section of specimen 1. Three 

loops ensure saturation of the specimen. The coincidental loops indicate that the specimen 

was saturated on the first loop. (316Lstainless steel (Batch B)- tensile specimens that· 

showed greatest increase in HCF life ( cf. Fig. 4.32). 

Figure 4.40 presents the saturated hysteresis loops for each particular specimen. 
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Figure 4.40 - Normalised magnetic moment plotted as a function of magnetic field (316L­

Batch B). Dotted lines correspond to material from threaded section of specimen while solid 

lines refer to material from gauge section, (a) specimen 1 (b) enlargement (c) specimen 2 

( d) enlargement ( e) specimen 3 (f) enlargement 
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5.1 P atigue Crack, qrowtfi Investigations 

5.1.1 Crack length data 

Despite all tests of Fig. 4.1 displaying a retardation of fatigue crack growth following the 

tensile overload, a sizeable scatter exists. The scatter varies from 10-30%, with one 

exception of a data scatter of 50% for one test. However, this should be tempered with the 

fact _that fatigue results are notorious for data scatter - hence the common use of double 

logarithmic plots for Paris plots. Analysis of Fig. 4.1 suggests that the amount of 

retardation is related to both the magnitude and the duration of the overload. 

In addition, presentation of the above data in a fatigue crack growth rate vs. crack length 

plot shows that there is a transient acceleration. in fatigue crack growth immediately 

following the overload. The literature includes work into retardation of fatigue crack 

growth following a single tensile· overload [72, 73], particularly by Ward-Close 

[74], Dauskardt [75, 76], Suresh [28], Ritchie [77, 78] and Hou [79]. Damri and Knott· 

[30], Tsukuda [57] and Skorupa [80] have also reported transient crack growth 

acceleration. It can be seen in both Fig. 4.2 and Fig. 4.3 that the first data points 

following overload show an increase in da/dN. Subsequently, the fatigue crack growth 

rate decreases to a value lower than that observed prior to overload. After reaching a 

minimum, the crack growth rate gradually increases with the crack length, passing its pre­

overload level and eventually outgrowing it as failure approaches. The acceleration of 

-the crack growth occurs over the first 300 µm or so of crack tip propagation following the 

overload. The crack tip displacement over which deceleration prevails is one order of 

magnitude larger. Fatigue crack growth reaches pre-overload levels after the crack tip has 

travelled about 7-8 mm. 
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Two vertical lines can be seen in Fig. 4.2 and 4.3. The first one marks the crack length at 

which the tensile overload occurred, the second indicates the size of the plastic zone 

resulting from the tensile overload. The size of the plastic zone was calculated via the 

Wheeler equation [81 ]. Wheeler postulated that the fatigue crack growth rate should 

recover to pre-overload levels after the plastic zone was passed through. As can be seen 

from the plots, the fatigue crack growth rate has approximately regained its pre­

overload level (recovered) when the crack tip has traversed the plastic zone, as 

calculated by the Wheeler equation. 

In Fig. 4.4 it can be seen that the fatigue crack growth rate reaches a maximum after about 

300 µm of crack growth, following the tensile overload. This is consistent for all the 

tensile overload tests. The magnitude of the maximum fatigue crack growth rate varied 

from test to test. No consistent relationship between the maximum fatigue crack growth 

rate and magnitude of tensile overload was found. The crack length at which the 

·minimum fatigue crack growth rate occurs varies greatly between specimens. Generally, 

the greater was the magnitude or duration of overload, the greater was the crack length 

that had to be grown through to reach the minimum fatigue crack growth rate. The crack 

length at which fatigue crack growth recovers is related in a similar way to the level of 

tensile overload. 

5.1.2 Compliance Measurements 

The typical compliance plot that results from a non-overloaded specimen is presented in 

Fig. 4.5. The compliance calculated from the lower section of the two slope plot was 

similar to that of the material without a fatigue·crack. This is consistent with the idea 

that the fatigue crack is closed when low loads are applied due to plasticity-induced 

crack closure. The compliance calculated from the upper slope relates to the remaining 

material ligament and the crack tip conditions. 

As the fatigue crack grew, compliance measurements were taken at regular intervals. Figure 

4.6 shows the change in compliance as the fatigue crack grew. It can be seen that the crack 

opening compliance values increase with crack length. This is an obvious result as the 

specimen's remaining ligament is steadily decreasing. The lower compliance curve 

corresponds to that of the lower section of Fig. 4.5. This indicates that for small crack 

length, the · 1ower part of the compliance curve corresponds to that of an uncracked 

specimen. However, as the crack grows, the compliance increases until this section 

disappears. In essence, the PICC is slowly disappearing as the ligament of remaining 
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material decreases. This would be the result of the ligament being less able to exert elastic 

stress to close the fatigue crack. 

Figure 4.7 presents the change in compliance for a low overload specimen (e.g. 90%Pc 

for 1 min). The compliance plots show a two-slope curve similar to that for non­

overloaded specimens, cf. Fig. 4.5, despite the overload. An overload would blunt the 

crack to some degree. The result of blunting the crack is to lessen the plasticity induced 

crack closure resulting from fatigue crack growth prior to overload. What can also be 

observed are the plateau sections of both the plasticity induced crack closure and crack 

opening curves. Horizontal lines in the plot highlight these plateau sections. The 

plateaus exist for a period of crack growth and then the compliance values increase in a 

similar manner to those of the non-overloaded specimen. The existence of the plateaus 

implies that even though the crack is growing as a result of fatigue loading, the 

compliance remains unchanged, presumably as a result of residual compression that 

causes the post-overload fatigue fracture surfaces to come into contact. After the crack 

has grown enough to lessen the effect of the overload induced residual compression, the 

compliance of the specimen increases in a manner similar to that of the non-overloaded 

spetjmen. 

Figure 4.8 shows an as-observed plot of the compliance for a medium level overloaded 

specimen. Simllar to the low overload test, plasticity induced crack closure is observed. 

This is indicative of the overload resulting in crack blunting, but not of an order 

sufficient to fully remove plasticity induced crack closure caused by pre-overload 

fatigue crack grbwth. Figure 4.8 differs from the low overload test in that three distinct 

linear sections are evident. Figure 4.9 shows that the discontinuous crack closure curve 

extends from the plateau section of the crack opening curve. 

For the specimens under large overload ( e.g. 115%Pc for 1 hr, 130%Pc for 1 min and 

130%Pc for 1 hr, cf. Fig. 4.10}, the post-overload compliance curves degenerate to a 

single straight line. This indicates that plasticity induced crack closure stemming from 

pre-overload fatigue crack growth has been removed completely as a result of crack tip 

blunting. 

Figure 4.11 shows the compliance measurements as a function of crack length for all the 

specimens. The compliance measurements for PICC, DCC and crack opening show distinct 

groupings, despite the different levels of overload. The crack opening compliance is a function 

of the material only and therefore is easily understandable. The crack opening compliances 

also show the highest degree of grouping. Both PICC and DCC groupings are slightly less 
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concentrated. The PICC and DCC groupings show that both PICC and DCC maintain their 

plateau levels longer the higher the overload was. Tiris is obvious as the level of PICC and 

DCC are larger for larger tensile overloads. 

5.1.3 Bend in Compliance Curve 

In addition to the compliance value associated with each linear section of the 

compliance plot, the load at which the bends occur gives important information. This 

tells us what load is required to separate the fracture surfaces that are in contact due to 

plasticity induced crack closure or discontinuous crack closure. Figure 4.12 shows the 

variation in the elbow of the compliance curves as a function of crack length. 

When no tensile overload is applied, the level of PICC is not altered. The load to 

separate the fatigue fracture faces steadily decreases with crack length. This is the result 

of the ligament of material steadily being reduced. This material can therefore exert less 

elastic stress on the fatigue crack to close it. 

For low and medium level overloads, there is an initial drop in the load required to 

· separate the fatigue fracture surfaces. This corresponds to a reduction in the PICC that 

existed prior to the tensile overload. The PICC is reduced by crack blunting. 

Apparently, the overload was not sufficient to fully blunt the crack tip, but some 

blunting occurred so that less load is required to separate the fatigue fracture surfaces. 

This load remains nearly constant until it starts to drop off at roughly the same rate as for 

the non-overloaded specimens. 

The high level overload specimens have the PICC (as a result of fatigue crack growth) 

totally. removed by the overload. After .some crack growth PICC associated with the 

new crack growth appears. The. load required to separate the new fatigue . fracture 

surfaces that are produced following the overload can also be seen in Fig. 4.12. It is high 

due. to the residual compressive forces in action as a result of the tensile overload. 

However, it drops off as crackgrowth proceeds. 

5.1.4 Hysteresis 

The compliance measurement is limited in its application. If continued to high loads, it is 

a destructive test as the material is overloaded. During fatigue crack growth, one is 

limited to compliance measurements that do not exceed the maximum load associated 
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with the applied fatigue amplitude. In the tests conducted, this was followed except for 

the conditions after a tensile overload. After an overload, the compliance could be 

measured to the maximum load applied during the overload. The compliance .was 

measured in 1 kN intervals. For instance, for an overload of 6kN, compliance 

measurements were taken over the ranges of 0.1 kN-3.0 kN, 0.1 kN-4.0 kN, 0.1 kN-5.0 kN 

and 0.1 kN-6.0 kN. A hysteresis was noted as demonstrated in Fig. 4.13. 

The observed plot as seen in Fig. 4.13(a) has been schematically represented in Fig. 

4.13(b). As explained above, the material at the fatigue crack tip is experiencing plastic 

deformation. This is due to the high stress concentration at the crack tip. The rest of the 

material is deformed elastically. It is the change in the material at the crack tip that 

causes the hysteresis. As the external load changes, the residual stress on the material at the 

crack tip is altered. A schematic of this process can be seen in Fig. 4.13(b ). When the 

external load increases, a linear section of the plot is- observed, as the material is fully 

under residual compression. A transitional period then occurs as the resi~ual 

compression reduces to zero and the material at the crack tip experiences tensile forces. 

The compliance associated with the two linear sections schematically shown in Fig. 

4.13(b) was measured and the two values were found to be identical. It was also found 

that these values were equal to the crack-opening compliance in the non-overloaded 

specimen. This suggests that the compliance measurement is insensitive to the strain 

hardening that occurs during an overload. This is consistent with the results of a direct 

tensile test. 

5.1.5 Phi function 

An insight into the crack tip conditions is provided by compliance measurements; The 
! 

compliance measurement combines information regarding both the crack tip conditions and 

the crack length. By processing the compliance measurements via the Phi function [32], 

the dependence of the compliance upon the crack length is removed.' The· information thus 

extracted concerns the crack tip conditions only. If Cco(a) = C(a), then <ll = 0 and the 

ideal elastic situation is recovered. If Cco(a) < C(a), then <ll > 0 representing the 

situation where crack-wake bridging (e.g. due to fracture surface roughness) is the 

dominant influence. Finally, if Cco(a) > C(a), <ll < 0 implying that the fatigue damage (e.g. 

due to micro-cracking or void formation) in front of the crack tip is the dominant factor. 

Figure 4.14 shows an overall negative trend for <ll. This signifies damage ahead of the 
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crack tip. Ari increase in duration or magnitude of tensile overload results in an 

increasingly negative <I> value, implying that an increase in magnitude and/or duration of 

tensile overload causes an increase in the damage ahead of the crack tip. As fatigue 

crack growth occurs after the tensile overload, the <I> value approaches that of the test 

not perturbed by an overload. This is an indication that the damage ahead of the crack tip, 

. characteristic of the unperturbed test, is restored. 

5.1.6 Micrographs 

5.1.6.1 Unperturbed Cracks 

In Fig. 4.15, the surface is featureless away from the crack tip. At the crack, however, 

undulations in the specimen surface are visible. This observation suggests the presence 

of plastic deformation. As the fatigue crack grows, it seeks out any local weaknesses to 

progress through. These weaknesses include grain boundaries, voids, slip systems, etc. 

The asperities thus produced are what enables contact between the two sides of the 

crack during plasticity-induced crack closure. Even in a non-overloaded specimen, the 

plastic deformation associated with crack growth at the tip results in plasticity-induced 

crack closure. The gaps produced between the asperities as a result of plasticity induced 

crack closure (Fig. 4.16) should be noted. 

Despite the low global loading placed on the specimen, the sharp fatigue crack tip 

produces a high stress concentration which results in the material ahead of the crack tip 

being subjected to a load exceeding the material's yield strength. The repeated plastic 

deformation of the material ahead ofthe crack tip produces damage (just as in low cycle 

fatigue). The damage is often in the form of voids. As fatigue loading continues, 

necking in ligaments between voids occurs leading to crack growth. The zone of 

damage ahead of the crack tip is referred to as the 'fatigue crack process zone'. 

In Fig. 4.17, although generally flat, the fatigue fracture surface (area A) does display 

the undulations that appear in the profile micrographs (Fig. 4.16 and 4.17). No striations 

were observed, as is often the case in steels~ Figure 4.17 also shows the fracture surface 

associated with breaking open of the specimen (area C). Notice the· difference to the 

relatively flat fracture surface associated with fatigue (area A). The fracture surface 

caused by opening the specimen is much rougher due to the gross plastic deformation 

_ involved. Fatigue causes plastic deformation ah~ad of the crack tip but at a small scale. 

Gross yielding causes large-scale plastic deformation that is easily observed by the naked 
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eye. ·Between the fatigue fracture surface and the fracture surface caused by breaking open 

the specimen, there is a smooth region ( area B). As discussed above, the material ahead 

of the crack tip contains damage as a result of the fatigue loading and the sharp fatigue 

crack tip. The presence of the smooth fracture area immediately ahead of the fatigue 

fracture surface suggests that when the specimen was broken open, shear fracture took 

place through the material containing damage. The fracture surface is therefore smooth 

and shiny. It can .be conjectured that the thickness of the smooth region can be used to 

assess the size of the damage zone. 

5.1.6.2 Tensile load less than Pc 

The micrographs in Figs. 4.18 and 4.19 show a specimen that underwent loading of 

80% of Pc after fatigue deformation. In this case the specimen was fatigued after the 

overload. Figure 4.18 clearly shows the demarcation point where the overload occurred 

(line A). The fracture surface as a result of tearing open of the specimen can be seen in the 

upper left of Fig. 4.18 (area B). The notch can be seen in the lower right part of the picture 

( area C). The fatigue surface is quite smooth. The fatigue surface before and after overload 

are indicated by areas E and F. 

At high magnification, the fatigue fracture surface can be seen in the lower right part of 

Figure 4.19 (area E). Striations are absent; the fracture surface immediately ahead of the 

fatigue surface is smooth, as in previous micrographs (area A). This would suggest the 
,· 

shear through this material occurred in this case as well. However, this specimen was 

subjected to fatigue following overload, while the previous specimen was just broken 

open. This suggests that the crack progressed rapidly through th~ material, in a manner 

similar to shear, despite the loading regime being high cycle fatigue. This is consistent 

with the mechanical observations of the previous section where an accelerated crack 

growth was observed following an overload. 

5.1.6.3 Tensile load greater than Pc 

Both voids (Fig. 4.20) and quasi-cleavagemicrocracking (Fig. 4.21) are observed ahead of 

the blunted crack. The tensile load applied blunts the fatigue crack tip. Still, damage 

occurs ahead of the crack tip. Since the tensile overload could not have caused the. 

damage, merely have enhanced it, this suggests that the damage existed prior to the 

tensile overload. Note. that the previous micrographs of non-overloaded crack tip did not 
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show these damage characteristics. It is suggested that the voids are too small to be 

visualised unless a tensile overload enhances the damage in the fatigue damage zone. 

The voids in the above figures are largest near the crack tip. The void size is inversely 

related to the distance from the crack tip. Micro or quasi-cleavage cracking [30] is seen in 

Fig. 4.21. The distance from the crack tip at which either quasi-cleavage cracks or voids 

are seen is an order of magnitude smaller than the distance over which acceleration 

occurs. Literature suggests that the size of the damage zone is many times greater in the 

interior of the specimen [30], while the above micrographs were taken at the specimen 

surface. 

Figure 4.22 shows the fatigue surface filling most of the micrograph (area A). The upper 

left of the figure shows the fracture surface caused by breaking open of the specimen (area 

B). Again, a rougher area follows a smooth zone (area C). Figure 4.23 shows this zone 

immediately ahead of the fatigue fracture surface with a greater magnification (~ea C). 

Voids are observed ahead of the smooth zone. The voids are similar in both position and 

size to those seen in Fig. 4.20. 

In these figures we see all the aspects of the crack progression. The flat fatigue surface 

can be seen initially. As apparent in the figures, fatigue crack growth cannot occur after 

the high tensile load. This is seen as a result of residual compression and strain 

hardening of the material ahead of the crack tip following overload. The size of this zone 

and the magnitude of the compressive stress depend on the magnitude of the overload 

and the material's condition. If the overload is of such a magnitude that the residual 

compressive stress is greater than the stress applied during the subsequent. fatigue 

applied amplitude, no fatigue crack growth will occur, as the material at the crack tip 

would not experience any tensile stress. Following opening of the specimen, the smooth 

surface is a result of shear fracture through the material contained within the fatigue 

damage zone. The voids are visible reminders of the damage contained within the 

fatigue damage zone being enhanced by tensile loading. As the specimen is broken 

open, i.e. the crack front has to pass ·through the material outside of the· fatigue damage 

zone where the material is undamaged, global plastic yielding must occur resulting in a 

ductile tearing fracture surface. 

An overload less than Pc does not enhance damage present in the fatigue damage zone 

and so voids are not visible. However, the damage is still there and when the specimen is 

broken open, shear occurs as documented by a smooth section. An overload in excess of 
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Pc enhances the damage and both voids and a shear fracture surface are observed when 

the specimen is broken open. 

5. 2 J-fig Ii Strain - £ow Stress Interactions 

5.2.1 316L Stainless Steel (Batch B) 

The following trend can be observed in Fig. 4.24. The HCF life of virgin 316L stainless 

steel shows some scatter (see error bar), the average life being about 35,000 cycles. 

After 250 low cycle fatigue cycles with 0.5-1.5%, 5Hz applied amplitude, the high cycle 

fatigue life increases to approximately 100,000 cycles. This observation shows that the 

prior LCF exposure caused the HCF life to nearly treble. With more low cycle fatigue 

exposure, the high cycle fatigue life drops from the peak high cycle fatigue life of 

100,000 to a plateau-like region of approximately 23,000 cycles. Here the LCF exposure 

does not affect the subsequent HCF life. This plateau region sets in after about 1000 LCF 

cycles. It represents a 30% drop in HCF life from that of the non LCF pre-loaded 

specimens and an 80% drop from the peak HCF life. Low cycle fatigue failure occurs 

after about 5,000 cycles (which is an average over three LCF-only tests). 

Figure 4.25 shows the damage summation, C, as a function of LCF pre-treatment. 

Henceforth, a horizontal dashed line in the summation plots corresponds· to C = 1. This is 

the theoretical lip.ear cumulative fractional life sum according to Miner's rule and that used 

in ASTM standards. The fractional life Chas been calculated in accordance with Eq. 3.1. 

The fractional life sum for the combination of high cycle fatigue and low cycle fatigue 

exposure in 316L (Batch B) is greater than 1 in all instances. This suggests that the 

overall fatigue life has been extended by . the prior low cyc~e fatigue exposure. The 

greatest degree of life extension occurs at lower numbers of LCF cycles. As described 

above, a plateau was observed in the HCF life vs. LCF exposure plot. Even though the 

level of this plateau is below the HCF life of virgin specimens, the fractional life 

summation plot of Fig. 4.25 indicates that the combination of high cycle fatigue and low 

cycle fatigue exposure still results in an overall life extension. 
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4.2.2 316L Stainless Steel (Batch C) 

Different suppliers provided the batches of 316L. Although the batches are of the same 

nominal type, differences in chemical and mechanical properties exist. Analysis of data 

for 316L (Batch C) in Figs. 4.26 and 4.27 suggest that little enhancement of the HCF life 

occurs with any of the prior LCF exposure. There are some data points above the dashed 

line that corresponds to the average HCF life without prior LCF exposure. However, the 

amount of life enhancement does not match the spectacular result obtained with 316L 

(Batch B). Also, the number of instances of high cycle fatigue life extension is less than 

for 316L (Batch B). 

The fatigue crack growth for 316L (batch C) is presented in Fig. 4.28. The shaded region 

refers to the area of plot occupied by non-LCF trained specimens (ie. normal range of HCF 

crack growth). Open circles refer to a specimen that has experienced 100 cycles of LCF 

(0.6-1.4% at 5Hz) prior to HCF. Crack initiation, as characterised by the high cycle 

number, is retarded. Crack growth, as characterised by the slope of the graph, is also 

retarded. Open squares refer to a specimen that has experienced 1000 cycles of LCF 

(0.6-1.4% at 5Hz) prior to HCF (crack initiation enhanced). 

The effect is significantly larger than the scatter between individual specimens that had 

not been exposed to LCF pre-training (shaded region). This suggests that suitable LCF 

exposure results in a retardation of HCF crack initiation. Furthermore, a decrease in the. 

slope of the curve, i.e. in the fatigue crack growth rate, is also observed. These findings 

confirm previous results [82] and provide qualitative evidence that training of the 

material by LCF exposure in a suitable regime leads to a delay in crack initiation and 

also to a decrease in the fatigue crack growth rate under subsequent HCF deformation. 

4.2.3 Mild Steel (C1020) 

Figure 4.29 shows that high cycle fatigue life initially drops for small numbers of LCF 

cycles. HCF life increases lightly around 100 LCF cycles and then drops off again. This 

behaviour, seen for two types of applied amplitude (l-8kN and 1-lOkN), was commonly 

observed, regardless of HCF applied amplitude. 

In the fractional life summation plots, Figs. 4.30 and 4.31, an initial drop in C is 

observed. The magnitude of C approaches or even surpasses 1 for large LCF cycle 

numbers, but the average is generally below unity. This demonstrates that for this 

material and the present combination of low cycle fatigue and high cycle fatigue, 
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Miner's rule is violated, as was the case for 316L. However, unlike for 316L, an overall 

decrease in fatigue life is observed. 

4.2.4 Mild Steel (AS1214) 

Figure 4.32 shows that there is little change in the HCF life with small numbers of LCF 

exposure. This is also evident in Fig. 4.33 where the damage summation also hovers 

around unity. 

4.2.5 Normalised Mild Steel (AS1214) 

As Fig. 4.34 illustrates, a tensile excursion to the indicated levels of strain causes a 

substantial drop in HCF life. The magnitude of the tensile strain does not affect the HCF 

life, however. The lack of effect of pre-straining upon the HCF life has been observed in 

the literature [83]. 

The effect of low cycle fatigue on subsequent high cycle fatigue life is presented in Fig. 

4.35_. In this case, no extension of high cycle fatigue life could be achieved. A similar 

conclusion follows from the fractional life summation in Fig. 4.36. 

This material· also seems to disobey Miner's rule. For this material and the particular 

combination of LCF and HCF used, the overall fatigue life was reduced. 

. 4.2.6 Aluminium Alloy 6060-TS 

Generally, the HCF life does not change significantly with exposure to low cycle 

fatigue from that of the virgin material's HCF life. Similarly, C does not significantly 

depart from unity. This suggests that this material, when exposed to this combination of 

low cycle fatigue and high cycle fatigue, obeys Miner's rule with reasonable accuracy. 

However, deviations of up to 40% observed need to be considered in design with this Al 

alloy. 

5.3 5'14.agnetic 5'14.otnent I nvestitJations 

As can be se~n in Fig. 4.40, there is little difference between the material that was 

exposed to low cycle fatigue and the material that was not. The plots show behaviour 
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that is largely paramagnetic, ferromagnetism related hysteresis behaviour being not 

significant. However, even in the material that had not been exposed to low cycle 

fatigue, a hysteresis loop and a non-zero remanence were observed. This indicates that 

some ferromagnetic material, either martensite and/or residual ferrite, was present. The 

volume fraction of ferromagnetic material can be estimated by dividing the measured 

saturation magnetisation by that of martensite (approximately 146 emu/g [84]). The 

estimate shows that the amount of ferritic material in all specimens is less than 0.5%. 

The saturation magnetisation in the gauge length of each specimen was approximately the 

same as in the corresponding threaded section. 

These facts demonstrate that LCF exposure has not resulted in any martensitic 

transformation of the austenitic 316L material and that the observed life enhancement 

cannot be attnbuted to LCF induced martensitic transformation. 
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6.1 P atigue Cracft (]rowtfi Investigations 

1. Fatigue crack growth occurs by a process of damage accumulation in the 

material in front of the crack tip. 

The existence of the fatigue damage zone within the plastic zone is a topic of some 

controversy. However, it is consistent with the idea that fatigue cracks grow via 

rep~ated plastic deformation at the crack tip that causes crack extension cycle-by-cycle. 

At the peak load during the fatigue loading, plastic deformation will be at a maximum of 

its activity. When the minimum load of the fatigue applied amplitude is reached, residual 

compression will occur. This is repeated until damage nucleates in a fatigue damage 

zone that is enclosed within the larger plastic zone. 

No Fatigue Pre-Crack 
(only a notch) then 
overload applied 
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Fatigue Pre-Crack grown 
p1ior to overload 

Figure 6.1 - Key difference between overload in a notched specimen (a) and in a specimen 

with a fatigue crack (b ), ie. the presence of a fatigue damage zone (FDZ). E and E' denote 

the elastic modulus in the undamaged and damaged material, respectively. 

The damage increases until the crack can grow through the damaged material, which 

locally has reduced fracture toughness. In effect, the local Young's modulus is reduced 

from that of the material. This was observed where <I> values dropped below zero, cf. Fig. 

4.14. A fatigue crack grows by advancement of the crack tip through a localised damage 

zone that is continually produced. By this mechanism, fatigue crack growth occurs at 

fatigue loads below the fracture toughness of the.material. Electron micrographs obtained 

in this study have shown the presence of fatigue damage ahead of the crack tip and in 

the wake of the crack during pure fatigue without overload, cf. Fig. 4.15, 4.16 and 4.17. 

The fracture surface was shown to be flat but irregular, with no striations formed, cf. 

Fig. 4.17. Observation of a broken open fatigue specimen documents the presence of 

smooth shear fracture through part of the specimen. This is observed in both non­

overloaded and overloaded specimens, cf. Fig. 4.17, 4.19 and 4.22. Shear occurs 

through the weakened fatigue damage zone. The material ahead of the fatigue damage 

zone fails in a typical ductile fashion, cf. Fig. 4.17, 4.18 and 4.22. Tensile overloads 

above the critical load corresponding to the fracture toughness of the material cause the 

formation of voids and quasi-cleavage micro-cracks, cf. Fig. 4.20 and 4.21. Broken open 

specimens again show a shear fracture surface next to the regions where voids and 

micro-cracks are observed, cf. Fig. 4.22. The observations of a shear fracture surface 

support the notion of the fatigue damage zone ahead of the fatigue crack tip. The 

conclusions reached above are also supported by systematic compliance measurements 

that were made prior, during and ·after a tensile overload, cf. Fig. 4.5 - 4.12. Different crack 

opening stages are revealed during a single fatigue loading cycle, cf. Fig. 4.13. The 

negative values of the compliance function also confirm the existence of a fatigue damage 

zone, cf. Fig. 4.14. An additional conclusion to be made is that it may be incorrect to 

consider the stress intensity distribution. about a fatigue crack tip to be only a function of 
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the applied load and the crack length. The effect of the fatigue damage zone requires special 

attention. 

2 Tensile overload creates a plastic deformation zone ahead of the crack tip. 

The material within this zone is strain hardened and also causes PICC. It has 

been found that retardation of post-overload fatigue crack growth is mainly a 

result of the increased fatigue resistance of the strain-hardened material 

within the overload plastic zone. 

The magnitude and duration of a tensile overload results, in an overall retardation of 

fatigue crack growth, cf. Fig 4.1. Retardation occurs as the crack grows through the 

material within the plastic zone associated with the tensile overload. The data gathered 

correlates well with the Wheeler equation, cf. Fig. 4.2, 4.3 and 4.4. If an overload is 

sufficiently large, fatigue crack growth at pre-overload levels is halted. The crack 

opening compliance of the non-overloaded and overloaded specimens was found to be 

identical. This suggests that the compliance measurement is insensitive to the strain 

hardening that occurs during an overload, cf. Fig. 4.13. We conclude that retardation is 

associated with plasticity induced crack closure to a lesser extent. It is concluded that 

crack growth retardation is related to strain hardening. As the plastic zone is larger than 

the enhanced fatigue damage zone, the fatigue crack growth, after an initial acceleration, 

slows down dramatically when the crack tip leaves the damage zone, while still moving 

within the plastic zone. In addition to the strain hardening and residual compression, 

due to the rapid crack growth through the enhanced· fatigue damage zone, there has not 

been enough time for the ·crack to create a new fatigue damage zone. This is supported 

by the observation that not all materials form striations [19]. For example, steels rarely 

exhibit striations [19]; rather, microvoid coalescence is seen at high M( levels [19]. 

The idea that strain hardening is the main cause of retardation [ 67] has been challenged 

by some researchers [29, 85]. The opposition to strain hardening as the retardation 

mechanism is based on three findings. Firstly, strain hardening should be at a maximum at 

the crack tip, due to the fact that the greatest stress concentration occurs there. This 

should mean . that the fatigue crack growth rate should be at a minimum in this near 

crack tip region. Instead, as found in these and other experiments, a transient acceleration 

is observed immediately following an overload immediately following an overload. 

Hence, strain hardening was ruled out as a major factor of fatigue crack growth 

retardation.· However, the presence of a fatigue damage zone is not recognised by the 
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authors [29] as a cause of fatigue crack growth. Secondly, simulating a plasticity induced 

crack closure as a result of tensile overload by filling the crack with epoxy resulted in 

crack growth retardation, without initial acceleration [29]. This provides support to the 

idea that retardation is caused by crack closure. However, it was not reported whether or 

not the entire crack was able to be force filled with epoxy [29]. Plasticity induced crack 

closure associated with an overload does not result in the entire surface contacting, so 

analysis is difficult. Thirdly, strain hardening was attempted to be observed via hardness 

testing of the specimen surface, at the crack tip. Unfortunately, the experiment was done 

on as-received material that would most likely have been rolled. In this case,. 

microhardness measurement would not be appropriate due to surface effects. In any 

case, as the author concedes [29], a large scatter in the data was present. 

3. Fatigue cracks grow by a process of damage accumulation in the material 

ahead of the crack tip (FDZ). A tensile overload enhances the damage ahead 

of the crack tip. This results in a transient acceleration in the fatigue crack 

growth following overload. 

A tensile overload also causes a transient acceleration in fatigue crack growth, cf. Fig. 

4.2 and 4.3. This increased fatigue crack growth occurs over the first 300µm or so of 

crack growth following an overload, cf. Fig. 4.4. This value varied little with level of 

tensile overload. This suggests that the period of acceleration is not related to the level 

of overload. Rather, it is related to the size of the FDZ, which is related to the fatigue 

loading conditions prior to overload. Results of processing of the compliance 

. measurements by the Phi function indicate that increased tensile overload causes 

increased damage ahead of the fatigue crack tip, cf. Fig 4.14. Cleavage fracture is 

observed head of the crack tip of specimen subjected to fatigue, cf. Fig. 4.17. Voids or 

quasi-cleavage microcracks are observed ahead of the crack tip of an overloaded 

specimen, cf, Fig. 4.22 and 4.23. Voids are observable in the cleavage fracture zone of a 

grossly overloaded specimen, cf. Fig. 4.23. The size of the voids are related to the 

damage increase within the FDZ. The damage is introduced by fatigue, but expanded by 

tensile overload. 

Figure 5.1 displays a set of typical compliance plots taken at certain crack lengths for 

316L stainless steel (Batch A). 
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Figure 6.2 - Superimposed typical compliance plots recorded at different crack lengths 

(316L stainless steel- Batch A). 
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Figure 6.3 - Crack growth plot indicating points at which compliance plots in Fig. 6.1 were 

recorded (316L stainless steel-Batch A). 

Prior to overload, plasticity induced crack closure is visible in the lower part of the figure 

and the transition to crack opening occurs at approximately 1.1. kN. Following overload, 

the load at which the fracture surfaces separate is much lower implying that _crack 

blunting is responsible. However, the plasticity induced crack closure and crack opening 

compliance have not changed. Upon application of fatigue loading identical to that 

before overload, acceleration occurs followed by retardation. The compliance plots 

taken at the maximum and the minimum fatigue crack growth rates are almost identical. 

This is a clear indication that crack closure is· not primarily responsible for this large 

change in fatigue crack growth rate. It is concluded that it is the fatigue damage zone, 

rather than removal of plasticity . induced crack closure, that is responsible for the 

acceleration. 
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As outlined above, the high stress concentration in front of a fatigue crack tip exceeds the 

yield strength of the material in this local region inducing plastic deformation there. 

During fatigue, repeated plastic deformation of the material at the crack tip occurs 

leading to damage formation. This damage concentrates at the crack tip within a 

damage zone. In our picture the damage zone is enclosed within the plastic zone. The 

crack grows when the damage within the fatigue damage zone is high enough. When the 

crack grows, progressive yielding causes damage within the next small area of material 

and the crack continues to grow. Crack growth is accompanied with propagation of the · 

damage zone along with the crack tip in a self-consistent way. Following overload, the 

damage within the damage zone is enhanced. For example, existing microvoids are 

further enlarged. When fatigue loading is re-applied, the crack travels faster through this 

zone of enhanced damage 

6.2 ¾igh Strain -Low Stress Investigations 

4. 316L Stainless Steel (Batch B) displayed an enhancement of fatigue life with 

LCF pre-training. Crack initiation and propagation was retarded in 316L 

(Batch C) by similar LCF pre-training. This behaviour was not observed in 

mild steel (C1020 and AS1214) or aluminium alloy (6060-TS). A martensitic 

strain induced transformation was found to be not responsible for the 

observed behaviour of 3l6L (Batch B). It is concluded that this behaviour 

supports the findings of fatigue crack growth experiments, i.e. that strain 

hardening is primarily responsible for fatigue crack growth retardation 

following tensile overload. 

Due to the evidence that crack closure was not a major contributor toward fatigue crack 

growth retardation, but rather that strain hardening and residual compression was, it was 

suggested that the material ahead of the crack tip may be thought of as experiencing low 

cycle fatigue, even though the · overall specimen was under HCF loading regime. 

Different materials were investigated in order to assess the role of a possible LCF induced 

martensitic transformation in the large enhancement in high cycle fatigue life observed 

in 316L (Batch B). Aluminium and mild steels, if they demonstrate similar behaviour, 

would be exhibiting it for other reasons. 

Low cycle fatigue can have a dramatic effect on the subsequent high cycle fatigue life. An 

interesting aspect is that· the effect of the low cycle fatigue is highly dependent upon the 
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number of LCF cycles. For a relatively small numbers of cycles, around 250 for 316L 

(Batch B), an increase in the high cycle fatigue life is seen, but a decrease in the high 

cycle fatigue life was observed beyond a peak value. 

A principle behind the traditional S-N testing approach is that exposure to fatigue causes 

an incremental; linear increase in damage to the material. The results obtained in this work 

and other reports [19] suggest that this conclusion is not followed in many instances. A 

striking observation on 316L (Batch B) was that low numbers of low cycle fatigue 

cycles could actually increase a material's resistance against high cycle fatigue. 

The microstructural condition of the material, 'the low cycle fatigue applied amplitude 

and the number of LCF cycles applied all influence the subsequent high cycle fatigue life 

of a specimen. It was also observed that positioning the low cycle fatigue applied 

amplitude around the transition between elastic and plastic regimes has a significant 

impact upon the subsequent high cycle fatigue life extension. 

In total, six different materials have been tested in this way. These include two types of 

316L austenitic stainless steel (Batch B and C), two types of mild steel ( one of these mild 

steels having been tested again after normalisation) as well as aluminium alloy 6060-TS. 

The 316L stainless steel (Batch B) returned results showing that, for certain conditions, 

the exposure of the material to low cycle fatigue causes an increase in the high cycle 

fatigue life. Tests on 316L (Batch C), the normalised AS 1214 and the as-received 

C1020 showed that the interaction of low and high cycle fatigue caused an increase of 

HCF life, but an overall reduction in fatigue life. The aluminium alloy 6060-TS and as­

received AS 1214 followed the traditional Palmgren-Miner rule, in that the interaction 

did not change the fatigue life, i.e. the fractional fatigue life sum at failure equalled 

unity. 

For 316L (Batch C), the normalised AS1214 and the as-received C1020 the Palmgren­

Miner rule is not followed. Moreover, the fractional life sum shows a drop in the fatigue 

life with small numbers of LCF cycles, but the fatigue life does recover if more low 

cycle fatigue exposure is allowed. Both 316L (Batch Band C) and the mild steels show 

improvement in fatigue properties with low cycle fatigue exposure, while in the case of 

aluminium alloy 6060-TS, only the virgin HCF life level is reached with increased 

number of LCF cycles. Magnetic measurements demonstrate that high cycle fatigue life 

enhancement is not due to LCF induced martensite transformation. 

The effect · of tensile overload on the fatigue crack growth rate in -316L stainless steel 

(Batch A) has lead to a picture in which the material directly ahead of the fatigue crack tip 
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can be thought of as experiencing low cycle fatigue even in nominally HCF regimes. 

Indeed, failure occurred in the fatigue damage zone after much less than 10,000 cycles 

of repetitive yielding. Further, the material within the FDZ experiences varying levels of 

LCF load, depending on distance from the crack tip and the attendant stress 

concentration. Since the fatigue damage zone can be seen as a set of elements 

experiencing varying degrees of low cycle fatigue, it was decided to apply varying 

numbers of LCF cycles to tensile specimens and then observe how this affected the 

subsequent high cycle fatigue life. Structures are normally subjected to high cycle 

fatigue, but it is postulated that the material at the crack tip is experiencing low cycle 

fatigue due to the stress concentration at the crack tip. 
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<Proof of <Pa[111f]ren-9rf_iner Linear(J)amage }lccumufation (}(ufe 

It is assumed that on Stage Il, crack growth is dominant at both high and low stress 

levels. Crack propagation law for Stage Il. 

(Al) 

Consider a crack growing from ao to a1 at the first stress level and then growing from a1 

to ai at a second stress level. If failure then takes place, then a2 = af (final crack length). 

FromEq.Al, (A2} 

Consider stressing at one level Aa1 from start to finish, then: 

=-1 -=AAa;"N,, 
fa

daq = [qaq++l1]aao, aq+l 
q+l I 

(A3) 

So: 
aq+1 -aq+t 

N _ t a 
11 - (q + l)AAa;" 

(A4) 

And similarly: (AS) 

Now consider only n cycles are applied at the first stress level, so that the crack travels 

from ao to a1. So: (A6} 

Therefore: (A7) 
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Now consider the final n2 cycles are applied at i1.o2 as the crack travels from a1 to a2 ( = 

af). Then: aJ -af AA m 
--=----- = JJ.0 z nz 

q+l . 
(A8) 

So: n2 = ( )A q +1 i1.a; 
(A8) 

Hence: (A9) 

Where B=A( q+ 1 ), a constant. Other similar terms cancel out. 

Hence: (~1+(~)- af-a: +a?-af {Al0) 
N 11 N'2 a1 -a0 

( ) ( ) q q 
..!!L + .!!:L = a, -ao = 1 (All) 
N 11 N'2 aJ -ag 
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