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Abstract

Quantum field theory is the mathematical language of nature at the deepest levels cur-
rently known. Viewed in this light, much of the last century of theoretical physics can be
seen as quantum field theory calculations performed in a variety of approximations. How-
ever, despite having a very successful standard model of physics and a phenomenally useful
perturbation theory for extracting predictions from it, persistent problems remain. Many
of these are due to the inability to calculate in practice what is calculable in principle.
The difficulty of these problems comes from the importance of a large number of degrees
of freedom, or a strong coupling between degrees of freedom, or both. Only in the case
of very simple systems or systems close to thermal equilibrium can their properties be de-
termined with confidence. The remaining cases require a resummation, or re-organisation,
of perturbation theory. However, ad hoc resummations are problematic because perturba-
tion series are asymptotic in nature and the re-organisation of the terms of an asymptotic
series is mathematically questionable. Systematic resummation schemes are required to
guarantee consistency with the original non-perturbative theory.

n-particle irreducible effective actions (nPIEAs; n = 1,2,3,---) are a proven method
of resummation which can be thought of as generalisations of mean field theory which
are (a) elegant, (b) general, (c) in principle exact, and (d) have been promoted for their
applicability to non-equilibrium situations. These properties make the nPIEAs compelling
candidates for filling the gap between theory and experiment anywhere the problem is the
inability to compute the behaviour of strongly interacting degrees of freedom or degrees
of freedom which are out of thermal equilibrium. Unfortunately, nPIEAs are known to
violate the symmetries of a field theory when they are truncated to a form that can be
solved in practice. This can lead to qualitatively wrong physical predictions as an artefact
of the method of calculation. If one takes the nPIEA predictions at face value one may
reject a physically correct model on the basis of an incorrect prediction. Therefore it is
critical to gain a better understanding of the symmetry problem in order for nPIEAs to
be useful in the future.

This is where this thesis aims to make a contribution. This thesis examines the the-
ory of global symmetries in the nPIEA formalism for quantum field theory with the goal
of improving the symmetry properties of solutions obtained from practical approximation
schemes. Following pedagogical reviews of quantum field theory and nPIEAs, symmet-
ries are introduced by considering a scalar (¢2)2 field theory with O (N) symmetry and
spontaneous symmetry breaking. The symmetries are embodied by Ward identities which
relate the various correlation functions of the theory. When truncated, the nPIEAs for
n > 1 violate these identities with phenomenological consequences which are reviewed. The
symmetry improvement method (SI) of Pilaftsis and Teresi [1] addresses this by imposing
the 1PI Ward identities directly onto the solutions of nPI equations of motion through the
use of Lagrange multipliers. In novel work, SI is extended to the 3PIEA. The SI-3PIEA is

then renormalised in the Hartree-Fock and two loop truncations in four dimensions and in



the three loop truncation in three dimensions. The Hartree-Fock equations of motion are
solved and compared to the unimproved and SI-2PI Hartree-Fock solutions. In both the
SI-2PI and SI-3PI methods Goldstone’s theorem is satisfied. However, the SI-2PI solution
correctly predicts that the phase transition is second order while the SI-3PI solution pre-
dicts a weak (weaker than the unimproved 2PIEA) first order transition. Further checks of
the formalism are performed: it is shown that the SI-3PIEA obeys the Coleman-Mermin-
Wagner theorem and is consistent with unitarity to O (k), but only if the full three loop
truncation is kept.

Following this a novel method of soft symmetry improvement (SSI) is introduced. SSI
differs from SI in that the Ward identities are imposed softly in the sense of least squared
error. A new stiffness parameter controls the strength of the constraint. The motivation
for this method is that the singular nature of the constraint in SI leads to pathological
behaviour such as the non-existence of solutions in certain truncations and the breakdown
of the theory out of equilibrium. In order to regulate the IR behaviour, a box of finite
volume is used and the limit of infinite volume taken carefully. Three limiting regimes
are found. Two are equivalent to the unimproved 2PIEA and SI-2PIEA respectively. The
third is a novel limit which has pathological behaviour including a strongly first order phase
transition and a regime where solutions cease to exist for a range of temperatures below
the critical temperature. As the stiffness increases this range increases and at a finite value
of the stiffness the solution ceases to exist even at zero temperature. This loss of solution
is confirmed both analytically and numerically.

Finally, the linear response of a system in equilibrium subject to external perturba-
tions is studied for the first time in the SI-2PIEA formalism. It is shown that, beyond
equilibrium, the scheme is inconsistent in that the equations of motion are generically
over-constrained. Thus, the SI-2PIEA predicts qualitatively incorrect physics out of equi-
librium. This result can be understood as a result of the decoupling of the propagator
fluctuation from the field fluctuation in the 2PIEA formalism and the failure of higher
order Ward identities. This argument generalises so that, as a result, SI-nPIEA are invalid

out of equilibrium, at least within the linear response approximation in generic truncations.
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Notation

This thesis uses high-energy physics (HEP) conventions. That is A = ¢ = kp = 1 and the
metric is 1, = diag (+1, —1, —1, —1). Loop counting factors of & will be kept explicit. The
repeated index summation convention is used. Often the deWitt summation convention
is used. That is, for quantities with internal symmetry indices accompanied by spacetime
arguments, repeated indices imply integration over the corresponding spacetime arguments.

So for example
N
bua =Y., [ @' 60 (@) 0u (2).
a=1

and
N
Vabc¢aAbc = Z /d41‘ d43/ d4Z Vabc (1’, Y, Z) ¢a (.I') Abc (y7 Z) .
a,b,c=1
The final expression can always be reconstructed uniquely from the short version of it.
Where the deWitt convention is not used the intended meaning will be obvious from

context. Often functional convolutions are implied, so for example

N
Tr (Ag'A) = Agi A= > / d'z d'y Ay (2, y) Av (y,2)

a,b=1

and
N
K= 0aKappp =Y /d4x Ay @a (@) Kap (2,9) 05 () ,
a,b=1
etc.
Time variables can be chosen to exist on different contours depending on the application
being considered. Most manipulations are agnostic about the contour chosen. Where

relevant the contour in use is specified. The choices are:

o Zero temperature, Real time or Minkowski time contours (Figure 0.1): ¢ runs from

—00 + i€ to +00 — ie where € — 0T is an infinitesimal convergence parameter,

e Equilibrium, Imaginary time or Matsubara contours (Figure 0.2): ¢ runs from 0 to

—i with periodic boundary conditions,

e Non-equilibrium, Closed time path or Schwinger-Keldysh contours (Figure 0.3): ¢
runs on a multi-branch contour from ¢y up to +oo, then back down from +oo — i€ to

to — ie then down the imaginary axis to to — ¢4 which is identified with ¢y.
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0 g

Figure 0.1: The Minkowski contour in the complex time plane.

—ipL

Figure 0.2: The Matsubara contour in the complex time plane. 0 and —i/3 are identified.

—ipL

Figure 0.3: The Schwinger-Keldysh contour in the complex time plane. The initial time is
taken as tg = 0. 0 and —if are identified.
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Table 0.1: Commonly used symbols and their meanings

Symbol Meaning

QFT Quantum Field Theory

nPI n-Particle Irreducible (n = 1,2,3,---)
nPIEA nPI Effective Action

SI-nPIEA Symmetry Improved nPIEA

SSI-nPIEA Soft Symmetry Improved nPIEA

CTP Closed Time Path

WI Ward Identity

SSB Spontaneous Symmetry Breaking

SM, BSM Standard Model, Beyond Standard Model

MSSM, NMSSM

2HDM
MS(MS)
x, ot

T

d*z

f$

A3z

a, b, c, ..
A B, C, ..

Pa

Minimal Supersymmetric extension of the SM, Next to
Minimal ...

Two Higgs Doublet Model

(Modified) Minimal Subtraction

Spacetime coordinates of event z

Spatial part of z* projected in some implied reference frame
Spacetime measure d*z = da%da'da?da?

Integration over all spacetime [ = fjoooo d*z

Spatial measure d3z = dz'dz?dz3

Integration over all space at a moment of time fw = fj;o dBx
Euclidean time coordinate. 20 = —iz* after Wick rotation.
Spacetime derivative 9, = d/0x"

Derivative w.r.t. specified spacetime variable 3&9) = J/0y" etc.
Right-left derivative: fg;g = f(Oug) — (Ouf)yg

Momentum conjugate to z*. As an operator p, = i0,,.
Spatial part of p*

Standard measures for 4- and 3-momentum

Integration over all momenta with 27s in measure

f _ [Ttoo d*p
p —oo (2m)*

__ p+oo d3
fp - f—oo (271'1))3

4-vector dot product p - x = p,z*, so p? = m? is the mass shell

condition

(Anti-)Time ordered product

Contour time ordered product

Inverse temperature § = 1/T

Matsubara frequencies w, = 2mn /3

Fundamental O (V) group indices ranging from 1 to N
Adjoint O (N) group indices ranging from 1 to N (N —1) /2
(Hermitian) O (N) generators

Quantum scalar field



Symbol

Meaning

> = > 3

mq

mpg

Aoab

Aab

AGJ AfI

Aaalb, etc.

Vo, W

Vabc; V; VN

V()

W, WA wAa .

S (@]

J, K =K% K®
A |:J7 K® ... ,K(n)]
1574 []7 K® ... ,K(n)}
T [@,A,V, . ’V(N)]
Eab

Ta/u, TGﬁ?H’ 7231/1H
‘A

Ju

T

Expectation value of the scalar field ¢, = (¢q)
Vacuum expectation value of the scalar field, i.e.

0o = (0,-+-,0,v) in vacuum

Lagrangian mass parameter for the scalar field
Lagrangian self-coupling parameter for the scalar field
Renormalisation subtraction scale

Ultraviolet cutoff scale

Mass of Goldstone bosons

Mass of Higgs boson (i.e. the radial mode)

Free propagator or connected two-point correlation function

nPI propagator

nPI Goldstone and Higgs propagators

Inverses in the sense of kernels, i.e.

Iy AL (2,9) Aope (3, 2) = 006D (2 — 2)

Bare three and four point vertex functions

Proper vertex or three point correlation functions
Generic proper n-point vertex functions

1PI Ward identities

Classical action functional for the scalar field theory
One-, two- and three-point source functions

Partition functional

Connected generating functional

nPIEA, the Legendre transform of W [J, K@ ... ,K(")]
Self-energy of the scalar field

Tadpole integrals (bare, finite part of, thermal part of)
Conserved O (N) currents

Energy-momentum tensor
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Table 0.2: Summary of O (N) model calculations performed or discussed in the thesis.

Calculation Location Broken phase Order of Critical Higgs decay rate Comments
Goldstone mass phase temperature (leading order)
transition  (leading order)
d 1272 N—-1__h Av) 2
Benchmark 0 2" h(N14)r2) T2 16rmy (%)
2PI Hartree-Fock Section 3.4 >0 18t correct 0
2PI External propagator Section 3.5 0 15t correct incorrect (violations  not fully self-consistent
of unitarity)
Large N leading order Section 3.6 0 ond incorrect by % 167:; m (%)2 plus  Goldstone theorem lost
x4/14+2/N s-channel at higher orders
resummation at
0 (122
SI-2PI Hartree-Fock Section 4.3 and |[1] 0 2nd correct 0
SI-2PI Two loop (dim reg) Section 4.4 and [1] 0 ond correct correct full self-energies, not
just pole positions, in
1]
SI-2PI Two loop (cutoff) Section 4.4 and |[6] 0 ond correct ? existence of solutions
depends upon cutoff
SI-3PI Hartree-Fock Section 4.8 and |[2] 0 15¢ correct 0 not fully self-consistent
SI-3PI Two loop Section 4.7.2 and [2] ? ? ? incorrect by calculation set up but
unitarity (Section not performed
4.10)
SI-3PI Three loop Section 4.7.3 and [2] ? ? ? perturbative correct  calculation set up but
to O (h) not performed;
renormalisation only
valid in D < 4
dimensions
SSI-2PI Hartree-Fock Section 5.4 and [5] 0 for zero mode; 15t correct when 0 results listed for novel

> (0 for non-zero

modes

solutions exist

limit




Chapter 1

Introduction

1.1 Background and motivation

There has been remarkable progress in physics in the last century. The revolutions of
relativity and quantum mechanics in the first quarter of the 20th century led inevitably to
the establishment of what is now known as “the standard model” (SM) - the mathematical
formulation of the laws of nature at the most fundamental level currently known. This
model successfully explains phenomena on scales ranging from a few thousands of a proton
radius® to the size of the observable universe?. The outstanding puzzles where the standard
model is known to fall short can be grouped into roughly three areas: questions about the
character of the model itself which, although consistent, is arguably peculiar (e.g. the
various fine tuning and hierarchy problems); questions about the behaviour of matter at
extremely high energies which are mainly relevant to the early universe (e.q. questions
about quantum gravity and the origin of matter); and questions about the behaviour
of particles that may be abundant today, but are very weakly interacting with ordinary
matter (neutrinos and dark matter). All of these questions are far removed from ordinary
experience. The general consensus is that in the (limited) sense of knowing the underlying
laws, all ordinary phenomena from atoms to solar systems are completely understood.
This statement should be incredible to anyone without a physics education, but it can
be quickly supported by reading the published literature on fundamental physics (as con-
veniently summarised in, e.g., the annual Review of Particle Physics [8]) or by trawling
the daily postings on the physics arXiv®: the research topics of interest to modern the-
oretical physicists lie very far from everyday experience. Physics students are taught to
identify the relevant scales of length, time and energy in a problem and use the set of laws
appropriate for that scale. However, they are also taught that this procedure is purely

one of convenience, and that the laws governing phenomena at one scale can always be

!Corresponding to energy scales of a few hundreds of GeV (giga-electron-volts).

2For the cognoscenti: I am including classical general relativity with a cosmological constant in the
“standard model” for rhetorical purposes. This does not exactly match standard particle physics usage
of the term though, despite the famous difficulties of quantum gravity, it is consistent to include general
relativity as a low energy effective field theory (see, e.g. [7]). The cosmological model is taken as ACDM,
i.e. the “dark” components of the universe are a cosmological constant and cold dark matter.

3The openly accessible repository for preprint papers in physics and other quantitative fields, operated
on a not-for-profit basis by the Cornell University Library and available at https://arxiv.org/.



connected to the laws at neighbouring scales so that, for example, the laws of chemistry
can be derived from the laws governing atoms which can in turn be derived from the laws
governing sub-atomic particles and so on. In the language of particle physics and statistical
mechanics this intuitive idea has been refined into the technically precise notion of effect-
ive field theories: a mathematical framework that allows one to mechanically derive the
laws governing phenomena at larger distance scales from those governing smaller distance
scales.

There are some embarrassing omissions in this tidy picture, however, all of which have
to do with the inability to calculate in practice what is calculable in principle. For instance,
it is extremely difficult to compute, from the basic quantum mechanics of atoms, how a
given protein molecule (consisting of many atoms) will fold into a biologically significant
three dimensional shape. More relevant to this thesis, it is difficult to connect the “funda-
mental” theory of the standard model of sub-nuclear quarks and gluons (which are strongly
interacting) with the very different looking effective theory of protons, neutrons and vari-
ous mesons that is valid at nuclear scales. Similarly, it is difficult to accurately predict the
behaviour of the Higgs field in the early universe which is filled with a very hot and dense
plasma of many particles which may also be strongly interacting. In all cases the difficulty
of the problem comes from the importance of a large number of degrees of freedom, or
a strong coupling between degrees of freedom, or both. Ounly in the case of very simple
systems or systems close to thermal equilibrium can their properties be determined with
confidence.

This inability to compute is not simply a philosophical difficulty for those seeking
to shore up a reductionistic world-view. Neither is it simply a practical difficulty for
those pure theoreticians who only want to better understand their mathematical models.
It can also hinder efforts to learn real physics. For example consider the scenario of
electroweak baryogenesis, which is discussed in detail in the next section as a motivating
physical example, though the methods discussed in the remainder of the thesis are broadly
applicable. Briefly, it is believed that the Higgs field undergoes a phase transition at high
temperatures which were reached in the early universe. The nature of this phase transition
(e.g. whether it was first or second order, how much was the latent heat etc.) can have a
profound impact on the amount of matter surviving to the present day universe. Hence,
cosmological observations of the matter (baryon) density, as well as gravitational waves
and primordial magnetic fields, have the potential to constrain this phase transition.

However, it is difficult to reliably tell whether a given particle physics model has a
phase transition with given properties. For example, it is known that the standard model
possesses a second order phase transition, but this finding was the result of a focused effort
and could only be established using an expensive computational method (lattice Monte
Carlo; see, e.g. [9]). It is practically impossible to scan the parameters of a theory of
beyond standard model (BSM) physics using this method. In the BSM context one largely
has to make do with a patchwork of semi-empirical curve fitting methods to connect the
small scale physics (the fundamental parameters of the BSM model) with the large scale

physics (phase transition thermodynamics and baryon yield). All of these methods require



approximations which are somewhat suspect. Thus, such cosmological observations are of
limited usefulness for fundamental physics. New methods of calculation are required to
bridge the gap between theory and experiment in this case.

The standard model and the various BSM models are all examples of quantum field
theories (QFTs). Quantum field theory is the mathematical language of nature. Viewed
in this light, much of the last century of theoretical physics can be seen as quantum field
theory calculations performed in a variety of approximations. The most fruitful scheme so
far is clearly perturbation theory in small couplings, which has seen wide use and great
success. The classic example of a successful perturbation theory is the theory of quantum
electrodynamics (QED): the quantum field theory of electrons and photons. In this theory
the small parameter is the electric charge e ~ 0.3 of the electron, and observables are
computed in a series expansion in e of the form ag + aie + ase® + ase® + - - - . For example,
the anomalous magnetic moment a. of the electron has been computed to O (610) with the

result being in fantastic agreement with experiment [10]:

Y 1159652180.73 (0.28) x 10712 experiment, (1)
‘ 1159652181.643 (25) (23) (16) (763) x 1072 theory, '

where the numbers in parenthesis represent the uncertainties in the last digits (the theor-
etical prediction has uncertainties coming from several sources). These high order compu-
tations are typically laborious. For instance, the contribution of [10] was to recompute a
subset of the O (610) terms with greater accuracy using Monte Carlo integration, which
took 65 days on a 128 core computer cluster. Perturbation theory is widely useful in
practice despite the difficulty of improving its accuracy to high orders.

However, there are important physical situations where naive perturbation theory fails.
Electroweak baryogenesis is discussed in the next section as a concrete example of a real
physics proposal where perturbation theory breaks down in several important steps of the
computation. In such cases perturbation theory must be enhanced by resummation if it can
be used at all. Resummation works by re-organising the terms of the perturbation series
so that each term of the resummed series contains contributions from all orders of the
original series. This re-organisation can manifest qualitatively important physical effects
which are invisible to the original perturbation theory. For example, massless particles in
thermal plasmas produce large loop corrections which must be resummed, causing thermal
mass generation and non-analyticities in thermodynamic functions [11]. Similarly, large
logarithms can invalidate naive perturbation theory in problems involving disparate length
or energy scales. Resummation of these logarithms leads to the renormalisation group
running of coupling constants [12].

Although the need to go beyond naive perturbation theory is clear in many cases, ad hoc
resummations are problematic because perturbation series are asymptotic in nature [13]
and the re-organisation of the terms of an asymptotic series is mathematically questionable
at best [14]. Systematic resummation schemes are required to guarantee consistency with
the original non-perturbative theory. There are three such schemes which can claim to

be widely studied and successful: the renormalisation group (RG) [12], large N expansion



[15], and n-particle irreducible effective actions (nPIEAs) [16]. This thesis focuses on the
latter.

nPIEAs are a set of techniques (one for each n = 1,2,3, - -+ ) which can be thought of as
generalisations of mean field theory which are (a) elegant, (b) general, (c) in principle exact,
and (d) have been promoted for their applicability to non-equilibrium situations (see, e.g.,
[17] and references therein for extensive discussion of all these points). Non-perturbative
methods are essential in non-equilibrium QFT because secular terms (i.e. terms which grow
without bound over time) in the time evolution equations invalidate perturbation theory.
nPIEAs with n > 1 achieve the required non-perturbative resummation in a manifestly
self-consistent way which can be derived from first principles. “In principle exact” here
means that the nPIEA equations of motion are exactly equivalent to the original non-
perturbative definition of the quantum field theory. The only necessary approximation is
in the numerical solution of these equations. The resulting equations of motion are also
useful in equilibrium because many-body effects are included self-consistently. “General”
means that the methods are applicable in principle to any quantum field theory whatsoever
(although in a theory with many fields or with large n the resulting nPIEA could be very
bulky). Finally, “elegant” here means that few conceptually new elements are needed
in the formulation of nPIEAs in addition to the usual terms of textbook quantum field
theory. The complication is mainly of a technical, not conceptual, nature. To the author’s
knowledge no other techniques satisfy all of these criteria.

These properties make the nPIEAs compelling candidates for filling the gap between
theory and experiment anywhere the problem is the inability to compute the behaviour
of strongly interacting degrees of freedom or degrees of freedom which are out of thermal
equilibrium. As such, they form the basis of this thesis. Chapter 2 of this thesis reviews
nPIEAs and then shows, in novel work, how they achieve a re-organisation of perturbation
theory which is competitive with or exceeding more traditional resummation methods
(using the 2PTEA and a toy model where exact results are available for the comparison).
This success is explained in terms of the sensitivity of the nPIEA to analytic features of
the exact solution which are invisible to perturbation theory. The remainder of the thesis
focuses on one of the major shortcomings of nPIEAs — their poor handling of symmetries
— and efforts to overcome it.

Symmetries are central to modern physics. The standard model is not a generic
quantum field theory. It is a theory whose structure is determined by a large symmetry
group?. The symmetry group of a model determines what types (“representations”) of
particles may appear, as well as governing the form of the interactions and the conserva-
tion laws of the model. In the simplest case symmetries are global, i.e. the same symmetry
transformation applies everywhere in spacetime. In more complicated theories such as the
standard model the symmetries are gauge symmetries, meaning that independent sym-

metry transformations can be applied at each event in spacetime without altering the

“Usually written as PxSU (3)xSU (2)xU (1) where P is the Poincaré group of spacetime transformations
and (S)U (d) are the (special) unitary groups of d X d unitary matrices respectively. Strictly speaking
however, the group is Spin (3,1) x (SU(3) x SU(2) x U (1)) /Z¢, where Spin (3,1) is the double cover of
the Poincaré group and the quotient by the discrete group Ze¢ removes transformations which act trivially
on the standard model fields.
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Figure 1.1: Schematic depiction of the spin orientation of atoms in a ferromagnet in the
ordered phase (1.1a) and disordered phase (1.1b).

physics. The most important situation phenomenologically is the case of spontaneously
broken continuous symmetries. In this case the symmetry is not actually broken, merely
hidden because there is an interaction which causes a ground state which behaves non-
trivially under the symmetry to be energetically preferred. The classic example is the
ferromagnet: the underlying dynamics is rotationally symmetric, but there is an interac-
tion which tends to align the spins of neighbouring atoms in the ferromagnet, causing the
ground state to be one with all spins aligned. This ground state violates the underlying
rotational symmetry and a hypothetical microscopic physicist living inside the ferromagnet
may take a long time to notice that there is no such thing as a preferred direction in space.
This situation is schematically depicted in Figure 1.1.

This simple picture is easily generalised and has become central to constructing realistic
models of particle physics such as the standard model. In the standard model the symmetry
involved is the SU (2); x U (1), gauge symmetry®, which is spontaneously broken in the
ground state by an ordering interaction of the Higgs field. The result is that only the U (1) 0
symmetry of electromagnetism is manifest at low energies and the remaining gauge bosons
(the W* and Z°) gain large masses by the Higgs mechanism. This technique is essential
to model building in particle and condensed matter physics, as the Higgs mechanism is the
only known method to make a consistent theory of massive non-abelian gauge bosons|18]°.
Thus, for any technique meant to be applicable to the problems of modern physics, a decent
handling of symmetries is of paramount importance.

Unfortunately, nPTEAs are known to violate symmetries when they are truncated to a
form that can be solved in practice (see, e.g. [1] and references therein). This thesis focuses

on theories with global symmetries because the issues faced by nPIEAs are similar for global

®The subscripts on SU(2), and U (1), imply that the SU (2) gauge bosons only couple to left chiral
fermions and the U (1) gauge bosons couples to the hypercharge quantum number Y rather than the electric
charge Q.

6 Another method by Stiickelberg can be used to construct theories of massive U (1) gauge bosons, but
only U (1) gauge bosons. See, e.g., [19]



and gauge symmetries, the main difference being one of complexity. The symmetries of a
quantum field theory are embodied in a set of Ward identities”. These identities relate, for
each n, the n-point Green functions of the theory (which can be thought of as scattering
amplitudes for n particles) to the n+ 1-point Green functions in the limit that the incoming
momentum of the “extra” particle goes to zero. From this description it is not obvious that
the simplest (n = 1) Ward identity also embodies the famous Goldstone theorem, which
states that in any quantum field theory with a spontaneously broken global symmetry, each
broken symmetry has a corresponding massless (“Goldstone”) boson [20]. This has profound
phenomenological consequences as the existence of massless bosons generates long range
interactions which do not exist in a purely massive theory.

The essential problem with symmetries in the nPIEA formalism is that the rearrange-
ment of the perturbation series accomplished by nPIEAs violates the Ward identities order
by order (this is shown in Chapter 3). The correct identities are only recovered for the ezact
solution of the nPIEA (which is just as intractable as solving the quantum field theory ex-
actly in the first place). The result is that practical approximations to nPIEAs often have
pathologies such as massive Goldstone bosons, which leads to qualitatively wrong physical
predictions. It is important to note that the problem is with the method of calculation,
not the underlying theory itself. If one takes the nPIEA predictions at face value one may
reject a physically correct model on the basis of an incorrect prediction. Therefore it is
critical to gain a better understanding of the symmetry problem in order for nPIEAs to
be useful in the future.

This is where this thesis aims to make a contribution. Chapter 4 examines a method
recently proposed by Pilaftsis and Teresi [1] to improve the symmetry properties of nPIEA.
Their symmetry improvement method is generalised and extended, then applied to a num-
ber of case studies in equilibrium. It is found to be an effective method with some lim-
itations. Chapter 5 then introduces a novel technique called soft symmetry improvement
which aims to address these limitations. This method is shown to possess as limits both
the unimproved and symmetry improved effective actions, as well as a novel limit which
is examined in detail. Unfortunately the novel limit is pathological, but the nature of the
pathology hopefully sheds some light on the difficulty of handling symmetries in nPIEA
more generally. Then Chapter 6 extends the consideration of symmetry improvement bey-
ond equilibrium for the first time, finding new pathologies with the method. Chapter
7 brings everything together, drawing conclusions and pointing out directions for future
work. Finally, there are three appendices which contain intermediate results and code for

reference purposes, but which would otherwise interrupt the flow of the main text.

1.2 A case study: Electroweak baryogenesis

Electroweak baryogenesis (EWBG) is a hypothetical process which may have taken place
in the very early universe, when the temperature of the universe was of the order of

~ 100 GeV. EWBG creates an asymmetry in the abundance of baryons (protons, neutrons

"The analogous identities for abelian gauge theories are called Ward-Takahashi identities and for non-
abelian gauge theories Slavnov-Taylor identities [18].



and related particles which also have the quantum numbers of three bound quarks) and
anti-baryons. This asymmetry persists after the universe cools down and is ultimately
responsible for the abundance of matter in the universe. EWBG is considered in this
section as a case study of a real physics proposal intimately involving both non-perturbative
and non-equilibrium aspects. As such, it is difficult to compute accurate and reliable
EWBG predictions from fundamental physics. The purpose of the following discussion is
to highlight these aspects of EWBG, not to give a comprehensive review of the current
state of the field. For more detailed treatments the reader is encouraged to consult the
original literature cited below.

It is well known that for every type of matter particle (electron, proton, neutron, quarks
etc.) there is a corresponding antiparticle with the same mass and opposite charge. This
is now understood to be a consequence of combining the principles of special relativity
and quantum mechanics, which requires that antiparticles exist and have closely related
properties to the corresponding particles®. This is a very robust result, requiring only basic
physical principles, and it is satisfied by the SM. Further, the standard cosmological model
of the universe with a cosmological constant and cold dark matter (ACDM) predicts that
the early universe was in a very hot and dense state, where the maximum temperature
that the universe reaches could be as high as 1012 GeV [21]. At extremely high temperat-
ures the universe contains a plasma where particle (1) /antiparticle (¢) pair creation and
annihilation reactions such as vy < ¢ are in equilibrium.

As the universe expands it cools, and when the temperature drops below ~ m¢02 /kp
the creation reactions vy — 1) become Boltzmann suppressed. However, the annihilation
reaction ¢1) — 77 remains efficient as long as the (thermally averaged) reaction rate
I' ~ (nov), where n is the number density, o is the annihilation cross section and v
is the relative velocity, is more rapid than the Hubble expansion rate of the universe
H = a/a, where a (t) is the cosmic scale factor. In this regime particle/antiparticle pairs
are annihilated, depleting the number densities of both and temporarily slowing the cooling
of the plasma. Once I' < H the annihilation reactions shut off and the 1, effectively
decouple from the plasma, a phenomenon known as freeze out. After freeze out the relic
densities n w(@) € a~3 simply track the expansion of the universe. (This story assumes
that ¢ particles are stable for simplicity.) Thus one should expect the number density
of any species to be determined by the mass, reaction rates and expansion history in the
way described, allowing one to derive from a model of particle physics a prediction for the
amount of matter and antimatter in the universe.

The relic densities derived this way for the SM lead immediately to two puzzles: first,
they are too small by about ten orders of magnitude [22|, far too small for galaxies to
form, and the density of matter and antimatter should be comparable. Yet astronomical
observations have convincingly shown that the universe is made of matter. The abundance

of antimatter is negligible compared to that of matter [23]. The baryon asymmetry of the

81t is sometimes said that neutral particles such as the photon and Higgs boson have no anti-particles, or
that they are their own anti-particles. This is a matter of semantics, not physics, and the two descriptions
are equivalent. The convention of this thesis is that all particle species have a corresponding anti-particle
species (which is sometimes identical to the particle species).



universe (BAU) has been measured at the time of big bang nucleosynthesis (BBN), about
three minutes after the big bang, using the abundances of light elements as [24, 25]

np—ng _ (5.94£0.5) x 1071%,  Kirkman et al., cited in [24], (12)
My (5.8 £ 0.27) x 10710, Steigman [25],

n

where p(p) are the number densities of (anti-)baryons and n, is the number density of
photons. This ratio should be conserved with the expansion of the universe since ng 5 ., all
scale the same way with a (¢)°. Thus an independent confirmation can be obtained from

the cosmic microwave background, and the latest Planck data [26] is in agreement!:

n = (6.05 4 0.09) x 10719, (1.3)

The simplest possible explanation for the observed BAU is that it stems from an asym-
metry of the initial condition of the universe. However a net baryon number B # 0 initial
condition for the universe is implausible as a solution to this problem for several reasons.
First, if cosmic inflation is indeed the solution to the horizon, flatness and monopole prob-
lems in cosmology this requires at least about 60 e-folds of expansion which would greatly
dilute any initial baryon asymmetry. Second, if baryon number conservation is violated
by any beyond standard model (BSM) physics at high energies then any initial B # 0
would be washed out when the universe comes into chemical equilibrium at a temperature
T > Tgw, where Tgy ~ 100 GeV is the electroweak scale of the SM. Third, the SM
itself violates B conservation and lepton number L conservation through non-perturbative
sphaleron processes [27]. The only exactly conserved flavour quantum number of the SM
is the combination B — L. Any initial asymmetry in the orthogonal channel B + L will
be washed out by sphaleron processes at 7' > Tgryy. Note that at temperatures T' < Trw
sphalerons are exponentially suppressed and unobservable, hence this scenario is compat-
ible with constraints on unobserved processes like proton decay p — e*7.

If the BAU cannot be the result of an asymmetric initial condition it must be generated
dynamically by some new BSM particle physics. This is called baryogenesis. Numerous
recent reviews of popular scenarios are available [22, 28-33]. In 1967, Sakharov [28, 34]
laid out three general conditions which are required to dynamically generate B # 0 from

a symmetrical initial state!!:

1. Baryon number violation: Obviously if B is conserved then B # 0 cannot be gener-
ated from a state with B = 0.

2. Out of equilibrium dynamics: If the universe is in thermal equilibrium then every
B-violating reaction is balanced by the reverse reaction and no net asymmetry can

be generated.

®Up to a threshold correction due to electron/positron freeze out ez — v at temperatures T ~
mec?®/kp, which is straightforward to correct for.

"Planck measured the parameter Q,h*> = 0.02207 & 0.00033 which is converted to 7 via n =
Quh?/ (3.65 x 107). See [23, 24] for further details.

Note that, although the Sakharov’s original paper dealt with a particular model of baryogenesis, his
three conditions are completely general.



3. C and CP violation: If charge conjugation (C) or charge-parity conjugation (C'P) is
preserved then for every B-violating reaction there is a C or C'P conjugate reaction
that has the same rate but opposite B asymmetry. Hence every B-violating reaction

is balanced by another reaction with the opposite effect and no net B can be created.

The SM has all three of the necessary ingredients: B violating sphaleron processes come
from the non-perturbative electroweak sector of the SM, C' is maximally violated by the
chiral fermion couplings of the weak interactions, C'P is violated by the complex phase in
the Cabibbo-Kobayashi-Maskawa (CKM) mixing matrix in the quark sector, and the SM
plasma could be driven out of equilibrium by the electroweak phase transition (EWPT).

For sufficiently small Higgs mass the EWPT is a first order transition which proceeds
by bubble formation, analogous to boiling water, a violent process that locally departs from
thermal equilibrium at the bubble walls. It was within the realm of possibility then, before
the late 1990s (when the LEP2 experiment began placing limits on the Higgs mass), that
the SM alone could account for baryogenesis. However, it is now known that the Higgs
mass my = 126 GeV > 72 GeV, where 72 GeV is the critical point of the EWPT. For
values of my greater than the critical value the EWPT is a smooth crossover transition
which does not depart from equilibrium. Thus my is too large for the EWPT to depart
from equilibrium, violating the second Sakharov condition. Further, detailed computations
show that the C'P violating phase of the CKM matrix is many orders of magnitude too
small to account for the observed BAU [28].

Since the time of Sakharov, numerous models have been proposed that satisfy the
Sakharov criteria. A recent review counted 44 scenarios in the literature for generating
the BAU [31]. Of those only a handful are well motivated and provide decent prospects
for experimental confrontation in the foreseeable future. These are the models that pro-
pose new particles at or below the electroweak scale. One prominent option is to include
additional scalar fields that couple to the SM Higgs and strengthen the EWPT, and may
also provide new sources of CP violation. Such scalars can come from supersymmetric
(SUSY) extensions of the SM, such as the well studied minimal SUSY extension of the
SM (MSSM), or from grand unified theories (GUTs). These models are classified as elec-
troweak baryogenesis (EWBG) scenarios since they all involve the EWPT in an extended
electroweak /Higgs sector.

EWBG was first investigated in the SM [35], however, with the measured Higgs mass,
modern EWBG scenarios are all formulated in more or less minimal extensions of the SM
such as the MSSM, the next to minimal SUSY extension (NMSSM) with a single extra
gauge singlet chiral superfield, and non-SUSY extensions such as the two Higgs doublet
models (2HDM). In all of these models the EWBG scenario relies on non-perturbative
processes very similar to those of the original SM. The SM is briefly reviewed here, without
going into the formal field theory, to recall the physics and discuss EWBG at first in
a familiar context. This review is by no means comprehensive, nor suitable for a first
introduction. Up to date topical reviews are available from the Particle Data Group [8].

The SM is a relativistic quantum gauge field theory. The gauge group is SU (3) x
SU(2); x U(1)y. SU(3) is the gauge group of quantum chromodynamics (QCD). The



Table 1.1: SM bosonic representations. Y is weak hypercharge. The physical photon and
ZY bosons are both mixtures of the neutral weak boson and the hypercharge boson.

’ Particle(s) ‘ Spin ‘ SU (3) rep ‘ SU (2) rep ‘ Y ‘
Gluons 1 8 1 0
Weak bosons 1 1 3 0
Hypercharge boson 1 1 1 0
Higgs boson 0 1 2 +1

Table 1.2: SM fermionic representations. All are left chiral spin 1/2. Y,Q, B, and L are
weak hypercharge, electric charge, baryon number and lepton number respectively.

’ Particle(s) ‘ SU (3) rep ‘ SU (2) rep ‘ Y ‘ Q ‘ B | L
Quarks 2

up type: h t 3 2 1 < 3 ) 1 0

p type: up, charm, top 3 el 3

down type: down, strange, bottom 3
Leptons 0

e—, u—, T — neutrinos 1 2 —1 ( 1 > 0 1

electron, muon, tau

Up-type antiquarks 3* 1 —% —% —% 0

Down-type antiquarks 3* 1 % % —% 0

Anti-leptons 1 1 2 +1 0 | -1

QCD gauge bosons are the eight gluons. The electroweak gauge group is SU (2); x U (1)y..
SU (2), describes the weak isospin and acts only on left chiral fermions, hence the subscript
L. The U (1) is the weak hypercharge group. The groups SU (3), SU(2);, U(1)y have
coupling constants gg, g and ¢’ respectively. There is also a Higgs field which is a scalar (i.e.
spinless) and a doublet under SU (2), with hypercharge +1. There are three generations
of fermions which are identical apart from mass. The fermions fall into quarks, which are
charged under SU (3) and bind into baryons, and leptons which are not charged under
SU (3). The standard model particles are summarised in Tables 1.1 and 1.2.

Due to an ordering interaction of the Higgs field, the electrically neutral component of
the Higgs doublet develops an expectation value v. When this happens the electroweak
symmetry SU (2); x U (1)y is no longer manifest. Instead the weak bosons W+ and Z°
gain mass by the Higgs mechanism, while the remaining electroweak boson A becomes
the massless photon. The masses of the weak gauge bosons are'? my, = gv/v/2 and
myz = my/ cos Oy, where 6y is the Weinberg angle given by cos 0y = g/\/gQ—Fig’2 The
fundamental electric charge is identified as e = gsin fyy. The fermions couple to the Higgs
doublet with Yukawa couplings y; which, after symmetry breaking, result in fermion masses
m; = y;v. All of the SM fermions gain their mass in this way.

Finally notice that the classical field equations of the SM conserve baryon number
B and lepton number L as defined by Table 1.2. These generate a global (not gauged)
U(1)z x U(1), symmetry of the theory. This is an accidental symmetry in that it was

2Note that the relation between my and myz is modified by radiative corrections.
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not put in by design, but is rather a result of the fact that the only terms possible to
write down with the given fields happen to obey it. However, symmetries of theories with
chiral fermions coupled to gauge bosons are spoiled chiral anomalies |36, 37] and indeed
quantum effects reduce the global symmetry group to U(1)z_;. Thus B + L is not a
conserved quantum number of the SM at a quantum level, but B — L is.

The mechanism of B and L violation is topological in nature and as such is invisible to
perturbation theory. At zero temperature it proceeds by quantum tunnelling between gauge
vacua with different topologies. A potential barrier separates these field configurations and
the leading contribution to the transition rate at zero temperature comes from the semi-
classical tunnelling trajectory called an instanton (see, e.g. [38, 39]). Kuzmin et al. [40]
argued that at finite temperature the transition proceeds by classical fluctuations over the
barrier at a rate increasing exponentially with temperature, finally becoming unsuppressed
entirely at sufficiently high temperature. The height of the barrier can be computed by
finding the (unstable) configuration of the gauge and Higgs fields that maximises the
energy atop the barrier. These configurations are called sphalerons and were discovered
by Klinkhamer and Manton [41]. Further early analysis of these configurations in the SM
were carried out in [27]|. Pedagogical discussions can be found in [37, 42].

The weak gauge fields possess a topological invariant called the Chern-Simons number
IC which, effectively, measures how many times the gauge field configuration “winds” around
the sphere at infinity. In vacuum K is an integer. Transitions from one gauge vacuum to
another are possible and when this happens the chiral anomaly is responsible for changing B
and L by AB = AL = 3AK. More generally AB = AL = nyAK where ng is the number
of fermion generations. One can sketch the potential energy along the IC “direction” in
field space as shown in Figure 1.2. The sphaleron is the minimal energy configuration
interpolating between two adjacent vacua (i.e., the smallest barrier). Note that this figure
is only illustrative. To find an honest expression for the potential energy one needs to
develop a one parameter ansatz for the gauge and Higgs fields which passes through the
vacuum and sphaleron field configurations at appropriate parameter values and compute
K and the energy of the field configuration as a function of the parameter. The resulting
figure is somewhat arbitrary, depending on the choice of ansatz. Physically, there are many
paths over the ridge in field space represented by the sphaleron.

The height of the barrier and the sphaleron solution are found from a static configur-
ation of the gauge and Higgs fields that extremises the energy subject to the boundary
conditions imposed by the required Chern-Simons number. The resulting field profiles
must be found numerically [41], but in the ¢’ — 0 limit they depend only on the ratio
A2 /g% where ) is the Higgs self-coupling. The energy can then be written

2

where the numerical factor C ()\2/92) has been estimated in the original literature. Its
precise value is not important here, but C' ~ O (1 — 3) for the whole range of A2/¢? from 0
to +00. Thus the height of the barrier at zero temperature is of the order of 10 TeV. One
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Figure 1.2: Potential energy along the Chern-Simons number K “direction” in (infinite
dimensional) field space for an SU (2) gauge theory. Degenerate vacua correspond to
integer values of K, which is then equal to the winding number of the gauge field. Vertical
scale is arbitrary.

can thus think of the sphaleron, very roughly, as an unstable bound configuration with of
the order of 30 each of W+, W~ Z and 10 Higgs particles in a region ~ 1077 m across. In
reality the sphaleron is a coherent state, not a particle number eigenstate, so this picture
is at best qualitative. However, this illustrates that, while 10 TeV might not sound like
a terribly high energy for modern colliders, sphalerons are difficult if not impossible to
produce at present day collider experiments [42].

The second Sakharov criterion requires that the early universe depart from thermal
equilibrium at some point. This is achieved in EWBG by a first order phase transition
associated with electroweak symmetry breaking. Recall that if the Higgs field(s) has a
non-vanishing expectation value the electroweak symmetry is said to be broken, while if
the expectation value is zero the symmetry is manifest or unbroken. The behaviour of
the Higgs field ¢ in equilibrium can be determined by minimising the effective potential
V(¢). V(¢) is determined from I'[¢], which is the (Euclidean) one particle irreducible
effective action of the Higgs field. This formalism will be discussed in detail in Chapter
2. The effective potential can be computed in a semi-classical expansion in powers of
. The lowest order term is just the classical Higgs potential V(¥ (¢) = pu?¢? + /\72<b4.
The first correction is due to Feynman diagrams with one loop, which can be summed up
to VI (¢) = V(alg () + V) (4, T), where Vv(;c) (¢) is the contribution present at T' = 0

which serves to renormalise'® the parameters in V() (¢), and V1) (¢, T) is the temperature

!3This ignores the logarithmic Coleman-Weinberg terms, which can be justified by choosing an appro-
priate renormalisation scale.
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dependent correction [11, 43, 44]:

v (6,1 =3 avY, (1.5)

where the sum runs over all species. One can assume that the universe as a whole is
neutral and that B — L = 0 because the baryon asymmetry n ~ 6 x 10719 is small and is
expected to have only a small impact on the thermal properties of the early plasma. For
illustrative purposes it is good enough to perform a high temperature expansion of the
AVi(l) for m < T of the form [11]

1 77'['2 1
A‘/f((em)nions = _%TLL + RmQTQ + 0O (m4) ) (16)
2
1 T 1 1
AVons = g5 T + 5y 1" = rm'T +0 (m). (17)

For a species obtaining mass from the Higgs, m ~ g¢ or m ~ y¢ for gauge bosons and
fermions respectively. Thus the terms independent of the mass m give a ¢ independent
contribution to the potential, thus having no impact on the derivative dV/d¢ or the location
of the extrema, hence these can be ignored for present purposes.

To illustrate a first order phase transition assume (incorrectly) that mg < my, mz, my,
i.e. that the Higgs boson is lighter than the W¥*, Z and top quarks, and ignore the
contributions of all particles lighter than the W+ bosons since the heavy particles have
a correspondingly greater coupling to the Higgs field. The assumption that the Higgs is
light allows the use of perturbation theory. Higher order loop corrections involving W+
bosons come in with an expansion parameter ~ m% / m%/v and perturbation theory breaks
down for my 2 myy. Lattice computations have shown that the line of first order phase
transitions terminates in a second order critical point at mgy ~ 70 GeV and for the physical
Higgs mass my ~ 125 GeV there is no phase transition between the broken and symmetric
phases, only a smooth crossover [11].

The effective potential in this case is shown in Figure 1.3. To leading order in the
loop and high T expansions Vg (¢, T) = ( miy + af—j) f—j — L% 4 miy &7 where @ =

T2 v v3 402 v

%yg + %92 ~ 0.2 (where y; is the top quark Yukawa coupling) is not to be confused

14+2cos3 0w 3
8mv/2 cos3 Oy g
18 GeV for illustrative purposes. At temperatures above the upper spinodal temperature

with the cosmological scale factor and b = ~ 0.03. In the plots myg = 0.1v ~

T, = \/% ~ 0.225v the minimum at ¢ = 0 is the only critical point of the
effective potential and the electroweak symmetry is manifest. Between the upper and
lower spinodal temperatures, 7. > 1T > T_ = % ~ 0.158v, a second minimum develops
at ¢ # 0 which is separated by a barrier from the minimum at ¢ = 0. At the critical
temperature T, =~ 0.213v the new minimum is degenerate with the minimum at ¢ = 0. At
temperatures T' < T, the broken phase is preferred and for T < T_ the coefficient of ¢? in
Vogr vanishes and ¢ = 0 ceases to be a minimum of the effective potential altogether.

The history of the universe in this scenario is as follows. At T" > T, the electroweak
symmetry is unbroken. As the universe expands the temperature drops to T, < T < T4.

In this regime bubbles of broken phase can form by thermal fluctuations but these are
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unstable and rapidly disappear. At T = T, the interior of the bubbles of broken phase
are degenerate with the unbroken phase, but there is an energy cost associated with the
bubble walls that still renders them unstable. At T_ < T < T, the broken phase has an
energy advantage AV = —Vig (¢min, T') and a spherical bubble of broken phase has an
energy
2 Am 3
E =47R*0 — ?R AV, (1.8)

where o is the surface tension of the bubble wall. The bubble will expand if it is larger

than the critical size R, = 20/AV. The rate of bubble formation is I' ~ exp (—E,/T)

3
where E, = 1%“ A"VQ

cosmologically significant when this rate exceeds the Hubble rate, which requires that T’

is the energy of the critical bubble. Bubble nucleation becomes

drop sufficiently below T,. At this time bubbles begin to form and expand, eventually
filling the universe. The volume fraction of broken phase as a function of time and the
completion time of the phase transition can be computed from a simple macroscopic model
once a few plasma parameters are known, namely the latent heat, surface tension and wall
velocity [45, 46]. The wall velocity in turn can be calculated using a hydrodynamic theory
given the friction on the bubble wall, at least for sufficiently large bubbles in the thin wall
limit [46]. It is the job of a micro-physical model to calculate the wall friction, latent heat
and surface tension of a phase transition bubble.

The friction on bubble walls is the result of particles in the unbroken phase scattering
on the bubble wall and being driven out of local thermal equilibrium. It is this breaking of
local thermal equilibrium which satisfies the Sakharov criterion for baryogenesis in EWBG
models. If the scatterings also violate C and C'P, e.g. by preferentially scattering left
handed particles, then a net asymmetry of left handed particles builds up in the unbroken
phase in front of the wall (balanced by an opposite right handed asymmetry which passes
through the wall). The left handed particles outside the wall bias sphaleron transitions
to produce a net baryon number. It is important that in the broken phase the sphaleron
transitions are turned off, otherwise they will wash out the net asymmetry. This requires
that the phase transition be sufficiently strong, typically taken to mean A¢/T, = 1 where
Ad¢ is the difference in ¢ between the phases at Ty, but it is not trivial to determine how
strong is really strong enough. Indeed, a proper determination of the washout factor,
beyond a few conservative estimates, is one of the main outstanding problems in EWBG
[29].

The qualitative reason C'P violation leads to baryogenesis is as follows. Suppose that
CP is violated in quark-wall scattering such that qr, + gr reflect more readily than qr + gy
Now, temporarily “turn off” sphalerons for illustrative purposes. The qr + ¢z, build up in
front of the bubble wall (recall that Higgs-Yukawa interactions change fermion chirality)
while a compensating CP asymmetry passes through into the broken phase. There is no
baryon asymmetry at this stage, and if it were not for sphaleron transitions no asymmetry
would be generated: though the gr + ¢, tend to reflect from the bubble wall they will all
eventually pass through, certainly by the time the broken phase fills all of space. Now turn
sphalerons back on. Sphalerons only act on the L particles, converting 3n;qr, — nyly, and

3nrqr, — nfl_L. The rate of the former process, with AB = +1, exceeds the rate of the
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latter, with AB = —1, since there are more g7, than ¢z, in front of the wall. Hence a net
baryon number is generated in front of the bubble wall.

Clearly the net baryon asymmetry produced by this mechanism depends on a number
of factors: how strong is the C'P violation in the reflection/transmission coefficients; how
far do reflected particles diffuse into the plasma ahead of the bubble wall and for how
long; what is the rate of sphaleron transitions in the plasma ahead of and behind the
bubble wall; and how fast are other processes besides sphalerons which tend to wash
out CP asymmetries (without producing B or L asymmetries)? The current practice for
quantitative calculations is to: (1) calculate bubble wall reflection/transmission coefficients
using a non-equilibrium quantum transport theory or semi-classical Boltzmann equation,
using bubble wall velocities obtained from a hydrodynamic treatment and ignoring the
back-reaction of the generated asymmetries on the bubble wall; (2) perform lattice Monte
Carlo calculations of the sphaleron rate, in one of a few simplified models, in equilibrium
at various temperatures to calibrate a semi-empirical formula which hopefully applies out
of equilibrium to the required accuracy; and (3) combine these elements in a network of
continuity equations which are integrated numerically to find the final baryon (and lepton)
asymmetry |29, 43].

By way of contrast, a second order phase transition is illustrated in Figure 1.4. The key
difference from a first order phase transition is that there is never more than one minimum
of the effective potential. The upper and lower spinodal temperature are equal to the
critical temperature Ty = T. As the temperature decreases the universe smoothly evolves
from an unbroken to a broken phase and there is never any bubble nucleation. As a result
the plasma never departs from local thermal equilibrium and there is no opportunity for
EWBG. In the SM the EWPT is second order for mgy 2 72 GeV [29], thus it is necessary
to investigate EWBG in the context of SM extensions.

The obvious major problem facing EWBG scenarios is the order of the electroweak
phase transition. It is necessary for the transition to proceed through bubble formation
as in a first order transition, and also that the scalar field behind the bubble wall be
sufficiently large (a measure of the strength of the phase transition) that sphaleron processes
are effectively shut off, lest they erase the baryon asymmetry that was so painstakingly
created. The most straightforward approach to strengthening the EWPT is adding new
scalar fields which are strongly coupled to the Higgs. However, any models with new
particles necessarily have undetermined parameters which must be scanned to assess the
range of EWBG predictions possible. Typically perturbation theory is used since it is
relatively easy to scan parameters, however perturbative results do not necessarily agree
with more accurate (but harder to scan) lattice methods. See e.g. [47| for a perturbative
discussion of EWBG in the MSSM and contrast this with the lattice Monte Carlo studies
using dimensional reduction [48-50] which suggest that the EWPT can be much stronger
than the perturbative estimates. Unfortunately these lattice methods have been applied
only to a few well studied models such as the MSSM.

It is possible to investigate new physics in a fairly model independent way if a few

simplifying assumptions are satisfied. If the new physics, however complicated, exists at a
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Figure 1.3: 1.3a: Thermal effective potential of a system with a first order phase transition.
Curves are shown for the approximation to the SM discussed in text, with the Higgs mass
chosen at the un-physical value my = 0.1v. 1.3b: Critical points of the effective potential
as functions of the temperature with streamlines illustrating their stability.

16



0.00
0.002
0.001F — Tn=02
I — T/N=0.158
0.000} TN T =01
— Tiv=0

-0.001}

-0.002f

-0.003L

div

v ' Thv

0.00 0.05 0.10 0.15 0.20

0oL

Figure 1.4: Same as Figure 1.3 only for a system with a second order phase transition.
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scale M which is heaver than the weak scale v, and there exists a separation scale A such
that v < A < M then it is possible to use an effective field theory below the scale A with
only the SM degrees of freedom. The new physics manifests as additional operators in the
Lagrangian:
L 56 L (6)©) 1
£:£SM+ZKQ>0§>+ZECE 0 +0 () (1.9)
i i

where (92(5’6)
ively built only out of SM fields'*. The c

are expected to be O (1) if they come from a generic model of new physics (if the new

are the set of all gauge invariant operators of mass dimension 5 and 6 respect-
(5,6)

. are dimensionless ( Wilson) coeflicients which

physics has a symmetry some of the coefficients can vanish, or be loop suppressed). Amp-

litudes calculated in the effective theory are expected to be accurate to (E/ A)3 corrections,

where FE is energy scale for the process at hand.
(5,6)
i

has been found for the SM

degrees of freedom [51]. Altogether there are 65 of them: one dimension 5 term that gen-

A complete basis of linearly independent operators O

erates Majorana neutrino masses after electroweak symmetry breaking, and 64 dimension
6 operators: 59 of which conserve B and L, and 5 four-fermion contact interactions which
violate'® B and L (but conserve B—L). Of all of these operators, only one affects the Higgs
potential: the dimension six term ¢®. Thus a conservative, and largely model independent,
exploration of BSM modifications to the Higgs potential can be achieved by taking as the
Higgs potential

A 1
V(¢) = p’¢” + §¢4 + P¢6- (1.10)

EWBG with this potential has been investigated in [52] which finds that A ~ 500—800 GeV
gives a strong first order phase transition for the physical Higgs mass my = 125 GeV. The
#% term is very difficult to probe at the LHC, thus the constraints are weak unless the
new physics generates other dimension 6 operators at the same scale. As a result, LHC
constraints do not yet significantly touch this range of A, though with enough luminosity
at 14 TeV the LHC could begin to constrain this scenario through measurements of the
Higgs cubic self-coupling [47, 52].

Thus it is easy to strengthen the EWPT in BSM models of current phenomenological
interest. However, questions can be raised about the computation of the phase transition
thermodynamics. A conceptual question of great practical import is the gauge dependence
of this theory, which is relevant in the Higgs theory because an expectation value of a gauge-
variant quantity like ¢ is physically meaningless. Two methods are available to check the
gauge dependence of the result: redo the computation in a general class of gauges such as
the R gauge and check the dependence on the { parameter, or develop a formulation using
only manifestly gauge invariant quantities. An example of the first method is the jump of
the order parameter at the critical temperature, ¢./T, calculated by standard techniques
in the SM [53]:

. 3 _ 3/2
% = ﬁ (293 + (Q% + 93)3/2> ) (1.11)
C

Do not confuse the operators (’)55’6) with the mathematical “big-oh” notation O (-)!
'5Note that such operators are typically constrained to a very high scale A > 10'? GeV as they generate
tree-level proton decay, unlike the non-perturbative sphaleron/instanton processes.
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where A is the Higgs quartic coupling and g1, g2 are the U (1), SU(2), gauge couplings
respectively (note the normalisation convention for A is different from the one used here!).
Note the spurious gauge dependence of this quantity. Indeed by choosing & = 32/ the
order parameter can be made to vanish! Similarly, calculations of the sphaleron rate and
washout factors are gauge dependent and so far only lattice results are theoretically solid,
but these have only been done in a small number of cases [29]. As a result it is difficult
to say whether a given phase transition is indeed strong enough to avoid washing out a
baryon asymmetry.

An example of the second method is the lattice Monte Carlo method, where it is ne-
cessary to use gauge invariant order parameters from the outset (see [54, 55| for examples
showing how gauge invariant observables can be judiciously chosen to extract the desired
physics). Unfortunately it is infeasible to implement and interpret lattice computations
for every scenario in every model of interest, so it remains valuable to develop appropri-
ately gauge invariant perturbative methods. Also, lattice methods can only be straightfor-
wardly applied to equilibrium problems. Thus real time methods which allow an extension
to non-equilibrium situations and have manifestly good gauge invariance properties are
particularly valuable.

Once a first order phase transition is in hand, the probability of bubble formation can
be found in equilibrium by saddle-point evaluation of the Euclidean functional integral. At
zero temperature the pioneering theory of Coleman and Callan [56, 57| remains essentially
unmodified (c.f. [42, 44, 58| for more recent discussions). They find that the bubble
formation probability per unit volume per unit time for a single scalar field ¢ with potential
U (¢) and false vacuum solution ¢4 (with the convention U (¢4) = 0) is, to leading semi-

classical order,

N|=

O g B |det [-02 407 (9)
vo° 4m2h? | det [—02% + U" (¢4)] [1+0O "], (1.12)
where B is the bounce action
1, - _
B = /d4$E |:2 (ad))z +U (gf)):| R (1.13)

and ¢ is the solution of the Euclidean (imaginary time) equations of motion with

¢ (x — 00)=¢4. (1.14)

The prime on det” indicates that the zero modes of the differential operator are excluded
from the functional determinant. The functional integrals over the zero modes correspond
to integrating over all possible bubble centres and nucleation times, which is accounted for
by the B2/4w2h? pre-factor. Extension of the theory to finite temperatures is in principle
straightforward: one looks for solutions which are periodic in imaginary time with period
h/kpT. At high temperatures the problem is effectively reduced to a three dimensional
one and B — kBLTS& where S3 is the three dimensional action [44, 58].
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Generally the evaluation of B is a tractable numerical problem, though analytical
results are available for the very widely used thin wall approzimation, but the evaluation
of the functional determinants ranges from very difficult to hopeless. Thus one typically
guesses the pre-factor based on scaling and dimensional analysis and attempts to validate
this guess by comparison to lattice Monte Carlo simulations. So far this program has only
been carried out for a small number of benchmark models. In cases of phenomenological
interest for EWBG where multiple scalar fields are participating in the phase transition
the nucleation rate is in principle a straightforward extension of these standard results,
but the computational difficulty increases with the complexity of the scalar sector. Often
one finds thin wall results applied without the validity of the approximation being checked.
Another important question concerns the gauge dependence of the formalism.

Baryon production is largely dependent on the production of CP violation in fermion
scattering off bubble walls and the diffusion of the asymmetric species into the plasma
ahead of the bubble wall, which must be subsonic for such diffusion to happen'®. The
faster an asymmetric species diffuses, the longer it remains ahead of the bubble wall,
and the longer sphalerons have to convert it into a net baryon asymmetry. Thus a solid
understanding of the scattering and transport of plasma particles in the bubble region is
essential to a reliable EWBG calculation. Recent progress has achieved this, up to some
small open questions, in the context of the MSSM (for a review see [43]). These techniques
have not yet seen wide application to BSM models other than the MSSM, although the
SM with the dimension six term ¢%, a scalar singlet SM extension, 2HDM (Types I and
IT), MSSM, and NMSSM are each briefly discussed in [43].

In summary, electroweak baryogenesis is a plausible mechanism for explaining one of
the greatest mysteries: the matter-antimatter asymmetry of the universe. The size of
the asymmetry is well established within seconds of the big bang, and is crucial for the
production of light elements in the early universe. If it were not for some mechanism of
baryogenesis there would be very little matter in the universe, and essentially no galaxies,
stars, heavy elements or life. Yet, remarkably, EWBG provides a testable mechanism
for controlling the late time abundance of matter in the universe and is already being
constrained by the LHC. EWBG in specific models such as the MSSM is already under a
great deal of strain, although ruling it out in a completely model independent test may have
to wait for the next collider. At the present time experiments are catching up to theoretical
speculations at the electroweak scale, and formulating solid theoretical predictions should
be a top priority. In particular, it should be possible to say with confidence whether
a first order phase transition exists in any particular extended Higgs sector, and what
the critical temperature, nucleation rate, strength of the phase transition, CP violation
generation rate and sphaleron rates are in all relevant regimes. These quantities have been
well established in a handful of benchmark models but for the most part questionable
estimates and conservative rules of thumb are used to establish the viability of EWBG
within a particular model.

All of this motivates the investigation of a new approach to non-equilibrium non-abelian

5 Though see [59] for an alternate EWBG mechanism involving supersonic bubble walls.
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gauge theories, incorporating and extending the new insights from recent years to theories
of phenomenological interest. The “holy grail” of this investigation would be an approach
to Yang-Mills-Higgs-Dirac type theories with chiral fermions which is manifestly gauge
invariant, can solve the initial value problem far from equilibrium, with realistic (i.e. non-
Gaussian) initial conditions, with a well established and tractable renormalisation pro-
cedure, while avoiding infrared singularities, unphysical transients and secularities though
consistent and systematically improvable re-summations. It would be desirable to see the
spontaneous symmetry breaking of a non-abelian gauge theory or biased sphaleron trans-
itions in real time, and a controlled analytical framework capable of this would provide
a valuable check of lattice calculations and perhaps provide useful “boundary markers” in
the quest to map out possibilities for beyond standard model physics. It is incredible —
maybe wildly optimistic — that such a formulation might be possible. In the meantime
one may take some small steps towards this dream by attempting to extend the n-particle
irreducible effective action formalism, which has already been demonstrated to be useful in
non-perturbative and non-equilibrium quantum field theory [17], to better handle theories
with a high degree of symmetry and symmetry changing phase transitions. This hypothesis

provides the launching point for this thesis.

1.3 Quantum field theory and functional integrals

The review of electroweak baryogenesis in the preceding section motivates the development
of new techniques for non-perturbative quantum field theory based on the n-particle irre-
ducible effective action formalism. However, before diving into that work a brief review
of basic quantum field theory is worthwhile. This is provided here. The following review
is not comprehensive and cannot replace an actual course in quantum field theory, but it
does suffice to establish the notation and basic framework which forms the basis of the rest
of this thesis. Further, the original references cited below can provide a jumping off point
for further investigation.

A field ¢ : M — T is simply a mapping from a spacetime manifold M to a field or
target space T assigning to each event in spacetime the value that the field takes at that
event. This thesis focuses on the special case of scalar fields, for which 7 = R (later on,
when discussing symmetries, 7 = RY for integer V). This thesis also restricts discussion
to flat spacetimes'”, so M = R?®. A quantum field is simply a field which can exist in
a quantum superposition of several classical states. Thus quantum field theory (QFT)
is often considered a special case of quantum mechanics (QM), taking the limit that the
number of degrees of freedom goes to infinity. However, the limit usually cannot be taken
in a rigorous way and in fact one proceeds the other way, deriving QM as a special case
of QFT in zero spatial dimensions (where M = R is just the time-line and T is a copy of
ordinary space for each particle). Furthermore, there are non-trivial QFTs with no particle

content whatsoever (so called conformal field theories and topological field theories). Still,

'"The generalisation to curved spacetimes is in some respects straightforward and in other respects quite
subtle and interesting, though beyond the scope of this thesis. In any event, quantum field theory in curved
spacetime is standard lore (see, e.g. [60]).
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there is a close relation between QM and QFT: for each formalism available for QM there
is a corresponding QFT formalism. Thus, for example, one could study quantum fields
in the Schrodinger picture via the wavefunctional ¥ [¢ (x)] and its evolution equation
ihd, U = HU. However, in QFT it is often far more convenient to use the functional integral
formalism, originally due to Feynman [61], so this section reviews QFT in the functional
formalism and some of the connections to the more familiar canonical formalism which will
be useful later on.

Start in the canonical formalism. Here, fields are Heisenberg picture operators (actually

operator valued distributions) ¢ (, t) with accompanying canonical momenta 7 (x, t) which

obey canonical equal time commutation relationships

6 (@16 (.1 = 7 (@.0). 7 (y,0)] = 0. (1.15)
O, ), 7 (g, 0)] =6 (@ —y). (1.16)

Commutators at unequal times must be found by evolving the field with its equations of
motion. For a free field this can be done exactly. The free field Hamiltonian is quadratic

in fields and momenta, exactly analogous to the QM harmonic oscillator:

kel _ 1,\2 1 ~ 2 1 2/\2
HO—/mQW +§<v¢) T gm2 (1.17)

m is a parameter with dimensions of inverse length (the name is due to a quantity with
dimensions of mass m#h/c, which is equal to m in natural units because A = ¢ = 1). The

Hamiltonian equations of motion are then

0 (x,t) = —i [qB (1), Hy (t)} = it (z,1), (1.18)
Oyt (m,t) = —i [7? (z,1), Hy (t)] = V2§ — m2, (1.19)

which can be rearranged to
(02 —V24+m?) =0 (1.20)

which is the Klein-Gordon equation for qg, and an analogous equation for 7. As a linear

equation, this can be solved by Fourier decomposition

A~

& (z,1) = / N [ake“k-Hkt) +aLe*i<’°'w*wkt>}, (1.21)
k

where

wr = VEk? +m? (1.22)

and taking into account that, as a real scalar field, <Z>T = qAﬁ Taking the normalisation

(2m)?
2wk fr

and applying the equal time commutation relations leads then to the commutation relations

Ni = (1.23)
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la, aq) = [l a}] =0, (1.24)

[k, a5] = 0@ (ks q). (1.25)

for the mode operators. It is conventional to take fi = 1, which is used in all the following.
With this choice ay (dL) are annihilation(creation) operators for particles with bosonic

statistics.

Using the mode expansion the free Hamiltonian becomes

Hy = / (2m)> wi <a}cak + %5@) (0)) : (1.26)
k

where the formal commutator [dk, du = §(3) (0) was used. Using the Fourier representa-

tion of the delta function 6 (0) = (27)~° [0 = (27)"®V where V is the volume of

space, the second term can be written

/k:(27r)3 wkéé(?’) (0) = (;/kwk> v, (1.27)

which assigns an energy density of % Ji Wi to the vacuum. Subtracting this (divergent)

vacuum energy density gives the normal ordered Hamiltonian
: f{() = /dgk wkd};ak = /dgk wka, (1.28)

where Nj is the number operator for the mode k. : Hy : describes non-interacting (because
the energy is additive) particle-like bosonic excitations of mass m.

Now the unequal time commutator can be found:
[QB (2) 7<5<Z/)] = /ka/qu [dke““ + d;;e_””,dqeiqy + a;e—iqy}
= / Ng / Nq5(3) (k—q) (ei(’m*qy) _ e*i(kwfqy)>
k q

3
_ / 4k (e — omikten)) (1.29)

2wy,

where the time component of &, is wg in the exponentials. Note that when x and y are
spacelike separated, there is a frame in which the time component of x# — y* vanishes. In
this case one can see that the commutator vanishes by setting k — —k in the second term.
To show that this holds in all frames one needs to show that the integration measure is in

fact Lorentz invariant, as the exponentials are manifestly invariant. Consider the identity

QL — /dkoé (kg — wi) © (ko) = /dkocS (k* —m?) © (ko) . (1.30)

Wi

Then
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6().6()] = /k (2m)" 6 (K2 = m2) © (ko) (M) — =G0y (131
which is manifestly invariant under the isochronous (i.e. not reversing time) Lorentz trans-
formations. Thus fields commute at spacelike separation. This is the microcausality con-
dition and effectively implements the speed of light limit for information transmission.
Microcausality holds for the free field theory, but also for the interacting theories of phys-
ical interest'® and is automatic if the theory is constructed from a Lorentz invariant action
which is the integral of a local density which is a finite order polynomial of fields and their
derivatives |62].

Since spacelike separated fields commute, the set of fields on a spacelike hypersurface
Y forms a complete commuting set of operators and a complete set of eigenvectors can be

found. Arbitrary states can be expanded in this basis as

v = / Do (x € D)6 (2)] |6 (2):5) (1.32)

where ¥ [¢ (x)] is the wavefunctional and the Heisenberg states |¢ (x) ; 3) are eigenvectors
of the field operators ¢ () on ¥ with eigenvalues ¢ (x). Note that |¢ (x);X) is generally
not an eigenvector of a field operator not on the hypersurface. The time variable hidden
in the notation “¢ (z)” is merely part of the label for the state and implies nothing about
its time evolution (indeed Heisenberg states do not evolve). The notation “; 3" is used to
remind us of this fact. Now consider a transition amplitude between an initial and final
state W; — Wy:

(| W) = /Dwi(a:ezi),qsf(xezf)]
W [ (2)] (bp (1) Sy | 61 () S) s [ ()] (1.33)

where the initial and final hypersurfaces are X; and Xy respectively and by assumption X
is later than 3; (i.e. any future directed timelike curve passing through ¥; at proper time
7; passes through X, at a proper time 7y > 7;). From this equation it is clear that the

time evolution problem reduces to finding

(O (x) ;27| i ()5 %4) (1.34)

the transition amplitude between field eigenstates on two spacelike hypersurfaces.
This goal is accomplished by the Feynman path integral or functional integral. The idea
is to do the time evolution a little bit at a time. Since Xy is later than J; it is possible

to break the finite time evolution into a succession of N steps ¥; — X1 — Y9 — -+ —

'¥The main exception being electromagnetism in the Coulomb gauge, which explicitly breaks Lorentz
invariance. In this case the (gauge variant) commutators do not vanish at spacelike separations but
causality problems are avoided because only gauge invariant quantities are physically observable. All gauge
invariant quantities can be equally well computed in a Lorentz covariant gauge in which microcausality is
manifest at every step. For further details, consult e.g. [62].
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YXn-1 — Xy and take the N — oo limit such that each step represents an infinitesimal

time evolution. Formally this is done by repeatedly inserting resolutions of the identity

i= / Db (x € D)|6:5) (6:5). (1.35)

obtaining

(67 (2): 57 |64 (@) 3) /HD@ (x € 5]

X (¢r(2); X5 [dN-1(2); EN-1)
X (g1 (7) 5 Bpg1 | Or (2) 5 Xg)
<¢1( ) 21|¢z( ), z>' (1-36)

- X

To simplify this further one can assume that the Xs are all flat and parallel (the general
case can be recovered from the final result). This means that there is an inertial coordinate
system where the time t; is constant on each Y. One can further assume, without loss
of generality, that the hypersurfaces are equally spaced. That is, tx = t; + €k where
e=(ty —t;) /N.

Now all one needs is the infinitesimal step

(D1 () st + €| or () 52k - (1.37)

Intuitively, there is not much time for the fields to evolve, so this should be close to the
delta functional ~ § [¢pr+1 — ¢x]. To find the O (¢) correction it is easiest to convert the
states into the Schrodinger picture (indicated using a subscript “S”) using the time evolution

operator

(G (@)t + | bp (2) 3 6) = <<z>k+1 (@)1

[ﬁ e (6, fr)]

where H ((ﬁ, 7?) is the Hamiltonian. Resolving the identity again, this time with 7 eigen-

¢k (x) ;tk>s y (1.38)

states,

(i1 ()5t + €l dp () 5tr) = /D[Wk(l‘)]<¢k+1($);tk|ﬂk(iﬂ);tk>s

X <7rk ()t

[ﬂ el (wﬂ ’qbk (@) ;tk> 139

which becomes

25



(Prr1 () te + €| dr ()3 t) = /D[Trk(l“)]<¢k+1(ﬂ3);tk|ﬂk($);tk>s

(1= et (G| )i ) ) st1.0)

Using!® (¢ |7) = exp (% [, 7 (@, ) ¢ (x, 1)) this can be written

(brar ()i tn + €| b (2)5t) = /Dm ()] exp (;/wm (@, tx) [Drr1 (@, 1) — o (w,tk)])
X exp [—;eH (k. Trk)]
- [P@leo <; / [ (2 1) Drbr (. 1)
—H <<z>k,m>]) (1.41)

using the finite difference approximation ¢11 — ¢ = €0y¢r and that the Hamiltonian
H = fx ‘H is the integral of a local Hamiltonian density H. Multiplying all time steps gives

(61 () 21165 (2);54) = Dlo.rlews (1 [ In(@) 30 ) - H0.7))

(1.42)

/¢($)¢f(93)7 zeXy
¢

(I):‘bz (m)v TEX;

which, in the N — oo limit is the Hamiltonian form of the path integral.
If the Hamiltonian is quadratic in the momenta the 7 integral can be performed by

completing the square:

[rren ([ r@oow - 5r@]) = [Pren(; [-3F@-a0wP)
<o (1 [ 50002)

N exp <;/;(8t¢)(a:))2>, (1.43)

xT

where the 7 integration variable can be shifted 7 — 7w 4+ 9:¢ to give the constant normal-

N = /D[ﬂ] exp <;/x—;ﬂ'(m)2), (1.44)

isation factor

and

¢(z)=¢f(x), v€Xf i
(67 (2):57 6 (@);50) = N plew(; [£@).
¢(z)=¢i(x), z€L; z

"“Recall from basic QM that (¢|p) = exp (£pq).
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where £ (¢) is the Lagrangian density?’

£(6) =7 () 06 (2) ~ H (6,7) = 20,606~V (6). (1.46)

where V' (¢) is the potential which is equal to %ngbz in the case of a free field theory. The

classical action functional is the spacetime integral of the Lagrangian

- /E(d)). (1.47)

(1.45) is a completely Lorentz invariant (indeed, diffeomorphism invariant) formula for
transition amplitudes which no longer depends on any particular assumptions about the
time slicing used etc. Of course, all of the difficulties are hidden in the notation. N is
traditionally absorbed into the definition of the measure D [¢] and is unimportant for most
physical problems. Some methods of dealing with the overall normalisation are discussed
in the next section. Note that matrix elements of arbitrary time ordered products of fields

are now easily obtained. Define the functional

ApilJ (@)] = N / . ff , " D g exp G([e@riwewm)|.

€Y,

Then

(o @5 | T [ den)] | @i = (=i 0o ) oo (i i ) An b )

(1.49)
where it is assumed that all x; are in the spacetime region bounded by 3; and Y. This

type of generating functional technique is used frequently in the following.

1.4 Time contours, Green functions and non-equilibrium QFT

In order to make practical use of the functional integral it is necessary to have some way of
characterising the initial and final states, handling the overall normalisation and evaluating
the integral itself. Each of these typically require regularisation to handle divergences and
renormalisation to express the input parameters in terms of physical observables. The way
all of these are implemented depends on the physical application being considered.

For example, the setting of most particle physics is vacuum field theory. One is usu-
ally interested in the scattering of a small number of particles which ounly interact in a
small spacetime region. Long before and after the interaction the particles are effect-
ively free, so the initial and final states can be approximated by free particle states ~
aLlaLz e a;fcn |vac) and the appropriate observable is the S-matrix element. The Lehmann-
Symanzik-Zimmermann (LSZ) reduction formulae connect the S-matrix elements for the

asymptotic free particle states to the vacuum-to-vacuum transition matrix elements of a

20Tt is common to refer to £ simply as the Lagrangian, i.e. dropping the “density.” Though strictly
speaking incorrect, this rarely results in confusion.
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time ordered product of interacting fields (a correlation or Green function). The essen-
tial idea of the LSZ formulae is that, while the free field operators create and destroy
single particles, interacting fields have some amplitude to create and destroy multi-particle
states. Nevertheless, multi-particle wave packets spread differently than single particle
wave packets, so that the single particle contributions can be isolated and related to the
asymptotic free particle states. The Green functions can be evaluated by using, essentially,
the formulae of the previous section. However it is necessary to characterise the initial and
final physical vacuum state and handle the overall normalisation. The Gell-Mann and Low
theorem accomplishes both. The idea is that, instead of trying to find the wavefunctional
of the vacuum state, one can use any physically reasonable initial and final states?' in
(1.45) and deform the time contour in a slight negative imaginary direction, so that one
eventually takes the limit ¢; — —oo (1 —i€) and t; — 400 (1 —ie). The imaginary time
component introduces a dissipative part to the time evolution ~ exp (—etf[ ) which damps
all states except for the lowest energy, i.e. vacuum, state. So finally in the limit only the

22 The normalisation factor is taken care of

vacuum-to-vacuum matrix element survives
by noting that (vac|vac) = 1, i.e. an undisturbed vacuum remains vacuum. Thus one can

simply divide by this factor, giving

2 ? DBl ¢(x1)- - b (xn)exp (7 [, L ()
e o] e PSS LEOD

where the functional integrals are over all spacetime and any ambiguity in the normalisation
of the measure simply cancels between the numerator and denominator of the ratio.
In thermal equilibrium one is not interested in the S-matrix as there are no asymptotic

states. Rather one is interested in the partition function
Z = Tre 1, (1.51)

where = 1/T is the inverse temperature. From Z all thermodynamic functions can be
derived. The trick to evaluate Z in the Matsubara formalism is to note that the operator
exp (—ﬁI:I) is formally an imaginary time evolution operator exp (—if[t/h) for t = —ihp.

O:

Therefore one Wick rotates to imaginary time ¢t = x —iha* where 24 goes from zero to

5. Furthermore, the trace operation implies periodic boundary conditions:
Z = Tre PH

_ ; <a‘e_BH ‘ a>. (1.52)

Writing the matrix element in terms of the functional integral,

2'The only condition is that they have non-zero overlap with the vacuum state.

22This assumes that the vacuum state is non-degenerate and separated by a finite spectral gap from any
excited states. In particular, this implies that this formalism for vacuum field theory is strictly speaking
invalid for massless particles. Yet, massless particles can be handled in this formalism provided one takes
care of infrared (i.e. low energy) divergences and computes inclusive cross sections, i.e. including processes
with the emission of extra soft particles in the final state which are invisible in realistic detectors. A
detailed treatment of these issues is beyond the scope of this thesis, but can be found in e.g. [36].
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p(t=—ihB)=a i [—ihB
7 = /D[a]/ D[¢]exp</ dt/£>
#(t=0)=a h Jo x
i —ihB
= / D [¢] exp (/ dt/ﬁ)
$(t=0)=g(t=—ihp) h Jo x
3
= / D [¢] exp </ dx4/£E>, (1.53)
$(a1=0)=¢(z4=p) 0 x

where the Euclidean Lagrangian Lg is obtained by making the replacement ¢ — —ihx?
in L. The overall normalisation is either irrelevant (because the observable is a ratio,
e.g. <O> = Tr (Oe_ﬁﬁ) /Z) or can be fixed from the requirement that thermodynamic
functions (e.g. pressure P = 0y (T'ln Z)) vanish at zero temperature.

These aspects can be illustrated by the case of a free field theory, for which

| o5 (@uf+ o +miet) == [ ops ()

TE

where
D=-0% -V?+m?=-V3+m? (1.55)

and Vg is the obvious Euclidean space gradient operator. In going from the first form to
the second in (1.54), an integration by parts was performed and the surface terms were
dropped. This is justified by the use of periodic boundary conditions below. The discussion
from here to the expression for the energy density p closely follows [11]. The functional
integral is easiest to evaluate in the eigenbasis of D, i.e. periodic functions of the form
exp1 (p -x 4+ wna:4) where the Matsubara frequencies w, = 27n/ with n € Z implement
the periodic boundary condition. It is also convenient to quantise in a spatial box of volume
V = L3 with periodic boundary conditions, making p discrete with lattice spacing 27 /L.

The convenient basis functions are

bnp = \/gei(”'”“"x4), (1.56)

which are normalised so that

<¢mq ‘ ¢np> = /BQ(Smn(San (1.57)

where, on functions, (f|g) = fxE f*g. With these normalisations the Fourier amplitudes

App in
¢ = Anpénp (1.58)
np
are dimensionless. Then
1
/ Lp=—3) |Awl? B (w2 +p* +m?). (1.59)
TR 2 np
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The functional integrand does not depend on the phases of A,,, so these contribute to

the normalisation. The integrals over the magnitudes are Gaussian, giving

1/2

Z =N'T][ 8 (wi +p* +m?)]” (1.60)

np

where all the normalisation factors are absorbed in N’. Then

InzZ = lnN’—%Zln [52 (wi+p2—|—m2)]

np
1 52(P2+m2) do?
= InN'—= In |(27n)% 41 +/ —_—
2%;{ {( ) } 1 02 + (2mn)?
RV el 4 [ :
= InN 2%: Zn:ln_(mm) +1) + 1 40 (14 57—
- lnN’—EZ 3 I [(2mn)? + 1] + w —1+/Md0 2
- 24 m _ P . 1
_ ’_ 1 [(2em)? + 1] + X 1
= InN %:{22”:111_(2%71) +1_+2—|—lne_1

oy [;5% o (1 eﬁwp)} , (1.61)

The identity >, 1/ <n2 + (9/277)2) = (27%/6) (1 +2/ (e — 1)) was used to get the third
line. The rest of the steps are straightforward evaluations.
Demanding that the entropy S =0 (T'InZ) /0T — 0 as T'— 0 fixes the normalisation

1 1 1
!/ 2
N'" =exp gp {2 En In [(27m) —|—1} —|—2—|—lne_1}, (1.62)

and finally (on taking the infinite volume limit 7, —V [ )

1
InZ = —V/ [2Bwp +In (1 - eﬁwz’>] . (1.63)
P
The energy density is
FE 85 InZ 1 Wp
_ = _ _ - z e - 1.64

which is the familiar Bose-Einstein contribution plus a vacuum energy contribution which

can be subtracted. Similarly, the pressure is

P:Tavan:—/

i [1% +Tln (1 - eﬁw”ﬂ : (1.65)

2

Note that there is a vacuum contribution to the pressure as well. The fact that this

contribution is equal to the negative of the vacuum energy is in fact a consequence of
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Lorentz invariance®® and this provides a nice check of the formalism.

The formalisms sketched above for vacuum and finite temperature field theory can
be naturally generalised to the contour or non-equilibrium Green function method which
also allows the treatment of non-equilibrium field theory. The contour method has been
used extensively in various fields of condensed matter and particle physics, from molecular
transport and ultra-cold atomic gases to nano-electronics, nuclear physics and cosmology.
The research literature using these techniques is vast, and there are good recent books
introducing them in condensed matter [63] and high energy/cosmology [64] contexts. The
contour method (as defined by [63]|) contains the ordinary vacuum quantum field theory
(as discussed above and in [18, 36] and many other references), the finite temperature
equilibrium quantum field theory in the Matsubara or imaginary time formalism (discussed
above and in e.g. [11]), and the non-equilibrium Green function theory developed by
Schwinger and Keldysh (independently; see [65, 66] in addition to [63]) as special cases.

The basic idea of the method is quite simple. Consider a quantum system in some
initial state |¥o) at an initial time 5. Then the expectation value O (t) of some operator
O (t) at time ¢ is

O(t) = <\If(t)

O (t) ] v (t)> - <% ‘ U (to, ) O (1) U (¢, to) ‘ qf0>, (1.66)

where U(t,to) is the time evolution operator. As usual ﬁ(tg,tl) for t9 > t¢; can be

expressed in terms of a time ordered exponential

O (g 17) = T {exp <—; /tt dr i1 (7)> } , (1.67)

but, for to < t1, an anti-time ordered exponential is required:

O (o 11) = T {eXp (-2 /tt dr I (T)> } , (1.68)

where T orders operators in the opposite sense to T, i.e. earlier times to the left.

Substituting these in the equation for O (t) gives

T {exp (-2 /;0 dr ﬁ(¢)> } OW)T {exp <—; /tt dr ﬁ(r))} ‘ \p0>.
(1.69)

This can be simplified by interpreting the time evolution as along a two branched contour

O(t) = <\1/0

C which runs from tg to ¢t then doubles back to tg. Introducing a contour time variable

2 as an affine parameter on the contour?* and a contour time ordering Tc, O (t) can be

Te {exp (-2 /Cdz ﬁ(z)> O (t)} ‘ \110> . (1.70)

*3The energy-momentum tensor of a Lorentz invariant state must be proportional to the metric Ty, o 1.
since there are no other spacetime tensors available to construct it from. Thus the pressure (i.e. the diagonal
space-space components) is equal and opposite to the energy density (the time-time component).

24 An explicit mapping of z € (to,2t — to) to ordinary time 7 € (to,t) is 7 = z for to < z < t and
T =2t — z for t < z < 2t — to, but this is rarely needed in practice.

written as

O(t) = <\1/0
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Further, both branches of C' can be extended to an arbitrary time T > ¢, removing the
t dependence of the contour. Since there are no operators in the time interval (¢,T) the
segment of the evolution from ¢ to T and back is given by U (¢, T) U (T,t) = I and cancels
outs, so no modification of the above expression is necessary. There is an ambiguity where
O (t) should go on the contour, i.e. how to generalise O (t) — O (z), but for convenience
O (z) can be taken to be the same operator on both branches.

The generalisation of this result to multiple operators and a general initial density
matrix pg = >, pn |n) (n|, where p, is the probability that the system is in state |n), is

obvious:
. i : ~ A
(O1(21)O2(z2)--+) ="Tr {poTc [exp <_h /C dz H (z)> 01 (#1) Oz (22) - - ] } . (L71)
Proceeding still further, a general density matrix can be written
N s | A
po=Z""exp (_/BHM> : (1.72)

for some Hermitian operator H M, where Z is chosen to ensure Trpy = 1 (in fact Z can
be absorbed into a shift of Hy; if so desired). If the Hamiltonian of the system is time
independent and Hy; = H then this describes a thermal equilibrium state at temperature
1/B. However, there is no loss of generality in writing pg in this way with a general Hyy,
and out of equilibrium the value of 5 is entirely arbitrary, equivalent to an arbitrary norm-
alisation convention for Hj;. Now note that exp (—BﬁM) = exp ( to Bh 47 HM) =

U (to —i8h, ty; ﬁM), i.e. up to an overall normalisation factor the initial density matrix
can be written as the time evolution operator for an #maginary time interval with “Hamilto-
nian” Hy (assuming a 7-independent H M) Extending the contour C' with a segment on
the imaginary axis from ty to to — i8h and defining H (2) = H)yy for z on this segment

then, taking care with the normalisation,

T{Tc[exp( dzH())Ol(Zl)O (22) - }}
Tr {TC {exp (—% fC dz H }}

_ [D exp( I )01 21) O (22) - - ’ (1.73)

/Do eXp(ﬁfo L)

where the second line specialises to field theory and extends the path integral and Lag-

(Tc[01(21) O2(22) -+ ]) =

rangian to all branches of the contour. The imaginary branch of the contour is called the
Matsubara branch, as this is the same contour used in the imaginary time field theory form-
alism for thermal equilibrium problems. The similarity of this result to the usual vacuum
field theory formula should be obvious, however no assumptions have been made about
the initial/final state or spectrum of the theory. This greatly extends the applicability
of the formalism compared to the usual vacuum field theory. Despite this, much of the
technical machinery of the vacuum theory, including path integrals, Feynman diagrams,

effective actions and renormalisation, can be carried over with suitable modifications for

32



Table 1.3: Keldysh components for any function k (z,2’) taking two contour time argu-
ments. (Note: tg = 0 here.)

Keldysh Symbol Contour arguments
component
Singular K (2) k(z,2") = dc (2,2') k° (2) + regular functions
Time ET (t,t) 2z, 2" on forward contour
ordered
Anti-time kT (t,t) z, 2" on backward contour
ordered
Lesser k< (t,t) 2 on forward, 2’ on backward contour
Greater k= (t,t) 2 on backward, 2’ on forward contour
Left hook k" (r,t) z = —ir, 2’ on forward/backward contour
Right hook | k' (t,7) z on forward /backward contour, 2’ = —ir
Matsubara | &M (7,7) z=—ir, 2 = —ir’
Retarded | kB (t,t") | KR (t,t) =k (t—t)d(t —t')+O(t —t) [k (t, 1)) — k< (¢, 1')]
Advanced | EA(t,t) | KAt t) =K (t —t)o(t —t') — O —t) [k (t, ) — k< (t,1)]

contour time ordering as opposed to regular time ordering. Difficulties come from the extra
degrees of freedom (fields on the backward branch of the contour), the explicit appearance
of memory effects, and choosing a H)y that allows for consistent and practically solvable
renormalisation conditions.
The main objects of interest are the correlation functions of field operators, i.e. objects
like
A(wy) = —i(Te [2() 6 w)]). (1.74)

in a scalar field theory. Now all the time coordinates run on the time contour C. There are
nine possibilities for the time arguments of the Green function: z; and z2 can be on either
of the forward, backward or Matsubara branches of the contour independently. This leads
to the definition of Keldysh component Green functions, with real time arguments, for
each case. There is also the possibility for a singular part, proportional to a contour delta
function d¢ (21, 22). These components and two “derived” Green functions (the advanced
and retarded functions) are listed in Table 1.3.

The origin of some of the names can be seen by visualising the function arguments on

the time contour. For example, the lesser function is given by

A () = ~i (6 (1) 6 (@) (L.75)

i.e. the second argument appears to the left of the first in the matrix element, regardless of
the relation between 2° and 3°. So the lesser function orders the fields as if 2° < 3°, even if
it is not. The hook functions are similarly visual. Consider the left hook function A" (x,y):
the left argument is on the Matsubara (vertical) branch and the right argument is on a real
time (horizontal) branch (it does not matter which one since the contour ordering is the

same in both cases). The contour delta function is defined so that [, dz’ dc (2,2') f (') =
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f (2) as usual. The only non-trivial reduction to an ordinary delta function is when (taking

to = 0 for simplicity) z = —i7 lies on the Matsubara branch:
/ dz' 0c (—ir, 2') f (2') = f (—iT). (1.76)
C
The only contribution can come from 2’ on the Matsubara branch, so substitute 2’ = —i7’
giving
—ifh
/ d (—it") éc (—ir, —it') f (—it’) = f (—iT), (1.77)
0

which gives 6¢ (—it, —it") = id (1 — 7).

When working with the Keldysh components it is convenient to have identities for
the reduction of frequently occurring convolutions and products of contour time functions
to their components. These identities are called Langreth rules and are summarised in
Table 1.4. These identities are proved in [63] chapter 5. The most common use of these
identities is in the reduction of equations of motion for contour ordered Green functions
to equations for real times functions. For example, if a scalar field Green function obeys a

Dyson equation of the form

O A (z,y) = idc (z,y) + /E (x,2) A(z,y), (1.78)

z

where [, = ,(;’C)a(z)ﬂ and the self energy function Y is also defined on the time contour,

the Langreth rules show that A< obeys (suppressing arguments)
A =< A 4 2R AT A", (1.79)

an equation suitable for numerical solution.
The Green functions contain the physical information of the theory. This can be seen
explicitly in the simplifying case of free fields where ¥ = 0 and the Dyson equation can be

solved simply by Fourier transform. Writing

AW (a,y) = [ & DA ), (1.80)
p

where (a) denotes the Keldysh component, one has |67|

AT (p) = o ni? .~ 2mif ()6 (v —m?), (1.81)
A< (p)=A"(-p) = —2mi [@ (po) +f (p)] ) (p2 — m2) , (1.82)
AT () = _w —2mif (p) 6 (p? — m?), (1.83)

where A< (p) = A (—p) follows by Hermiticity of the field ¢, and the fact that the
same function f (p) is found on all of the right hand sides is due to the fact that the
commutator [gﬁ (z) ,gz@(y)] is a c-number, so its expectation value —i < [gzg (z) ,g?)(y)}> =
A~ (z,y) — A< (z,y) is independent of the state. By considering the anticommutator
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Table 1.4: Langreth rules for convolutions and products (with f-g = [7°dt f () g (t) and
frg=—ifydr f(r)g(r))

. _ e c(z,2)=a(z2)b(7,2)
Green function | ¢(z,2') = [odZ a(z,2)b(Z,2) (a8 = 1 = 0)
Greater cc=a b +at b +a xb ¢ =a”b<
Lesser c<=a< b 4+a b<+a'xb c< =a<b>
Rb< + CL<bA
Retarded clt =l pB = “
a™b” + a” b
Ab< +a<bR
Advanced A =gt pA A = @
a’b” + a”b"
, - <bT Rb<
Time ordered '=adl 0T —a<-b>+a xb = aT ta A
a'b” +a’b
- N N B - - Tb< o <bA
Anti-time ordered | ¢ =a” - b< —aT - bT +a ' %b L= {Z>bT ZRb>
Right hook c'=a® b +a xbM c'=a't
Left hook ¢ =a b +aM b ¢ =a'b
Matsubara M = oM 4 pM M = MpM

—i {qg(x) ,Qg(y)} = A~ (z,y) + A< (x,y) one finds that f(p) must be real and even.
Another constraint is that fxy h* (x)iA< (x,y) h (y) > 0 for all real functions h (z), which
implies that f(p) > 0. Finally, an equilibrium computation shows that there f(p) is
just the Bose-Einstein occupation number of the mode p. Thus, f (p) naturally has the
interpretation of a statistical distribution function which can be extended to arbitrary
states. Thus knowledge of the Green function is equivalent to knowledge of the statistical
distribution function.

Other observables of the theory are simply related to the Green functions since they
are polynomials in the fields and their derivatives. For example, in a theory with N scalar
fields ¢q, a =1,--- , N, with an O (V) symmetry, the conserved O (N) currents are

) . &
jit =i (@aTihOut) (1.84)
where T;}j = —Tb‘z is a generator of rotations which has been written in a basis of the

A=1,--- N (N —1) /2 independent generators and fg;g = f(0u9) — (Ouf) g. This can

be written in terms of the Green function as

jit @) =i (0 = o) o @) ey )| | =T (97— ) MGy ww)| - (185)

—T

Similarly, if the theory has a quartic coupling the energy-momentum tensor is
1 o 1, A 9
Ty = au¢aau¢a — N iapd)aa Ga — im GaPa — 1 (Pa®a) ) (1.86)

which can be written in terms of A and G® = (T¢ [padpdeda]).
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1.5 Summary

This chapter has tried to motivate the investigation which forms the remainder of this
thesis. This started with a general discussion of the gaps which exist between theory
and experiment in situations involving strongly interacting particles and many particles
out of equilibrium. Electroweak baryogenesis was then given as a concrete example and
discussed in some detail, with an emphasis on those areas which have been hindered by an
inability to compute. Then, laying the groundwork for the remainder of the thesis, basic
quantum field theory was reviewed focusing on the functional integral formalism. It has
been shown that a common formula for the generating functional can be used for scattering,
thermal equilibrium and generic non-equilibrium problems by specifying a choice of time
contour. The fundamental objects of field theory are the Green functions which can be
straightforwardly connected to physical observables such as densities, currents and so forth.

The remainder of this thesis is structured as follows. Chapter 2 introduces the n-particle
irreducible effective action (nPIEA) techniques with an emphasis on their application to
non-perturbative quantum field theory. This includes a review of the standard theory
surrounding the methods and concludes with a novel investigation into the analytic prop-
erties of the solution of the 2PIEA in a toy model which can be compared to the exact
solution and contrasted with other non-perturbative techniques. Chapter 3 begins the con-
sideration of symmetries in the thesis by introducing the O (V) scalar field theory which
forms the basis of the remainder of the work. The Ward identities for the theory (which
encode the symmetries of the theory in effective action language) are derived and it is
shown that the expected identities no longer hold for truncations of nPIEA. This result is
known in the literature but is derived here in a way which is, to the author’s knowledge,
new. The 2PIEA is then solved in the Hartree-Fock approximation demonstrating this
result explicitly. A contrast is then drawn between these results and those of the external
propagator method and large N method. Chapter 4 introduces the symmetry improved
nPIEA (SI-nPIEA) as a means of overcoming the difficulty posed by violations of symmet-
ries in truncated nPIEA. The novel work in this chapter is an extension of the symmetry
improvement known in the literature from O (2),0 (4) — O (N) and from the O (h?) SI-
2PIEA to the O (hg) SI-3PIEA. Additionally, several ambiguities in the original symmetry
improvement procedure are identified and addressed. The renormalisation theory of these
actions is discussed and solutions are presented in the Hartree-Fock approximation, as well
as a few checks of the basic field theoretical consistency of the new actions. Chapter 5
introduces a novel technique called soft symmetry improvement (SSI) aimed at overcoming
the difficulties of the SI-nPIEA. The SSI-2PIEA is derived, renormalised and solved in the
Hartree-Fock approximation. It is shown that the method is sensitive to the way the in-
finite volume / low temperature limit is taken and there are three limiting cases: a trivial
reduction to the unimproved 2PIEA, a reduction to the SI-2PIEA, and a novel limit which
possess some unusual features which are discussed. Chapter 6 studies for the first time the
non-equilibrium aspects of the SI-2PIEA by formulating the linear response theory for a
system governed by the SI-2PIEA being driven away from equilibrium by a weak external
perturbation. It is shown that the SI-2PIEA, and by a simple extension all SI-nPIEA, are
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inconsistent with the linear response approximation. Finally, chapter 7 is the discussion
chapter drawing everything together and pinpointing directions for future work. Some
derivations and results concerning the renormalisation theory which are inessential to the

main flow of the text are collected in the appendices A through C.
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Chapter 2

Non-perturbative Quantum Field
Theory with n-Particle Irreducible
Effective Action Techniques

2.1 Synopsis

This chapter reviews the n-particle irreducible effective action (nPIEA) techniques for
quantum field theory. For n > 1 the nPIEAs are non-perturbative, effecting resummations
of 2- through n-th order correlation functions to infinite order in perturbation theory. The
equations of motion derived from nPIEAs are closed, unlike the otherwise very similar
Schwinger-Dyson equations in quantum field theory or Bogoliubov-Born-Green-Kirkwood-
Yvon (BBGKY) equations of kinetic theory. Because of this and the fact the the methods
can be derived from first principles and are manifestly self-consistent, nPIEAs have been
advocated for applications in non-equlibrium field theory ranging from cold atom research
to cosmology (see, e.g., [16, 17]). For n > 3, nPIEAs can provide the basis for a self-
consistent first principles derivation of kinetic theory (see, e.g. [16, 68, 69]).

In section 2.2 the venerable (but perturbative) 1PIEA is introduced following standard
textbook treatments. Then in section 2.3 the non-perturbative 2PIEA is reviewed, follow-
ing the reviews by Berges [16, 17] and the extensive book by Calzetta and Hu [64]. Here
the full expression for the 2PIEA of a quartically coupled scalar field theory is derived to
three loop order. The general pattern of higher nPTEAs is then discussed in section 2.4,
where the 3PIEA is explicitly derived for future reference. Finally, section 2.5 contains a
novel discussion of the analytic properties of effective actions using the 2PIEA of a toy
model where exact results are available, so that the 2PIEA results can be compared to
perturbation theory and other resummation methods. This discussion is based on a paper
published by the author [3].
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2.2 The 1PI effective action

Generating functionals and effective action methods form the basis for the rest of this work.
This section reviews the one particle irreducible effective action. Originally developed by
Goldstone, Salam and Weinberg [20] and, independently, Jona-Lasinio [70], the 1PTEA is
widely used, particularly in discussions of theories with spontaneous symmetry breaking
or gauge symmetries. The treatment starts with the generating functional Z [J], closely
related to the partition function described in section 1.4. Z [J] generates all correlation
functions of the field theory and can be related to a Feynman diagram expansion. From
Z [J] one derives W [J] which contains only the “connected” correlation functions, i.e. those
whose diagrams are made of one connected component. The 1PIEA T [g] is then found
by Legendre transforming W [J] and is the generating function of “proper” correlation
functions, meaning those which cannot be divided by cutting one line of the corresponding
Feynman diagram. The skeleton expansion of the connected generating functional provides
an elegant and systematic means of relating connected correlation functions with the proper
correlation functions. Hence I' [p] contains all of the physical information of a field theory
in relatively compact form. Further, terms in the derivative expansion of I' [¢] have a direct
physical meaning. Most importantly, the term with no derivatives (the effective potential)
is equal to the minimum of the energy, over all states |¥), subject to the constraint that
the mean field is equal to (¢) = .

The previous chapter outlined how using various choices of time contour in the func-
tional integral allow one to compute vacuum, finite temperature and non-equilibrium prop-
erties of a field theory. The differences between these formalisms are largely irrelevant to
most of the following considerations. The important thing is that all observables of the
theory can be computed from a formula formally identical to (1.50), only where the range
of the integration variables, boundary conditions and time contour are interpreted ap-
propriately according to the particular physical situation. To that end it proves useful
to generalise the generating functional (1.48) to a quantity usually called the partition

function:

2= [ Do} (si+ [1w6@)], 1)

where

siel= [ ). (22)

is the classical action. The only difference between (2.1) and (1.48) is that the time contour
and boundary conditions of the functional integral are hidden in the notation and can be

re-interpreted as needed. Then, the sought after generalisation of (1.50) is

60 or ) = (To 3 o) b)) = 77 (St ) - (St ) 210

(2.3)
which defines the functions G, n = 1,2,3,---, which are the contour ordered Green
functions of the theory. (There is no harm in defining also the trivial cases G(©) = (1) = 1

and G™ = 0 for n < 0, which makes some formulae simpler.)
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Applying the trivial identity

6
0= /D (9] mF [¢], (2.4)

where F'[¢] is an arbitrary functional, to the case

Fld= ot oten|; ([ L@+ @0 25)

and working out the derivative explicitly gives the Schwinger-Dyson equation

<Tc [tﬁ (x2) - -'¢i$n> (515(,[2]) " J@l))b

=ih Y 0 (z1,2;) G (¢ (22) - ¢ (2j-1) b (Tjg1) -+ b (an)), (2.6)
j=2

which says that the classical equation of motion g(i([(b% + J () = 0 is obeyed inside cor-
relation functions up to the existence of delta function contact terms on the right hand
side. Substituting an explicit form for S [¢] gives a hierarchy of equations, one for each n,
connecting correlation functions for different values of n. This is exactly analogous to the
BBGKY hierarchy in statistical mechanics (see, e.g., [71, 72]). Solving this hierarchy of
equations in practice requires truncation at some finite order, which necessitates invoking
a closure ansatz approximating some higher order correlation functions in terms of lower
order ones. This ansatz can be physically motivated but always involves some degree of
arbitrariness. In contrast, while the higher nPIEA discussed later provide a superficially
very similar framework (a hierarchy of equations of motion connecting correlation func-
tions of different order), the equations of motion resulting from nPIEA are automatically
self-consistent and closed, without requiring any arbitrary ansatz or approximation.

Usually the Lagrangian can be written
I
L(¢) = §¢Ao Yo — Vit (0, (2.7)

where the first term is the quadratic part of the Lagrangian, Ay ! is a differential operator
and Vi (¢) is a polynomial containing cubic and higher terms in ¢. In this case there

is a perturbation expansion for Z which can be derived by expanding the exponential in

Vin (0
[Pllew |1 [V @] ew |1 ([ 3oar0+T@0)]
[o6ew |3 [ Vi () e [1 ([ Goasto s @o) |29)

The Viy (—ih%) term can now be extracted from the integrall, giving

Z1J]

1t is this step that is responsible for the asymptotic nature of perturbation theory, c.f. section 2.5.
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2] = e |- [V (-in )] [PMdlew |1 ([ Joastors@ow)]
exp [—; / Vi (-m(g)] exp [—;;JAOJ] Z10], (2.9)

where the last line is obtained by completing the square in the exponent of the Gaussian

integral. Thus

6 o) = (gt ) (ing )
1

X exp [—;/xvmt (—mw‘s(x)ﬂ exp [—;/xyf(x) Ao (x,y)J(y)]

Expanding the exponentials one finds the usual Wick expansion of the Green functions

(2.10)

J=0

which is embodied in the Feynman rules:

1. To find a contribution to G™ (1, - - - ,z,) draw n points (“external legs”), associated

to x1 through x,, and

2. Draw a k point vertex for every interaction % gr®* C Vi appearing in the expansion
of the exponential. Each such vertex is associated with a factor (—%) g and an

integral fx over position of the vertex, and

3. Connect external legs and vertices with lines (“propagators”) in all possible ways such
that: all external legs are attached to one “line end,” each k point vertex is attached
to k line ends (nothing forbids attaching both ends of a line to the same vertex) and
no line ends except on a vertex or external leg. Each line is associated with a factor

ihAg (z,y) where x and y are the position of the two ends.

4. Also, associate to the diagram an overall symmetry factor 1/ ||, where |I'| is the
order of the automorphism group of the diagram under interchanges of lines and

vertices.

Using these rules it is possible to compute G systematically, order by order, in a per-
turbation expansion in the coupling constants in Viy. From G™) one can also recover
Z [J]:

n!
n=0

0o N
Z)=3 - (;) [T T @) 6 ). (21
T1T

The diagram expansion of G(™contains many disconnected diagrams, i.e. diagrams
with more than one connected component. This leads to an undesirable duplication of
computation (since a disconnected contribution to G(™ is also a contribution to various
G®) with k < n) and non-extensivity of G(™ since a disconnected contribution factorises
~G®) (1, x) G (2,_t, - ,x,) and so is independent of the relative separation
between points in the two clusters zi,--- ,z; and x,_g, - ,x,. Clearly the connected

components are the basic objects which one would prefer to compute. Fortunately, though

41



the combinatorics will not be proved here?, the connected diagrams obey the simple rela-

tionship given schematically as
all diagrams = exp (connected diagrams) . (2.12)
This strongly motivates the introduction of the connected generating functional
WJ]=—ihlnZ [J]. (2.13)

The diagram expansion for W [J] has the same Feynman rules as above, except that one
only includes connected diagrams and, traditionally, the extra overall factor —ih. To lowest

order

W) =W o] + / J (@) (6 () — / J(2) Do (2,9) T (1) + O (Vi) . (214)
T Ty

2
Note that (¢ (x)) ~ O (Vi) if there is no linear term in £ (¢), which will be assumed below.
As usual, for most physical purposes the overall normalisation W [0] is unimportant. The

connected correlation functions are

™ oy (i O N O 2.1
G’ (1, ,xp) ( i 5J(:U1)> ( ) 57 () W [J] ey (2.15)
so that, at leading order in interactions,
G2 (x,y) = Do () + O (Viw), (2.16)
GW () = GU (21, 20) =0+ O (Vi) . (2.17)

From these W [J] can be recovered if need be:

W J] = ;}; (;) /xlm T (1) (0) GO (21, 2). (2.18)

It is also convenient to define
Az,y) = h2GE (x,), (2.19)

i.e. simply stripping off the factor of h?. It is useful for later to note that, in terms of the
G,
G2 (w,y) = —in [GP (z,y) - GV (1) GV (y)], (2.20)

thus
G? (z,y) = ihA (z,y) + (¢ (2)) (6 (y)) - (2.21)

There is a great deal of duplication of computation, even in the connected correlation

functions. This can be seen by the example of the two point function of a theory with

2Tt can be found in many quantum field theory books, see e.g. [73].

42



Vint (¢) = %Aqb‘l expanded to third order in the interaction:

naioy-—— 19 lgg 1§

n 14@7 + é + i—@— +0 (0. (2.22)

There are obviously a number of repeated structures in this expression, which can be seen

to follow the pattern of a geometric series:

ihA (z,y) = ——— +—0— +—00— +—0oo— + -, (2.23)

where the shaded “blobs” represent the sum of all two point one particle irreducible (1PI)
Feynman diagrams, that is, the set of diagrams which do not fall apart upon the cutting

of any one line. The first few terms of the self-energy are seen to be
1 ( ) 1 8 1 1 §
—o— =5 3 O T
+12ﬁ+44@7+8 +1_®_ +O(M).  (229)

The geometric series can be easily summed. Let —%E denote the 1PI “blob.” Then
(2.23) can be written

ihA = ihAg + (ihA) (-22) (ih o) + (iR ) <—; )(ihAo) <—; )(z’hAo)+---

= ihAg + ihAgZA. (2.25)

Acting on the right with A~! and on the left with Agl one finds
ATt =A -3 (2.26)

which is known as the Dyson equation for A. X is called the self-energy. A similar skeleton
expansion occurs for the higher order correlation functions G("=3) which can also be written

in terms of 1PI subgraphs.
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There is a generating function for the one particle irreducible diagrams: the 1PI effective
action I' [p] which is the Legendre transform of W [.J],

Tlg] = W[J]—J (2.27)

6T
where J on the right hand side is eliminated in terms of the mean field ¢ = (¢) by solving?

ow

RS 2.9
57 = ¢ (2.28)

Then the equation of motion followed by T [¢] is

or
% = —J. (2.29)
A useful result is
52 2w / 0J (y) dp (2)
= [ - =—0(x—2), 2.30
[mmwmwne =) masme = e
so that
5°T
= A" (2,9). 2.31
S @ oty S Y (231
Taking another derivative gives
0 — ) / 52r 2w
dp (w) Jy o (x) 0 (y) 67 (y) 0.7 (2)

B / 53r L / 52T 6J(v) W
Sy 0p(w) 8 (2) 69 (y) 0T () 0T (2)  Jy 00 () 3¢ (y) 6 (w) 6.7 (v) 6T (y) 6T (2)

_ / 53r 2w
dp (w) o (z) 6 (y) 6J (y)6J (2)
52 or SW
Sy 0 () 60 (y) 0p (w) 3 (v) 0.7 (v) 6.7 (y) 6.7 (2)°

from which

(2.32)

53T _ 1 (w. )AL (2 1 (.2 PBwW
0 (w) 0 (w) dp (u) — /WA (ww) A7 @) A (e 2) S Ty ea o) o)

3There are physically relevant cases where this equation cannot be inverted. The most important
example in this class is spontaneous symmetry breaking. There the saddle point method of evaluating I"
derived below gives a non-convex potential which also has an imaginary part. The non-convex portion of
the potential is unphysical, corresponding to a metastable state, and the imaginary part of the potential is
related to the lifetime of that state. The quantity actually found by the saddle point method is an effective
action which expands about a single classical configuration. This is equal to I' in the case that it is convex.
However, for a non-convex effective potential the two quantities differ and the true form of I' in these cases
is given by a Maxwell construction much like that used for the free energy in thermodynamics (see, e.g.
[18, 74] and references therein).
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Similar results can be derived for higher order correlation functions by taking more deriv-
atives. One eventually finds that W is given by a sum of tree diagrams (i.e., no loops)
where the vertices are given by the derivatives of I'. This is the skeleton expansion of
W, and from it one can see that I" consists of 1PI diagrams only. A detailed proof is not
needed here and can be found in, e.g., chapter 5 of [18].

I [p] is most often evaluated in a semi-classical or saddle point approximation. Here
the path integral is expanded around the field configuration ¢, of stationary phase, which

is the one that satisfies the classical equation of motion

65 [¢]
J =0. 2.34
06 (%) | y=g,y 1] HI .
Writing ¢ = ¢, + 1'%,
- 65 [¢] - - 7
o 1/2 - _
Sig = Sigal + %5 28 o / (2¢A0 bald—V (¢d.,¢)) (@3)

which defines Ag! [a] as (up to a factor h) the part of S [¢] which is quadratic in ¢ and
1% <¢c1., &) as (up to a factor k) the part of Vip, which is greater than quadratic in ¢. For
example, in a theory with cubic and quartic couplings Viy (¢) = %g¢3 + %/\¢4, 174 (qﬁd,, <Z~>>
is

V (90:8) = 5ih? (g4 Aa) 8+ 16" (2.36)

If one substitutes S |:¢c1. + ﬁl/QdNJ} in Z[J] the linear term in ¢ cancels the J¢ term due to

the equation of motion for ¢ and one has

Z[J] = exp : (S [¢er] + J¢cl.)- /D [¢] exp [Z/ (;GEAEI [pe] 6 —V <¢d"$>>]

I~

1
= exp

(Sloal+700)| [ D110+ O e i [ 3685 01 d]

St

(S [¢cl.] + J¢cl.)

~ exp —-1/2

(N (det A5 [ga )™ + O (). (2:37)

St .

Note that while V (qSCL, &) =0 (hl/ 2), Z [J] necessarily involves an even number of cubic
vertices so the leading correction is O (h). The constant N is determined by Z[0] = 1.
Also note that Ag! [¢e.] depends on ¢.. Thus*

W [J] = S[¢a] + Tl + % (Trin Ayt [pa] — Trin AFL[0]) + O (B2). (2.38)

To perform the Legendre transform one needs to relate ¢¢. to ¢:

“Recall the identity Indet M = Trln M.
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W _ 0¢a. 05 5. Oba. O il ~
Y = W — ;bjl 5¢Cl + ¢Cl. + J ;ZSJI + (?Jl 5¢C1 ETI, 111 AO 1 [¢cl.] + O (h2> — ¢cl, + O (h) ]
| | (2.39)

Using ¢c. = ¢ + O (h) in S gives

because the classical equation of motion for ¢ implies the cancellation of the O (h) term,
so that "
i
Pl = Slel + 5 (TrinAg ' [¢] = Trin Ag* [0]) + O (A7) (2.41)
The Ay ! [0] term is just a shift by an overall constant which is often neglected, leading

one to write

Ple) = Sl + DTrin Ay o] +0 (7). (2.42)

There is a nice topological property of Feynman diagrams which makes the organisation
of the semi-classical expansion at higher orders easy. A diagram contributing to " has an
overall factor of /& coming from the definition of W [J], another & for each ihA( propagator
appearing in the diagram, and a factor of A~! for each vertex. Thus the total power of A
for a diagram is I — V + 1 where [ is the number of lines and V' the number of vertices.
However, the Euler characteristic L — I +V = 1, where L is the number of faces or “loops”
in the graph, is a topological invariant for all planar graphs. Thus, for planar graphs the
contribution to I' is O (hL). The definition of L can be extended from planar graphs to
all graphs by using the same formula. Thus, in the semi-classical expansion, powers of A
count the number of loops in a graph. This agrees with (2.42): the O (ho) term is just
the classical action and the O (hl) term is the sum of all one loop graphs, as can be seen
explicitly by expanding the logarithm in a Taylor series in Viy;. The terms not shown above

are the 1PI diagrams with two or more loops.

2.3 The 2PI1 effective action

Two-particle irreducible effective actions (2PTEA) and approximation schemes based on
them are useful when it is necessary to go beyond the perturbative field theory embodied
by the 1PIEA, with applications to thermal and non-equilibrium plasmas/fluids, strongly
coupled quantum field theories and systems dominated by many-body collective effects.
The technique was originally developed by Lee and Yang [75], Luttinger and Ward [76],
Baym [77] and others in the context of many-body theory, then extended by Cornwall,
Jackiw and Tomboulis [78] to relativistic field theory in terms of functional integrals.
Since then a broad literature has developed surrounding 2PI effective actions and their
generalisations (see [16] for a good introductory review).

The essential idea behind the 2PIEA is to define a functional T [p, A] of not only the
mean field ¢, but also the (connected) two point correlation function A. By allowing A

to vary it is possible to eliminate the diagrams yielding propagator corrections. This is
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achieved by a double Legendre transform procedure, first defining a generalised partition

functional )
i

Z[J,K]:/D[qb]exp [h

<S [¢] + J¢ + ;qqub)] , (2.43)

where spacetime integrations are hidden for brevity, i.e. ¢K¢ = fxy o (z) K (z,y) ¢ (y) etc.
Then W [J, K] = —ihln Z [J, K| as before and

OW [J, K] | OW [J, K]

[p, Al = K] — 2.44
where J and K are eliminated by solving
ow
= 2.45
57 = e@ (2.45)
ow 1
——— = —(ihA . 24
5K (2.9) 5 (1A (2,y) + ¢ () 0 (y)) (2.46)
The equations of motion obeyed by the 2PIEA are then
oL [0, Al
—— = —-J-K 247
o [p, A 1,

The easiest way to compute the double Legendre transform is stepwise, using (2.42)
with S — S + %(Z)K(;S and Aal — Aal + K as an intermediate step, then performing the
transform with respect to K. This leads to

T [p, Al = S[p] + ETrlnA +5 T (Ag'A—1) + T, A], (2.49)

where I's [p, A] ~ O (h?) on using

K=A"1"-A'+0(hn). (2.50)

The equation of motion for the propagator becomes

ATt = A -3 (2.51)

where
h 0A ’

which one recognises as the Dyson equation and self-energy respectively. Since X consists

) (2.52)

of 1PI graphs and the effect of §/JA is to remove a propagator from any graph in I's in all
possible ways, 'y must consist of two particle irreducible (2P1) graphs, i.e. those which do
not fall apart under any cutting of two lines. Note that A depends on A through (2.51),
which must be accounted for when comparing I' [p, A [¢]] to the IPIEA order by order in
h.

For reference it is useful to give the 2PIEA for a quartic scalar field theory, generalised

to a set of fields ¢,, a = 1,---, N, up to three loop order. No symmetry is yet imposed,
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though the study of O (N) symmetric theories forms the bulk of this thesis. The classical

action is given by

1 1 1
S [d)] = §¢a (*D5ab — mgb) ¢b - ggabcgbaﬁz)bﬁbc - I)\abcdﬁbaﬁbbqscﬁz)da (253)

where the linear term is dropped without loss of generality®. The couplings mgb, Jape and
Aabed can always be taken to be totally symmetric under permutations of indices since the

¢qs commute. Thereare N (N +1) /2, N(N +1)(N +2)/3land N (N + 1) (N + 2) (N + 3) /4!
linearly independent quadratic, cubic and quartic couplings respectively, though N (N — 1) /2
rotations of the fields into each other can be used to remove some of these, e.g. by diagonal-

ising m?2,. In the case of O (N) symmetry there are only two constants with m?2, = m?2d,,

gabe = 0 and Agpeg X A (04504 + permutations). One has the bare propagator

528
pl(@y) = WL@

1
= - <Dz(5ab + mzb + GabePe (QS‘) + iAabcd@c (33) Pd ($)> 0 ($ - y) 5 (2'54)

—1
AOab

and the effective interaction Lagrangian (i.e. the cubic and quartic part of S after shifting
the field & la ¢ = ¢ + hl/2¢)

- 1 . 1 .
—hV <907 (b) = _§h3/2 (gabc + )\abcd@d) ¢a¢b¢c - Eh2)\abcd¢a¢b¢c¢d~ (255)

It is convenient to introduce the shorthands

529
= = — A 2.
‘/Oabc 6¢a5¢b6¢c s (gabc + abcd@d) ) ( 56)
5*S
= — = —Aabed- 2.
Wabed ERETERT AN abed (2.57)

(This matches the notation of [3].) T's[p, A] is the sum of 2PI Feynman diagrams with
interactions given by the above and propagators given by the variational propagator ihA 4.

Up to three loop order this is

Ty =@y + @y + @3+ &y + &5 + O (BY), (2.58)

SIf a linear term is present, it can be removed by shifting ¢,. This results in a constant term which can
also be dropped without consequence.
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where

h2
¢, = % = _gwabchabAcdy (259)
h2
¢y = = EVOabc‘/OdeandAbeAcﬁ (260)
ih?
P = = j‘/Oabcvbdef‘/Oghi‘/()jklAadAbgchAehAkail7 (2.61)
ih3
o, = =g abedVoefg VonijDae Db Ach Adi N gj, (2.62)
ih?
o5 = = TSWabchefghAaeAbfAchdh (2.63)

These diagrams are called “EIGHT,” “EGG,” “MERCEDES,” “HAIR,” and “BBALL,” re-
spectively, in the nomenclature of |79, 80]. Keeping only ®; is called the Hartree-Fock (HF)
approximation, which has special properties due to the simple form of the self-energy, while
keeping both ®; and ®5 is called the sunset approximation. Note that at four loop order
there are eleven new diagrams (including the first non-planar diagram), so the number of
diagrams increases rapidly with order. However, the growth is much slower than for 1PI or
connected diagrams and the 2PTEA gives a relatively compact formulation of the theory.
It is also convenient to give explicitly the equations of motion in the sunset approxim-

ation for later reference. They are:

1 1
- (D5ab + mgb) Yy = igabcsob@c + gAabcd(Pb(Pc(Pd

2

th h
+5 (gabc + )\abcdSOd) Acb + FAabcd‘/OengbeAcfAdg

—Jo = Kapop + O (1°), (2.64)
-1 _1 . th ih
Aab = AOab + EWabchcd - Evé]acd‘/()befAceAdf
+Kq + O (P?). (2.65)

Notice the following phenomenon: a loopwise truncation of the 2PIEA is not a loopwise
truncation of the equations of motion. That is, starting from the action to order O (hQ),
one obtains the equation of motion for ¢ to O (h2) but the equation of motion for A to
only O (k). This is because taking a derivative with respect to A removes a propagator and
therefore opens up a loop. This behaviour holds also in higher nPTEAs, and in Chapter 4

some of the consequences of this for physics will be discussed.
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2.4 Higher nPI effective actions

The construction for 2PIEA via a two-fold Legendre transform can be immediately gener-
alised to arbitrary n-fold Legendre transforms giving the nPIEA. Apparently de Dominicis
and Martin [81] were the first to realise this and study n > 3. They were mentioned, but not
used, in the pioneering 2PIEA paper [78] and developed further in [82]. More early work on
higher effective actions was carried on by Vasiliev [83], whose book was unfortunately not
available in English for more than twenty years, though there were some reviews suggesting
that the English literature was at least aware of these developments (e.g. [84, 85]). The
recent resurgence of interest in higher nPIEAs has largely been driven by their advantages
for non-equilibrium problems and can likely be credited to the reviews by Berges [16, 17|
and advances in computer power. Explicit expressions are given here for the three loop
3PIEA. Higher order nPIEA can be found in the literature (e.g. [16, 79, 80, 86-88]).

The definition of the nPIEA is conceptually simple enough, having seen now the 1PIEA

and 2PIEA cases®. One defines a generalised partition function

ZM g K® .. ,K<">] = / D[] exp [; (S [¢] + Jutbu

1 1 _n
+§¢xK§:z)¢y +eeet megl-)“fvnqbwl T ¢2n>:| ) (2'66)
and generating function W = —ifln Z(" and perform the multiple Legendre transform
'™ o ALV V(”)] — W™ _ JM — K(2)5W7(n) e K(n)‘SLW (2.67)
907 ) ) ) - 6J (SK(Z) (SK(TL) ) .

where the sources J, K through K (") are eliminated in terms of @, A and the proper
(1PI) three- through n-point vertex functions V through V(). The relation of the Vs to

the correlation functions can be worked out using the skeleton expansion so that, e.g.,

h2AadAbeAchdef = <T [¢a¢b¢0]> - <T [¢a¢b]> <¢c>
- <T [¢c¢a]> <¢b> - <T [bed)c]) <¢a>
+2(a) (dv) (Pc) (2.68)

which can be connected to W™ using

SWwn)
S = (T [Patpde])
5Kabc
= hQAadAbeAchdef + ihAab‘pc
+ ZhAca‘Pb + ihAbc‘Pa + PaPoPe; (269)

5Note however that the nPIEA is defined by the Legendre transform, not by any irreducibility property
of the Feynman graphs, though for low enough loop orders the graphs are irreducible as the name implies.
At high enough loop order for n > 2 the name becomes misleading. For example, the five-loop 5PIEA
contains graphs that are not five-particle irreducible [80]!)
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and similar results for the higher order Vs. The nPI equation of motion is then, in the
absence of sources,
ST sT()  s7n) sT (™)
Sp 0N oV sV T
As before, the 3PIEA can be computed using the previous result for the 2PIEA (2.49),
with § = 5+ LK 6, 6,6. and ALY — AGL + K&

abc

(2.70)

pewhich results in a shifted vertex
V = Vo + K® in 'y, then performing the Legendre transform with respect to K®). One

gets, on cancelling the disconnected contributions,

T® [0, A,V] = S[g] + %TrlnA‘1 + %Tr (A5'A=1) + T2 0.4, V]

1
- Kﬁlgﬁ%adﬁbeAchdef, (2.71)

which can be further simplified using the fact that, by definition of the Legendre transform,
the right hand side is stationary under variations of K®) at fixed V. This gives to order
O (h4):

ol 5 (Pg + 3+ Dy)

(SK(S?)Z 5Vabc
2 ihd - o~ -
= gvdeandAbeAcf + ?Vdefvtqhiv;‘klAadAbgchAehAkaz'l
1% - 1
- %Whijdvefg <3AahAbiAejAdecg + cyclic permutations (a — b — ¢ — a)>
1
= g7@2A0LdAbeAcfVdef, (2.72)

where the second line comes from the definitions of the diagrams and the third line is
from the source term in T'®) [p, A, V]. Note that the permutations of the WV A5 term
enter because K3 is symmetric in its indices. The 1/3 compensates for the would-be
over-counting. This shows that V' = V + O (h), so that, up to higher order terms which
are not written, the Vs in the O (h3) terms can be replaced by Vs. Then one has

V:vyz = Vz)xyz + K(g)

TYZz
= Vaye — ihVae Vi Vi Aen A 1Ay

1)
+ % (WayjaVerzDejAgr + cyclic permutations (z —y — 2z — x))

Lo (h2) . (2.73)

Again, the stationarity of the Legendre transform under variations of K®) at fixed V
implies that the O (k) correction to K®) only contributes to " at O (h*) (one order higher
than the naive O (h%)). Thus, to three loop order one only needs that K®) =V-V,+0 (h).
Substituting this into the expression for I' gives, finally

r® o, A, V] =S[p] + %Trlnxl + %Tr (Ag'A = 1) + T3 [p, A, V], (2.74)
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where

2

h
T = ®1 = By + o VoureAaaloelcs Vier + Py + 4+ @5 + O (h%),

(2.75)

where the three point vertices in the ®s are now the variational function V. From (2.67)

the 3PI equations of motion are

oT®) 1 ,
590 = —Jo— K((lz)@b - §K£Z (ZhAbc + @b‘pc) ) (276)
oT®) ih_2) 1h_.(3)
A - _EKab - EKabc c
h2
-5 (KM A Vies + KEIA e Vaey ) (2.77)
oT®) 1 3
o = —§h2AadAbeAch§e}, (2.78)
while from (2.74) the left hand sides are
NS 55 ih h?
Sor = 5y g Wabe + Aabcaa) Do = grdapea BB Doy Vegg + O (1) (2.79)
6r® ih . _
< % (A + TeAGL — Sa) + 0 (1), (2.80)
or®) h? i
o = 3 (Vodes — Vites) DaalpelAcr + 3y Vaes VoniViriBaalog Acj DenA pr it
. 3 1
—%WhijdVefg <3AahAbiAejAdecg + cyclic permutations (a — b — ¢ — a))
+0 (n'), (2.81)
where now 5 4T
1 ol
b= A (2.82)

Note that, as in the 2PI case, there are O (hQ) corrections to the ¢ and A equations

of motion, but only O (h) corrections to V. Thus a loopwise truncation of T'® is not a

loopwise truncation of the corresponding equations of motion.

Note that if one truncates T'® to two loop order and sets K = 0, then the V equation

of motion becomes simply V = Vj. Substituting this back in I'® gives the 2PIEA to two

loop order. That is

r® [0, A, V] = @ [p, A], at two loops.

02

(2.83)



This is a specific example of a general equivalence hierarchy

r [p] = r@ [, Al =--- at one loop,
r®) lp] # r@ [p, A] = r® [0, A, V] =--- at two loops,
T[] #T@ [0, A] £#T® [p, A, V] =TW [g@, AV, V(4)} = --- at three loops,

where extra arguments are evaluated at the solution of their source-free equations of motion
when comparisons are made. This implies that if one is willing to work at L loop order,
there is no profit in using an nPIEA with n > L. However, the L-loop LPIEA is self-
consistently complete in the sense that all Feynman diagram topologies which are possible
to resum using < L loop diagrams as skeletons are being resummed fully self-consistently.
Not all diagrams at > L loops are included, however. For example, taking the 2PI equations
of motion at two loop order and solving them by iteration, one finds that not all three loop
diagrams are present. This is because at three loops there are primitive vertex correction
diagrams which cannot be represented by iterated propagator corrections. Thus there is
profit in increasing n as long as n < L. Finally, it will be shown in Chapter 4 that symmetry
improvement breaks the equivalence hierarchy, e.g. the symmetry improved 3PIEA does

not reduce to the symmetry improved 2PIEA at the two loop level.

2.5 Analytic properties of the 2PI effective action and resum-
mation schemes
2.5.1 2PIEA as a resummation scheme

One of the advantages of nPIEA (n > 1) is the summation of perturbation theory effected
by the self-consistent equations of motion. This can be illustrated simply with the example

of the 2PIEA in the Hartree-Fock approximation. The propagator equation of motion reads

Ay (z,y) = — <Dx5ab +may + Gabetpe () + %)\abcdSoc () pa (z) + %)\abchcd (z, SC)) §(z—y).
(2.84)

Consider for simplicity the case where ¢, is independent of position and time. This is the

case, for example, in thermal equilibrium or vacuum since by assumption spacetime is also

homogeneous. Then this equation can be solved in the Fourier domain. Introducing
8w = [ A ), (2.85)
z—y

the equation of motion is

_ 1 ih
Aabl (p) = - <_p25ab + mzb + Gabepe + iAabchPC(pd + E)\abcd /k Acd (k)> . (286)
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The important point is that [, Acq (k) is actually independent of p. Thus one can write

A;bl (p) = p*6ap — be where the effective mass matrix is given by the gap equation

1 ih -1
Mab = c21b + GabePe + iAabcdgpc@d + 2/\abcd/ [kQ(Scd - Mgd] . (287)
k

There is a basis of fields in which the matrix M?% = M?2§,, (no sum) is diagonalised. In
that basis

2 _ 2 ﬂ 1
M(Z - IU’CL+ 9 ;AGC/k k,‘Q _MC27 (288)

where p2 are the eigenvalues of mgb + GabePe + %)\abcdgocgod and A\, are, for each ¢, the
eigenvalues of the matrix Agpee (no sum).
The integral is divergent in d > 2 dimensions and must be regularised. Using dimen-

sional regularisation in d = 4 — 2¢ dimensions,

i M2 T1
= - 1+ 1n(4
/ka_MCQ T [ v+ +n(7r)+(’)()]
M? 1

2
1
2111(26)—1-/ =

_l’_

, (2.89)

where p is the renormalisation point and v ~ 0.577 is the Euler-Mascheroni constant. The
three terms are the MS divergent contribution, the finite vacuum contribution and the
finite temperature Bose-Einstein contribution respectively. The renormalisation procedure
(not carried out in full here; see section 3.4 and appendix C for details), effectively results in
the removal of the infinite part. The ambiguity in the removal of a finite part is reflected in
the freedom to choose p. For simplicity set the temperature to zero (the finite temperature

contribution is not important for the point that follows). Then,

M? M?
M2 =24 ZAach (u2>' (2.90)

Now contrast this with the perturbative, or 1PI, evaluation of the same quantity. In the
1PI self-energy only the bare A propagators appear, so the analogue of (2.84) is identical
except for the replacement A — Ag on the right hand side. This results eventually in the
replacement M2 — u2 on the right hand side above, giving

2
M2 (1PT) = 12 + — ZAQCMQ (52> (2.91)

which is what is obtained by iterating the 2PI equation once and ignoring terms of order
O (hQ). The 2PI solution has higher order contributions, starting with

h? 7% 2
2 _ 2 c 2 d 3
M? = M? (1PI) + 102471 %d {AacAcd [1 +1In <u2>} p31n (;ﬂ)} + 0O (r’). (292
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This is a large correction if, parametrically, AIn (ug/MQ) ~ 1672. This can occur in theories
with very strong couplings or a hierarchy of masses so that some p2/u? is inevitably large.
An important case is u2 = 0. In this case the 1PI gap equation gives zero, but the 2PI gap
equation gives a non-perturbative solution M2 ~ u? exp (327r2 / h)\) which may or may not
be physical.

This can be seen diagrammatically as well. The Hartree-Fock gap equation is

Al = (—)_1 = (----- )_1 = Q , (2.93)

where the full propagator represents ¢A and the dashed propagator iAg. This can be
rearranged into

- o= boee— (2.94)

Iterating this equation gives

1 ) &
L bl (295)

The 1PI Dyson equation consists of the first two terms on the right hand side only.
The additional term gives, upon repeated iteration, the sum of all daisy (or ring) dia-
grams as well as all superdaisy (i.e., daisies within daisies in a fractal pattern) diagrams.
The highly non-trivial fact about 2PI approximation schemes is that all of these diagrams
appear with the correct combinatoric factors. (This no longer holds for all diagrams in
nPIEA with n > 3.) From the point of view of someone engineering ad hoc equations of
motion to effect a resummation, this is a highly desirable property which would be difficult
to prove, especially when diagrams with more complicated topologies are included. Fur-
thermore, since perturbation theories are generically asymptotic expansions, resummation
in general is a dangerous procedure. Mathematically speaking an asymptotic series can be
summed to any value whatsoever. Additional non-perturbative properties are required of
any resummation scheme that claims to faithfully represent the original theory. For these
reasons, while nPIEA (n > 1) do effect resummations of perturbation theory, speaking of
resummations reflects a limited understanding of why nPIEA actually work. This section
examines this issue in the context of the 2PTEA for a toy model which is exactly solvable
so that a deeper understanding of the analytic features that support nPIEAs in general
and 2PIEAs in particular can be found. These results are then contrasted with those for
some other common resummation schemes used in the literature, particularly the Padé
and Bore-Padé methods. Much of this section is based on a publication by the author [3].

Unfortunately robust comparisons are difficult because the large order behaviour of
perturbation theory is known, at best, in a sketchy form for most field theories of interest.
The use of a genuinely trivial model “field theory” in zero spacetime dimensions (i.e. prob-
ability theory) allows for exact results to be obtained and removes all complications due

to renormalisation, etc. This model nevertheless accurately represents the typical com-
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binatoric structure of large order perturbation theory, at least in those cases where the
behaviour is known in more interesting field theories. A “spectral function” representation
of the Green function (similar to the one first introduced by Bender and Wu [89, 90]) is
used to capture the non-analyticity of the solutions in the various methods.

The existence of the spectral representation is connected to the branch cut of physical
amplitudes on the negative coupling (\) axis. This branch cut is due to the non-existence of
the theory at negative couplings: the path integral diverges due to a potential unbounded
from below. In a higher dimensional field theory this has a simple physical interpretation:
the vacuum is unstable and, after tunnelling through a barrier, the system rolls down
the potential [56]. For weak coupling the semi-classical approximation is valid and the
tunnelling is exponentially suppressed, giving an imaginary contribution ~ exp (—1/\)
to the vacuum persistence amplitude which is inherited by the Green function. This
exponential behaviour can also be seen in the spectral function.

Dyson [13] argued that a very similar phenomenon occurs in quantum electrodynamics
(QED). In QED physical observables are calculated in a perturbation series of the form
F (62) = ag + age® + age* + -+ where e ~ 0.3 is the charge of the electron. Now if one
imagines a world where e? < 0, i.e. like charges attract, it is easy to see that the ordinary
vacuum is unstable to the production of many electron-positron pairs which separate into
clouds of like-charged particles. At weak coupling there is a large tunnelling barrier to
overcome because one must pay for the rest mass of the pairs and separate them far
enough for the wrong-sign Coulomb potential to compensate. Thus there is a finite but

2 cannot

exponentially suppressed rate of vacuum decay. A Taylor series expansion in e
capture this non-analyticity so the perturbation series must be divergent.

Similarly, the perturbation series in A diverges for the toy model considered here. Padé
approximants can represent physical quantities more accurately than Taylor series because
they can develop isolated poles in the complex A plane, however they struggle to capture
the strong coupling behaviour at any fixed order in the approximation. Padé approximants
are better able to capture the non-analyticities of the Borel transform, however, and the
widely used combination Borel-Padé approximants give a better global approximation.
This occurs because the Padé approximated Borel transform has poles in the Borel plane,
which lead to branch cuts when the Laplace transform is taken to return to physical
variables. Similarly, the self-consistent 2Pl approximations develop branch point non-
analyticities and approximate the exact Green function rather well in the entire complex
A plane already at the leading non-trivial truncation. However, the branch cuts in the 2PI
case arise because the 2PI Green function obeys self-consistent equations of motion, and
is connected to the existence of unphysical solution branches.

A question that naturally arises is: how do these methods compare? Both 2PI and
Borel-Padé methods have the ability to accurately represent non-analyticities of the exact
theory and so out-perform other methods. However, a natural conjecture is that self-
consistently derived equations of motion “know more” about the analytic structure of the
underlying theory than do the generic Borel-Padé approximants. This section tests the
hypothesis that the 2PI methods should be more accurate than Borel-Padé and, indeed,
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one finds this to be the case, at least in certain regimes.

The theory discussed here, although admittedly a toy model, also has physical relev-
ance. Beneke and Moch found this toy model as the theory governing the zero mode of
scalar fields in Euclidean de Sitter space [91]. They performed an analysis very similar
to this one, finding that a non-perturbative treatment is necessary and compared 2PI and
(Borel-)Padé resummed approximations. However, they present this analysis very briefly
as part of a larger discussion of scalar fields in de Sitter space. Further, their comparison of
the 2PI and resummed techniques, while correct, is not very detailed. The analysis presen-
ted here is a detailed discussion of the interplay between 2PI effective actions and various
resummation techniques. Use of the spectral function to quantify the non-analyticities
present in the Green function in aid of this comparison is, to the author’s knowledge, a

new aspect.

2.5.2 A toy model and its exact solution

The toy model is a Euclidean quartic theory in zero dimensions, i.e. a probability theory

for a single real variable ¢ given by the partition function
> Logo 1.4 2
Z[K]=N dg exp —oM¢ - —\¢" — =Kq (2.96)

with a source K for the two point function. N is a normalisation factor chosen so that
Z[0] = 1. This theory has been discussed before in the context of exact and non-
perturbative methods in field theory (see, e.g., [92, 93] and references therein) because,
despite the absence of spacetime, the theory possesses a perturbative expansion in terms
of Feynman diagrams with the same combinatorial structure as more realistic theories. It
was also discussed in [91] as an effective field theory for scalar field zero modes in Euclidean
de Sitter space.

Attention is restricted to the m? > 0 theory since, though the m? < 0 theory exists
and may be interesting for other purposes, it possesses no sensible weak coupling limit
and in zero dimensions does not give a broken symmetry phase anyway. In the absence
of symmetry breaking there is no need for a source term for q. The integral diverges for
ReA < 0, but can be defined for all complex A by analytic continuation. Then Z [K]
possesses a branch cut along the negative A axis. Physically, this signals the instability of
the negative A vacuum due to tunnelling away from the local minimum at ¢ ~ 0 to g ~
:l:\/m followed by rolling down the inverted quartic potential which is unbounded
from below. The branch point at A = 0 means that the weak coupling perturbation series
has zero radius of convergence, agreeing with the general analysis of Dyson [13].

Introducing the conveniently rescaled variables k = K/m? and p = 3m*/4\, the integral

can be performed giving

Z K] = %\/p(l T k) exp (,0 1+ k)2> K14 <p(1 + k:)Q) , (2.97)
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where K/, (--+) is a modified Bessel function of the second kind. This expression is valid
so long as
Re(v/p(1+k)) >0, (2.98)

which extends the definition to the entirety of the cut A-plane. The normalisation factor

18

- T;;;;l(/;p()p), (2.99)
so finally
2
Z[K]=V1+kexp (p [(1 + k) — 1}) K1/41£T/(41(:) & ) (2.100)
Also define the generating function
W K] =—-InZ[K] (2.101)

and note that connected correlations are found by taking derivatives of W. For example,

O%W K] = % (®) = %G, (2.102)
2
({iQW (K] = —i (<q4> - <q2>2>K = i (V<4>(;4 - 2(;2) : (2.103)

where the subscript K indicates the average is taken at a fixed value of K. G and V*
are the proper two and four point functions respectively. To lowest order in perturbation
theory and with K =0, G = 1/m? + O () and V) = X+ O (\?).

The exact value of W [K] is easily obtained directly from the definition, giving

1
WIK] = —5In(1+k) —p [(1 TR 1} — K, <p(1 + k)2) +InKy s (p). (2.104)
By direct differentiation the exact two point correlation function is

K34 (P (1+ k)2>

2/ 2
m?{q*) . =4p (1 +k) -11, (2.105)
K4 (P (1+ k)2>
or for the original (K = 0) theory,
- K34 (p)
m?G = 4 ( 8/ —1>. 2.106
g Ki/4(p) ( )

Like Z, G possesses a branch cut discontinuity from A = 0 to A = —oco. At A = 0 one
obtains the usual free (Gaussian) theory result G = Gy = m~2. In the strong coupling
limit, A\ — oo, G ~ [2\/6F (%) /T (i)} A2 40 ()\’1). G is shown in Figure 2.1, from
which the branch cut is obvious. This can also be seen in more detail in the complex A
plane as shown in Figure 2.2. One sees that not only does G possess a branch cut, it is
analytic in the cut plane and is in fact a Herglotz-Nevanlinna function (i.e. G (\)* = G (\*)

where x is complex conjugation). This gives rise to an integral representation in terms of
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Re[G]
----- Im[G[A—-i€]]
IM[G[A+i€]]

|
o
(63}

T

|

Figure 2.1: G from (2.106) as a function of A for m = 1. The sign of the imaginary part
depends on whether one approaches the A < 0 cut from above or below. Note the imaginary
part is exponentially suppressed near the origin because the vacuum decay process is non-
perturbative.

a spectral function which can be used in order to quantify the branch cut.

Start with the integral representation for G using the Cauchy formula

1 aw .,
G(A)_Mé)\/_AdA, (2.107)

where the contour C circles A in the counter-clockwise direction and avoids the cut. De-
forming the contour to run on the circle at infinity and around the cut and using G (\) — 0
as |A| — oo, the integral can be written in terms of a spectral function

G (s —ie) = G(zs+ig) g (s) = Ve, (2.108)

27 T

o(s) =

such that

G\ = /Ooo s (2.109)

Then,
4+/2 1

o(A) =—
( ) m2m2 Im |:I_i (—,0)2 7

O\, (2.110)

1
1

where Ii% (p) are modified Bessel functions of the first kind”. o ()\) is shown in Figure 2.3.

"Note that the physical interpretation of this spectral function is unrelated to the usual one in field
theory since, for one thing, there is no such thing as energy in zero dimensions. One can consider & (s) a
purely formal device that gives information about the analytic structure of G.
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Re[A]

Re[A]
(b)

Figure 2.2: Modulus 2.2a and phase 2.2b of G in (2.106) for m? = 1 in the complex A

plane.
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Figure 2.4: Perturbative approximations to G up to O ()\5) for m = 1, compared to the
exact solution.

Expanding G in a Taylor series in \ gives

G— 1 n iszzl (nll)! (=N 22T (2n + 3) L=

m? - m? 3Rk (= A) 22T (20 4 3) e
1 A 2)\2 1103 344
- - + + 4o (2.111)

m2  2mb  3ml0 8mlt  9gmis

The perturbative approximations G, are the O (A") truncations of this series. The first
few are shown compared to the exact G in Figure 2.4. These approximations apparently

converge poorly to the exact solution, and in fact the series diverges.
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Figure 2.5: Relative error ‘(Gn — C_?) /C_v’}of the n-th perturbative approximation to G for
m = 1and A = 1/4, showing the decreasing then increasing behaviour typical of asymptotic
series

The series for G can also be described in terms of Feynman diagrams by the following

rules:

1. Draw all connected graphs with two external lines constructed from lines and four

point vertices.
2. Associate to each line a factor Gy = 1/m?.
3. Associate to each vertex a factor —A\.

4. Divide by an overall symmetry factor being the order of the symmetry group of the

diagram under permutations of lines and vertices.

The diagrams of this series are exactly those seen before in the A¢* theory in (2.22). The
series (2.111) has the form G =m™23 > j¢, ()\/m4)n where the coefficients asymptotic-
ally obey cp41 ~ —%ncn as n — oo, thus the radius of convergence of the series is zero.
This is consistent with the fact that one is perturbing around a branch point of the exact
solution: no approximation of G in terms of analytic functions can converge at A = 0
because Z [K] is itself undefined for ReA < 0. The terms of the series start to increase
when c¢,41 ()\/m4) ~ Cp,i.e. n ~ 3m*/2)\, meaning the series is useful for A < m* but fails

4. This is typical asymptotic series

immediately for a moderately strong coupling A\ =~ m
behaviour as shown in Figure 2.5. Extrapolating perturbation theory to strong coupling
A > m? is simply impossible, although the exact solution is well behaved there. (In fact G
can be expanded as G =m™23"°° | &, ()\/m4) _n/2, displaying explicitly the branch point

at A = 00.)
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2.5.3 Borel summation

The series expansion for G diverges for all A # 0. This is typical of perturbation series and
usually signals some singularity of the exact solution for unphysical values of . Indeed,
the toy model does not exist for ReA < 0 and the exact solution possesses a branch cut
on the negative A axis, a feature which cannot be reproduced in any order of perturbation
theory. However, the perturbation series is asymptotic and does contain true information
about the exact solution, even if A is large enough that the series is not useful practically.
Because of the ubiquity of this phenomenon, mathematicians have invented a number of
series summation techniques which assign a finite value to certain types of divergent series
and which obey certain consistency properties (e.g. the value assigned to a convergent
series is just its naive sum). This section discusses Borel summation, which is capable of
summing factorially divergent series like (2.111).

Suppose that Y °  a, is a divergent series but that the Borel transform of the series,
defined as

¢(x) = ot (2.112)

n!
n=0

converges for sufficiently small x. Then, if the integral
o0
B(z) = / e ' (xt)dt (2.113)
0

exists the Borel sum [14, 94, 95] of the divergent series is defined as B[Y_ ° an| = B (1).
This definition is justified by substituting the series for ¢ (xt) into the integral and evalu-
ating term-wise and noting that B (z) ~ > ° ;ja,z”. The main drawback of Borel sum-
mation is that one must know the precise form of a, for all n to compute ¢ (z), which is
rarely the case in field theory. For this reason Borel summation cannot be usefully applied
directly in practice. However, one may use Padé approximants as discussed in the next
section to recast the Borel transform in a useful way. In the case of the toy model, though,
one can verify that the perturbation series is Borel summable and the Borel sum is equal
to the exact solution (the computation is unenlightening and best done by a computer
algebra package).

Note that key to Borel-summability of the perturbation series is the alternating sign

(—1)" of the n-th order term. To see this consider the two series

Si=> (-=\"nl, (2.114)
n=0

Sp=> A'nl, (2.115)
n=0
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which differ only by the alternating sign. The Borel transforms ¢; 5 (x) are

o0

6 (0) =3 (A" =5 - (2.116)

b2 () = fjo () = (2.117)
and the Borel sums are

B[Si] = B (1) = /OOO 1(::;tdt, (2.118)

B[Ss] = Bs (1) = /OOO 1e_;tdt. (2.119)

In the first case the integral exists and B[S1] = A"1el/AT (0, 1) where T (a,b) = [~ t¢ le~tdt
is the incomplete gamma function. However, the second integral hits a pole at ¢ = 1/A.
There is no natural prescription for avoiding the pole, which leads to an ambiguity in the

sum of +mwiz~le /2

. This is a non-perturbative ambiguity called a renormalon [96]. In
every known case where this arises in field theory the renormalon is connected to a non-
perturbative finite action solution of the field equations, i.e. an instanton or soliton, and a
correct evaluation of the path integral which sums over all saddle points (not just perturb-
ative ones) removes the ambiguity. Key to the practical application of Borel summation
is the location and classification of all renormalons in a given theory [93]. Sophisticated
techniques have been developed to deal with this situation which are beyond the scope of

this thesis [95, 97, 98].

2.5.4 Padé approximation and Borel-Padé resummation

Borel summation is limited in its usefulness because one often only knows a few low order
terms of perturbation theory (as well as the possibility of renormalons). Padé approxim-
ation is a technique which often improves perturbation series and is far more useful in
practice, and can be combined with Borel summation. Padé approximants are rational
polynomials which generally converge rapidly to the function being fitted, are useful for
numerical computation, and help to estimate the location of singularities of the function in
the complex plane. Many software packages include standard routines for evaluating Padé
approximants, for instance the PADEAPPROXIMANT function in MATHEMATICA [99]. This
section applies Padé approximants to both the Green function and its Borel transform,
finding that the latter approach is clearly the better one.
The (N, M)-Padé approximant of a function > ;a,z™ is given by [14]

_ ZnNzo Apz”

Pyy (z) :
Ei\f:o B, xz™

(2.120)

where, without loss of generality, one takes By = 1. The remaining N + M + 1 coeffi-
cients are chosen so that the Taylor series of Pﬁ (z) matches the perturbation series up

to O (mN +M ) Due to the denominator, Padé approximants develop poles in the complex
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Figure 2.6: First three Padé approximants to G with m = 1. Note the simple poles
developed for A < 0.

z-plane, allowing the close approximation of more singular functions than Taylor series
are capable of. Examples of the use of Padé approximants in field theory can be found in
[94, 100] and references therein.

To find the approximants to m2G, with z = A/m*, one must restrict attention to the
approximants where M = N + 1. This guarantees that Pﬁ — 0 as A — oo. The usual
diagonal approximants (N = M) would give an unphysical constant Py — Ax/By # 0
as A — oo. Note that it is impossible to match the true 1/v/X behaviour of G as A — oo
using Padé approximants centred on the origin. The best that is possible in this limit is
~ 271 (As it happens, using = VX does not allow one to resolve this issue: the same
approximants are found only with 22 everywhere in place of z. This is because the 1/ VA
behaviour is due to the branch point at infinity, which is infinitely far from the origin where
the Padé approximants are matched to perturbation theory. Low order Padé approximants
can extract information about the branch point near the origin, but evidently not the one
at infinity.) The first five approximants for m?G are shown in Table 2.1 and the first three
are plotted in Figure 2.6 with comparison to the exact G. Note that the existence of the
integral representation (2.109) for G implies that G is a Stieltjes function, meaning one
can prove convergence properties for the Padé approximants as N, M — oo, though this
analysis is not presented here (see [14] for examples in other contexts).

The (N, N 4 1)-Padé approximant can also be written as

N

.
PNy =) 5 (2.121)
i=0 i

where r; and p; are the i-th residue and pole respectively. Note that since all of the

coefficients in the denominators of Table 2.1 are positive and real, all of the poles must
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Table 2.1: First few Padé approximants for m?G.

N
N }%V+J
1
0 A
L+ 2mi
2)
) 1+ 2
5\ T2
L+ 2mi + 12m8
16X 5972
92 L+ 3m? + 12m38
35\ 43)\2 773
L+ 6mi + 6m38 + 72m12

10\ 155)2 153
1+W+ 6m8 Tt

3
21\ 36572 29513 38524
1+ 2m4 + 12m?8 + 12m12 + 144m16
16X\ | 3152 11903 79454
4 L+ m 4m8 + 9ml2 + 144m16
33\ 2592 1193513 1431504 7315)\5
1+ 2m4 3mS + 72m12 + 144m16 + 864m20

either be on the negative real axis or they must be complex and come in complex conjugate
pairs. Numerical experiments suggest that all the poles lie on the negative A\ axis, though
the author is not aware of a proof of this for all N. Assuming this is generally true,
Padé approximants give a representation of G which approximates the continuous spectral

function by a sum of delta functions

N
o(s)~on(s)= Z 0 (s + pi) - (2.122)

i=0
As N — oo the poles become denser and fill the negative A axis, eventually merging into
a continuous branch cut. Similarly the spectral function turns into a dense sum of delta
functions which, when considered acting on any sufficiently smooth test function, smooths
into a continuous function. The first few oy are shown next to the exact spectral function

in Figure 2.7 for comparison.

Now consider Padé approximation of the Borel transform of G. This is aided by noting

the following connections between the Borel transform ¢ and G and o:

v lo <i‘> f—; é (2) z% e (2) . (2.123)

That is, the Green function is related to the Laplace transform of the Borel transform, while
the spectral function is related to the inverse Laplace transform of the Borel transform.
These relations can be shown using the definitions of ¢ and ¢ and the integral representation
of the (inverse) Laplace transform. This allows one to extract the spectral function directly
from the Borel transform. Note that each pole of ¢ yields by the inverse Laplace transform
a term of the form A\~ exp (—k/)) in o, where k is controlled by the location of the pole.

The general Borel-Padé approximation for ¢ is a superposition of terms of this form.
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Figure 2.7: Padé approximations to the spectral function o (A) (for m = 1) consist of an
increasingly dense set of delta functions. (Note the delta functions have been smoothed
for visual purposes only.)
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Figure 2.8: Borel-Padé approximations to the Green function G ()\) (ratio of approximant
/ exact) for m = 1. Approximants are calculated by numerical integration of (2.113).

The first few approximants to G' and o are shown in Figures 2.8 and 2.9 respectively.
The low order Borel-Padé Green functions are reasonably accurate (within a few percent
for A < 5m?*) but the spectral functions are not approximated particularly well. Certain
approximants to o oscillate erratically and even become negative for certain values of A.
Except for the fact that the best approximant is the highest order one plotted, there is
no clear sense in which the Borel-Padé approximations appear to converge to o. However,
even this bad approximation is at least a continuous function, as opposed to a sum of delta

functions.
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Figure 2.9: Borel-Padé approximations to the spectral function o (\) (ratio of approximant
/ exact) for m = 1. Note that the (2,2) approximant is off scale.

2.5.5 2PI results

The 2PI effective action in the toy model is
I'[G] = W [K] — KoxW [K], (2.124)
where K is solved for in terms of G. I' [G] obeys the equation of motion

0eT[G] = —%K. (2.125)

Explicitly,

I'[G] = %ln (G™Y) + %mQG + 72p1 + const., (2.126)
where —op1 is (minus due to Euclidean conventions) the sum of two particle irreducible
vacuum graphs, i.e. those graphs which do not fall apart when any two lines are cut, where
the lines are given by G and vertices by —A. The equation of motion in the absence of
sources is

G~ = m? 4 20¢y2p1, (2.127)

which is Dyson’s equation where the second term on the right hand side, —% = 29gy2p1,
represents the exact one-particle irreducible self-energy of the propagator G.

By power counting (or counting line ends in the corresponding diagrams), yepr =
Yoo In ()\Gz)n. It is possible to derive the =, by considering the symmetry factors of the
two particle irreducible Feynman diagrams, but they can also be obtained using knowledge

of the exact solution G = G. Substituting G into the equation of motion and the expansion
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for vopr1, expanding about A = 0 and matching powers of A, one finds

G2\ B G*)\2 N GO)3 B 5G8N* N 101G1O)° B 93G12)\6
8 48 48 128 960 256
8143G14N7 B 271217GY6X\8  374755G18)\9 B 5151939G20\10

5376 36864 9216 20480
697775057G22 A 11 3802117511G**\12 201268707239G26\13
405504 294912 + 1916928
11440081763125G28 A 5148422676667G0A  1665014342007385G32\16

12386304 + 589824 18874368
4231429245358235G34 A7 921138067678697395G36\18
- +0 (A\PG*®) . (2.128)

4456448 84934656

V2Pl =

The author does not know of any closed form expression for either the coefficients of this
series or its sum (implicit analytic expressions can be derived; however, these require the
inversion of G = G (A) for A (G), which is not known in closed form). There is a recursion
formula for the coefficients [101] which, however, will not be needed here. After the first
few terms the coefficients are well approximated by ~;41 ~ —%i%, the same as for the
perturbation series. This has the hallmark of an asymptotic series and, like perturbation
theory, the 2PI series does not converge.

The first non-trivial contribution to the equation of motion gives

_ A
Gy =m"+ 3G (2.129)

where the subscript (1) indicates terms of order O (A!) have been kept. This has two

solutions ) 1
—m* £ vm* + 2\
Gay = By : (2.130)
One of these solutions is unphysical and the + sign must be chosen. As A — 0,
G —>L—L+A—2+O(A3) (2.131)
(1) 772 T 9,6 T 910 ’ :

which matches perturbation theory up to O ()\2) terms as expected. However, unlike

perturbation theory, the strong coupling limit A — oo exists and gives

2 m? m* 1
G(l) — \/:_)\+(2)\):')/2+O<)\5/2> . (2.132)

This series has the correct form in powers of A~'/2, though the leading coefficient is incor-
rect by &~ 15%, and the sub-leading coefficients are incorrect by ~ 40%, 70% and 100% etc.
This level of accuracy is remarkable considering the simple nature of the approximation
and the fact that yop; was truncated at leading order in A! G(q is a much more uniform

approximation to G than the perturbative approximation m=2 — \/2mS.
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Figure 2.10: Comparison of exact spectral function o (\) (2.110) with the two loop 2PI
approximation oy (A) (2.134) for m = 1. Already, the simplest non-trivial 2PI truncation
gives a much better approximation than perturbation theory or Padé approximants to
arbitrary order.

This uniformity is possible because of the branch cut G(;) possesses on the negative A

axis. The discontinuity across the cut
, _ A=m* =2\ m*
Gy (A +ie) — Gy (A — ie) = 2i—70 (—)\ — ) , (2.133)
gives the spectral function

Voml £ 22 < m4> , (2.134)

7 (A= TA A 2
which is a far better approximation to the exact spectral function than obtained from any
of the other techniques, as can be seen from Figure 2.10.

All of the first order approximations are shown in Figure 2.11. Note that for \/m?* >
0 the best approximation is the 2PI, followed by the Borel-Padé, then by Padé, then
perturbation theory last of all. The situation for negative A is complicated. The best
approximation overall is the 2PI, though it has an unphysical cusp where the branch cut
starts (\/m* = —1/2 in Figure 2.11). It appears the 2PI approximation trades sensitivity
to the exponentially small portion of ¢ in exchange for a better global approximation. The
Padé approximation is good at small negative A but hits a pole at A/ m* = —2 and there
loses all validity. The Borel-Padé approximation is smooth and more accurate than the
2PI near the peak of G, but eventually becomes invalid, even negative, at sufficiently large
negative A (\/m?* < —5.37).

At n-th order, (2.127) is a degree 2n polynomial in G which has 2n roots, only one of
which is physical. For n = 2 there are analytical expressions for the roots, though they

are very bulky, and for n > 3 (2.127) must be solved numerically. Picking out the correct
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Figure 2.11: Comparison of (the real part of) the exact Green function G to each of the
approximations discussed to first non-trivial order in each case, for m = 1.

root for a given value of A is tricky in general and not pursued further here. However, one
can see on general grounds that truncations of (2.127) give a singular perturbation theory
in A: at A = 0 the physical solution starts at Gy and the spurious solutions flow in from
infinity as inverse powers of A as A increases to finite values.® At strong coupling the roots
generically approach each other and one must carefully track them through the complex
plane. The possibility that a resummation of the 2PI series would remove some or all of
these spurious solutions is examined using two potential methods in the next section with

mixed results.

2.5.6 Hybrid 2PI-Padé

Since the series of 2PI diagrams is asymptotic, one may use a series summation method to
improve convergence. Note that this is logically independent of the resummations embodied
in the 2PI approximation itself. This section studies the use of Padé summation of the
action term 7opr or the equation of motion term Jdgyopr. First, consider Padé summation

of the action which matches the series expansion up to order N + M:

N o4M) 2\7
> o An (MG
I'G] = 1111 (G + 1mQG 4 &n=0 (&) + const. (2.135)
2 2 M, B (AG2)”

8 Also note that at least one of the spurious solutions (and always an odd number of them) are real
since the coefficients in (2.127) are real and complex solutions must occur in conjugate pairs.
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The equation of motion becomes

N ( n
Gl = +2iz o A7 (AG)
dG oM By (AG)"

_ (M) () yntky2(ntk)—1
— o+ 430 0 Yo (n — k) A BVARG : (2.136)

s, B0 ey

Multiplying by the denominator this becomes a polynomial equation of degree 2 (N + M)
as expected. This equation will have 2 (N + M) —1 spurious solutions as does the ordinary
2PI approximation of matching order. To take a specific example, consider ~vopr up to
O (A*) and the matching (2,2)- and (1, 3)-Padé approximants:

G*\ G GO 5G8/\4+

= - - 2.137
TP =g s T s 128 (2.137)

G2\ + 113G4)\2
~ —8 480 (2.138)

41G2 )\ TGA)N2 )

1+ 20 + 40

G2\
~ . 2.139
8 (1 I G?A _ 5G| 113G6>\3> ( )

36 432

The solution resulting from any of these versions of y9pr cannot be written in closed form,
however numerical solutions are shown in Figure 2.12 for moderately small A (for A outside
of this range, different roots become relevant). The hybrid solutions are more accurate than
the fourth order 2PI solution, although the level of improvement depends strongly on the
type of Padé approximant employed. The trade-off is a loss of accuracy at large A, as shown
in Figure 2.13 for the best roots found. Each approximation decays with the correct leading
A~1/2 power, however they differ by © (1) factors which are not negligible. Remarkably,
the best approximation of those shown at large A is the O (A) 2PI approximation. For
the greater computational expense the (2,2)-hybrid approximation is not noticeably an
improvement at large coupling. The apparent clustering of the O ()\4) 2PI and (1,3)-
hybrid approximations away from the exact value as A — oo stems from the minus sign
of the leading term in Jg~9p1 in these approximations, suggesting that one should not use
approximations with this property.

Next try Padé summing the equation of motion:

SIS AP (AaR)"

Gl=m?+ 2
SM B (G

(2.140)

where the explicit factor of G~! on the right hand side simply ensures the self-energy is an
odd function of G as it must be. This equation of motion is of degree max (2N,2M + 1),
which for typical choices of N and M results in a rough halving of the number of spurious

solutions. To obtain an analytic result consider the first non-trivial approximant, i.e
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Figure 2.12: Comparison of exact G, first and fourth order 2PI and (2,2)- and (1, 3)-2PI-
Padé hybrid solutions for m = 1 at small coupling. The (2,2)-hybrid solution lies almost
on top of the exact solution.
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Figure 2.13: Comparison of exact G, first and fourth order 2PI and (2,2)- and (1, 3)-2PI-
Padé hybrid solutions at large coupling for m = 1.
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N = M = 1. The resulting equation of motion is

G’1:m2+1 G

— 0 2.141
21+ 30G?’ (2.141)

which agrees with the usual 2PI equation of motion up to terms of order O (A?’), however
it only has two spurious solutions instead of three. The physical solution obtained by

matching at small X is

1 36m*— N X3
Ghy = W (—1 + X1/3 - )\ ) , (2142)

where

X =A% = 378\2m* + 18 m2 /X (—2)\2 + 144m8 + 429 m4).

Indeed, this matches perturbation theory up to O ()\3) terms. However, the large A beha-

viour in this approximation is pathological:

Gy — —ﬁ + 18:%2 +0 (2, (2.143)
as A — oo. This reflects the existence of an unphysical branch cut on the positive A axis
starting at A\/m* = % (143 + 19\/57) ~ 214, which Gy, has in addition to the expected
cuts on the negative axis. The existence of this cut also renders the derivation of the
spectral function invalid, meaning that Gy cannot be written in the form (2.109). It is
not known at this stage whether other forms of Padé summed equations of motion lack
these pathologies. Further development of hybrid approximation schemes is beside the

main line of this thesis but may be a worthy topic for future work.

2.6 Summary

This chapter has investigated n-particle irreducible effective actions (RPIEA) in quantum
field theory. Green functions can be computed in a perturbation expansion in terms of
Feynman diagrams or can be efficiently computed using the nPIEA | which were investigated
and explicit derivations given for n = 1,2 and 3 in the case of a generic quartic scalar field
theory. Finally, to illustrate the advantages of the nPIEA method over resummation
methods, the 2PTEA was applied to an exactly solvable toy model and contrasted with
Borel, Padé and Borel-Padé summation.

The study of the toy model revealed several interesting features. The perturbation the-
ory has zero radius of convergence due to a branch cut on the negative coupling (\) axis,
a fact which is invisible to perturbation theory. The theory is Borel summable, with the
Borel sum giving the exact answer. However, Borel summation alone is not usually very
helpful in practice. Padé approximants well describe the Green function at weak coupling,
though not at strong coupling. However, the combination of Borel and Padé approxim-
ation yields an effective global approximation scheme for the Green function. The two

point Green function of this theory admits a nice integral representation in terms of the
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spectral function (i.e. discontinuity of the branch cut) which shows that the Padé approx-
imants improve perturbation theory by allowing the spectral function to be approximated
as a sum of delta functions and the Borel-Padé method gives a continuous, albeit erratic
and inaccurate, approximation to the spectral function. The 2PI approximation scheme
surpasses perturbation theory, Padé and Borel-Padé approximants already at the lead-
ing non-trivial truncation. Like the Borel-Padé method, 2PI approximations can develop
branch points and represent the spectral function by a continuous distribution. However,
the 2PI approximation is quantitatively superior at the leading truncation. These results
are not entirely surprising because while, e.g., the Borel-Padé method is a widely applicable
general “black box” method, the self-consistent 2P1 equations of motion are derived within
a particular field theory of interest. This gives the 2PI method “insider information,” from
which it should be able to construct a better approximation. This comes at the cost of
spurious solutions which must be eliminated and the added difficulty of finding the 2PI
effective action in the first place. Finally, a hybrid 2PI-Padé scheme was introduced using
Padé approximants to partially resum the 2PI diagram series. The quality of the result
depends strongly on the type of Padé approximant used, with the best result found for the
diagonal approximant. This hybrid approximation performs considerably better than the
comparable 2PI approximation at weak coupling, though not noticeably better at strong
coupling.

nPIEAs are the subject of a rich literature and have found applications in diverse
areas from early universe cosmology to nano-electronics (e.g. |17, 64]). The virtues of
approximation schemes built on nPI effective actions are often explained in terms of a
resummation of an infinite series of perturbative Feynman diagrams which are encapsulated
in the non-perturbative Green function A and proper vertex functions V,--- , V() from
which the nPI diagram series is built. However, nPIEAs are not resummation schemes:
they are a self-consistent variational principle. The definition of the nPIEA in terms of
the Legendre transform is crucial for the self-consistency of the scheme. The immediate
practical consequence is that any modification of the nPIEA which does not derive from a
consistent modified variational principle is very likely to be inconsistent. So, for instance,
the consistency of recent attempts to improve the symmetry properties of 2PIEAs [1] is
guaranteed by the existence of a suitable constrained variational principle, however, ad hoc
attempts to modify the equations of motion to satisfy symmetries will fail.

From the nPIEA one obtains a set of coupled integro-differential equations of motion for
the 1- through n-point correlation functions which are similar in spirit to the Schwinger-
Dyson or BBGKY equations. However, the nPI equations of motion are automatically
closed and require no further approximation than a truncation of the diagram series to
be used in practice. Further, time evolution of the equations of motion is well behaved
compared to other schemes. The reason for this is that the non-linear nature of the
equations of motion eliminates the secularities present in perturbation theory (see, e.g.
[16, 17]). This gives nPIEAs an appealing degree of mechanisation and suitability especially
for non-equilibrium time evolution problems. There are two types of outstanding difficulties

however, both due to the non-linear nature of the equations of motion. The first is the
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renormalisation procedure, which has not been discussed in detail here. A renormalisation
procedure based on a Bogoliubov-Parasiuk-Hepp-Zimmerman (BPHZ) type of analysis
will be discussed in Chapter 4 where it is applied to the symmetry improved 3PIEA.
The renormalisation of nPIEA remains an open problem in general, however. The second
problem is violation of symmetries by truncations of nPIEA. Discussion of this problem

and attempts at its resolution form the bulk of the rest of this thesis.

76



Chapter 3

Symmetries, Ward Identities and

Truncations in nPIEA

3.1 Synopsis

The previous chapter introduced nPIEA as a technique suitable for studies in non-perturbative
QFT. This chapter explores the symmetry properties of nPIEA using the 1PIEA and
2PIEA as specific examples. These cases cover all of the conceptual points required for
general nPIEA | with mere increases in technical complexity for n > 2. This chapter demon-
strates that global symmetries are not generically preserved by truncations of nPIEA. The
causes of this can be understood in terms of the difference between 1PI and 2PI (resp.
nPI) Ward identities. It can also be understood in terms of the resummation of per-
turbative Feynman diagrams: when an nPIEA is truncated some subset of perturbative
diagrams is summed to infinite order, but the complementary subset is left out entirely. The
pattern of resummations does not guarantee that the cancellations between perturbative
diagrams needed to maintain the symmetry are kept. In the case of scalar field theor-
ies with O (N) — O (N — 1) breaking, the result is that the final O (N — 1) symmetry
is maintained, but, at the Hartree-Fock level of approximation, the non-linearly realised
O(N) /O (N —1) is lost, the Goldstone theorem is violated (the N — 1 Goldstone bosons
are massive), and the symmetry restoration phase transition is first order in contradiction
with the second order transition expected on the basis of universality arguments. A similar
problem arises in gauge theories, where the violation of gauge invariance in the [-loop trun-
cation is due to the missing (I + 1)-loop diagrams (see, e.g. [102-105] for a discussion of the
gauge fixing problem). These results are known in the literature, but the demonstration
given here that the 2P1 Ward identity is incompatible with the corresponding 1PI Ward
identity is (to the author’s knowledge) new and shows that this result is independent of the
renormalisation scheme used. Here the 2PIEA for the O () scalar field theory is renor-
malised and solved in the Hartree-Fock approximation at finite temperature, reproducing
independently results known in the literature. The solution is then contrasted with the
so-called “external propagator” and “large N” methods which have been advocated because
they solve some of the phenomenological problems, though not entirely satisfactorily. This

sets the stage for the examination of symmetry improvement techniques in the remainder
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of the thesis.

3.2 Global symmetries in the 1IPIEA

Consider the action (2.53) for a generic ¢* scalar field theory with N fields ¢1,--- , ¢,

reproduced here:

1 1 1
S [¢] = §¢a (_Déab - mgb) ¢b - ggabcgbagbbgbc - J/\abchSa(pbﬁbc@bd (31)

Without loss of generality mzb, Jabe and Agpeq are all real and totally symmetric in their
indices. It is assumed also that mva Jabe and Agpeq are all local (i.e. proportional to appro-
priate delta functions) and homogeneous in spacetime. It is possible in principle to relax
this restriction, but this only adds unnecessary complication for the present discussion.

The derivative term has an O (N) symmetry under rotations of the fields ¢, — Rapds,
where R is a rotation (i.e. orthogonal) matrix obeying RT = R~'. In infinitesimal form
the shift of ¢, can be written

St = iTup = i€aT o, (3.2)

where Ty, = —T}, is a generator of rotations which in the second equality has been expan-
ded in a basis T/ where A =1,--- N (N — 1) /2 runs over the linearly independent gener-
ators. When an explicit basis of generators is required one can take Tgf = (0ja0kb — 0jbOka)
where A = (j, k) is thought of as an (antisymmetric) multi-index. Note that the implicit
integration convention can be maintained if T;}) (x,y) x 0 (z —y) contains a spacetime
delta function, though in this notation one must remember that the upper indices do not
have corresponding spacetime arguments since they merely label the particular generator.

The mass term in general breaks the symmetry. Using rotations to diagonalise mib one
finds that it consists of k blocks

m? 0
0 0 0
0 m?
m3 0
mey = ! . 3 ! ! (3.3)
0 0 0
mz 0
0 0 0
0 mi
where each eigenvalue m? is n;-fold degenerate. Obviously Zle n; = N. One then

finds that the mass term breaks the symmetry into within-block symmetries O (N) —

O (n1) xO (n2) x---x O (ng). In the case of a non-degenerate eigenvalue the corresponding
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group factor is O (1) = Zy for the discrete symmetry ¢, — —dq.

This thesis focuses only on the continuous symmetries. Further, there is clearly nothing
essential lost by focusing on a single block, since the more general case is a direct product
of blocks, each block having a simple (in the sense of group theory) symmetry group. That
is, there is no reason not to focus on an irreducible representation of a simple symmetry
group, at least initially. The general case can be built up from there. Therefore, restrict to
the case of a single block where m2, = m?d,,. This retains the full O (N) symmetry. The
cubic coupling transforms like a symmetric rank three tensor, but there is no non-trivial
invariant tensor of that form. Thus g, = 0 to maintain the symmetry. Further, the
quartic coupling transforms like a symmetric rank four tensor, but the only possibility is
dabdcq + permutations. Thus, without loss of generality one can consider the general O (V)

symmetric action

1 A
Sle] = 5¢a (-0—m?) da— 7 (dada)” (3.4)
1 A 2
= 5% (-0) ba — 55 ($ata — %), (35)
where A\v?/6 = —m? and the first and second lines differ by an irrelevant constant term.

For later reference the classical vertex functions for the model are

A
‘/Oabc (33, Y, Z) = _g (6abgpc + 5cagpb + 5bc§0a) o (33 - y) o (:1: - Z) 3 (36)

A
Wabed (17, Y, z, w) = _g (5ab50d + 0cadbd + 5bc5ad) 4 (ZL‘ - y) 4 ({E - Z) 4 (ZL‘ - w) : (37)
Consider now the partition functional
i
217 = [ Dlolexs |1 (5161 + Jus)|. (3.5)

and make the change of integration variables (3.2). As discussed above, the classical action

is invariant. Also the functional measure D [¢] is invariant!. Thus the partition functional

changes by
i i
2= [ Dldlex | (161 + Jus)| 1 2060 3.9)
but since this is simply a change of integration variables §Z = 0. Thus
0= JbT,;“iZ ] (3.10)
“oJ. ’

which must hold independent of J.

!Non-invariance of the functional measure arises in a number of physically important cases, none of
which are relevant here: chiral transformations of fermion fields, non-linear field redefinitions, and scale
and diffeomorphism transformations of spacetime (see, e.g. [18]).
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The physical meaning of this can be understood by considering, for example, the quad-
ratic term in Z [J] =1+ (%) JaG((ll) + % (%)2 JanG((j)) +0 (J3):

1/i\?
0 = Japl (’) JudyG2

dtdes7 o \ h
1(i)? A A7 ~(2)
== 5 ﬁ [Jdean —|— JaJdeb] Gab
& (6Jady + JabJy) G2, (3.11)

where the last line defines d.J, = ie AT;})Jb. The shift above is simply that produced by
a rotation of J in Z[J]. The fact the shift vanishes implies that Gﬁ) transforms like a
symmetric rank two tensor under rotations, which is obvious in hindsight considering that
Gﬁ) = (Tc [padp)). A similar analysis applies to each Green function with the result that
Z [J] is invariant under O (N) rotations of J. Likewise W [J] = —ihln Z[J]. The fact
that W [J] is invariant and that ¢, = G and J, both transform like vectors (i.e. that
the relationship between ¢, and J, is maintained under a common rotation) implies that
I'[¢] = W [J] — Japa is also invariant under rotations. Note that invariance holds off-shell,
that is, before equations of motion are imposed on . In other words the functional form
of T'[¢] is invariant, not just its value at a solution of the equation of motion.

The invariance of I' [¢] under rotations allows one to derive a number of identities called
Ward identities (WIs) for the proper correlation functions. Start by finding the shift of T’

under a rotation 5
—1 T‘lgp =0. 3.12
6 aZEA ab¥b ( )

This is the master WI. Since this holds off-shell one can simplify it by taking derivatives

with respect to ¢ and then imposing equations of motion, which are (recall (2.29))

or
= —J,. 3.13
5§0a a ( )
One can also extract the common factors ¢e4 and define the identity Wg‘l“,am = 0 where
Wfl,..am is the left hand side of (3.12) after taking m field derivatives, applying equations

of motion and extracting factors. Proceeding this way one obtains all of the WIs, the first

few of which are

WA = —J.Thes, (3.14)
WA = AZThe, — JaT, (3.15)
Wi = VaaTihon + AL T + AT, (3.16)
Wike = WeacaTipe + VacaTib + Veca Ty + Veaa T, (3.17)

and so on. These are non-trivial identities relating the (full) propagator and various proper
vertex functions. The most important identities for the following development are (3.15)
and (3.16), though all of them are on equal footing conceptually. This thesis restricts

consideration to the lowest few WIs merely for technical simplicity. The methods developed
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herein can be extended straightforwardly. Note that after (3.15) the WIs do not depend
explicitly on the source. This is useful in the discussion of linear response for symmetry
improved effective actions in Chapter 6.

The physical meaning of these identities can be best seen in simple cases. Setting the
source to zero corresponds most often to the physical limit (i.e. when the external source
is considered as a formal tool, not a physical quantity in and of itself). In this case the
first WI is trivial and (3.15) becomes

0= A T4 (3.18)

Due to translation invariance the vacuum state has ¢, = constant and A_! (z,y) =

AZL (x —1y), so that (3.18) can be simplified using the Fourier transform

A7 (2,y) = / P AL (p) (3.19)
p

which gives

0= Ac_al (p = 0) TI?)(pb = _Mczachl‘;(va (320)

a

recalling that the zero mode of the inverse propagator is (minus) the mass-squared matrix
M2, = M2.. Choosing without loss of generality a basis where ¢, = (0, ,0,v) = vdn
gives

M2v=0, a# N. (3.21)

a

There are thus two regimes: the symmetric regime where v = 0, and the broken symmetry
regime where v # 0 and M2, = 0 if either ¢,a # N (it hold for both indices because
M?, is symmetric). This identity is called Goldstone’s theorem which says that “in any
theory with a spontaneously broken continuous symmetry, each broken symmetry generator

27 The massive mode is called (loosely®) the Higgs

corresponds to a massless excitation.
boson and the massless modes are called Goldstone bosons.
Under the same conditions the identity (3.16) can be simplified by introducing the

Fourier transformed three point vertex function

Vica (7,y,2) = / o P WA (g, —p — q) (3.22)
Pq

so that (3.16) becomes

0= Viea (p, —p,0) TAv + ALY (p) T2 + AL (p) T (3.23)

2There is a caveat that this only holds in more than two spacetime dimensions. In two or fewer
dimensions spontaneous breaking of continuous symmetries is impossible due to infrared divergences and
v = 0 always. This is discussed in more detail in Chapter 4.

3Strictly speaking a Higgs or Brout-Englert-Higgs boson only exists in theories where the broken sym-
metries are gauge symmetries. (The history of the “Higgs” mechanism is famously convoluted, with im-
portant contributions coming from a number of people. See, e.g. [106-110] for the original literature.) A
more accurate term for the case of a global symmetry would be “the radial mode boson” or the like, but
the usage of “the Higgs” as a shorthand in this context is near universal.
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Substituting in different values of ¢, d and A gives a slew of identities:

0=A, (), A= (g,d),d# N, ¢#g,d,N, (3.24)
OzA;gl(p)—Agdl(p), A= (g,d),c,d# N, nosum on d, g,
(3.25)
OzAjV}l(p), A:(g,g/),d:N,c:g/,a:g, (3.26)
0 = Vieg (0, —p,0) v, A=(g9,N),c,d# N, (3.27)
0= Vnng (p, —p,0) v, A= (g,N),c=d= N, (3.28)
0="Vieg (p, —p,0) v — AR (p) bge + Ay (), A= (g,N),d=N,c# N, (3.29)

where g, g’ # N and g # ¢’. The first three identities are satisfied iff A;bl (p) has the form

(3.30)

where Ag/ are the Goldstone/Higgs propagators respectively, with corresponding masses

mé JH- Note that the free propagators are

Ajgym =P — M- (3.31)

The last three identities have differing effects in the symmetric and broken symmetry
regimes. In the symmetric regime there is no constraint on V (that is, none coming from
these WI; the higher WI will give further constraints causing V' = 0), but the last identity
requires AI_{l = A&l. In the broken symmetry regime the first two identities are satisfied
by
0 odd number of indices # N,

VN (z,y,2) a=b=c=N,

(3.32)
V(z;y,2) a=N, b=c# N,

Vabe (1’, Y, Z) =

permutations,
\

where the subtle point (“permutations”) is that the position arguments of V (z,y, 2) are
not symmetric: by convention the first argument refers to the index which equals N. The

other two arguments are symmetric. The final identity requires

V (p;—p,0)v— AZ (p) + A" (p) = 0. (3.33)

To understand this physically write V (z,y,2) = —\v/3 x § (x —y) § (x — 2) + §V where

the first term is the tree level value coming from

A
Voabe = _§ (5ab@c + 5ca80b + 5bc@a) s (334)

and JV represents all loop corrections to V. Then using (2.51) the WI becomes
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Av? -
— 5 + OV (i —p,0) v+ mi + X (p) = mg; — T (p) = 0. (3.35)
Matching terms of common order in A gives
9 Av?

my = 7+m§;, (3.36)

SV (pi—p,0)v = Zg(p) —Zu(p). (3.37)

The first equation is the tree level relation between the masses of the Higgs and Goldstone
bosons. The second equation is a relation between the vertex loop corrections with a soft
(zero momentum) Goldstone leg and the self-energies of the Goldstone and Higgs bosons.

In the symmetric regime v = 0 and m%{ = mé and Y g = Y as expected.

3.3 Global symmetries in the 2PIEA

Correlation functions derived from the 2PIEA obey different Ward identities than those
derived from the 1PTEA. Since understanding the difference between the two types of W1 is
crucial to understanding the phenomenology of 2PI approximations in theories with global
or gauge symmetries, the 2PI version of the WIs are derived for the model O (N) field
theory above. Applying the same type of analysis as above (i.e. changing variables in the
functional integral) to the 2PIEA T [p, A] one finds that I' is invariant and ¢, and Ag
transform as a vector and symmetric rank two tensor respectively. As before I' is invariant
off-shell.
The shift of I' gives the 2PI version of the master Ward identity [1]

or | or .
EZEAT(;?)SDb + 5Tab7/€A (T;};Acb + TlﬁAaC) =0. (338)

The second term accounts for the additional transformation of A in the 2PIEA formalism.
Taking derivatives with respect to ¢ and A, stripping factors of ie4 and applying the 2PI

equations of motion, recall (2.47)-(2.48) reproduced here for convenience

T, A
0 [;;’ I _ Ky (3.39)
5T [, A 1
- = 4
SA 2th, (3.40)

gives a set of 2PI WIs which are now complicated by the fact that there are multiple
types of correlation function of the same rank appearing. For example, there are now two

different two point functions

52T 6T

30adpp” 0Aq" 340
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and three different four point functions

54T 53T 52T
8padop00c00d’ 00a0Pp0As" OABIA,

(3.42)

which are, in general truncations, all different.
To illustrate the various 1PI and 2PI functions recall the equivalence relationship
between the 1PIEA and 2PIEA

Lle] =Tp, Algl], (3.43)

where A [¢] is the solution of 0T [¢, A] /0A = 0 at fixed ¢. Using this one has (recall the
Dyson equation (2.51): A7l = Aj! - %)

2
W = Ay [e] = Bgup [l = Zan [ Al (3.44)
where '
Farle 812 %Z <W> A=Alpl (3.45)

From these one can relate derivatives of I'[¢] with respect to ¢ to mixed derivatives of

I [¢, A] with respect to ¢ and A. For example,

53F [907 A [¢]] 6Eab [907 A [90]]
Vibe = ——0 = Vo [] — —2 0 20 3.46
" Spadpniipe Dabe 0pc (3.46)
Being careful to use the chain rule, one obtains
0Xap [0, A 0Age 0% ap [, A
Vave = Voabe [(P] - < g[(p ]> - ( 5 ! ;A[(p ])
e A=Afy] e de /A=Ayl
0%, 0%,
Vil - (52) ot Vadw Akl (552) . D
Pe / A=Al f9/ A=Al
where the second line is reached using dA = —A (5A‘1) A as an intermediate step. Con-

tinuing in this way one can find a set of identities relating derivatives of the 1PIEA and
the 2PIEA evaluated at A = A [p].

It is possible to also find identities which do not require A = A [¢] by taking derivatives
of the 2PI equations of motion and using relations involving W [J, K|, such as 6.J,/dpp =
(6pp/8a) " = (82W [J, K] /6.J6Ja) "

for example,

= —Al;ll and so on. This allows one to find that,

1 _ ST[p Al 208 [p,A] 20T [, A

R P ER A P WAL RV

regardless of the values of the external sources. If the derivatives are taken holding

K =0 fixed (so that A = AJy]) the second and third term vanish, reproducing A, | =
0°T [, A[¢]] /00 0a-

The profusion of different derivatives of I' and identities between them obscures the

(3.48)

84



physical significance of nearly all of them. The remainder of this section focuses solely
on the simplest WI, the 2PI analogue of Goldstone’s theorem. This will allow direct
comparison with the results of the previous section. Proceed by taking d/d¢p. of the master

2PT WT (3.38) and using the previous result in the absence of external sources, giving

5T

0=ATHoy + ——
ca ab‘rob + 5()006Aab

(T A g + TiaAag) - (3.49)
Note that there is no reason for the second term to vanish in generic truncations of the
2PIEA, though it must vanish in the exact theory since there A is equal to the 1PI value
for which A_'T,»¢, = 0. In an approximation however, this no longer holds and the 2PI
function A no longer faithfully represents the propagator of the Goldstone bosons, which
now have an unphysical mass.

To see this explicitly, consider substituting in the explicit saddle point formula for the
2PIEA (2.49) in the Hartree-Fock approximation

2

T [p, Al = S[¢] —i—%TrlnA_l—i- %Tr (Ag'A—1) + i

o0 (Daalpp + 28004) + O (X)),

(3.50)
which leads to

o°T = —@((5 bPe + Ocatpp + Opepa) 0 (z — ) 6W (x — 2) + O (\?)
6%00 (Z) 6Aab ([]:‘7 y) 6 a c ca CY a )
(3.51)
whence
0 = [ a3 (0 T o)
ihA A A
6 (Oabspe (2) + 0capr (2) + Spepa (2)) (TadAdb (2,2) + Tpalaa (2, Z))
+0 (N?), (3.52)
where all spacetime arguments are now made explicit.
Substituting different values of A gives
9 ihA 9
0=uv(-mg) -3 (A (z,2) — Ac (2,2) + O (N?), (3.53)
for A= (g,N) and
0=vApNg(2,2) +O(N), (3.54)

for A = (g,¢'). The second equation is satisfied if the mixed Higgs-Goldstone propagators
vanish, but the first equation implies a violation of Goldstone’s theorem. Indeed, in the
broken symmetry regime

ihA

m2 = —— (Bn (5,2) = Ac(2,2) + O (A2) #£0. (3.55)
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The propagators evaluated at coincident points are quadratically divergent in four dimen-

sions, so the difference

m2 — m2
i (212) — i ) = [ o Ay FTH T 350)

is logarithmically divergent and requires renormalisation. 7}3}}6, are the finite thermal

Bose-Einstein contributions

1 1
h
he = / . (3.57)
§ \/k2 T m%(/G eﬂ\/k2+m§f/c -1
In general, the renormalised form of the difference can be written
iAg (z,2) —iAg (2,2) = (M3 —mg) [C+ F (m3;, mg)] + T — 7k, (3.58)

where C' is a real scheme dependent constant and

m2 -
F (m2, m2 :/ Gd;ﬂ/ ! , (3.59)
(miz.mo) 0 p (P2 = my) (p* — p2)?

is finite and equal to zero if m% = 0. Explicitly

1 zlnzx
F (m? 2) = — "=, .

(m3r, m) 62 a1 (3.60)

In the modified minimal subtraction scheme (MS)

1 m2
= In(—2). 61
C 167r2n<,u2> (3.61)
Thus
2 hA 2 2 2 2 h h 2

mG:_?[(mH_mG) (C+F (mf,me)) +Th —7—5}+O()\), (3.62)

which only admits mQG = 0 as a solution at zero temperature if C = 0. This can be achieved
in MS by choosing the renormalisation point 4 = mpy (a similar choice can be made in any
other subtraction scheme). However, once this is done all renormalisation constants are
fixed and one has mé # 0 at any other temperature in the symmetry breaking regime. As
a result Goldstone’s theorem is violated at finite temperature. It will also be shown in the
next section that the unphysical mass of the Goldstone bosons is responsible for changing
the symmetry breaking phase transition from second order to first order. The only other
mé = 0 solution also has m%l = 0 which is only possible at the critical temperature of the
phase transition. To find the critical temperature it is necessary to actually solve the 2PI

gap equations, which is undertaken in the next section.
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3.4 Renormalisation and solution of the 2PI Hartree-Fock

gap equations

This section presents the solution of the 2PI equations of motion in the Hartree-Fock
approximation, that is, including only the O ()) term in the self-energy. The first field
theoretical divergences appear at this order. In order to exhibit the solutions in more
detail it is then necessary to discuss the renormalisation process. Renormalisation is a
necessary process to extract any physical observables from a QFT. In a renormalisable
theory all divergences can be absorbed in a redefinition of a fixed finite number of coupling
constants, yielding a predictive theory once the couplings are fixed experimentally. In
a non-renormalisable theory the divergences cannot be removed by a finite number of
coupling constants, but the required infinitude of constants can be organised order by order
in powers of an energy scale A so that only a finite number are required to give a predictive
effective field theory accurate to some fixed order in F /A for low energy processes £ < A.
However, the number of couplings required grows as E approaches A and the theory loses
predictivity altogether at the cutoff scale A. The scalar O (V) theory considered above and
in the rest of this thesis is renormalisable in d < 4 spacetime dimensions. Elegant general
discussions of renormalisation theory in the perturbative context can be found in [12, 18].

The derivation given previously that I'[p, A] is a scalar under O (N) rotations also
applies order by order in the expansion of I' in powers of A or A\. That implies that, if
WTW is the O (h) (resp. M) contribution to I', ') is itself an O (N) scalar. Thus any new
divergences appearing at O (hj ) must also be an O (V) scalar, and thus can be cancelled
by the addition of an O (V) invariant term to I'. The non-trivial fact that is key to the
renormalisability of the 2PIEA is that the divergences appearing take the form of divergent
constants multiplied by operators which are already present in I" to O (hj ) A general proof
of this statement will not be given here, though arguments that this should be the case
can be found in, e.g., [111-113]. On an intuitive level, the non-linearity of the equations
of motion for A principally affect its long distance behaviour, while the renormalisation
problem is one of short distance physics. At short distances, Weinberg’s theorem [114]
implies that the self-consistent propagators go over to the perturbative propagators, up
to logarithmic corrections which do not effect the renormalisability of the theory. Thus a
theory is 2PI renormalisable if it is perturbatively renormalisable, which is known to be the
case for the scalar O (V) theory of interest here. Thus the approach taken in the following
is simply to trust that the theory will prove to be renormalisable and see that it indeed
works.

To renormalise the 2PTEA one first replaces all bare parameters by their renormalised

counterparts, which are represented here by the same letters for simplicity:

(6 pv) = ZV2(p,0), (3.63)
m?* = Z7'Z3" (m? 4 6m?), (3.64)
A = Z7E(N+0N), (3.65)
A — ZZaA, (3.66)
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where Z, Za, dm? and 8\ are chosen to cancel divergences. Whenever necessary to refer to
bare parameters in the remainder of this chapter, the subscript “B” will be used, e.g. mQB
etc. Due to the presence of composite operators in the effective action, additional renorm-
alisation constants or “counterterms” are required compared to the standard perturbative
renormalisation theory: dm3 and §)¢ for terms in the bare action, dm? for one-loop terms,
5/\’14 for terms of the form ¢q0qAp, 5/\{3 for ¢apAgp terms, 5/\’24 for AgeAwy and 5/\53
for AgpAgp. The fact that extra counterterms are required to renormalise the 2PIEA is
not a problem so long as a sufficient number of renormalisation conditions can be found.
Altogether there are nine renormalisation constants which must be eliminated by imposing
nine conditions.
The resulting renormalised 2PIEA in the Hartree-Fock approximation is

1 A+

1 -
T[p, Al = =Z¢(~0) 0 — =25 0a (m* +0md) p0 — " (Papa)”
2 2 A1

ih ih
+5 Trln (271251871 - 5 / { |:<ZZAD:D +m? 4 6m?

4 B
%Soc (CU) Pe (l')> Oap + Zﬁ%@a (x) ©p ($):| Agp (I‘, y)}

R (A + 63
24

+ZA

y—x

o 12 (A +67D)

+Z3 TAVWAVSSS SV B AgpAgy + O (N?), (3.67)

which, on using the SSB ansatz (3.30), becomes

I'[v,Ag, Ag] :/

T

1, A+dXo
<_2ZA1 (m2 + 5m%) v? — 4!v4>

+(N-1) %Tr In (Z7'ZJ'AGY) + %Tr In (Z7'Z'AYY

6
3N+ 6)\{6‘ + 2008 U2> AH:|

; A
— (N —1) %Tr [(ZZAD +m? 4+ 6m? + ZAHMH;?) AG}

ih
_ %Tr [(ZZAD +m2+0m2 + Za

h2
+ zgﬂ (N + )X+ (N —1)6) +200F] (N — 1) AgAg
s+ 0N)

S (N = 1) AgAp

h2
+ Ziﬂ [N+ 00 + 200 8] ApAp +0 (V) (3.68)

which matches the expression found in appendix B of the author’s paper [2].

The equations of motion following from this action are

A
0=—Z," (m2 + (5m(2)) v— A —;'5)\01)3 —(N-1) g (ZA)‘—F;)‘lU> iAg (z,x)
A ) B
_k <ZA 3A + Mlg + 20N v) iy () + O (\2), (3.69)
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for v,

_ A+ 00X
AG (2,y) = — <ZZAD33 +m? 4+ om? + ZA611)2) 0(x—vy)

_ zg’g [(N 4+ 1A+ (N — 1) A + 2008 il (2, 2) 6 (z — )

BN+ oM

— Zi(—zﬂiAH (z,2)0 (z —y) + O (\?), (3.70)

for Ag and
A 2 B
A (2,y) = — (ZZADI +m? + dmi + ZA3)\ + 5)\16 +20% v2> 0(x—vy)

h(A+0xg

- M) (v ying @) s @)
9 h

- ZA (BA+ 608 +2008) iAp (2,2) 0 (x — y) + O (\?), (3.71)

for Ap. Matching these to A&}H (x,y) = — (Dx + mQG/H) d (x —y) from (3.31) gives the

gap equations

mZ = m? 4+ 6m2 + Za 2 +65Xl4v2 + zgg (V4 DA+ (V — 1) 6N + 2008] iAg (x, 2)
ZgWiAH (z,2) + O (\?), (3.72)
m3; = m? 4+ om? + ZAS)\ + 5)\12 + 25)\119112 + Zih(/\—z&\?) (N —1)iAg (z,x)
- ZZE (BN + 005 +260F) iAy (z,2) + O (\?), (3.73)

6

and the first renormalisation condition ZZA = 1.

Once regularised the coincident propagators 7g/g = iAq g (2, ) split into parts which
are infinite 759 G/H and finite 7—Gﬁ7H in the limit that the regularisation parameter is removed
(e.g. d — 4 spacetime dimensions in dimensional regularisation or A — oo in a cutoff
regularisation). The split is ambiguous in that a finite value can be shifted from one piece
to the other. The choice of split defines the renormalisation scheme. Once the split is made
all renormalisation constants are determined by the condition that all divergences cancel

in the equations of motion. After the cancellation the finite parts left behind will be

A A
( + v + (N —-1) F’ré‘“ + 27}}“) +0 (N, (3.74)
A A hA
+8 “ (N +1) 73" + 7}§n+(9(>\2), (3.75)
A A m
m%{:m2+§v +€(N—1)7’Gﬁ“+?7}§n+0()\2), (3.76)
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It remains to determine the renormalisation constants. By dimensional analysis one can
generically write 57 = coA? + clmé /H In (A2 / ,u2) where A is a large energy cutoff scale
and p is an arbitrary subtraction scale (typically chosen to be of the same order of mag-
nitude as v or my) which parameterises the arbitrariness of the split. The dimensionless
constants ¢y and ¢; depend on the renormalisation scheme. For example, in dimensional
regularisation with MS subtraction cg = 0, ¢; = —1/167% and A? = 472 exp (% — v+ 1)
where the physical limit is ¢ = 2 —d/2 — 0 corresponding to A — oo. In a straightforward
cutoff regularisation ¢g = —c¢; = 1/167%. The approach with ¢ and ¢; left unspecified
has the virtue of being scheme agnostic. In either case the finite parts of the coincident

propagators are take to be

72?7H = 1671'2 In ( /1'2 > + Té/H? (377)
where the thermal contribution is
Gh B / 1 1
= .
o VE A md g ARG

Substituting 757, and (3.75)-(3.76) in (3.69)-(3.73) and rearranging one can identify

the divergences proportional to the various powers of 1, v, 72;ﬁn, ’7}?“ which are kinematically

(3.78)

distinct and so must vanish separately. This tedious and unenlightening computation is
best left to a computer algebra package. The constant Za is redundant in the Hartree-Fock
approximation and can simply be set to one. There are ten independent equations for the
eight remaining constants, thus the fact that a solution exists is a non-trivial consistency
check. The details of the computation of the renormalisation constants can be found in

Appendix C. The resulting renormalisation constants are

Z=27n=1, (3.79)
D) A2\ O 4\

om3 =om? = —— (N +2 A? In(=) ) =2—= .

m§ = dmJ 5 (N +2) <co +cym”In 7)) Sy (3.80)
N+2
== [1+ G N P V) (3.81)
6+ c1 (N +2) Miln (%)
NP =5AB 3
1 =0Ay = | =1+ oy | (3.82)
3+ e \iln <P>

6o = OA + 2608, (3.83)

The final renormalisation choice is to take p? = m?%, which results in the tree level (i.e.

classical) relations m? =

—X?/6, mZ%, = 0 and m?% = Mv?/3 holding at zero temperature
(recall this is also the choice that makes the constant C' = 0 in the 2PI WI (3.62)). It is
convenient to denote the zero temperature values with an over-bar, so that 9% = 377‘1%{ /A=

—6m?/\ and mZ = 0.
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Using (3.76), (3.74) can be simplified to
0=vw (m%{ - ’U2) +0(N\?). (3.84)

In the symmetric regime v = 0 and m%[ — m2G = %/\ (Tgn — TGﬁn) which has the solution
m% = mé = m? + % (N +2)78" + O (A\?). The critical temperature T} occurs when

m2 = mZ = 0, for which 7" = T2/12, giving

1292

T =
* h(N+2)+

0 (N?). (3.85)

A numerical solution of the full gap equations is shown in Figure 3.1. The parameters
chosen are N = 4, v = 93 MeV and my = 500 MeV, which are representative of the
linear sigma model effective theory of pions in the limit of unbroken chiral symmetry [115].
Because the “Higgs” mode of this model corresponds to the poorly constrained o meson*,
a range of values for mpy can be used. The value used here is chosen to enable direct
comparison with [116], since that paper brings in the concept of symmetry improvement
which will be discussed at length in the following chapters of this thesis. The linear sigma
model is known to possess a continuous (i.e. second order) phase transition, analogous to
the Ising ferromagnet, with a critical temperature T, ~ 132 MeV on the basis of lattice
computation (see, e.g. [117, 118]). However Figure 3.1 shows the existence of a broken
symmetry phase extending to temperatures greater than T,. Physically this signals the
existence of a discontinuous (first order) phase transition: if the temperature is carefully
raised from zero to > T, the system remains in the broken symmetry phase, now su-
perheated, until a perturbation causes bubbles of symmetric phase to suddenly form and
expand with the release of latent heat, eventually filling the whole space with symmetric
phase. The upper spinodal point (the maximum temperature which the metastable phase
can attain) is seen to be ~ 210 MeV. The value of v, ~ 80 MeV in the broken phase at
the critical temperature is a common measure of the strength of a first order phase trans-
ition, and since v, = v the phase transition is strongly first order. Also, the Goldstone
theorem clearly is violated in that mg, the blue curve, is not zero at finite temperature.
However, one can check that, by subtracting (3.74) from (3.75) that the 2PI WI (3.62) is
satisfied. Further, it will be shown in the next chapter that the symmetry improvement
method, which imposes 1PI style Wls on the 2PI solution, restores the second order phase
transition in the Hartree-Fock approximation. Thus the unphysical artefacts of the 2PIEA
in the Hartree-Fock approximation can be understood as a result of the difference between
the 1PI and 2PI Ward identities.

“The o meson is very broad and identifying it as a real particle is controversial, though
there is definitely a pole which can be observed in pion scattering amplitudes (see “NOTE ON
SCALAR MESONS BELOW 2 GEV” from the Review of Particle Physics [8], available separately at
http://pdg.1bl.gov/2015 /reviews/rpp2015-rev-scalar-mesons.pdf).
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Figure 3.1: Solution of the 2PI Hartree-Fock equations of motion (3.74)-(3.76) for N = 4,
v =93 MeV and mpy = 500 MeV, values representative of the linear sigma model effective
theory of pions in the limit of unbroken chiral symmetry. mg # 0 unphysically at finite
temperatures in the broken symmetry phase. The broken symmetry phase persists to
temperatures substantially greater than the critical temperature T}, ~ 132 MeV, signalling
the presence of an unphysical meta-stable phase and a first order phase transition.

3.5 The External Propagator method

It is possible to derive correlation functions from the 2PIEA which do obey 1PI style WIs.
The idea is that one first computes the self-consistent, or “internal,” ¢ and A as solutions
of the 2PI equations of motion, and then from these constructs a resummed 1PIEA whose
functional derivatives are the “external” propagators and vertices. This method is used
frequently in the literature (see e.g. |68, 112, 119|) and was definitively studied by [119].
Since T'[¢] = T'[p, A [p]] where A [p] is a solution of the ezact 2PI equations of motion,
the natural definition of the resummed 1PIEA is

[fp] =T [so, A [w]} : (3.86)

where T'is the truncated (not exact) 2PIEA and A [¢] is a solution of the truncated equation

of motion 3
ol [p, A

A =0, (3.87)

A=A[y]

which is no longer equal to the exact A[p]. The solution of the resummed 1PI equation

of motion is the same as the truncated 2PI solution because
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F1e] (5f [%N) , 9Ly <6f o A]) _ ((M> (389
dp o A=Ay op 0A A=A[y] 0 A=Aly]

by the definition of A [¢].
Now, as long as the truncation of the 2PIEA is O (N) invariant®, A [¢] will transform
as a symmetric rank-2 tensor and I'[p] will be a scalar. Thus the derivation of the 1PI

WIs carries through without modification for T [¢]. Thus the external propagator, defined

as .
_ 5°T [¢]
Age = 3.89
ext 5()05()0 ’ ( )
obeys the Goldstone theorem
0= (A(;(lt)ab TIS@@C? (390)

as desired. Similarly defined higher order external vertices all obey the appropriate 1PI
type Wls. Clearly these definitions and properties can be extended also to higher nPIEA
with minimal modification.

This technique elegantly accomplishes its main aim: to define correlation functions
satisfying 1PI WIs while including some effects of the 2PI resummation in propagators.
Unfortunately, there are several drawbacks to the method which may prompt one to con-
sider alternative solutions to the problem of symmetries in 2PIEA. First, the method is
not fully self-consistent in that the external propagators are not involved in the 2PI solu-
tion at all. The internal propagators appearing in the 2PI graphs are still unphysical and
do not obey the 1PT WIs. As a result of unphysically massive Goldstone bosons in in-
ternal propagators, the external propagators are useless to predict decay rates, reaction
thresholds, absorptive parts of amplitudes, finite width effects and the unitarity of the
theory is violated. Also an unphysical first order phase transition is still obtained in the
Hartree-Fock approximation [119]. Furthermore, the physical quantities (being represented
by external rather than internal Green functions) are a further step removed from the un-
derlying formalism of the theory. This greatly complicates the renormalisation procedure,
which now requires the solution of non-linear coupled Bethe-Salpeter integral equations in

order to find the renormalisation counter-terms.

3.6 Contrast to the Large N method

It is worth contrasting the results obtained above (and in the next chapter) with those for
another commonly used non-perturbative technique in QFT: the large N expansion. The
large N expansion is a systematic expansion of field theories in powers of 1/N, where N is
the number of fields. Surprisingly there are a number of field theories where this limit exists
and leads to non-trivial insights. While the method is not always quantitatively useful in

the main practical applications, which are quantum chromodynamics with N = 3 and the

®An example of a non-invariant truncation would be keeping the AgAg term, and only that term, in
the Hartree-Fock diagram. Any loop or large N truncation will be automatically invariant.
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linear sigma model for the light mesons (7T0,7T:t, 0) or Higgs® (h,a,¢™) with N = 4, it is
responsible for numerous theoretical insights and has rendered some incalculable models
calculable and yielded exact non-perturbative results in the case of supersymmetric and
low dimensional field theories.

The main idea of the large N approximation is that in the limit of a large number
of fields, composites of the fields such as ¢,¢, become self-averaging by the central limit
theorem and their behaviour is essentially classical. The method is not the same as a
simple loop expansion, however, as loops often contain sums over field components which
give factors of IV, partially compensating small couplings. Excellent introductory lectures
on the method are found in [39] and an extensive modern review in [15]. The application
of the large N method to the O (V) model has a long history as can be seen from the
previous references. Particularly relevant to this thesis are the connection to the 2PI
method, which was published by Petropoulos [115] in essentially the form given here, and
the contrast with the symmetry improved 2PI method which was originally studied by
Mao [116]. This section will only consider the leading order of the large N expansion.

To see how the large N method works in the present case consider again the 2PI

equations of motion (3.74)-(3.76) reproduced here:

0=—v <m2 + %v2 + (N —1) %7?}“ + ?7}?“) +0 (N, (3.91)
Ao hA hA

mZ = m? +6v2+?(N+1)72;ﬁ“+?7}§“—|—(9()\2), (3.92)
Ao hA A

m2 =m? +5v +?(N—1)7aﬁn+77ﬁn+o(x2). (3.93)

One now makes a systematic expansion of these equations in powers of 1/N. Obviously
in order to obtain a sensible limit it is necessary to send A — 0 as well, otherwise the
TGﬁ“ terms dominate and cannot be matched against any other terms. However, in order
to obtain a non-trivial limit A\ cannot vanish too fast, so one is forced to take g = AN
a constant in the N — oo limit. In order to obtain a broken symmetry phase it is also
necessary to take v? ~ O (N) which can be motivated, for example, by a consideration of
the central limit theorem with v? = (¢a¢a) = (¢7) + -+ + (¢%) ~ N. To that end define
v=uv/ V/N which is fixed in the large N limit. The equations of motion become

h h h
—V U(m +g*+ g Gn+g( 7éﬁn+7ﬁn>>+0(A2)7 (3.94)
6 N 6 2
h h
wly =t g Mg 9 (R B Lo ), (3.99)
6 N \ 6 6
2 h h h
mh=m gy + B & (R hrie) 40 (7). (3.90)

Now an important technicality. While A — 0 naively sends the O ()\2) terms to zero,

6The pseudoscalar a and charged ¢* Higgs components are absorbed by the Z and W= gauge bosons
respectively and are not observed as scalar states.
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these terms contain loops which contain sums over O (N) indices which partially com-
pensate the limit as N — oo. It is not immediately obvious that the O ()\2) terms can
be consistently neglected in the equations of motion. It is a non-trivial fact, the proof of
which is too much of a combinatorial aside to give here (see below for another method
which bypasses this technicality altogether), that the maximum amount of compensation
is O (/\2) -0 (g2/N), so that the higher order graphs can be consistently neglected to
leading order in g/N. As a result,

—V/No <m L2y hgﬁ“) +O (%) , (3.97)

6 6
2 —m?+ @2+hg7ﬂ““+(9(g) (3.98)
mga=m —+ — = .
G g 6 6 G N 3
)
2 2 v hg - fin ( 9 )
= — 4+ — Oo(=). 3.99
miyp =m® + g+ LT+ 0 (5 (3.99)
Note that the first equation of motion is now
0= —vmZ+0O (i) (3.100)
N )

i.e. Goldstone’s theorem holds to leading order in the 1/N and g expansion. Then in the

broken phase mé =0 and
-2

0 g
mhy =g + 0 (N) : (3.101)
and the critical temperature
=2 o(L (3.102)
7V AN N)’ '
such that
2 2 T2
m?, = m (1 T2) +O<N) (3.103)

Unlike the 2PIEA, a second order phase transition is found and Goldstone’s theorem is
satisfied. However, the large N estimate for the critical temperature is larger than the 2PI
value by a factor \/m which is m ~ 1.22 for N = 4, accurate to the expected
O (1/N) = 25%. This makes the critical temperature ~ 162 MeV for the numerical values
used previously. This difference is the due to the neglect of the Higgs boson thermal
contribution, which is indeed swamped by Goldstone modes as N — oco. Note however
that Goldstone’s theorem is lost again at higher orders of the 1/N expansion.

There is another way to see the above results that does not rely on any special argument
that the Hartree-Fock truncation is consistent to leading order in 1/N. Start with the

partition functional

/D exp [ < ¢o (~0—m?) o — % (data)” + Ja¢a>] , (3.104)
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and note that multiplying by a J-independent overall factor of the form

. 2
const. = /D [o] exp [;23)\ <U - ;}%%)

has no physical effect. (Also note that (o) = % (Batpa) ~ gd? ~ O (1) as N — 00.)

The new term has the effect of introducing a new field ¢ and shifting the action to

: (3.105)

3

Seft [¢, 0] = %cba (-0 —=m?) ¢ + Jadba + 502 - %aqﬁaqﬁa, (3.106)

which is now quadratic in the ¢,s, meaning the functional integral over them can be
performed in closed form. In terms of Feynman diagrams the effect of introducing o (the
“Hubbard-Stratonovich transformation”) is to “open up” four point vertices into a pair of

three point vertices with ¢ exchange in all possible ways, that is
b d b d b d b d

+ ¢--—-¢+ &--Dy | (3.107)

a c a c a c a c
where the dashed line is the o propagator, equal to A/3. The vertices conserve O (V)
flavour, e.g. the first term above is proportional to d4.0p4, and so on. This reorganisation
of Feynman diagrams dramatically simplifies the combinatorics of the theory.

For the present purposes it is convenient to write ¢, = (71, -+ ,mny_1,h) where 7s are
the Goldstone modes and h is the Higgs mode, and only integrate over the 7s. It is also
convenient to take J, = (0,---,0,J). Then

1 1 3 1
Sett [ h, 0] = Sa (-0 = m? — o) m + Sh(=0- m*) h+ Jh + ﬁaz — §ah2. (3.108)

Performing the functional integral over the ms gives an effective action for the h and o

fields, given by exp [£Se [k, 0]] = [ D [r] exp [£Seg [7, h, 0]], which gives

Sett [h, 0] = % (N-1)Trln (-0O— m? — o)+ %h (-0O- m2) h+ Jh+ ?;—NOQ — %0112.
/ (3.109)
Considering that o ~ O (1), h ~ O (\/N) and one can take J ~ O (\/N), then the entire
action is proportional to N in the large N limit, i.e. Seg [h, 0] — NSt [h,o] as N — oo,

where

~ ih 1 Jh 3 1
— O e (O -m2 — o)+ ——h (O —m?) h+ 2 262 —gh2, (3.11
Set [, 0] 5 It n ( m a)+2Nh( m?) h+ ~ +2ga 2Nah , (3.110)

is O (1). The effect of the large N limit in the functional integral

/D[h,o] exp {;NSGH [h,a]] , (3.111)
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is the same as h — 0, i.e. the classical limit. To leading order in 1/N, then, the dynamics

are determined by the classical solution of the equations of motion following from St [h, o].

These are
(O4+m*+0)h =1, (3.112)
'Lh 2 —1 i 3 1 2
5 Ir (-O0-m?—0) = i SN (3.113)

Looking for uniform solutions h (x) = v, o (z) = o in the physical limit J = 0,

(m*+0)v=0, (3.114)
ih 1 3 1 5
o S 3.115
2/,€k2—(m2+0) ¢ 2N’ ( )
In the broken phase the first equation gives ¢ = —m?, and one recognises that after

renormalisation the second equation is just the large N gap equation obtained previously
for the Goldstone with m2, = m? + o as the Goldstone mass. Substituting mZ, — m? for o
above one indeed recovers the large N gap equation and the Goldstone theorem mév =0in
both phases. The advantage of this method via transformations of the functional integral
rather than a direct expansion of the equations of motion is that the systematics of the large
N expansion are clearer. In particular, it is now obvious that the gap equations obtained
are strictly valid to order O (1/N) without having to worry about the combinatorics of
higher order self-energy graphs. The disadvantage of this method is that the connection
to the 2PIEA is less clear.

3.7 Summary

This chapter explored the symmetry properties of nPIEAs using the 1PIEA and 2PIEA
as specific examples. The symmetry properties of a QFT are embodied in a set of iden-
tities relating the various correlation functions. In particular, the Ward identities (WIs)
encode the underlying global O (N) symmetry of the theory studied here in terms of the
propagator and proper vertices derived from the 1PIEA. The simplest consequence of these
identities is Goldstone’s theorem: the existence of massless bosons corresponding to each
generator of a broken continuous symmetry. The global symmetries are not generically pre-
served by truncations of higher nPTEAs because the nPIEAs obey different WIs for each
n. Phenomenological consequences were studied by solving the 2PI equations of motion
in the Hartree-Fock approximation. The Goldstone bosons were unphysically massive and
the phase transition was incorrectly predicted to be first order. These results are in con-
trast to the so-called “external propagator” and “large N” methods which solve some of the
phenomenological problems, though not entirely satisfactorily. The external propagator
obeys Goldstone’s theorem, but the order of the phase transition is still incorrect, as are
reaction thresholds and decay rates. The leading order large N approximation correctly

predicts a second order phase transition and massless Goldstone bosons, but gives an in-
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correct transition temperature due to the neglect of Higgs boson thermal contributions.
Also, Goldstone’s theorem is lost at next-to-leading order in 1/N. This review sets the
stage for the examination of symmetry improvement techniques in the remainder of the

thesis.
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Chapter 4

Symmetry Improvement of nPIEA
through Lagrange Multipliers

4.1 Synopsis

Chapter 2 introduced nPIEAs as powerful tools for computations in QFT, particularly
used for their ability to handle non-equilibrium situations through time contour methods.
The previous chapter discussed global symmetries and Ward identities in nPIEA, showing
that the solutions of truncated nPI equations of motion do not obey the 1PI Ward iden-
tities. Several studies have attempted to find a remedy for this problem (see, e.g., [1] and
references therein). The last chapter discussed the external propagator method, which has
been frequently used in the literature and does yield massless Goldstone bosons. However,
the external propagator is not the propagator used in loop graphs, so the loop correc-
tions still contain massive Goldstone bosons leading to incorrect thresholds, decay rates
and violations of unitarity. In order to avoid these problems a manifestly self-consistent
scheme must be used. One such scheme is the large N approximation, which was also
briefly reviewed. The Goldstone theorem and second order phase transition do hold to
leading order in the large N approximation, but these attractive features are lost at higher
orders. Another approach which is not discussed in detail here is to abandon the nPIEA
formalism entirely, using instead the Schwinger-Dyson equations. The Schwinger-Dyson
equations require a closure ansatz which can be chosen to respect appropriate Ward iden-
tities. However, this choice still involves some degree of arbitrariness and self-consistency
is not guaranteed.

This chapter discusses the symmetry improvement method introduced by Pilaftsis and
Teresi to circumvent these difficulties [1| for the 2PIEA. The idea is simply to impose
the desired Ward identities directly on the free correlation functions. This is consistently
implemented by using Lagrange multipliers. The remarkable point is that the resulting
equations of motion can be put into a form that completely eliminates the Lagrange mul-
tiplier field. They achieve this by taking a limit in which the Lagrange multiplier vanishes
from all but one of the equations of motion, and this remaining equation of motion is re-
placed with the constraint to obtain a closed system. Here the symmetry improved 2PIEA
(SI-2PIEA) is reviewed and extended to general O (N) theories. An ambiguity of the con-
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straint scheme is pointed out which was not recognised in the original literature. This
ambiguity has no influence on the equilibrium results of this chapter, but is relevant to the
discussion of Chapter 6. Following that the method is generalised to the 3PIEA (reporting
on work published by the author [2]). The generalisation is non-trivial, requiring a careful
consideration of the variational procedure leading to an infinity of possible schemes. A
new principle is introduced to choose between the schemes and is called the d’Alembert
formalism by analogy to the constrained variational problem in mechanics.

The motivation for extending symmetry improvement to the 3PIEA is threefold. First,
the 3PIEA is known to be the required starting point to obtain a self-consistent non-
equilibrium kinetic theory of gauge theories. The accurate calculation of transport coef-
ficients and thermalisation times in gauge theories requires the use of nPIEA with n > 3
(see, e.g. [16, 68, 69] and references therein for discussion). The fundamental reason for
this is that the 3PIEA includes medium induced effects on the three-point vertex at lead-
ing order. The 2PIEA in gauge theory contains a dressed propagator but not a dressed
vertex, leading not only to an inconsistency of the resulting kinetic equation but also to a
spurious gauge dependence analogous to the failure of global symmetries in truncations as
discussed in chapter 3. Thus this work is a stepping stone towards a fully self-consistent,
non-perturbative and manifestly gauge invariant treatment of out of equilibrium gauge
theories.

Second, nPIEAs allow one to accurately describe the initial value problem with 1- to
n-point connected correlation functions in the initial state. For example, the 2PIEA allows
one to solve the initial value problem for initial states with a Gaussian density matrix.
However, the physical applications one has in mind typically start from a near thermal
equilibrium state which is not well approximated by a Gaussian density matrix. This leads
to problems with renormalisation, unphysical transient responses and thermalisation to the
wrong temperature [120]. This is addressed in [63, 120, 121] by the addition of an infinite
set of non-local vertices which only have support at the initial time. Going to n > 2 allows
one to better describe the initial state, thereby reducing the need for additional non-local
vertices.

Lastly, the infinite hierarchy of nPIEA is the natural home for the 2PIEA and provides
the clearest route for systematic improvements over existing treatments. Thus invest-
igating symmetry improvement of 3PIEA is a well motived step in the development of

non-perturbative QFT.

4.2 Symmetry Improvement of the 2PIEA

The essence of symmetry improvement is to impose the WIs derived for the 1PI correlation

functions on the nPI correlation functions. Effectively, one changes

W(ﬁ...aj (AIPIa ‘/IPIa Ty ‘/1(}”)11)> — WELAl...aj (Anpla VnPI; R Vé;}) ’ (41)
where Wfl_._aj for j =1,---,n — 1 are the Wls and the arguments change but not the

functional form. Note that higher order WIs cannot be enforced on an nPIEA since only
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the 1- through n-point functions are free. Thus, in the SI-2PIEA a single constraint is

enforced, namely (3.15), which recall is
0=WA=A1T50p — J. T2, (4.2)

where A is thought of as the 2PI function. Only the case J, = 0 will be considered here.
Pilaftsis and Teresi [1| considered the case of a translationally invariant J, # 0 to define
a symmetry improved effective potential. The situation with a general J, # 0 is discussed
in Chapter 6.

Symmetry improvement imposes (3.15) as a constraint on the allowable values of ¢ and
A in the 2PIEA. This proceeds through the introduction of Lagrange multiplier fields ¢% (z)
and a shift of the action I' — I' — C where C ~ £V is the constraint. Note however that
Pilaftsis and Teresi introduced symmetry improvement non-covariantly, leading to two
possible covariant symmetry improvement schemes that reduce to theirs in equilibrium.
The first is to take

C= %e;wg‘. (4.3)

The second follows the author’s previous paper |2] by including a transverse projector

P;B (%) = dap — Pa (T) @b (7) /802 (r):
¢ = %egpcflwg‘, (4.4)

to ensure that only Goldstone modes are involved in the constraint. The choice between C
and C’ turns out to make no difference in equilibrium. However, the two constraints lead
to different schemes beyond equilibrium, both of which are pathological as discussed in the
author’s paper [4| and in Chapter 6. For now the simple constraint (4.3) is taken.

The equations of motion following from the symmetry improved effective action are

W =0, (4.5)
aﬁr;/wm-w DT i) [ KauGapi. (9
5Ade (z,w) /gc (SAde((zugjg abSOb( ) — %ﬁKde (z,w), (4.7)

where the last equation simplifies to

or 7 1
- ——— [ AT} AL T4 — —ihK 4.
5 de <27 w) 9 LeA (.T) cd (CU, Z) /y ea (w, y) ab®Pb (y) 2Zﬁ de (Z, 'U)) ) ( 8)

on using the identity dA_/6A4 = AgdlAgal. In the present discussion only the equi-
librium case with J = K = 0 is relevant (this is reviewing |1, 2|, the more general case is
discussed in [4] and Chapter 6). The only non-trivial Wls are WY = —ivmg Py, so that
the constraint enforces vmé = 0, i.e. the Goldstone mass vanishes if v # 0 as expected.

Using homogeneity €5 (x) = ¢4, and the SSB ansatz (3.30) the other equations of motion
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become

or/VT

L tem, (49)

or

or
_— = 4.11
Ay (z,w) 0 (411)

where VT is the volume of spacetime'. The symmetry improvement constraint is a singular
one: one must require { — oo as va&l — 0. The reason for this is that m%; — 0 so
the right hand sides vanish unless ¢S, — oo. Applying the constraint with v # 0 directly
in the equations of motion would give zero right hand sides, reducing to the standard 2PI
formalism. This is valid in the full theory because the Ward identity is satisfied. However,
this is impossible in the case where the 2PI effective action is truncated at finite loop order
because the actual Ward identity obeyed by the 2PIEA is not Wf as discussed in Chapter
3.

The divergence is regulated by setting vmé = npm? and taking the limit n — 0 such

that Sy /v = £ is a constant. This gives

aFéZT = Lym?, (4.12)
MG‘S{Z’M) =0. (4.13)
(Note that one can consistently set
a a L Lo
bv = —Uny = Fop <N—1 cN> ; (4.14)

and all other components of ¢ to zero.) Thus the propagator equations of motion are
unmodified and the vev equation is modified by the presence of a homogeneous force that
acts to push v away from the minimum of the effective potential to the point where mé = 0.
In practice, in the symmetry broken phase, one simply discards the vev equation of motion
and solves the propagator ones in conjunction with the Ward identity, which suffices to
give a closed system. In the symmetric phase v = 0 and the Ward identity is trivial, but
I' also does not depend linearly on v, hence one can take the previous equations of motion
with fo = 0. Note that one can keep a non-zero m2G in the intermediate stages of the
computation to serve as an infrared regulator.

To recap the procedure: first define a symmetry improved effective action using Lag-
range multipliers and compute the equations of motion. Second, note that the equations
of motion are singular when the constraints are applied. Third, regulate the singularity
by slightly violating the constraint. Fourth, pass to a suitable limit where violation of

the constraint tends to zero while requiring the limiting procedure to be universal in the

'Recall that (6/6¢ (x)) fy ¢ (y) J (y) = J (z), however, for a translation invariant ¢ (z) = v and J (z) =
J, Oy fy ¢ () J(x) =8y [,v] = VTJ so that §/5¢ = (VT)~' 9, for constant fields.
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sense that no additional data (arbitrary forms of the Lagrange multiplier fields) need be

introduced into the theory.

4.3 Renormalisation and solution of the SI-2PI Hartree-Fock
gap equations
The renormalisation of the SI-2PIEA in the Hartree-Fock approximation follows the same

procedure as in section 3.4 with minor alterations. The gap equations (3.72)-(3.76) are the

same, as are the finite versions (3.75)-(3.76), reproduced here:

A hA hA

mg:m2+6v2+?(N+1)72§n+?7§n+0(A2), (4.15)
A hA hA

m%{:m2+§v2+?(N—1) Gn+77§n+0(v), (4.16)

however the vev equation (3.74) is replaced by Goldstone’s theorem
0 = vm, (4.17)

which does not require renormalisation (more precisely, the WI is multiplicatively renor-
malised, however since W4 = 0 an overall factor makes no difference). The counter-terms
5m(2) and 6o do not enter into the renormalisation of the equations of motion and Za is
again redundant. Altogether there are six remaining constants Z, ém?, and 5)\’147’23 which
are constrained by eight independent equations. That there is a solution is a non-trivial
check on the calculations and one find (for details refer to the MATHEMATICA [99] notebook
in Appendix C)

Z—zs—1, (4.18)
AA A2\ oA+ X
2 2 2 1
om] = e (N +2) (COA +c1m”In (Mg)> ma (4.19)
N +2
o == 1+ 3N +2) v | A (4.20)
6+ c1 (N +2) Aln (43)
B B 3
5)\1 = 5)\2 - —1 + 5 )\, (421)
3+ e in (43)

which is actually identical to the expressions for the counter-terms in the unimproved
2PIEA case. This should accord with intuition: symmetry improvement is an infrared
modification of the theory which does not alter the ultraviolet divergence structure at
all. However, such a result is not automatically assured in a self-consistent approximation
scheme such as nPIEA, since the non-linearity of the equations of motion results in a
coupling of scales. Furthermore, section 4.5 shows that the SI-3PIEA truncated to two
loops is not equivalent to the SI-2PIEA. Instead the Higgs propagator equation of motion
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is modified as are the counter-terms. Full self-consistency of the theory is then lost with
various physical effects that will be discussed.

Remarkably there is an exact analytical solution for the SI-2PI HF approximation.
Subtracting 3mé from the qu equation to cancel the A\v?/2 and h)\TIgn/2 terms, and
using that m2G = 0 in the symmetry breaking regime, one finds

9 o9 hA

miy =i — — (N +2) T+ 0 (W), (4.22)

where Tén = T?/12 since mé = 0. The critical temperature occurs when m? = 0, giving

1292

7= | —
AN +2)

0 (\?), (4.23)
which is the same as in the unimproved case (3.85). However, unlike the unimproved
case, the SI-2PI solution has a second order phase transition. Indeed, using the previous

expression for T in mp gives

T2
m% = m% (1 — T2> +0(\?), (4.24)

which is the expression obtained from the classic Landau theory of second order phase

transitions [122]. The value of v is found by using this result in the mé equation, obtaining

v2:172—h<(N+1)T22+7}3h>+0(>\), (4.25)

where mp is the mass appearing in 7}31’. At the critical temperature

2 =04+ 0 (), (4.26)

2 smoothly interpolates between ©? at T = 0 and zero at T = T}, then

as expected. v
remains at zero at all higher temperatures. There is no unphysical metastable phase with
broken symmetry at high temperature. This agrees with the behaviour of the O (IV) model
in lattice simulations (see, e.g. [117, 118]).

The solution of the SI-2PI gap equations in the Hartree-Fock approximation is shown
in Figures 4.1, 4.2 and 4.3 using the parameters N =4, v = 93 MeV and my = 500 MeV
to enable direct comparison to the results of Chapter 3 (which have been reproduced here
for ease of comparison). One sees that in the SI-2PI HF approximation the unphysical
metastable phase is removed and replaced by a continuous (2nd order) phase transition.
Furthermore the Goldstone theorem is satisfied, as expected, in the broken phase, in con-
trast to the unimproved 2P1I solution. This behaviour has been noted before in the literature
(]1] in the case N = 2, [116] in the case N = 4, and |2| and here for general N).

These results can be contrasted with the large N approximation discussed in section
3.6 and [116]. A second order phase transition is found and Goldstone’s theorem is satisfied
in both schemes. However, the large N estimate for the critical temperature is larger than

the symmetry improved value by a factor \/(N + 2) /N which is \/3/2 ~ 1.22 for N =4,
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Figure 4.1: Field expectation value v from the unimproved 2PI (solid) and SI-2PI (dash-
dot) in the Hartree-Fock approximation with parameters N = 4, v = 93 MeV and my =
500 MeV.

accurate to the expected O (1/N) = 25%. This makes the critical temperature ~ 162 MeV
for the numerical values used previously. This difference is the due to the neglect of
the Higgs boson thermal contribution, which is indeed swamped by Goldstone modes as
N — oo. Thus the leading large N approximation has several qualitative similarities to
the symmetry improved 2PIEA, and is quantitatively consistent with it to the expected
O (1/N) accuracy.

There are some important qualitative differences however. First, the Goldstone theorem
is lost at higher orders in 1/N, while the SI-2PTEA explicitly enforces it at all orders.
Second, the contribution of the Higgs to the phase transition thermodynamics is totally
ignored in the large N approximation, while it is included fully self-consistently in the
SI-2PIEA. Third, the large N approximation only resums (¢q¢,) and is not fully self-
consistent in the sense that all possible Feynman diagram topologies with skeletons of
a given order are fully resummed, but the SI-2PIEA computes all of the Ay, o< (pap)
fully self-consistently and hence is a more accurate method when applicable. Finally, the
large N approximation is more natural in the sense that it does not rely upon any ad hoc
modification of the effective action, unlike the artificially imposed Ward identities of the
SI-2PTEA. This means that when a large N limit exists in a given field theory, it is fairly
well behaved. However, the fact that the SI-2PIEA is constrained leads to difficulties in

certain truncations (see section 4.4) and out of equilibrium (see Chapter 6).
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Figure 4.2: Higgs mass m?% from the unimproved 2PI (solid) and SI-2PI (dash-dot) in the
Hartree-Fock approximation with parameters N =4, v = 93 MeV and my = 500 MeV.
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Figure 4.3: Goldstone mass m?, from the unimproved 2P1 (solid) and SI-2PI (dash-dot) in
the Hartree-Fock approximation with parameters N = 4, v = 93 MeV and my = 500 MeV.
Note that the Goldstone theorem is satisfied, i.e. mQG = 0, in the broken phase for the
SI-2P1 solution but not the unimproved 2PI solution.
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4.4 The two loop solution (or lack thereof)

In order to investigate higher orders in the SI-2PIEA it is necessary to discuss more gener-
ally the problem of renormalising nPIEA. Self-consistent equations of motion are in general
far harder to renormalise than perturbation theory and several methods of renormalisa-
tion have been introduced in the literature, though the general problem is still open. The
2PIEA is known to be renormalisable, either by an implicit construction involving Bethe-
Salpeter integral equations or an explicit algebraic Bogoliubov-Parasiuk-Hepp-Zimmerman
(BPHZ) style construction which has non-trivial consistency requirements (but which has
been shown to be equivalent to the Bethe-Salpeter method) [112, 123-125]. A recent dis-
cussion of the general theory can be found in Chapter 4 of [111], which however is light
on specific examples. The BPHZ style procedure of [113, 123, 124] was adapted to sym-
metry improved 2PIEA by [1] and to 3PIEA for three dimensional pure glue QCD (without
symmetry improvement) by [104] and is the one used here.

The essence of the procedure is quite simple. Consider for example the quadratically
divergent integral fq iAg/m (q). Since Ag/y (q) is determined self-consistently this is a
complicated integral which must be evaluated numerically. However, the UV behaviour of

the propagator should approach ¢ 2

as ¢ — oo. Indeed, Weinberg’s theorem [114] implies
that the self-consistent propagators have this form up to powers of logarithms [113]%. Now
one can add and subtract an integral with the same UV asymptotic behaviour as the

divergent integral:

i )
/qZ c/u (@) /q[l a/u () q2—u2+i6] +/qq2—/t2+i6’ (4.27)

where p is an arbitrary mass subtraction scale (not a cutoff scale). The first term is

now only logarithmically divergent and the second term can be evaluated analytically in a
chosen regularisation scheme such as dimensional regularisation. A further subtraction of
this kind can render the first term finite.

The renormalised propagators can be written as

8’}H =p° —m&m — Xy (p) (4.28)
Sy p) = S m (0) + ¢ (0) + 56 (0) (4.29)

where mg, g is the physical mass and the (renormalised) self-energies have been separated
into pieces according to their asymptotic behaviour: ZaG/H (p) ~ p? (lnp)dl, Z%/H ~

(Inp)®

and 7, e p~2 as p — oo respectively. The pole condition requires

Sam <p2 - mQG/H> —0. (4.30)

2Though note that renormalisation group theory shows the true large-momentum behaviour of the
propagators is a power law with an anomalous dimension. This implies that a truncated nPIEA does not
effect a resummation of large logarithms, and that a 2PI (or indeed nPI) expansion is generally only valid
within a finite energy range about the renormalisation point.

107



1
It is useful to introduce the auxiliary propagator Aé/H = (p2 —p? - E“G/H (p)) . Then

Ag/p can be expanded in AZ/H as

2
A () = Ay (0) + A 0)] (M = 12+ 5 + Ty

+0([at 0] [ )] ). (431)

Proceeding systematically in this manner allows one to extract the leading order asymp-
totics of diagrams as p — oco. In the two loop truncation it turns out that E“G/H (p)=0
so one can simply use a common A,

Substituting the expressions for bare fields and parameters in terms of the renormalised

fields and parameters according to

(6, 0,0) = 22 (¢, 0,0), (4.32)
m? — Z7'ZN (m? + om?) (4.33)
A= Z72 (A 40N, (4.34)

A — ZZAA, (4.35)

with separate counter-terms 5m3’1, Ao, (5)\’14’23 as done before for the Hartree-Fock trunca-

tion in section 3.4, with an additional counter-term J\ for the sunset diagram3

Dy = , (4.36)

gives the renormalised effective action in momentum space

2 2 . .
= / <_z;1m zém%? A Z?A%‘*) + % (N -1)Trln (AZ") + %Trln (A"

; A
- ? (N — 1)/ (—ZZAkZ +m? 4+ 6m? + ZAHG‘SAHP) Ag (k)
k
: A B
_ % <—ZZAI<:2 +m? 4+ 0m3 + Za AT 5)‘16 200 v2> Ay (k)
k
2 2
+ 51 [(N+1)A+ (N —1)6)\ +200F] Z% (N — 1) </Ag(k)>
k
2 2 K2
+ o [BA+ oINS +260F] Z4 (/ Ap (k)) +572(A+ 5N Z3 (N — 1) / Ag (k) /AH (q)
k k q
B2 [(A+6A)v]?
T Aw-n [ anwacnsci+
kl
h2
+ 35 (AN ZR [ A (k) A (1) Ap (k+1). (4.37)

kl

3Note that the majority of the quantum field theory literature does not call this the sunset diagram,
instead using that to refer to the self-energy term with two four point vertices. This thesis follows the
convention that has appeared in the symmetry improvement literature, e.g. [1].
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The equations of motion following from this are
A+ oAt
6 ot

— g [(N+ DA+ (N —1)6)5 + 250\ ] Z3 T

AG (k) = ZZaK* —m? — dmi — Za

h

-5 (A + 0\ ZX Tu + ik [M

)v]?
3 ] Z3Tne (k), (4.38)

and

3N+ A+ 2508 2
6
h h
-5 [3\+ 605 + 2605 ] Z3 T — & (A +60) ZX (N - 1) Tg
ih [(A+6\)v
2 3

Ay = ZZAK* —m? — dmi — Za

]2 LN = 1) Toa () + 5 [+ 0N o Z8Twm (R), (439

where the (divergent) integrals are

Tom =1 [ Bam (@), (4.40)
q
Zan () = [ Aa0) B (k= ). (4.41)

where A, B = H, G in the last equation.
Zap (p) can be rendered finite by a single subtraction

Tap(p) =I" + 4% (p), (4.42)

where ZH = fq [iAH (q)]z. Since the propagators are written with the physical masses
explicit, it is crucial to also subtract a portion of the finite piece IlﬁqnG (mG / H) so that the
pole of the propagator is fixed at the physical mass of the Goldstone/Higgs propagator
respectively. Making this subtraction separately allows a universal Z#.

The tadpole integrals 7/ g require two subtractions each since fqz’ [A* (¢)]? EOG/H (q)

is logarithmically divergent. To that end introduce

YK (q) = —ih [W] 2 Z3 [ /Z iAF () iAF (g +0) — I“] : (4.43)

which is asymptotically the same as EOG/H (q), so that fqi [A* (¢)]? [EOG/H (q) — X+ (q)] is

finite. For later convenience write

2
/ i [AF (@25 (q) = h {(“;A)”} ZA ot (4.44)
q
Then )
Ty =TV —i (sz/H _ ;ﬁ) T8+ h [W‘W’] 23 + T8y, (4.45)
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where TH = fq 1A* (q). Note that T# and ¢ are real and ZF is imaginary, so that all of
the subtractions can be absorbed into real counter-terms. By dimensional analysis these

can be written in terms of regularisation scheme dependent constants as

A2
TH = oA + 1% In ek (4.46)
A2
' = coIn —;, (4.47)
1
A2\? A2
= qq (ln ) +a1ln —. 4.48
p? e (4.48)

The counter-terms are found by eliminating mé JH and demanding that the divergences
proportional to different powers of v? and G?H separately vanish. Further renormalisation
conditions are the pole conditions A5 (mg) = 0 and A! (my) = 0 and that the counter-
terms are momentum independent. This gives eight equations for the seven constants
Z, Zn,6m?, 004, 004, 6AE and 6\, however one of them is redundant and a solution exists.
Details of this calculation are included in a MATHEMATICA [99] notebook in Appendix C.

After all subtractions the finite equations of motion are

2
AG (k) =k —m? — %qﬂ - g (N +1)ATE™ - gmﬁn +ih <A3”> [Igfb (k) — T (ma)
(4.49)
and
I LT S S E)\(N — 1) 7dn — Z\7fn
H — 9 6 G H
in (A0)? fi fin 2 [fin fin
S5 ) =1 |28 k) = 285 (man)| + 5 ) |2 (k) = Zhy (man)
(4.50)

and, of course, vaG = 0.

Note that due to the momentum dependence of the self-energies these equations are sig-
nificantly more complicated than their Hartree-Fock counter-parts. No analytical solutions
of these equations are possible (to the author’s knowledge). Numerical solutions have been
investigated in [1, 6], which have found dramatically differing results using somewhat differ-
ent methods. These results will be discussed but not reproduced here. Pilaftsis and Teresi
[1] renormalised using the MS scheme at zero temperature in four dimensional Euclidean
space, then solved the gap equations by an iterative relaxation method in momentum space
using a lattice in |kg|, using rotational invariance to simplify the numerics, then perform-
ing a numerical analytic continuation back to Minkowski space using Padé approximants.
They used parameter values relevant to Higgs boson physics, with my = 125 GeV and
v = 246 GeV (though with an unphysical value of N = 2!). The solutions they found were
well behaved at all momentum scales included in the calculation and had physically reas-
onable self-energies, including imaginary parts representing quantitatively accurate decay

rates and reaction thresholds for processes such as H — GG and decays of off-shell states
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such as G* — HG and H* - HH* — HGG. In short, all of the results found in [1]
indicate that the two loop SI-2PIEA approximation is physically well behaved.

In contrast, Marko et al. [6] used several different varieties of cutoff regularisation with
three different parameter sets (chosen for illustrative, not physical, purposes, and all with
N = 2) at zero and finite temperature in d = 4 Euclidean space to argue that, contrary
to physical intuition and renormalisation group based experience, the IR behaviour of the
SI-2PI propagators is highly sensitive to the UV structure of the regulator used to render
the theory finite. The general conclusion of their investigation, not rigorously proven
though supported by semi-analytical and numerical arguments, is that for any “sufficiently
smooth” UV regulator?, the SI-2PI equations of motion lack a solution in the physical
infinite volume limit. Their general argument proceeds in two steps. First: since m2G =0
in the broken phase by construction, Ag (k) must have an anomalous behaviour ~ k=2¢
with o < 1 as k% — 0, otherwise the term Zf%, (k) in the Higgs equation of motion diverges
in the IR and the only solution is v = 0. Second: if m% # 0 and the UV regulator does not
produce an anomalous dimension in A¢, an anomalous dimension in Ag is incompatible

with the Goldstone equation of motion which can be rewritten as
—1 2 . Av ? fin fin
A (k) = K +ih 5 [IHG (k) — 7fin, (0)} , (4.51)

using Ag' (k= 0) = m% = 0 to eliminate the constant and ¢/ terms. This equation is
incompatible with an anomalous dimension because IEIHG (k) has a regular (i.e. analytic)
dependence on k in neighbourhood of zero®. Hence, in the two loop truncation of the SI-
2PIEA either a UV regulator is chosen which produces an anomalous scaling behaviour of
Ag at large distances, in which case the large distance behaviour of the theory is sensitive
to the specific UV regulator chosen, or there is no physically reasonable solution for a
broken symmetry phase in the infinite volume limit. While [6] does not directly address
the issue, the likely reason these effects are not seen in the analysis of [1] is the latter’s use
of dimensional regularisation, which does directly alter the IR properties of the theory®.
One should also note that there was no conclusive (numerical) observation in [6] of loss of
solution for sufficiently small A with a smooth UV regulator. Also, the behaviour of the
IR regulator at higher loop orders remains an open problem.

This situation is unfortunate, although not necessarily disastrous, since there are situ-
ations in which the UV cutoff is physical (e.g. in condensed matter physics) and/or the
infinite volume limit is merely an idealisation which may not be strictly required. For
example, the universe could be placed in a box with no observable consequences so long
as the box is sufficiently large compared to the Hubble volume. This provides a natural

IR regulator which, depending on the parameter values, can allow a physically reasonable

“Which they define to be any regulator that does not induce an anomalous dimension of the Goldstone
propagator in the IR, or in other words any UV regulator which does not directly alter the IR physics.

5This follows because the momentum k can be routed through the Higgs propagator which is regular
in the IR, regardless of the form of A there. This is also the reason for the assumption m% = 0 in the
argument.

®Dimensional regularisation requires careful treatment of the infinite volume limit since IR divergences
automatically vanish in the standard version of the scheme, see e.g. [18].
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solution to exist. The essential message is that the IR and UV sensitivity of solutions of the
SI-2PT gap equations should be checked on a case by case basis to establish the plausibility

of the results obtained.

4.5 Symmetry Improvement of the 3PIEA

This section examines the extension of symmetry improvement to the 3PTEA, closely fol-
lowing the work published by the author in [2]. In this section the equations of motion
are derived but not solved. Solutions for the (over simplified) Hartree-Fock truncation are
presented in section 4.8. Unfortunately, due to the added numerical difficulty, solutions of
the more interesting (and physically informative) two and three loop truncations are left
for future work. For ease of reference the explicit forms of the 3PIEA and its equations of

motion reproduced from (2.74) and following are

10 ih
I® [, A, V] = S[p] + %Tr InA~ 4+ %Tr (Ay'A = 1) + T3 [p, A, V], (4.52)
where
K2 4
I3 =& — Py + ?V()abcAadAbeAchdef + O3 + Py + 5 + O (hY), (4.53)
where the ®s are
h2
q)l - _§WabchabAcda (454)
h?
Py = ﬁvabcvdeandAbeAcfa (455)
ih3
O3 = IvabcvdefVghivjklAadAbgchAehAkaila (4.56)
ih?
oy = _?WabcdvefgvhijAaeAbfAchAdiAgj7 (4.57)
ih3
o5 = EWabchefghAaeAbfAchdh- (4.58)
The equations of motion are
or® 1 )
S = —Jy— KD, — §Kfji (ihpe + Pppe) s (4.59)
oT®) ih_(2) 1h_(3)
= Ug® WO,
5Aab 2 ab 9 abc(P
K2 3 3
_@ (KéczlAceAde})ef + K[SCC)lAceAdeaef> (460)
oT®) 1 3
=~ R2A AR ALK 4.61
Voo 31" TedTbeRef Rdef (461)

where the left hand sides are
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orB) 88 ih K2

Sou  Op + 5V0abcAcb + gwabchbeAcfAdgVefg +0 (), (4.62)
or® ih . B
A = 3 (B T, — a) +0 (1), (4.63)
(5F(3) h2 ih3
W = ? (VOdef - Vdef) AadAbeAcf + ?Vdef‘/tqhi‘/}klAadAbgchAehAkail
.h3 1
- %Whijdvefg <3AahAbiAejAdecg + cyclic permutations (a = b — ¢ — a)>
+O (1), (4.64)

It is now necessary to impose a WI on the three point vertex function. To that end
introduce the symmetry improved 3PIEA

r® =r6 _ % /x e () WA () [PL (go,a:)] L Bf Wil s (4.65)

C
where the second term is the same as the 2PI symmetry improvement term (note that the
projected version of the constraint is used to match [2]) and the third term contains the
extended symmetry improvement where, recall (3.16), the WI is

Wik = VaeaTiyon + Al Tty + AL T, (4.66)
B is the new Lagrange multiplier and f [W:i(l)] is an arbitrary functional which vanishes
if and only if its argument vanishes. Substituting the SSB ansatz (3.30) gives

r® =16 — oW — Bf W], (4.67)

where
W) = /Aal (z,2)v, (4.68)
Wy — /v (2,9, 2) v+ AG (@,y) — A7l (2,9), (4.69)

are the Wls in terms of the ansatz variables.

The equations of motion are

or® /vt X 5t
v Bl sz 4
ov bom™ + ws O (x,y)v(x’y’ Z) ) ( 70)
ST ®) 5f - -
A s = B g te B AG (s, (4.71)
] Ty s
oT®) 5f - B
e Bl B vy e TG RO 1)
9 Ty 5
3)
oo _ 57‘}05(4) (x—r) 5(4) (y—s) 5(4) (Z—t), (473)

5‘7 (T‘, S, t) Y TYz 5W2 ((E, y)
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TG

OV (1, s,t) =0 (4.74)
Wi =0, (4.75)
Ws =0, (4.76)

where the limiting procedure to eliminate ¢ and W) is already taken as in the 2PI case.
A factor of 1 = [ 6@ (2 — t) has been inserted in (4.73) for later convenience. Now a
limiting procedure must be found such that the right hand sides of two of (4.71), (4.72)
and (4.73) vanish. The remaining equation must be chosen so that it can be replaced by
the constraint (4.76) and still give a closed system. (4.73) cannot be eliminated because
there is not enough information to reconstruct V from Ag /i using W (the integral in W
irreversibly loses information about V). Thus one must eliminate either Ag or Ay, or else
artificially restrict the form of V.

The desired simplification of the equations of motion can be achieved without re-
stricting V under the assumption that Jf/0Ws (x,%) is a spacetime independent con-
stant. Note that this is not required by Poincaré invariance (only the weaker condition
O0f/OWs (z,y) = g (|x - y|2> is mandated). This assumption will be justified in section
4.6 with the introduction of the so-called d’Alembert formalism. Proceed now by adopting
it for the sake of argument.

Computing the left hand side of (4.73) using the explicit form of the 3PTEA (2.74) and
displaying only the two loop terms explicitly gives

ST3) K2 B v
B o) B (:5) B (56 + O () wm

Without symmetry improvement one sets this quantity to zero, giving an equation equi-
valent to the usual 3PI vertex equation of motion. This equation is now modified by the

symmetry improvement to

_’j(N_1)LyZ (x‘/(m,y,z)+§’5(z—y)5(z—z)>

x Ag (x,1)Ag (y,8) Ag (2,t) + O (h3)

of

=vB _—
TYyz oWy (LL’, y)

S (=)W (y—s)0W (2 —1). (4.78)

Convolving with the inverse propagators A;IIA(_;IAC_;I gives
h? ~ Av 3
—E(N—l) V(a,b,c)%—?é(a—b)é(a—c) + O (h°)
of

—vB [ %
TYz OWs (xa y)

A[_{l (z,a) Ac_;l (y,b) Aél (z,¢), (4.79)
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which can be recognised as

o
|:B (W(f:[;y)AHl (CL’, CL) Aél (y, b) Wl. (480)
Ty )

The right hand side now vanishes due to (4.75). With the regulator vmé = nm? in place
the symmetry improvement term in the V equation of motion vanishes faster than the
naive B f/0W, scaling manifest in (4.73). Schematically, the right hand side scales as
B (6f/0Wa) m¥miuv ~ B(8f /W) m%m?/v. So long as B f/6Ws does not blow up as

2

fast as n7“ as n — 0 the symmetry improvement has no effect on V.

Now consider the Goldstone propagator. Substituting I'® into (4.71) the symmetry

improved equation of motion for Ag is found to be

AG (r,s) = Ayl (1, 8) — Sa(r,s), (4.81)

where the 3PI symmetry improved self-energy X is

Yg(r,s) = RN =1 |38 (rs) + B . W (. 0) (x,y)AG (z,7) Ag (5,9)| - (4.82)
Substituting in Fég) to two loop order,
36 (r,s) = %Tr (N +1)Ag + Ay 6W (r — )
_ih / (v (a,b,7) + 2?)&5(4) (a—r)6® (b 7«)) V (e,d, 5) Ayt (a,¢) A (b, d)
abed
27 of 1 -1 2
B A A . 4.
+h(N—1) W (@) o (x,r) AL (s,y) + O (W) (4.83)

The first term corresponds to the Hartree-Fock diagram, the second term corresponds to
the sunset diagrams and the third term is the symmetry improvement term. The equation
of motion for Ay can be written in the same form with a suitable definition for a symmetry
improved self energy S g (r,s), where the symmetry improvement term now has the form
~ B [(0f/oWa) A AR

If 0f/0Ws is constant, then Y and Y scale as

(B3f /W) mi; ~ (BSf[6Wa) miyp” /v, (4.84)

and
(BSf/OWa)miy ~ (B f/6Wa) min°, (4.85)

respectively. Thus, by choosing a regulator such that Bdf/dWs goes to a finite limit, the
equations of motion for V' and A¢g are unmodified and the equation of motion for Ay is
modified by a finite term. This is the desired limiting procedure. Adopting it gives the

final set of SI-3PI equations of motion:
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oT®)

ST®)
)| 4.87
oV (r,s,t) ’ ( )
ST 3)
- 4.
Vi (r,s,t) 0 (4.88)
Wi =0, (4.89)
Ws = 0. (4.90)

That is the vev and Higgs propagator equations of motion are replaced by WIs, but the

Goldstone propagator and vertex equations of motion are unmodified.

4.6 Justifying the d’Alembert formalism

The assumption that ¢ f /6, can be consistently taken to be constant requires explanation.
Constrained Lagrangian problems are generally under-specified unless some principle like
d’Alembert’s principle (that the constraint forces are “ideal”; i.e. they do no work on the
system) is invoked to specify the constraint forces. Note that while it is usually stated that
enforcing constraints through Lagrange multipliers is equivalent to applying d’Alembert’s
principle, this is no longer automatically the case if the constraints involve a singular limit
as happens in the field theory case. This leads to a real ambiguity in the procedure which
requires the analyst to input physical information to resolve it. In the case of mechanical
systems the analyst is expected to be able to furnish the correct form of the constraints
by inspection of the system. However, the interpretation of “work” and “constraint force”
in the field theory case is subtle and the appropriate generalisation is not obvious. Here it
is argued, by way of a simple mechanical analogy, that the procedure which leads to the
maximum simplification of the equations of motion is the correct field theory analogue of
d’Alembert’s principle in mechanics.

d’Alembert’s principle is empirically verifiable for a given mechanical system, but here
it forms part of the definition of the SI-3PIEA approximation scheme, which can be re-
ferred to as the “d’Alembert formalism.” The result of Section 4.5 was a set of unambiguous
f-independent equations of motion and constraint at some fixed order of the loop expan-
sion, say [-loops. The use of any other limiting procedure requires the analyst to specify
a spacetime function’s worth of data ahead of time, representing the “work” that the con-
straint forces do. The resulting equations of motion represent a different formulation of
the system and will have a different solution depending on the choice of “work” function.

Imagine that one is competing against another analyst to find the most accurate solu-
tion for a particular system. It is possible that the competing smart analyst could choose
a work function that results in a more accurate solution, also working at [-loops. How-
ever, one could still beat the other analyst by working in the d’Alembert formalism but at

higher loop order. A reasonable conjecture is that the optimum choice of work function
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(in the sense of guaranteeing the optimum accuracy of the resulting solution of the I-loop
equations) is merely a clever repackaging of information contained in > [-loop corrections.
(This conjecture is given without proof. Indeed it is hard to see if any alternative to the
d’Alembert formalism is practicable.) Additionally the d’Alembert formalism has the vir-
tue of being a definite procedure requiring little cleverness from the analyst, at the cost of
potentially having a sub-optimal accuracy for a given loop order.

To illustrate the connection with a mechanics problem consider a classical particle in

2D constrained to x? + % = r2. The motion is uniform circular:

<x>:r<c?8w+¢)>. (4.91)
Yy sin (wt + ¢)

The action is

S = /Ldt VIS (4.92)
L= %m (&% +77), (4.93)

where the constraint is w (t) = z (£)> + y (£)> =72 = 0 and f[w] = 0 if w(t) = 0. The

equations of motion are

of

mi (t) = —2)\5w (t)a: (t), (4.94)
my (t) = —2)\(%1; (t). (4.95)

In this mechanics problem one could set f[w] = [w(t)dt and carry through the
problem in the standard way without any complications. But to mimic the field theory

case, where a limiting procedure is required, take f [w] = [w (£)?dt. In this case

of

5w () =2w (t) - 0 as w — 0. (4.96)

This requires A — oo such that AJf/dw approaches a finite limit. Importantly, it must
approach a t independent limit, otherwise an unspecified function of time enters the equa-
tions of motion: mi (t) = —k (t) z (t), etc. This limit can be achieved by restricting the
class of variations considered. Let x (t) = 7 (t)cos@(t) and y(t) = r (t)sin6 (t), where
or(t) = r(t) — r parametrises deviations from the constraint surface. Then w(t) =
2rér (t) + O (6r%). One needs 1 (t) = 0 which is obviously satisfied by &7 (t) = ér.

The present section is arguing that one only consider variations of this restricted form.
The variations along the constraint surface (i.e. variations of 0 (¢)) are unrestricted as they
should be. Only variations orthogonal to the constraint surface are restricted. This is
equivalent to the classical d’Alembert principle. To see this compute the second derivative
of 72 to obtain 62 — k = £ When the constraint is enforced # = 0, hence k = 0 implies
0 # 0: the constraint forces are causing angular accelerations, doing work on the particle.

At constant radius, the centripetal force only changes if the angular velocity changes.
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In the field theory case the constraint is (4.76). For any given value of V and Ag only

one value of Ay satisfies the constraint, given by

AL (z,y) = /V (z,y,2) v+ A (2,9), (4.97)

z
where the * denotes the constraint solution. This is a holonomic constraint: in principle
one could substitute this into the effective action directly and not worry about Lagrange
multipliers at all (this is very messy analytically, though it may be numerically feasible).
In the d’Alembert formalism, then, one restricts variations of A;Il to be of the form

AI_Jl* (z,y) + 0k, where 0k is a spacetime independent constant. This guarantees

_of

= 2Ws (x,y) = —25k = const, 4.98
Tt = W (@.0) (4.98)

and all the desired simplifications go through. Variations of the other variables are un-
restricted. Because the constraint force Bdf/0W, disappears from the Ag, V and Vi
equations of motion the constraint “does no work” on these variables, and the other vari-
ables (v and Ap) are determined solely by the constraint equations. This seems a fitting

field theory analogy for the classical d’Alembert principle.

4.7 Renormalisation of the SI-3PIEA

4.7.1 General comments

Before examining the renormalisation problem for the SI-3PIEA in detail a few general
comments are in order. Detailed considerations follow in Sections 4.7.2 and 4.7.3 for the
two and three loop truncations at zero temperature respectively. The two loop renormal-
isation of the theory in Section 4.7.2 is non-trivial already even though the vertex equation
of motion can be solved trivially. This is because the symmetry improvement breaks the
nPIEA equivalence hierarchy by modifying the Higgs equation of motion. The renormal-
isation of the Hartree-Fock approximation is deferred to Section 4.8 where it is discussed
along with its numerical solution at finite temperature.

Generically, modifications of the equations of motion following from the 2PTEA will lead
to an inconsistency of the renormalisation procedure since the 2PIEA is self-consistently
complete at two loop order (in the action, i.e. one loop order in the equations of motion).
However, the wavefunction and propagator renormalisation constants (normally trivial in
¢* at one loop) provide the extra freedom required to obtain consistency in the present
case. The theory will be renormalised at three loops in Section 4.7.3. Non-perturbative
counter-term calculations are generally much more difficult than the analogous perturbative
calculations, hence many of the manipulations are left in a supplemental MATHEMATICA
[99] notebook (Appendix C). The results of this section are finite equations of motion
for renormalised quantities which must be solved numerically. Except in the case of the
Hartree-Fock approximation, the numerical implementation of the equations of motion
requires a much greater numerical effort than anything else that has been attempted in

this thesis and so is left to future work.
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To demonstrate the renormalisability of the SI-3PI equations of motion first consider
the symmetric phase since, on physical grounds SSB, an infrared phenomenon, is irrelevant
to renormalisability. In the symmetric phase v = 0 and the Ward identity W is trivially
satisfied, while Wy requires Ag = Apg as expected. Further, iteration shows that vertex
equations have the solution V' = Viy = 0 as expected on general grounds: there is no three
point vertex in the symmetric phase. As a result, the symmetry improved 3PTEA in the

symmetric phase is equivalent to the ordinary 2PIEA
I [p=0,AV=0=T®[p=04], (4.99)

which is known to be renormalisable, as discussed in section 4.4. Thus, only divergences
arising from non-zero V pose any new conceptual problems.

Now an analysis similar to the one done for the 2PIEA in section 4.4 is done to isolate
the leading asymptotics for V' at large momentum. This thesis follows this approach
because it maps easily to that used for the SI-2PTEA above and in the literature. However,
it is not known whether this procedure works in four dimensions. So far, counter-term
renormalisation has not been applied to 3PIEA in four dimensions and it is unknown
whether subdivergences, which are ignored here, are fully controlled in this method. In
three dimensions the renormalisation theory of the 3PTEA is much simpler and this method
goes through. However, the argument given here falls short of a proof of renormalisability
of the SI-3PIEA in four dimensions and the general problem remains open.

Suppressing O (N) indices one can write V (p1,p2,p3) = Avf (B, B2, B2) where p; +
p2+p3 =0. Now V — 0 as v — 0 implies that f (x1,x2, x3) ~ x“ (lnx)d3, where a < 1
and y is representative of the largest scale among 1, x2 and x3. Now consider the vertex
equation of motion (4.61) and (4.64), or

%: >k+ )>»+ >Q (100

where the open circle vertex denotes the bare function Vju. and a sum over cyclic per-
mutations of the legs of the last diagram is understood. The triangle graph goes like”
[, 03976 (In )70 \3a=2 (In x)3B 73N 4f o £ 2/3 or (Inx)' 73N if o = 2/3, which
is dominated by the bubble graph which goes like |, (a4 (In 0) %724 o o (In y)B—20 if
a # 0 or (In X)1+d372d1 if « = 0. Thus to a leading approximation the large momentum
behaviour is obtained by dropping the triangle graph from the equation of motion. This
can also be seen by taking v — 0 at fixed p; which suppresses the triangle graph relative
to the bubble graph.

Now define auxiliary vertex functions V* and V4 which have the same asymptotic
behaviour as V and Vi respectively, though depend only on the auxiliary propagators. V*
and V}; are defined by taking the equations of motion for V and Vi, dropping the triangle
graphs, and making the replacements V — V¥, Viy — V4 (represented diagrammatically

"Recall that the asymptotic form of the self-energies as p — oo is given by terms going like Y& (p) ~

p* (lnp)™ and ¢, ~ (Inp)® .
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by a shaded blob), and Ag/ g — Aé JH (represented by dashed lines), resulting in

— = p—+ :\%. (4.101)

This gives a pair of coupled linear integral equations, analogous to the Bethe-Salpeter
equations, for V# and Vf\; which can be solved explicitly by iteration. (Details of this
calculation are presented in Section 4.7.3). Unfortunately the problem is only tractable
in fewer than 143 dimensions, so for the present any analytical results depending on the
explicit forms of V* and V are confined to this case. In 1+ 2 or 3 dimensions the problem
simplifies dramatically as there are no divergent vertex corrections. In the physically most
interesting case of 1+3 dimensions, V# and V4§ must be numerically determined at the
same time as V and Vi and it is unkown whether this renormalisation procedure actually

works.

4.7.2 Two loop truncation

The theory simplifies dramatically at two loop order. It follows from (4.64) that at this
order V. — Vj up to a renormalisation (this is just the equivalence hierarchy at work).
Substituting this into the action gives, apart from the symmetry improvement terms, the
standard 2PIEA. Another simplification is that the logarithmic enhancement of the propag-
ators in the UV due to Eé/H vanishes at this level (Zé/H is generated by the diagram &5
appearing at three loop order). In this case A, = Af, = AF = (p2 — u2)_1. However, the
reduction is not trivial because now the Higgs equation of motion has been replaced by a

Ward identity. The equations of motion reduce to

A
AG (z,y) = — (aua“ +m?+ 6#) 6@ (z —y)

_ % (N +1) Mg (2, 2) 6@ (2 — y)
— %/\AH (z,x) 5@ (x —y)
A (2,9) Ag (), (4.102)
AL (z,y) = —Afa(‘*) (z —y) + A" (z,y), (4.103)
vmZ, = 0. (4.104)

The first line is the tree level term, the second and third lines are the Hartree-Fock self-
energies, the fourth line is the sunset self-energy, and the last two lines are the Ward

identities Wy and W, respectively.
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To renormalise the theory one follows the by now standard procedure by introducing

the renormalised parameters

(6, 0,0) = Z'% (¢, 0,0)
m? — Z_lZE1 (m2 + 5m2) ,
A= Z72(A+6N),
A = ZZAA,
V= z27327,v,

and demanding that all kinematically distinct divergences vanish. Details of this compu-

tation and explicit expressions for the counter-terms are given in Appendix C. The finite

equations of motion are found to be

A&l(p) =p —mz—gv — 6(N+1)XTGHH——/\TI§“
2
vin (%) 128 () - Zis (ma)]
A2 A h
A (p)=p* —m? = S = Z? = T (N 1)ATE"
3 6 6
h

The finite parts TGﬁ?H and ZH, (p) are

. (p) = Iuc (p) — I,

T8 = Togm — T+ (mlyy — 2) = [ 118" @22 (@),
q
where the auxiliary quantities are
7= [iar (@),
q
v~ [ i @,
q

S () = —ih (?)2 UZN (0) i (g + £) — T"| .

14

(4.110)

(4.111)

(4.112)

(4.113)

(4.114)

(4.115)

(4.116)

These equations are the main result of this section. They could presumably be solved

numerically using techniques similar to [125], though this is deferred as the analytical

results given in section 4.10 indicate this is an unsatisfactory truncation.

4.7.3 Three loop truncation

Now consider the three loop truncation of the SI-3PTEA. The vertex equation of motion

(4.100) now includes one loop corrections and, as shown above, the leading asymptotics
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at large momentum are captured by the auxiliary vertex defined by its equation of motion
(4.101). Subtracting these two equations shows that the right hand side is finite (indeed the
auxiliary vertices were constructed to guarantee this). Thus the problem of renormalising
the vertex equation of motion reduces to the problem of renormalising the auxiliary vertex
equation of motion.

It is temporarily more convenient to go back to the O (V) covariant form of the equa-
tions of motion before introducing the SSB ansatz. Introduce the covariant auxiliary vertex
VH which is related to V* and V}; by the analogue of (3.32). Iterating the auxiliary vertex

abc

equation of motion gives the solution

Vibe = Kabedef Vode s (4.117)

al
where the six point kernel Kqpeqer obeys the Bethe-Salpeter like equation

1 3ih
’Cabcdef = 5ad5be5cf + ? Z <_2> 57r(a)hWﬂ(b)w(c)kgAl]:iAnghijdef7 (4118)

where ) is a sum over permutations of the incoming legs. Graphically this is

9 = % (4.119)

where the shaded hexagonal blob is I which obeys

% - +M, (4.120)

where the solid hexagonal blob is the sum over all permutations of the lines coming in from
the left and connecting to those on the right. (4.118) can be written in a form that makes
explicit all divergences (see Appendix A) and replaces the bare vertex W by a four point
kernel Kfi)cd ~ A (1+ATH).

In fewer than four dimensions IC((;Zld is finite and every correction to the tree level value
is asymptotically sub-dominant. Thus the leading term at large momentum is the tree level
term and, instead of the full auxiliary vertex as defined above, one can simply take Va’z .=
Voabe, dramatically simplifying the renormalisation theory. A similar simplification happens
to the auxiliary propagator due to the logarithmic (rather than quadratic) divergence of
the ®5-generated self-energy in < 14 3 dimensions. This confirms statements made in
the literature (supported by numerical evidence though without proof, to the author’s
knowledge) to the effect that the asymptotic behaviour of Green functions is free (e.g.
[104]).

Unfortunately, the situation is much more difficult in four dimensions and the renorm-
alisation of the nPIEA for n > 3 in d > 3 remains an open problem, both in general and
in the present case. The problem can be seen from the behaviour of the auxiliary vertex

which is discussed further in Appendix A. For the sake of obtaining analytical results the

122



rest of this section is restricted to < 1 4 3 dimensions. Because of the extra complication
of the d > 3 case a full numerical implementation is required before one can “get off the
ground,” so to speak, so the renormalisation of the 1 + 3 dimensional case is left to future
work.

The counter-terms for 1 + 2 dimensions are derived following essentially the same pro-
cedure used several times now already. Details are given in Appendix B. The are only two
interesting comments about this derivation: the first is that an additional (non-universal)
counter-term is required for the sunset graph linear in V; the second is that only dm7? is
required to UV-renormalise the theory. This is consistent with the known fact that ¢*
theory is super-renormalisable in 2+1 dimensions, that is, only a finite number of prim-
itive divergent graphs exist and these graphs only contribute to the mass shift. Every
other counter-term is finite and exists solely to maintain the pole condition for the Higgs

propagator despite the vertex Ward identity. The resulting finite equations of motion are

AGt=— (c‘h&” +m? + 2v2> - [Z& (p) — & (ma)] (4.121)

for the Goldstone propagator,

V= —¥ i [V (V)" (An)* Aa + (V) A (A6)?]
n % Vi (Ap)* + (N + 1)V (M) +4VAgAn | (4.122)

for the Higgs-Goldstone-Goldstone vertex, and

Vn = —Av +ih [(N 1) (V) (Ag)® + (Vi)? (AH)?’}
i

5 [(N —1)VAgAg +3Vy (Aﬂ)ﬂ , (4.123)

for the triple Higgs vertex.
The finite Goldstone self-energy is

) = VDA T T T T

—ih [—22” — V] AgAGV + h? [VN (V) (An)* (Ac)* + (V) ApAy (AG)?’}

R2A [ - .
+ = [VVN (AP Ag+ (N + 1) VVAR (Ag)? +3VV (Ag)? AHAH}

K2)2 ,
+ [(N 1) (Ae)® + AgAgAc — (N +2) B“] : (4.124)
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where the BBALL integral is B* = f AF(q) A* (p) A* (p + q). The graph topologies

appearing in this equation are

Finally, the Higgs equation of motion is

V (pa —D, O)

2
) V ('mH, —mg, 0)

Ay (p) = (mg; + T (mar) —miy

+ AL (p). (4.125)

The unusual form of this equation is a result of the pole condition A,' (my) = 0. As
discussed previously, numerical implementation of these equations is deferred to future

work.

4.8 Solution of the SI-3P1 Hartree-Fock approximation

In the Hartree-Fock approximation one drops the Zg¢ (p) term in the two loop equations
of motion, or equivalently drops the sunset diagram. In this case the problem simplifies
dramatically because the self-energy is momentum independent. The machinery of the
auxiliary propagators introduced previously is now unnecessary and 7 /5 = TGO‘/’ g+ TGﬁ?H
can be written as the sum of divergent and finite parts which can be evaluated in closed
form. Renormalisation follows through almost exactly as in the unimproved and SI-2PI

HF cases, with the resulting renormalisation constants (details in Appendix C)

Z=25n=1, (4.126)

_— (N +2) i\ <COA2 4 em2in (%)) | .
6+ c1 (N +2) haln (%)

c1 (N +4) A2 In (72)

oA = — TR (4.128)
6+ ¢ (N +2)hAln (F)
N +2
A _ A
0N =00 = IS (4.129)

Note that the undetermined constant d\ can be consistently set to zero at this order. The

finite equations of motion are

A D) A

mé =m? +6U2+F(N+1)7gn+? i (4.130)
A

mZ = % +m, (4.131)

vmZ = 0. (4.132)
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Finally, as before, requiring the zero temperature tree level relation v? (T =0) = v? =
—6m? /) sets the renormalisation point u? = m?%, = m3, (T = 0) = Av?/3. These are to be
contrasted with the SI-2PI equations of motion (4.15)-(4.17) reproduced here

B
my = m? + 2o+ S (N + 1) T + ST, (4.133)
A hA B
miy=m? 4 2?1 P (v -y 7 A (4134)
vmZ = 0. (4.135)

Note that only the Higgs equation of motion differs from the SI-2PI case as expected.
These equations of motion possess a phase transition and a critical point where qu =

mQG = v? = 0 with the same value of the critical temperature

52
T, = h(}\?:%, (4.136)
independent of the formalism used (apart from large N). However, the order of the phase
transition differs in the three cases.

Numerical solutions of the SI-3PIEA in the Hartree-Fock approximation are presented
in Figures 4.4, 4.5 and 4.6 with the same parameters as before, namely N = 4, v = 93 MeV
and mpg = 500 MeV. The solution is implemented in PYTHON as an iterative root finder
based on scipy.optimize.root [126] with an estimated Jacobian or, if that fails to converge,
a direct iteration of the gap equations. The Bose-Einstein integrals are precomputed to
save time.

Figure 4.4 shows v (T), the order parameter of the phase transition. Below the critical
temperature there is a broken phase with v # 0, but the symmetry is restored when v = 0
above the critical temperature. Note, however, that the unimproved 2PIEA and symmetry
improved 3PIEA have unphysical metastable broken phases at T' > T, signalling a first
order phase transition. The symmetry improved 2PIEA correctly predicts the second
order nature of the phase transition. Though unphysical, the symmetry improved 3PIEA
behaviour is much more reasonable than the unimproved 2PIEA in that the strength of
the first order phase transition is greatly reduced and the metastable phase ceases to
exist at a temperature much closer to the critical temperature than for the unimproved
2PIEA. Figure 4.5 shows the Higgs mass my (T'). The same phase transition behaviour
is seen again, and again all three methods agree in the symmetric phase, giving the usual
thermal mass effect. Finally, Figure 4.6 shows the Goldstone boson mass. The unimproved
2PIEA strongly violates the Goldstone theorem, but both symmetry improvement methods
satisfy it as expected. Note that the Goldstone theorem is even satisfied in the unphysical
metastable phase predicted by the symmetry improved 3PIEA. All three methods correctly

predict mg = my in the symmetric phase.
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Figure 4.4: Expectation value of the scalar field v = (¢) as a function of temperature T
computed in the Hartree-Fock approximation using the unimproved 2PTEA (solid black),
the Pilaftsis and Teresi symmetry improved 2PIEA (dash dotted blue) and the symmetry
improved 3PIEA (solid green). In the symmetric phase (dashed black) all methods agree.
The vertical grey line at 7'~ 131.5 MeV corresponds to the critical temperature which is
the same in all methods.

4.9 Two dimensions and the Coleman-Mermin-Wagner the-

orem

The Coleman-Mermin-Wagner theorem [127], which has been interpreted as a breakdown
of the Goldstone theorem (e.g. [42]), is a general result stating that the spontaneous
breaking of a continuous symmetry is impossible in d = 2 or d = 1 4+ 1 dimensions. This
occurs due to the infrared divergence of the massless scalar propagator in two dimensions.
The symmetry improved gap equations satisfy this theorem despite the direct imposition of
Goldstone’s theorem. Thus symmetry improvement passes a test that any robust quantum
field theoretical method must satisfy. (Note that symmetry improvement is not required
to obtain consistency of nPIEA with the Coleman-Mermin-Wagner theorem, but neither
does it ruin it.)

The general statement of the result is that fxE (z,0) diverges in the IR whenever
massless particles appear in loops in d = 2. Since by the Dyson equation Goldstone’s
theorem can be written 0 = (m%; + [ 2a (3:,0)) v, this implies v = 0 and a mass gap is
generated. This can be shown explicitly using the Hartree-Fock gap equations where, in

two dimensions,
m

2
T2 (MS) = —% In (ﬁ) : (4.137)

(Note that the renormalisation can be carried through without difficulty in two dimensions.
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Figure 4.5: The Higgs mass mpy as a function of temperature 7' computed in the Hartree-
Fock approximation using the unimproved 2PIEA (solid black), the Pilaftsis and Teresi
symmetry improved 2PIEA (dash dotted blue) and the symmetry improved 3PIEA (solid
green). In the symmetric phase (dashed black) all methods agree. The vertical grey line at
T ~ 131.5 MeV corresponds to the critical temperature which is the same in all methods.

Only the §m? counter-term is needed.) One must show that the gap equations possess no
solution for m%; = 0. It is clear that if v # 0, 75* diverges as m%; — 0 if p is taken
as a constant, and T diverges if one takes 2 o mQG as m2G — 0. Either way there is
no solution. At finite temperature the Bose-Einstein integral (3.78) also has an infrared
divergence as m, — 0 which does not cancel against the singularity of the vacuum term.
It can be shown that the singularity is due to the Matsubara zero mode.

For v = 0 on the other hand, the gap equations reduce to

1A m?
2 _ 2 _ 2 G
mi =mg=m _4776(N+2)>\1n<,u2)’ (4.138)

which always has a positive solution. If m? > 0 then one can choose the renormalisation

point p? = m%; so that the tree level relationship m%; = m? holds. If m? < 0 a positive mass

. . . . . 247|m?
is dynamically generated and one requires a renormalisation point p? > mé exp <h(17\;|:;)l\>

non-perturbatively large in the ratio \/ ‘mQ , reflecting the fact that perturbation theory

is bound to fail in this case.

4.10 Optical theorem and dispersion relations

In this section the analytic structure of propagators and self-energies is studied in the

symmetry improved 3PI formalism. A physical quantity of particular interest is the decay
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Figure 4.6: The Goldstone mass m¢g as a function of temperature 7' computed in the
Hartree-Fock approximation using the unimproved 2PIEA (solid black), the Pilaftsis and
Teresi symmetry improved 2PIEA (dash dotted blue) and the symmetry improved 3PIEA
(solid green). In the symmetric phase (dashed black) all methods agree. The vertical grey
line at T =~ 131.5 MeV corresponds to the critical temperature which is the same in all
methods.

width 'y of the Higgs, which is dominated by decays to two Goldstone bosons. I'jy is
given by the optical theorem in terms of the imaginary part of the self-energy evaluated
on-shell (see, e.g. |[36] Chapter 7):

(This is valid so long as I'y < myy, otherwise the full energy dependence of ¥ (p) must
be taken into account.) The standard one loop perturbative result gives (see, e.g., the

“Kinematics” review in [8])

N-1 nh A
Tpyp=—— 2 4.14
H 2 167rmH<3> ’ (4.140)

which comes entirely from the Goldstone loop sunset graph. Each part of this expression

has a simple interpretation in relation to the tree level decay graph

G
H —« .
G
The N —1 is due to the sum over final state Goldstone flavours, the factor of 1/2 is due to

the Bose statistics of the two particles in the final state, the /i/16mmy is due to the final

state phase space integration and the (Av/ 3)2 is the absolute square of the invariant decay
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amplitude.

The Hartree-Fock approximation fails to reproduce this result regardless of the use
or not of symmetry improvement. This is because there is no self-energy apart from a
mass correction. Thus the Hartree-Fock approximation always predicts that the Higgs is
stable. Attempts to repair the Hartree-Fock approximation through the use of an external
propagator lead to a non-zero but still incorrect result. This is because an unphysical
value of mg still appears in loops. Satisfactory results are obtained within the symmetry
improved 2PI formalism for both on- and off-shell Higgs [1] (so long as the two loop solutions
exist). Here it is shown that the symmetry improved 3PIEA can not yield a satisfactory
value for I'fy at the two loop level.

From the Higgs equation of motion (4.125) the two loop truncation gives

2
ImXy (p) = Z(N+ 1) AIm 78" + hAImTﬁn (2”) Im [iZ}¢; (p)]
2
g“ (N + 1) \Im7g + h)\ImTH h <A3“> Im [iZyc (p)], (4.141)

which can be written in terms of the un-subtracted 75 g and Zge because all of the
subtractions are manifestly real. Now it is shown that Im7g, = 0. To do this introduce

the Kallén-Lehmann spectral representation of the propagators [62]
> paE (8)
Ag/u (q) = ; ds——"+—, (4.142)

q? — s+ie

where the spectral densities pg /g (s) are real and positive for s > 0 and obey the sum rule

/OOO dspa/m (s) = (ZZa) " =1, (4.143)

where the last equality holds at two loop order (the standard formula has been adapted

for the current renormalisation scheme)8.

Then ( )
PG/H R 2
I ©? =1 d " —=. 4.144

m// P e m/o wpen (1) T =0 (4.144)

This allows one to obtain a dispersion relation relating the real and imaginary parts of the

self-energies

1
0= Im/i
¢ @My —Se/m(a)
/ q* — m%;/H —ReXq/m (q)
2 2.
[q —m¢,y — ReXgym (g >] + [Imep (q)]

(4.145)

8Note that this standard theory actually conflicts with the asymptotic p? (ln p2)d1 form assumed for
the self-energy when the ®5 graph is included, so that this argument must be refined at the three loop
level. The essential problem is that the self-consistent nPI propagator is not resumming large logarithms.
However, it seems unlikely that a refinement of the argument to account for this fact will change the
qualitative conclusions of this section since, as will be shown shortly, the predicted I'r is wrong by group
theory factors in addition to the O (1) factors which could be compensated by a modification of pg, .
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Finally one must compute Im [iZg¢ (p)], which can be written

I [iZnc (7 —Imz// d81/ dso zPH 51) ipG (52) :
q f81+716(p q) — 89 + 1€
i 1
—Imz/ ds / ds s s /
1 201 (1) pG (52) q—81+26(p q) — 89 + i€
167r d31 d82pH s1) pa (s2)

1
I dzl . 4.146
xm/ xn( (1—2x)p? +$31+(1—x)2—ie) ( )

The imaginary part of the z integral is only non-zero for \/s1 + /s2 < /p?. Denote the
region of s1 9 integration by 2. Then the imaginary part of the x integral can be evaluated

straightforwardly, giving

1
167p

% \Jp? = (Va1 + V)P — (Vo1 — V) (4.147)

Im [iZyc (p) = ——— /Q dsidsaprr (1) pc (52)

Now, since the each term of the integrand is positive and the square root is < p?,

1 1
Im |¢Z < — [ dsid < — 4.14
liZ6 ()] < 15~ | dsidsapn (1) (52) < 7 (1.143)

using the sum rule for pg/ (s). Finally,

h 2
Ty < G <3) , (4.149)

which is smaller than the expected value for all N > 3. For the N = 2 and 3 cases one
could possibly obtain an (accidentally) reasonable result, depending on the precise form
of the spectral functions, but it is clear that one should not generically expect a correct
prediction of I'gy from the symmetry improved 3PIEA at two loops. The source of the
problem is the derivation of the two loop truncation where the vertex correction term is
dropped, resulting in a truncation of the true Ward identity that keeps the one loop graphs
in ¥ but not in V. The diagram contributing to I'yy above is thus the sunset Goldstone

self-energy

G —€>»— G,
H
which has the incorrect kinematics and lacks the required group theory (N — 1) and Bose
symmetry (1/2) factors as well. In fact, a perturbative evaluation of this diagram gives
'y = 0 due to the threshold at p? = m%{! What has been shown here is that no matter the
form of the exact spectral functions, there cannot be a non-perturbative enhancement of
this graph large enough to give the correct I'y for N > 3. The neglected vertex corrections

give a leading O () contribution to I'yy which must be included.
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Now consider the three loop truncation of the symmetry improved 3PIEA. Since one
loop vertex corrections appear at this order one expects that I'y should be correct at least
to O (h). Since the previous result was incorrect by group theory factors already at O (h)
one is motivated in seeking only the O (k) decay width at first, delaying the requirement
for numerical computation as much as possible. Thus one can make use of only the one

loop terms in the Higgs equation of motion, which are

c—9 ¢ —O— —Y—G
HTG H{fa H?G.

The crossed vertices represent the injection of a zero momentum Goldstone boson with

G G H

amplitude v. Furthermore, by iterating the equations of motion one may replace all propag-
ators and vertices by their perturbative values to O (k). This will leave out contributions of
higher order decay processes such as H — GGGG. Evaluating the decay width predicted
by the SI-3PIEA more accurately requires a numerical solution of the equations of motion
and so is left to future work.

The contributions of the various terms to the imaginary part of Xz can be determined
using Cutkosky cutting rules [36]. In particular, the Hartree-Fock diagram and the first
bubble vertex correction diagram (left diagram, bottom row above) have no cuts such
that all cut lines can be put on shell. Also, cuts through intermediate states with both
Goldstone and Higgs lines contribute to the process H — HG, which is prohibited due
to the unbroken O (N — 1) symmetry and anyway vanishes due to the zero phase space
at threshold. This means one can drop the sunset diagram and the last bubble vertex
correction (right diagram, bottom row). Similarly cuts through two intermediate Higgs
lines can be dropped since H — H H is impossible on shell. This means one can drop the
contributions to the triangle and remaining bubble diagram where the leftmost vertex is

Vi rather than V. The relevant contributions can now be displayed explicitly:

—EHDVU
o lin (2 3/ 1 1 1
(N —_—
3 ) Jo(€—p)® —m2 +iel? —m¢ +iel? —mi +ie
1) A 1 1
+L(N‘|‘1) <_U)/ 2 2 .2 2 .| (4.150)
6 3 ) Je (€ —p)" —mE +iel? —mg + e

where the first and second term are the triangle and bubble graphs respectively. Now cut

the Goldstone lines by replacing each cut propagator

(p*> —mg + ie)il — —2mis (p* — mg) (4.151)
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to give —2iImX¥ (because the cutting rules give the discontinuity of the diagram, which

is 2¢ times the imaginary part), yielding

—2Im¥y O —ihv [(—2“)3 _;%{ + % (N+1) (—é’v)] /£27r6 ((g _p)2) 2md (g2)

2,02
- zh% (N —1) /€2775 ((z - p)2) 25 (£2) (4.152)

The integral can be evaluated by elementary techniques, giving

/6271'5 ((=p)*)2m8 () = 4i /d4£<5 (> —20-p+p) 5 (£2)

T2

1
=12 / dlodldnl®s (—2ompy +mi;) 6 (65 — 1)

my _
:1/dll2 Lo 1)
T 2

28R

1
E—— 4.1
8’ (4.153)

and finally

N-1h [(w)?

~Im¥. =—— (= h?). 4.154

mEgr (mr) = — 1677(3)+O() (4.154)

This exactly matches the expected I'fy, including group theory and Bose symmetry factors.
The full non-perturbative solution will give corrections to this accounting for loop correc-
tions as well as cascade decay processes H — GG — (GG)? — ---. While the full
evaluation of I'y is left to future work as discussed, it has been shown that the one loop

vertex corrections are required to get the correct I'yy at leading order.

4.11 Summary

The symmetry improvement formalism of Pilaftsis and Teresi is able to enforce the pre-
servation of global symmetries in two particle irreducible effective actions, allowing among
other things the accurate description of phase transitions in strongly coupled theories with
spontaneously broken global symmetries. It restores Goldstone’s theorem and produces
physically reasonable absorptive parts in propagators [1] and has been shown to restore
the second order phase transition of the O (4) linear sigma model in the Hartree-Fock ap-
proximation [116]. It has been used to study pion strings evolving in the thermal bath of
a heavy ion collision [128] and has been demonstrated to improve the evaluation of the
effective potential of the standard model by taming the infrared divergences of the Higgs
sector, treated as an O (4) scalar field theory with gauge interactions turned off [129, 130].

However, the development of a first principles non-perturbative kinetic theory for the

gauge theories of real physical interest requires the use of n-particle irreducible effective
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actions with n > 3 [16, 68, 69]. A step in this direction has been achieved by extending the
symmetry improvement formalism to the 3PTEA for a scalar field theory with spontaneous
breaking of a global O (N) symmetry. In the SI-3PIEA formalism an extra Ward identity
involving the vertex function must be imposed. Since the constraints are singular this
requires a careful consideration of the variational procedure, namely one must be careful
to impose constraints in a way that satisfies d’Alembert’s principle. Once this is done the
theory can be renormalised in a more or less standard way, though the counter-terms differ
in value from the unimproved case. The finite equations of motion and counter-terms for
the Hartree-Fock truncation, two loop truncation, and three loop truncation of the effective
action were found.

Several important qualitative results have been found already in this investigation.
First, symmetry improvement breaks the equivalence hierarchy of nPIEA. Second, the
numerical solution of the Hartree-Fock truncation gave mixed results: Goldstone’s theorem
was satisfied, but the order of the phase transition was incorrectly predicted to be weakly
first order (though there was still a large quantitative improvement over the unimproved
2PIEA case). Third, the two loop truncation incorrectly predicts the Higgs decay width as
a consequence of the optical theorem, though the three loop truncation gives the correct
value, at least to O (k). These results could be considered strong circumstantial evidence
that one should not apply symmetry improvement to nPIEA at a truncation to less than
n loops. One could test this conjecture further by, for example, computing the symmetry
improved 4PIEA. The prediction is that unsatisfactory results of some kind will be found
for any truncation of this to < 4 loops.

The results presented here are limited in several ways due to the lack of numerical
solutions for the full SI-3PI equations of motion. The results presented are for the Hartree-
Fock truncation, which completely misses vertex corrections and therefore most of the
physical content of the 3PI scheme. In other words, the results presented are essentially
those for the SI-2PT effective action with the Higgs propagator equation of motion replaced
by a truncated version of the vertex Ward identity. There is therefore no basis, given
the results presented here, to conclude that the SI-3PI is problematic or not once the
vertex corrections are taken into account. Further limitations consider the renormalisation
procedure. The renormalisation of the theory at two and three loops was performed in
vacuum. The only finite temperature computation performed here was for the Hartree-Fock
approximation. The extension of the two or three loop truncations to finite temperature,
or an extension to non-equilibrium situations, will require a much heavier numerical effort
than has yet been attempted and so falls beyond the scope of the present thesis. Likewise,
it would be interesting to compare the self-consistent Higgs decay rate in the symmetry
improved 2PI and 3PI formalisms. Similarly, analytical results for the renormalisation of
the three loop truncation were only presented in 142 dimensions, since the renormalisation
was not analytically tractable in 1 + 3 dimensions. Because these investigations involve
a numerical effort substantially greater than anything else in this thesis they are left to
future work.

The general renormalisation theory presented here, based on counter-terms, is difficult
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to use in practice. It would be interesting to see if symmetry improvement could work
along with the counter-term-free functional renormalisation group approach [131]. Such
an approach may not be easier to set up in the first instance, but once developed would
likely be easier to extend to higher loop order and n than the current method. Of course it
will be interesting to see if this work can be extended to gauge symmetries and, eventually,
the standard model of particle physics. If successful, such an effort could serve to open a
new window to the non-perturbative physics of these theories in high temperature, high
density and strong coupling regimes. In an attempt to address some of problems with the
SI-nPIEA, a novel method of “soft” symmetry improvement is studied in the next chapter.
Following that, as a stepping stone towards non-equilibrium applications, the theory of the
linear response of a system to external perturbations is studied in the SI-2PIEA formalism
in Chapter 6.
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Chapter 5

Soft Symmetry Improvement

5.1 Synopsis

Chapter 4 investigated the symmetry improvement formalism for nPIEA, an attempt to
improve the symmetry properties of solutions of non-perturbative equations of motion
by directly imposing the appropriate Ward identities as constraints. As discussed there
are some successes attributable to this method. However, there are also pathologies. In
particular: truncations of SI-nPIEA may not admit solutions, too low order truncations of
SI-nPIEA (O (hl) with I < n) are not fully self-consistent due to over-imposed constraints,
and, as will be shown in Chapter 6, solutions of SI-nPI equations of motion likely do
not exist beyond equilibrium (certainly not in the linear response approximation) because
violations of > nth order WIs feed back into the solutions for the < nth order correlation
functions. All of this suggests that symmetry improvement over-imposes the WIs. This
motivates the investigation of methods which only enforce Wls approximately rather than
exactly. The idea is that the extra freedom may allow solutions to exist while violations
of the WIs may be acceptably small phenomenologically depending on the application one
has in mind. This chapter investigates a novel method called soft symmetry improvement
(SSI) with this aim.

The idea of soft symmetry improvement is to relax the WI constraint of the symmetry
improvement method. Instead, the WI is enforced softly in the sense of least squares: a
solution is found which minimises at the same time violations of the WI and the violation
of the unimproved equations of motion. The relative cost of WI violations is controlled by
a new stiffness parameter &, such that £ — 0(oc0) reduces to the SI(unimproved)-2PIEA
respectively. The motivating hope behind the investigation is that for some range of finite
values of ¢ the extra freedom to allow small violations of the WIs leads to a formalism
which is phenomenologically useful in the sense that physical quantities can be computed
to some desired accuracy fixed by the particular application in mind. It is shown in this
chapter that this program cannot be fully realised, at least in the infinite volume / low
temperature limit, due to the infrared sensitivity of the SSI-2PIEA: the limit is a subtle one
and the only consistent limiting procedures reduce to either the unimproved or SI-2PTEA,
or to a novel limit which has pathological properties of its own.

This chapter formulates the SSI-2PIEA; then renormalises and solves the resulting
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equations of motion in the Hartree-Fock approximation in thermal equilibrium. The infinite
volume / low temperature limit (VS — oo) is examined carefully and three consistent
limiting procedures are found. Two reduce to previous work (the unimproved and SI-
2PIEAs respectively) but the third is new. The properties of this new limit are examined
in equilibrium at finite and zero temperature. All of this work is new and forms the basis

of a paper by the author [5].

5.2 Soft Symmetry Improvement of 2PIEA

The simplest way to arrive at the definition of the SSI-2PIEA is to start with the standard
2PIEA T [p, A] (suppressing indices and spacetime arguments where these just clutter)
and the trivial identity

e (3000.8]) = [ Do pe (3ri001). 5.)

The usual symmetry improved action I'ST [¢, A] is then defined by inserting a delta function

exp (T%108]) = & [ Dob (6 - pyexp (16,81 6WI0A) (52

where W [¢, A] = 0 is the Ward identity and the normalisation factor NV is chosen so that
ST, A] numerically equals T'[p, A] when the arguments satisfy the Ward identity!2.
'S, Al is defined only for field configurations satisfying the Ward identity, and equals
the usual effective action on those configurations. Thus ' [p, A] is nothing but the SI-
2PIEA as discussed in chapter 4 arrived at in a new way.

It seems reasonable that the problems encountered with PT symmetry improvement
are due to the singular nature of the constraint surface, as embodied by the delta function
above. Due to these problems a soft symmetry improved (SSI) effective action F?SI [p, A]
can be introduced where the Ward identity is no longer strictly enforced. Small violations
W # 0 are allowed but punished in the functional integral. A new free parameter controls
how strictly the constraint is enforced. The hope is that the added freedom allows consist-
ent solutions with non-trivial dynamics (e.g. linear response to external sources), while the
stiffness can be tuned to make violations of the Ward identity acceptably small in practice.
To achieve this replace the delta function by a smoothed version 6 (W) — d¢ (W) defined

as follows

'Formally N = [§ (0)]" though it is not necessary to worry about rigorously defining this here.
2Note_that if one wants invariance under redefinitions of W then one also needs to insert a factor of
Det % . This can be handled straightforwardly in the functional formalism through the introduction

of Faddeev-Popov ghost fields[18, 36, 73]. However, this is not necessary here because there is no strong
reason to consider transformations of W.
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exp (FT810,81) = Mo [ Dos (0 - p)exo (3710, ) 5 Wi A)

1

_ Nl/D[qS, Aoy ] exp (n {A(b (6— )+ T (6, A] + AW — ;WVD

— exp <; [r o, A] + 21£w2 o, A]D . (5.3)
The first line is a formal expression that is defined by the next line. The Fourier repres-
entation of the delta functions are used to replace & (¢ — @) = [ DAyexp £y (¢ — ) etc.
The %5)\%,[, term is the one responsible for smoothing the delta function, with the limit
& — 0 corresponding to a stiffening of the constraint. In the third line the integral over
Aw, which is Gaussian, is performed. Finally, the integral over Ay yields a delta function

which kills the ¢ integral, resulting in

1
In a slight generalisation of this derivation one can use the smoothing term —%f)\WR_l)\W
where R™! is an arbitrary positive definite symmetric kernel which may depend on ¢ and
A, which gives

1 ih
TER [0 Al = T lp, A+ 5 WRW = STl R (5.5)

This is the most general form of the definition of the SSI-2PIEA. The simpler form

FESI [¢, A] corresponds to a trivial kernel (now with indices explicit)
Ry (x,y) = 645558 (z — ). (5.6)

which is used exclusively in the following, though the freedom to choose a non-trivial R in
the definition of the SSI effective action may be useful in certain circumstances. The end
result is simply that W = 0 is enforced in the sense of (possibly weighted if R is non-trivial)
least-squared error, rather than as a strict constraint.

Taking as the SSI equations of motion 61“?SI = 0, it is straightforward to derive the

equations of motion, now including indices:

ol [p, A 1 0
5[@] = —Welp Al Wl e Al
L —1m4 1A
= _g (Ac ng(p9> Acd Tia (57)
ol [, A 1 )
Bl W) Wi e
1 _ _ —
o (A7 Tihes) AL (A5 Tike) (5.8)
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Now the spontaneous symmetry breaking ansatz (3.30), reproduced here

Yo = VIaN, (5.9)
AZY a=b#N,
azl_lBe e=b? (5.10)
Ayt a=b=N,
can be used, yielding
T [p, A]
——— =0, (9#N), 5.11
ot~ @A) (511)
Ol [, Al 1 / —1 -1
———==2(N—-1ov [ A ,2) A , T
1
= E2 (N —1)vmg, (5.12)
oI [ip, A] L, 9 —1 -1 -1
— = ——2 AL (w,r) AL (w,x) A 2
5AG (-’E,y) 5 wrz ¢ ( ) @ ( ) ¢ (y )
= 22U2m%, (5.13)
T [0, A]
———=0. 14
a0 (5.14)

Note that if one takes & — 0 proportionally to vm‘é one obtains for the non-trivial right
hand sides above 2 (N — 1) vm¢, /€ — constant and 2v?*m¢, /¢ — (const.) x vmZ — 0 and
one recovers the usual SI-2PIEA scheme in the limit (c.f. (4.11)-(4.13)). In fact it is shown
through a careful treatment of the infinite volume limit in section 5.4.3 that this limit is not
quite correct, but there does exist a scaling limit with £ — 0 which reduces to the SI-2PTEA.
This confirms the intuition that & — 0 approaches hard symmetry improvement and that
FSSI [0, A] — TS'[p, A] which really is just the standard symmetry improved effective
action. In the next sections these equations of motion are renormalised and solved in the

Hartree-Fock approximation.

5.3 Renormalisation of the Hartree-Fock truncation

Since it turns out that the SSI method is sensitive to the V3 — oo limit the theory will
be formulated in Euclidean spacetime (i.e. the Matsubara formalism) in a box of volume
V = L3 with periodic boundary conditions of period L in the space directions and /3 in
the time 7 = it direction. This mirrors the treatment of finite temperature scalar fields

in section 1.4. The Euclidean continuation leads to 9,0" — —V2, fx — —1 wa and the
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conventions

1 )

flzp) == k) rin L), (5.15)
V5 2

f(n.q) = / e iemTra®) £ (4 (5.16)

for Fourier transforms. This leads to the Fourier transforms of the propagators

Ag/u (7,y) = V3 nz; (n(ra=m)Th-@VIA Gy (n, k) (5.17)
Agyy (@ Va Ze’ e m) R @VIATL L (n, k) (5.18)
and
Agyu (n, k) = / o~ enlmm )tk @A Gy (2,y), (5.19)
z—y

etc., where the Matsubara frequencies are w,, = 27n/f and the wave vectors k are discret-
ised on a lattice of spacing 27 /L. The four dimensional Euclidean shorthand kg = (wy, k)
is often useful.

It is straightforward to modify the real time 2PIEA of chapter 2 to the Euclidean
formalism. The results are collected here for easy reference. The defining functional

integral of the field theory is the partition function

21.K] = [ Dlolexp (=516~ utn — yonKunts). (5.20)
where . . )
Spl6)= [ 5 (V6a + 3m6usa + 1A (6a0)”, (5.21)
is the Euclidean action. Then W [J, K] = —In Z [J, K| is the connected generating func-
tional and W oW

is the standard 2PIEA once J and K are eliminated in terms of ¢ and A using

ow

= (60 = v (523)
ow 1 1
5Kab <¢a¢b> - 5 ( ab SOaQOb) . (5-24)

As before, the Legendre transform can be evaluated by the saddle point method, which
results in

I'=Sg ] + %Tr In (A7) + %Tr (Ag'A —1) 4Ty, (5.25)
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where I'p is the set of two particle irreducible graphs and Ag 1= 6255 /3¢ is the unper-
turbed propagator

1 1
Agay = (_VQ +m? + 6/\802) Oab + 3APaPL. (5.26)

To two loop order

1 1 1 1
Iy =— AaaA Ta Aa Aa - =\ AacAacA — =\ AacAa A c Tt
2= A b+ 75 A RabBab — AP bdPd — 7gN b dApepd +
(5.27)

To form F?SI one adds the soft-symmetry improvement term —éWQ where the Ward
identity (3.15) is
Wi = A T (5.28)

(Note that W is pure imaginary due to the i in T4 so —W? is positive definite.) Using the
spontaneous symmetry breaking ansatz and inserting the ten renormalisation constants Z,
ZA, 5m(2)71, 0, 5Aﬁ’23, O (c.f. section 3.4) and a new one Z¢ for & gives the renormalised

SSI effective action:

_ym? + 6md A+ 5o
e [ (72 25,

+ - (N-1D)Trln (271 Z'AGY) + %Tr In (Z7'Z A

* 6

3A+ 0N + 2008 02> AH]

A
(N —1)Tr K—ZZAVQ +m? + dmi + ZA)\ 0N v2> AG}

N~ N~ N~

_l’_

Tr [(—ZZAV2 +m? 4+ 6m3 + Za g

1
+ Ty + Zglg (N —1) ’U2Z_1ZA2/ AG (z,y) A (2, 2) (5.29)
xYz

with

1
4

1 1
- %zg A+ 602 ©pAaeAue A — ﬁzg (A4 0N ©pAaeAgaDpepa + -+ (5.30)

= %Zi (N =1) [(N+1) A+ (N — 1) 00 +200F] AgAg

1 1
+ EZX (A+00)2(N —1) AgApy + Izi [BA+ 605 + 200\ ApAp

1 1

— — (N=1)Z3 A+ 00 v®’AgAgAy — EZZ A4 N2 VP AFAFAE + - - .

36
(5.31)

1
Iy Z3 (N + 003) AuaApp + ﬁzi (A + M) AwpAgy

This can be simplified using the mode expansions for A,y and doing the integrals, giving
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lm +(5m0 2 )\+5}\0 4 1 1 -1
5 ot ) SNV (271 25))

I3 e, Al = VB <

1 1 1 1
S N-DY m—— - I
T3l )nZ;“AG(n,k)an;“AH(n,k)
1 A4 o
+2(N—1)Z<ZZAk%+m2+5m%+ZA61@2> Ag (n, k)
n,k
1 ) ) ) 3N+ 2008
—1—52 ZZAkE +m” +0m7 + Za 6 v ) Ap (n, k)
n,k
11
+To+ Z; S(N—l)v2Z’1ZfV6 (A5 (0,0)]%, (5.32)

noting that the integrals in the SSI term give

/ AG (2.y) AL (2,2) = VB [AS (0,0)]7. (5.33)

Now one can make a basic consistency check by examining the tree level equations of

motion, which are (setting renormalisation constants to their trivial values)

0= V,Bv{<m2 : gqﬂ) 20D g0 o>]2}, (5.34)
1 _ 1.2 2 A 2
m_kE—i—m —i-gv,n,ki#o, (5.35)
AZ'(0,0) =m +2 2 55 [AZ(0,0)]°, (5.36)
Ao
m—kE—i-m + v (5.37)

Indeed these have v = —6m?/)\, AZ' (n, k) = k% and A (n,k) = k% +m% = k% + %vz
as a consistent solution as expected. Since these equations are self-consistent there is a
valid concern about possible spurious solutions. This can be investigated by solving the v
and A&l (0,0) equations together on the assumption that v? # 0, —6m?/\. Using the v
equation to reduce the degree of the Aél (0,0) to first order gives the potential spurious

solution

—2(]\51) = <m2 i+ 21}2) / [1 — %7} <m2 + 2&)] 2, (5.38)
AZ(0,0) = (m2 + gqﬂ) / [1 - %02 (m2 + 21}2>] : (5.39)

However, the condition that there are no tachyons (i.e. excitations with m? < 0 indicating

the instability of the vacuum) requires Aal (0,0) > 0 which implies

A N -1
<m?+lvt<c 5.40
0<m +6v <2Vﬁv2’ (5.40)
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which then implies that the right hand side of the first equation is positive, but then the
left hand side x —¢ is negative leading to a contradiction. Thus the only spurious solutions

are tachyonic and so easily dismissable.
At the Hartree-Fock level

4'ZA (N = 1) [(N + 1) A+ (N — 1) 674 + 2008] \;BZAG (n,k) S Ag (m, q)
n,k m,q

4'ZA (A + 623" 2( BZAG n, k) ZAH m, q)

Iy =

1 A B
ZA [3X + 0% + 2007 VBZAH n,k)> Ap(m,q). (5.41)

m,q

Further, since £ is so far arbitrary, there is no loss of generality in setting Z; = Z&l. The

resulting equations of motion are for the vev:

2+ om3 A+ 6N 1

_ A+ oA
O—VB(ZAQU—l— I (N—1)<Z >ZAGnk
1 A+ 0N 4 200 1
+5 <ZA3 + G 200 5, ) > Ap(n,k)+ £ (N —1)20Z ' Z VB [AG! (0,0)]2

n,k

(5.42)
for the Goldstone propagator:

1 A+ 0
= Z Ak} Z4omi+Z Ly?
Ag (n, k) ARk +m” +omi + ZaA 5 v

+24le [(N+1)A+ (N —1)6X5 + 2077 ] —QZAG m, q)

+24' A (A +60) Q—ZAH m,q)

+ 25n05k:0 v

2 22712V B (<2) A5 (0,0))°, (5.43)

and

3N+ OAA + 2008
:ZZ k2 2 5 2 Z 1 1 2
7AH(n,k) AR +m” +om] + ZA 6 v
1
A
+24'ZA(A+6>\2)2(N—1)Vﬁm§qu(m,q)

1
27 ZA [3X + A% + 2007 62 > Ap (m,q) (5.44)

for the Higgs propagator.
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Since the self-energies are momentum independent (except for the d,0dko term in Ag)

the propagators can be written as

Ac(0,0) n=Fk=0

Ag (nv k) = 1 ) (545)
g RO
1
A k) = ———. 5.46
H (n7 ) k% + m%{ ( )

Substituting these in the propagator equations of motion gives ZZa = 1 and

A +6/\{‘02
6
Q%Zg (N + 1) A+ (N — 1) A4 + 2605] 722&;

mg =m? +6mi + Za

1 1
2523 (A + 073 2WZAH (m,q), (5.47)

from the non-zero Goldstone modes,

A4 oA
a2 2 1,2
Ag(0.0) m* + omi + Za 5 Y
1
A B
+24'Zi[(N+1))\+(N—1)5/\2+26>\2}—Vﬁ2§ Ag (m,q)

+24 ZA (A 4623 2 BZAH m,q)

+2202Vﬁ(—2) [AZ!(0,0))°

= m2 — 42112\//3 [AZ(0,0)]°, (5.48)

for the zero mode and

2

3\ + 0N 42008
m3; = m? 4+ dmi + Za oMt L o2

6
1
+24'ZA (A +06M3)2(N —I)W;Ac(m,q)

1
+25 ZA [3X\+ 003 + 2007 52 > Ap(m.q) (5.49)

for the Higgs mass.

Now there are two cases which must be distinguished. In the first, m% = 0 and the

zero mode equation has the solutions
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)

= (5.50)
i’\/ 102VE’

the latter two of which are clearly unphysical. However the first solution is just what one

AZ'(0,0) =

would have if Ag (n,k) = k> as usual for a massless particle (i.e. the zero mode need
no longer be treated separately). Then 3~ Aq(m,q) and >, Ay (m,q) are just the

familiar Hartree-Fock tadpole sums, which in the infinite volume limit are

> Aank) = BV (TE+ T8+ T8, (5.51)
n,k
S Annk) = BV (T +TH +Ti) (5.52)
n,k
where
A2
G = ol +amy In (5.53)
G/n = TZGS In m%f (5.54)

are the vacuum contribution and 7'&?  are the Bose-Einstein integrals (3.78)

1 1
h_ _ [p2 2
G/H/kwkeﬁwk—l’ we = /K" +mg, (5.55)

i, A and the dimensionless constants ¢y and c¢; are regularisation scheme dependent. In
MS in 4 — 25 dimensions, ¢y = 0, ¢; = —1/1672 and A? = 4% exp (% -7+ 1).
If, on the other hand, m2G = 0 then Ag no longer has the usual form and the Goldstone

tadpole must be handled differently. In this case it can be rewritten as

Z AG (ma q) = Z AG (ma q) + AG (07 O)
m,q m,q;é()
1 1
= Y Ag(m @)+ —5 +A¢(0,0) - —
m,g#0 mg ma
- 1
= Y Ag(m,q) +A¢(0,0) — — (5.56)
- mga

where Ag is an auxiliary propagator defined to have the usual form

< 1

Then 3, . Ag (m, q) is just the familiar Hartree-Fock tadpole sum for a particle of mass
mgq. The terms Ag (0,0) — % in the Goldstone tadpole account for the shift in the zero

2
G
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mode propagator from its usual value. Focusing on the zero mode equation, let

Ag (0,0) = e (5.58)
which defines e. Then,
_y WM 4191, (5.59)
§ 27E
where
é= Wfﬂmé (5.60)

and the numeric factor is chosen for later convenience. The real solution of this cubic

equation is

e:ii‘/ﬁ(@—l) \ (\/5751 1>2—1 : (5.61)
L1

which is monotonically increasing from 0 to 1 as é goes from 0 to +o0o and behaves asymp-

totically as

F1/3 ~ A
3262/3 + O (52/3) ’ g — 07

1—2§é+o(§—2), £ - o0,

€ ~

(5.62)

This is shown in Figure 5.1.

The remaining equations are renormalised by demanding that kinematically distinct
divergences vanish. Details of this laborious and unenlightening calculation are included
in the supplemental MATHEMATICA [99] notebook (Appendix C). The resulting renorm-

alisation constants are

B\ A2\ (oA
omi = omi=——- <60A2 +cym?In > <1 - ) , (5.63)
3 p? ) \oAP
Ao = 0N 4200, (5.64)
N +2
= o= (14 LGN PV (5.65)
6—|—(N+2)h)\cllnﬁ
3
N = NP = 14— |, 5.66
! 2 ( 3+ herIn ﬁj) (5.66)
Z = Zn=1Z=1, (5.67)

and the resulting finite equations of motion are
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Figure 5.1: Plot of € (blue) versus ¢ solving the Goldstone boson zero mode equation (5.61).
The line at € = 1 is to guide the eye.

v=0, or (5.68)
A A(m%L  m 1 1 /1
2 2 G G h
= = ~(N-1)% In —¢ =
O=m "+ g +3W=D3 | {6 2+Té+Vﬁ 2G(e ))
Lo (my  mi h 1 2 12
+5M 1prz ! 7+77§, —|—E(N—1)2[mge] : (5.69)

for the vev, and

A 1 m2 m2 1 1 /1
it mt e e b (e DL (1))

6 6 1672 VBmg \ €
1 m2 m2
AL h 5.70

and

A 1 2 2 1 1 /1
m%_m2+v2+/\(N—1)<mG 1n%+7gh+——2 <—1>>

2 6 1672 VBmg \ €
1 m2 m2
= H oy —I h 5.71

for the Goldstone and Higgs masses, respectively.
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5.4 Solution in the infinite volume / low temperature limit

5.4.1 Symmetric phase

At high temperatures there should be a symmetric phase solution to the equations of

motion. Therefore examine the v — 0 limit of the equations of motion. As v — 0 at fixed
41}2'\7ﬁm‘év

Ee—1— 3 so long as m¢ does not go to infinity faster than 1/y/v. Then
11 /1 11 1 4v2m?
— (=) [ — -1 > ¢ 0, 5.72
VB mg, <€ ) vemg \ 1 _ % 3 (5.72)

and the equations of motion (5.69)-(5.71) reduce to

2

m2 = m = m?+ 2 (N4 2)A (0 n T (5.73)
G H 6 1672 MQ H ) .

which is a symmetric (i.e. equal mass) phase as expected. Indeed, the gap equation is
unmodified by the presence of soft symmetry improvement in the symmetric phase. This

phase terminates at the critical point m% = m%{ = 0 which gives the critical temperature

1292
T, =/ ——, 74
VN2 (5.74)
2 _

where m? = —A\v2/6. That T, is independent of ¢ follows because W = 0 trivially in
the symmetric phase, and is consistent with the previously noted result that the same
critical point is found in all schemes (c.f. chapter (4)). There is no subtlety involved in

the VB — oo limit in this case.

5.4.2 Broken phase with m? # 0

Attempting to describe the broken phase with the SSI equations of motion is rather more

complicated than the symmetric phase. Decreasing temperature at fived € gives é — 0 and

1/3
1 1 <1 ) 1 1 22/3 42
— (1) = —— 1| = — . (5.75)
VBmg \e VB m, 3 (g5em >1/3 émg, (V)

2702V Bmy,

so the equations of motion (5.69)-(5.71) become

1/3
A 1 A 2 2 4v
=m?>+ 2 (N2 | =& In—¢ 474
0=m*+Zv*+ o ( )3 | oozl + 76"+ G, (V3
1 m2 m2 1 Em? 2/3
Y s e P+ (v-1) | =5 :
o (o) e -0 () 610

for the vev, and
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1/3
A 1 m2 m2 402
2 2 2 G G h
= — —(N+1)X In —= —_—
mg =m +6v +6( +1) Tk 2 + T +<£m%(Vﬁ)2
1 m2 m2
A H 1y °H h )
+3 <167r2n'u2 +7?,>, (5.77)

and

1/3
A 1 2 2 4v?
my =m’ + J0° + AN - 1) el 1n%+7‘c"h+<v)2

2 1672 p? &mZ, (VB
1 m%l mlzq h
+5A <167r2 In e +TH - (5.78)

Note that all of the soft symmetry improvement terms vanish in the limit V5 — oo. Thus
the SSI-2PIEA reduces to the unimproved 2PIEA if V3 — oo at fixed £. It is necessary
to allow & to vary as the VB — oo limit is taken to obtain a non-trivial correction to the
unimproved 2PIEA. This is the first sign that the limit is non-trivial.

This section examines the simplest scheme to find a non-trivial limit, letting & vary
with V3 as & = (VB)*( where ( is a constant (with mass dimension [(] = 2 + 4a). If
« > 1 the SSI terms vanish in the limit. If ¢ < 1

>< (VB)*¢ )”3,

4v2V Bm, (5.79)

and the symmetry improvement terms are

11 (1 U ((4PmiNY Caays 1

1 5 12 1 mE " o camays

fV-n2mid’ 5 Tv-n(E) T wan, (5.81)
The only non-trivial possibility is @ = —2, for which
1/3
e — Vlﬂ <4v2€;n‘é> : — 0, (5.82)
1/3

vlﬁmlg (1 - 1> R (ﬁ%) , (5.83)
é(z\f—1)2[mge]2 — 2(N—1) (f};ﬁ%)wg. (5.84)

The equations of motion are then
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1 2 2 A2 \ /3
0:m2+502+,(]\7,1)§ g 1nm§+7gh+< v )
W

6 2 3 \ 1672 ¢m2,
1 m% . m% b 1 ¢(m2 2/3

for the vev, and

A 1 m2 m2 402 1/3
2 _ .2 2 G G 4 Tth
1 m%{ m%{ h
+ 6)\ (16”2 In "l + T, (5.86)

and

\ 1 2 2 A2 \ /3
m%{:m2+v2+)\(N—1)<mG ln%—i-ﬁh—i- <v2>

2. 6 1672 (m2
1 m%[ m?
- In —H2 h 5.87

for the Goldstone and Higgs masses, respectively. Importantly, note that the mass appear-
ing in Goldstone’s theorem is em?2 (from the definition of e: Aal (0,0) = emZ), which
obeys em% — 0 as VB — oo thanks to the scaling chosen for £&. Thus this scheme sat-
isfies Goldstone’s theorem even if m2G # 0. What m%; # 0 indicates here is not actually
a violation of Goldstone’s theorem, but a non-communication of the masslessness of the
Goldstone zero mode to the other modes.

Defining the dimensionless variables

z=v*/p, y =m&/ i, z=my/p?, (5.88)
7 =0%/1, X = —6m*/ i, (=¢ub,  (5.89)
Torm = T, (5.90)

(note the distinction between the Lagrangian parameter X and the zero temperature value
of the mean field z, which happen to be equal at tree level and in the usual renormalisation

scheme for the Hartree-Fock approximation) this system becomes
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A 1 1 42\3\ 1 1
=2 (z-X)+=(N—-1 ] T, = A ——21 T
0 6(33 )-1-6( )A<167r2y ny -+ G+<€y> >+2)\<167r22 nz+ H)

. ; 2/3
y

+Z(N_1) <2x> , (5.91)

e+ i ymy s AN LDl omegr

y—g(ﬂf— )+6( +1) 167T2yny+ G+<§y) +6 <167r2,znz—{— H)7
(5.92)

A1 &\
LN Sy
Z=gu : (N —-1) <\/§$> . (5.93)

Looking for a zero temperature solution gives the system

A — 1 AT 1/3 1 1 gg 1/3
=2 (z-X)+=(N-1 glng + | — “A——zlnz4+ (N -1) [ =——
=g (e () ) ¢ g e ()
(5.94)
A | 1 4Z\Y3\ 1.1
g=—-(xz—X ~(N+1)A| —=ylny = “A——=zZInz .
] 6(:5 )+6( +1) (16w2y ny+(@> >—|—6 G22Iz, (5.95)
DY 72 )1/3
z=——(N-1 ~ . 5.96
F - - (5 (5.96)

First, ignoring the SSI terms one finds the usual unimproved 2PI solution z = X, § = 0,
zZ = A\z/3 = 1. Now examine the large N limit of these equations, taking as the scaling
limit ¢ = AN = constant and z, X ~ N, §,Z ~ N° and é ~ N® with a to be determined.
To leading order

1/3
9 (= =\, 9 . (1—a)/3 4z /N
— L z-X)+% | —gmy+N AN
0=5n T =X+ G | gVt (V)
1/3
gZ
b [ . (5.97)
2 (¢/N7) (/N)
1/3
9 o o, 9 r (1—a)/3 4z /N
=9 (z- Il ——gmg+N 5.98
, 1/3
;= 9T N(O-a)3 y
=2 N . . (5.99)
3N 2 (¢/N7) (&/N)’

Scaling limits exist if @ > 1. Note that the SSI term in FgSI goes as £ TNv? ~ N379 50

that one needs a > 2 for a scaling limit for FESI to exist. @ =1 can also be ruled out by
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considering the equations of motion, for in this case the leading approximation is

1/3 , 1/3
- 1 47 /N ]
ozi(j—X)Jrg syIng + Am/ + — 5 :
6N 6| 167 (&/n) 3 2(¢/N) (@/N)
(5.100)
1/3
9 5 g | 4z /N
=—(z—X)+= 1 5.101
1=on =X+ | vyt (i/N)g ) (5.101)
1/3
9% 7’
Z="=— - (5.102)
SN2 () (@/Ny?
Using the first equation to simplify the second,
1/3
7
y=- - — ) (5.103)
2 (¢/N) (2/N)
which has the solution
_ 1
= <0, (5.104)

2(¢/N) (a/N)
with an unphysical tachyonic Goldstone m%; < 0. This is not necessarily a problem because
the zero mode Ag (0,0) is always positive and, in finite volume with 8 and L sufficiently
small (i.e. 8,L < 27/|mg|), each mode A¢ (n, k) = 1/ (w2 + k* + mg) with n,k # 0 is
still positive. Physically, confinement energy is stabilising the tachyon. However, a second
condition is that the imaginary part of the first equation of motion vanishes, yielding
1/3

1
0= |g(2k‘+1)7r—sin<

(5.105)

1 (2k+1)7r> 4z /N
1672 (

3 $/N) I3

where the branch chosen is § = |g|exp (im (2k + 1)) where k is an integer. Using the

solution for g this becomes

1 2 2k +1
k=—-— 321 (C/N) (/N)?sin <(+)”) , (5.106)
2 3
which only has solutions of the form k& = 37 if
- 1 167T ~ _ 3
i=5= 5 (UN) @), (5.107)

is an integer. The existence of solutions only for certain discrete values of (AES is troubling
and highly counter-intuitive (note especially that the relationship between 6 and 7 for a

given j is independent of g, so that no matter how g is varied at fixed m? and é , T is fixed

151



even though one expects z ~ N/g).
If a > 1 the SSI terms in the equation of motion are of higher order and the leading

large N approximation is just the standard one, i.e.

g ,_ = 1

= —_— —_ 1 .1
0 6N( )+616 5y, (5.108)
g g 1
y_—GN( X)+616 syIng, (5.109)
_ 9T

=2 5.110
TN (5.110)

which has the solution Z = X, § = 0 and Z = A\z/3 as expected. Now note that if 1 < a < 4
the SSI terms goes as a fractional power of N between N and N~! which cannot balance
any of the terms coming from diagrams, which all go as integer powers of N~'. This
implies that if @ > 1 it must be of the form a = 4 + 3k where £k = 0,1,2,---. The SSI
terms then scale as N~(1%%) in the equation of motion and N~173% in FESI. Thus the SSI
equations of motion possess a satisfactory leading large N limit, but only if the scaling is
such that the SSI terms are of higher order. This is the first sign that the SSI terms are
problematic.

Now consider the case where symmetry improvement is only weakly imposed, i.e. the
SSI terms are a small perturbation. Intuitively this can be achieved by taking f sufficiently
large. It is thus natural to solve the equations of motion (5.94)-(5.96) perturbatively in
powers of 5_1/3 as g: — o0. Writing £ = :Eo+§:_1/3§:1 +§:_2/3i’2+~ -+ and so on, the leading

equations of motion are just the unimproved 2PI ones

A — 1 1
— 2 (7n — — — D A——an1nv Z 11
0 G(xo X)—|—6(N )/\16772% nyo + )\16 520 In Zp, (5 )
B A — 1 1 _ _ _ _
Jo = 5 (mo — X) + 6 (N+1) )\Wyo Ingo + 6)\167r220 In Zy, (5.112)
\g
%0 = % (5.113)

The first order perturbation obeys a system of equations which can be arranged as the

matrix equation

g (Jg6w2) (1+Ingo) 327r2 (14 1nz) 1 B\ 378 -
N+1 y 0 ;
A WA pingg) =1 525 (1+1Inz) g | =WV-1) <2j(2)> ~ N1
% 0 -1 Z1 1
(5.114)

Note that this equation is singular in the limit g — 0. The solution for ¢; in this limit is

3272 [ 7 \ /3
g () 5. (5.115)
Ingo \ 270

There is no sense in which the SSI terms are a small perturbation, no matter the value

of é . This can also be seen from a direct examination of the full equations of motion.

\1/3 .
In the limit § — 0 the (%) terms always dominate for any finite value of . The
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Figure 5.2: Solutions of (5.91)-(5.93), the SSI equations of motion in the Hartree-Fock
approximation. Shown are broken phase x (solid), y (dashed) and z (dot-dashed) and
symmetric phase y = z (solid black) versus temperature for A = 10, N = 4, X = 0.3 and
several values of é from 10° to oo (unimproved). The critical temperature is T} /p = 0.775.

result is that the SSI solution must always have § # 0, even at zero temperature. For the
same reason a perturbation analysis near the critical temperature also fails and, in fact,
real valued solutions do not exist in a (é dependent) range of temperatures beneath the
critical temperature. Further, mé appears to increase as the SSI terms are more strongly
imposed. Physically, the unimproved 2PI equations of motion “would like to have” a non-
zero Goldstone mass. When the mass of the zero mode is forced to vanish the SSI-2PIEA
adjusts by increasing the mass of the other modes. This can be verified by examining
numerical solutions.

Numerical solutions of the (5.91)-(5.93) are shown in Figure 5.2 for A = 10, N = 4,
X = 0.3 and several values of ¢ from 10 to co. The critical temperature for these
values is T, /p ~ 0.775. For very large é the solution is near the unimproved solution.
However, as é is decreased, x and z decrease and y increases (this is consistent with the
perturbation y; being positive). Broken phase solutions cease to exist above the upper
spinodal temperature Ty <é) which depends on CA . Note that Tyg (f) drops below T} for

all f < éc where éc is somewhere between 10 and 107. This means that, for g: < fc there is
no solution between Ty (é) and Tj. Further, as é — 0, Tys (f) — 0. This behaviour can
be seen in Figure 5.3. At a critical value é = é* one has T (QC*) = 0 and real solutions

cease to exist for all é < é*.
The mathematical origin of this loss of solution can be understood by considering the

zero temperature equations of motion, reproduced below.
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Figure 5.3: The upper spinodal temperature T,s versus f for broken phase solutions of
the SSI equations of motion in the Hartree-Fock approximation for A = 10, N = 4, and
X = 0.3. The critical temperature is Ty /u ~ 0.775.

-\ 1/3 =2\ 1/3
o:g(x—X)+1<N—1>A< : ylny+(‘§f> >+1A ez - ()
Yy

6 1672 271672 272
(5.116)

A o1 1 2\'*\ 1.1
j=2(z—X)+=(N+1)A ying + ( — “A——zInz 5.117
p=g@-X) gD (167r2y ny+<@) >+6 16027 5 (5.117)

Az T )1/3

z=""_(N=-1 4 . 5.118
3 ( )<2g‘x2 ( )

Use (5.118) to eliminate Z in the first two equations and consider the real and imaginary
parts of the right hand sides of these equations as functions of z and 3. The relevant regions
of the Z — y plane are shown in Figure 5.4. The blue regions satisfy R ((5.116)) > 0, yellow
regions satisfy & ((5.116)) # 0 and the green regions satisfy R ((5.117)) > y. Note that,
for 7,5 > 0, S((5.116)) # 0 is equivalent to z > 0, as is ((5.117)) # 0 which does not
give anything new.

Valid solutions of the equations of motion are on the boundary of the blue and green
regions simultaneously and outside of the yellow region. As f is decreased it can be seen
that the blue region “closes in” towards the origin, the green region grows upwards, and the
yellow region grows to the right. Solutions cease to exist for é = {A* ~ 12200 where all three

regions intersect at a common point. For all CA < f* there are no solutions (intersection
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Figure 5.4: Real and imaginary parts of the right hand sides of (5.116) and (5.117) as
functions of z and 7 for A = 10, N = 4, X = 0.3 and { = 2% (upper left), 24 (upper
right), 12200 (lower left) and 10* (lower right). The blue regions satisfy R ((5.116)) > 0,
the yellow regions satisfy & ((5.116)) # 0 and the green regions satisfy R ((5.117)) > .

points between the blue and green curves) which are also real (outside the yellow region).
If the temperature is non-zero, the thermal contributions increase the real parts of the right
hand sides which, in comparison with Figure 5.4, hastens the onset of loss of solutions,
which is therefore achieved at a greater value é . Conversely, the temperature at which
solutions are lost for a given é increases as a function of é , which, of course, matches the

behaviour seen in Figures 5.2 and 5.3.

5.4.3 Broken phase with m? — 0

In order to find a broken phase solution without the pathological properties of the previous

section one can try to find solutions with m%; — 0 in the VS — oo limit. To achieve this,
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take the scalings

(VB)* ¢ = (VB)* p> e, (5.119)
(VB) " iy, (5.120)

§

mg

where v > 0. The definitions of the other dimensionless variables (x, z, etc.) are as before.
Then

v a+2vy—1 1/3 2 1/3
) () e
)T ey 27 —1>0

T VRS o+2y—1>0.

(5.121)

One can take the equations of motion (5.69)-(5.71) with the prescription V%Bm% (1-1)—0
G

because, as discussed in section 5.3, the Goldstone tadpole reduces to the unmodified form

in the massless case. The result is the equation of motion

A 1 AT? 1 m? m? 1 2
2 2 H H h 2
0=m>+>v +2(N—1)+)\(167r2 1n72 +7*H)+£(N—1)2[m(;e] , (5.122)

for the vev, and

A 1 T2 1 m2 m2
2 2 H H h
=m — —(N+1DA—+ =X In = 12
0 +gv +6( +1) TR <167T2nH2 +THE>, (5.123)
and
A 1 T2 1 m2 m2
2 2 2 H H h
= - AN —=1)—+ =) In —= . 124
my =m”+ v +6 ( )12—}—2 (16772nu2+7Ht> (5.124)

Note that, remarkably, the last two equations are nothing but the SI-2PTEA equations of
motion (4.15)-(4.16), having used that 7i® = 72/12 for m% = 0. The only thing new
% (N—-1)2 [mée]? To examine this
further one must consider the three cases a+2v —1 z 0 which govern the possible scaling

is the modification of the vev equation by the term

behaviours of this term.
In the 4+ 27y —1 > 0 case, ¢ — 1 and

ST (N - 1) 22
2((%6))‘”27( 5) 0, (5.125)

If on the other hand a + 2y — 1 =0, € is a constant as V5 — oo and

2(N—1)2 [m%‘;e]z —

1

4
1
: (N —1)2y% = 112 ()1 (N —1)2y% = 0.

2
(N—1)2[mée] — U (VB) ¢

(5.126)
In both of these cases the vev equation is unmodified by SSI and cannot hold at the same
time as the other two equations of motion. To see this solve the SI-2PI equations (c.f.

section 4.3) to get
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) , 1 T2
my = —2m? = A (N +2) 35, (5.127)
and ) 9 9
A, 5 1 T 1 my . My h
A= - (N 4+ 1) A — -\ 1 . 5.128
gV T g WHDAG 5 <167r2 n +Ti (5.128)

Now use these in the vev equation to get

% my  my h
2 e T Tit" (5.129)

which only holds at T'= 0 (for 4 = mpy) and T = T,. There is no solution at any other
temperature.

The remaining case is o + 2y — 1 < 0. For this case the SSI term becomes

_gyot2y+2\ 1/3 2 \1/3
2 (N —1)2[me]? = (W) (N—1) <2l<{w2> | (5.130)

The only consistent solution possible is « + 2y + 2 = 0 (which automatically satisfies
the condition a+2vy—1 < 0). In this case the vev equation of motion reduces to (in terms

of dimensionless variables now)

Ao A1 %/ 1 z y? 1/3
= —2X4Za4- (N—1)A A g nz + T ) +(V = 1) (2 . (5.131
0 5 +6x+6( ) 15t (gga e+ T +( )<2C$2> (5.131)
Subtracting the m?, equation from the vev equation gives
2 1/3 A
(N —1) < Y ) Ea— (5.132)
2(x2 3
which can be easily solved for y, giving
Ap— 2 ’
2 22 30
=2 . 5.133
Yy =2z (N — > (5.133)

Note that m%; = 0 regardless of the value of y. The only constraint is that 0 < y < oo
which requires Az/3 > z. This can be verified using the solution of the SI-2PI equations

of motion
T2
2=l (5.134)
_ T2 2
r=X— ((N +1) 1/2” + TH> : (5.135)

(recalling Z = 1 and X = 3/ are the zero temperature solutions and 7?2 = 12X 12/ (N + 2))
so that
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e (o) )

T/ T/ 1 (Tg/u2

=(N+2 - L —
( +)12X 12X X 12

(N+1)

g = - TH> >0, (5.136)
since the thermal integral T} is maximised for massless particles. Thus 0 < y? < oo and y
can always be chosen in 0 < y < oo. Thus & ~ (VB) 2772 and m%, ~ (V)7 with v > 0
is identified as the unique limiting procedure that gives back the old SI-2PIEA from the
SSI-2PIEA.

One can see that this procedure is the unique way of connecting the ST and SSI methods
by directly matching the SSI term in I‘ESI with the Lagrange multiplier term in I'!, Recall
that the constraint term in the SI-2PIEA is (c.f. (4.3))

C= %ezwg‘. (5.137)

Recall also that the constraint is singular. One must proceed by violating the constraint
by an amount ~ 7 then taking a limit 7 — 0 such that ¢n is a constant. Previously this
procedure was carried out at the level of the equations of motion. Now it is convenient to

implement this at the level of the action by shifting the constraint term to
%e;a (WA —iF2), (5.138)

where FA ~ 7 is the regulator written in O (N)-covariant form. Setting the SI constraint

term equal to the SSI term gives

} 1
Zen (WA —iFA) = —wAwA, (5.139)
2 2
Substituting W2 gives
} 1
2lvaea, (z'P; [AG! (0,0)] v — z'ng) = (—2 (N — 1)0?VB[AG! (0, 0)]2) ,
2 2
(5.140)
having used fy AG (z,y) = Aal (0,0). Without loss of generality one can set
o —pL (L g (5.141)
cN ac\ N _1 dN | » .
FN = P F, (5.142)
and find )
— 6y (A5 (0,0) 0 — F) = c(N=1) v? [AGH(0,0)]°. (5.143)

Now recall that the usual form of the SI regulator is A" (0,0) v = mZv = nym? where m is
some arbitrary mass scale (it is convenient to take m = u). This identifies 7 = nm?3. The

n — 0 limit is taken so that ¢Sy = fov is a constant. Using this and AZ' (0,0) = em?,
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gives
14 1
- (emgv —nu®) = ¢ (N —1)0? [em%;]Q. (5.144)
Ui
It is now convenient to take n = (VB)_5 w4 with § > 0. Taking also the usual scalings
for £ and mQG one finds

T (N - 1) xg2. (5.145)

— (VB O ety + Lov/x = (/i,ﬁ)aﬁye

If 4 2y — 1 > 0 asymptotic balance is impossible (dominant terms can be matched, but
not subdominant terms). Likewise, balance cannot be achieved for v + 2y — 1 = 0. If
a+2v—1 <0, however,

at2v—1 \ 1/3 2o\ /3
_ (VB)‘S*V ,u4(5*7) (WY> ( ¢ ) lozy + bo/x

(M_4)a+2'y—1 4.’Ey2
~da-8y [ (yg)et2r-1 2/3 2\ 2/3 )
= £ at2y ( ( _ﬁ4) a+2’71> Tcz (N—1) = (5.146)
(VB) (n=*) Y e
Matching powers of (V) on both sides gives
0=30—-1+a—17, (5.147)
0=a+2y+2, (5.148)
which has the solution
a = —20, (5.149)
vy=06-—1. (5.150)
~v > 0 requires d > 1. Substituting this into the SI=SSI equation gives
A\ 1/3 A\ 2/3
¢ ¢ y?
— = N —-1)—= 151
<4my2 oy +tovi= | g | (V=1L (5151)
which can be solved for {, giving
F1/3 1 e Y
=|— 1+,/1=(N-1)= ). 5.152
() (D e

This is the desired connection between the SSI stiffness parameter é and the SI Lagrange

multiplier £y.

5.5 Summary

This chapter introduced, for the first time to the author’s knowledge, a new method of

symmetry improvement called soft symmetry improvement or SSI. As opposed to the hard
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symmetry improvement (SI) of Chapter 4, Ward identities are imposed weakly in the
sense of least squared error. The relative strength of the soft constraint is determined
by a new stiffness parameter £ which can be tuned from zero (equivalent to hard SI) to
oo (equivalent to no constraint), with the hope that the added freedom allows the SSI
method to circumvent some of the problems of the SI method for some range of finite
£. Here the SSI method was studied for the 2PIEA in the Hartree-Fock approximation,
though the generalisation to the nPIEA and higher order approximations is conceptually
straightforward (leading only to greater technical complication).

Unfortunately the goals of this program cannot be fully realised in the most interesting
case of the infinite volume limit BV — oo. Due to an infrared sensitivity of the SST method,
& must be scaled with BV in the limit in order to obtain non-trivial behaviour. Three
consistent limiting behaviours were found. Two of these are equivalent to the unimproved
2PIEA and SI-2PIEA, respectively, both of which have been studied previously. The
remaining case is a novel one and was studied in detail in section 5.4.2.

In the novel limit the Goldstone self-energy is momentum dependent even in the
Hartree-Fock approximation. The zero momentum Goldstone mode is massless as required
by Goldstone’s theorem, but the remaining modes are massive with a constant mé # 0.
Perhaps counter-intuitively, m%; increases as the symmetry improvement constraint is more
strongly imposed. A strong first order phase transition is found for all values of the (scaled)
stiffness parameter CA . Further, there is a critical value fc such that for é < fc solutions cease
to exist for a range of temperatures below the critical temperature. As é — 0 this range
increases and at some finite value f* the solution ceases to exist even at zero temperature.
This loss of solution was confirmed both analytically and numerically.

This behaviour highlights the difficulty faced by the symmetry improvement program.
Ward identities are by nature infrared properties of a field theory and imposing them
amounts to modifying a theory at large distances, while trying not to modify anything at
short distance scales. However, due to the use of self-consistent propagators and vertices,
nPIEAs inherently couple IR and UV behaviour. This can be seen in the loss of solutions of
the SI-2PTEA in the two loop truncation as discussed in section 4.4: it cannot be guaranteed
for the SI-2PIEA in a given truncation that all UV regulators lead to the same IR physics.
In the SSI method in the new limit, the imposition of the Ward identity (even weakly) is
incompatible with the existence of massless non-zero modes of the Goldstone propagator
in the 5V — 0 limit. This again leads to loss of solutions. Further, due to the unavoidable
scaling of an IR quantity (the SSI term) in the SV — oo limit, the unimproved, SI and new
limits become decoupled. There is no version of the theory which smoothly interpolates
between the unimproved and symmetry improved cases in the SV — oo limit. To put it
colloquially, infinite volume is too big a space to “softly” impose anything on.

It would be interesting to examine whether at finite SV any physically reasonable
results could be obtained. This could be studied by, for example, putting the universe in a
box the size of the Hubble scale. However, this would required redoing the renormalisation
procedure in finite volume and re-evaluating the thermal sums which are no longer trivial.

Thus, this investigation is deferred to future work.
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Chapter 6

Approaching non-equilibrium: Linear
Response Theory for Symmetry

Improved Effective Actions

6.1 Synopsis

Chapter 2 introduced nPIEAs as a useful general tool for calculations in QFT which
can be extended beyond equilibrium and beyond perturbation theory. However, chapter 3
demonstrated that one of the major disadvantages of nPIEAs is that finite order truncations
of the effective actions generically do not respect the symmetry properties one expects
from the exact theory. A particularly promising remedy for this problem is the symmetry
improvement formalism introduced by Pilaftsis and Teresi [1] for 2PIEAs and reviewed in
chapter 4. Chapter 4 also extended the formalism to the symmetry improvement of SPIEA
and investigated the properties of this scheme in equilibrium. Chapter 5 introduced the idea
of softly imposed symmetry improvement as an attempt to avoid some of the problems of
the symmetry improvement formalism, though this was also considered only in equilibrium.
This chapter focuses on the extension to non-equilibrium problems, closely following the
paper by the author [4].

So far symmetry improvement has only been applied to non-gauged scalar field the-
ories in equilibrium. It restores Goldstone’s theorem and produces physically reasonable
absorptive parts in propagators [1] and has been shown to restore the second order phase
transition of the O (4) linear sigma model in the Hartree-Fock approximation [116]. It
has been used to study pion strings evolving in the thermal bath of a heavy ion collision
[128] (though note that the SI-2PIEA was only used to calculate an equilibrium finite
temperature effective potential; this work did not constitute a true non-equilibrium calcu-
lation using symmetry improved effective actions). Symmetry improvement has also been
demonstrated to improve the evaluation of the effective potential of the standard model by
taming the infrared divergences of the Higgs sector, treated as an O (4) scalar field theory
with gauge interactions turned off [129, 130].

There is a strong motivation to extend symmetry improvement beyond equilibrium
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since one of the major reasons for using nPIEAs in the first place is their ability to handle
non-equilibrium situations. nPIEAs give an entirely mechanical way to set up the generic
initial value problem as a closed system of integro-differential equations directly for the
mean fields and low order correlation functions, which are simply related to the handful
of physical quantities (densities, conserved currents, etc.) one is most often interested in.
Apart from a truncation to some finite loop order these equations need not be subject
to any further approximation. Hence, apart from the symmetry issue and issues involved
in the renormalisation process, nPIEAs give potentially the most general and accurate
framework available for the computation of real time properties in quantum field theory.
Thus an extension of the symmetry improvement technique to non-equilibrium situations
is well motivated. The ultimate goal of this program would be a tractable and manifestly
gauge invariant set of equations of motion for highly excited Yang-Mills-Higgs theories with
chiral fermion matter based on the self-consistently complete 4PIEA. In the meantime this
chapter is restricted to an analysis of the symmetry improved 2PIEA for scalar fields in
the linear response regime.

The linear response approximation is investigated rather than a generic non-equilibrium
situation for several reasons. First, the linear response approximation is simply far more
tractable than the general non-equilibrium situation as the response functions only depend
on the equilibrium properties of the theory. Second, linear response is widely applicable
in the real world: many systems are “close enough” to equilibrium for practical purposes.
Third, the linear response approximation is a nice laboratory to isolate the novel features of
symmetry improvement constraints in non-equilibrium settings. Finally, it is expected that
any physically reasonable formalism will have a well formed linear response approximation,
though this depends on the assumption that the exact behaviour is an analytic (or at least
not too singular) function of the external perturbation within some neighbourhood of zero
perturbation. This is true of all quantum mechanical systems (so long as the Hamiltonian
remains bounded below), but for field theories the infinite number of degrees of freedom
may complicate the situation.

The outline of the remainder of this chapter is as follows. In section 6.2 linear response
theory is reviewed in connection with 2PIEAs. In section 6.3 a mechanical analogy is used,
very similar to the one used to justify the d’Alembert formalism in chapter 4, to illustrate
the linear response procedure for constrained systems. In section 6.4 the consequences of
the constraints for the linear response functions of the SI-2PIEA are derived, noting that
a careful treatment of the constraint procedure requires that not just the WI, but also its

derivatives, must vanish. Finally the results are discussed and lessons drawn in section 6.5.

6.2 Linear response theory and nPIEA

Linear response theory studies the effect of small externally applied perturbations on a
system initially in equilibrium (see, e.g., [11, 63, 132] for informative discussions). Consider
a quantum system which is subjected to an external driving potential —J (t) B (t) where
J (t) is a c-number function of time representing the strength of the driving and B (¢) is the

interaction Hamiltonian (the reason for the name will become apparent). If the initial state
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of the system is described by a density matrix py at time ¢y, with J (¢t) = 0 for t < ¢, then
at time ¢ > ty the expectation of an operator A (in the interaction picture with respect to

the external perturbation) is:

<A(t)> - Tr{p(t)fx(t)}
=Tr {U (t,t0) poU (t,to) A(t)}
STy {T [ez’ I, J(T)B(T)df} T |:e—z' I J(T)B(T)df] A( t)}

= (Ao)+i [([a0.B0)) a0 (), e

to

where <fl (t)> denotes the expected value in the absence of perturbation. This leads to

the definition of the response function

XAB(t—T):¢<[A(t),3(7)}>@(t—f), (6.2)

(which only depends on the time difference due to the equilibrium assumption about pg)
such that

- t
SA (1) = <A(t)> - <A (t)> - / XAB(t—7)J (r)dr + O (J2). (6.3)
to
(The limits can be pushed to +oo thanks to the step function in xAB, and the equation
becomes trivial in the Fourier domain.) The goal of linear response theory is to compute
A8 (t — 1) for perturbations B and observables A of interest. The condition for validity

of the approximation is that the quadratic term, which is

[ msm (e ] Beyan 6

is much smaller than the linear term, which occurs for sufficiently small sources J and
times t — tg.

Specialising to the scalar O (N) field theory of the previous few chapters, one must
consider the 2PIEA T'[p, A] which can be connected to the linear response theory by
expanding ¢ — @ + 6 and A — A + §A about their source-free equilibrium values @
and A determined by (6L'/0¢) s amh = (OT/6A) _5 A=

by order in the sources, treating the responses dp and dA as first order, as typical of a

A = 0 and matching terms order

perturbation theory analysis. At lowest order one finds the usual 2PI equations of motion
with no sources for the equilibrium solutions and at first order one finds equations of motion

for the perturbations:

5°T 5°T
dpp + 0Ape = —Jo — Kap@o, 6.5
540 Pa ®b YN b b¥b ( )
52T 5°r 1
_— — Ay = ——ihK .
5%065Aab 6()06 + 5Acd(sAab5 Cd 2Zh CLb7 (6 6)
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where all derivatives on the left hand sides are evaluated at the equilibrium values. It

is possible to eliminate the fluctuations from these equations by introducing the linear

response functions Xfl;]a Xflfg, Xabc and Xabcd

1

5@(1 = Xf:[;]t]b =+ 7Xf§§Kb07 (67)
1

5Aab Xach + 2Xabchcd7 (68)

and demanding that the resulting equations hold for any value of the sources J, K. Doing

this leads to the system

6T N §T

o002 Xpg T NS Xooa = —Oads (6.9)
52T
N AJ _
Spedim X T SRRy, Xede = (6.10)

T ok 0T ax ] ]
_— + = 0q Pe 5aeS0 y 6.11
5 b(s adee 5 ﬁ b06 aXbcde ( d d) ( )

+ = = ——1h (04ed, dafObe) 5 6.12
&Pcdé b cef 5ﬁcd52abXCdef 22 ( bf f b) ( )

where note that in the last two equations one must symmetrise the right hand sides before
removing the source K (since by the symmetry of K only the symmetric part contrib-
utes). These equations determine the linear response functions entirely in terms of the
equilibrium properties of the theory (in particular, the second derivatives of the effective
action evaluated at the equilibrium solution). Note that the last equation can be recast as
a Bethe-Salpeter equation for the y2¥ by using A~! A_ — Y + K to write

_Ac:bl + A(;alb [30] - Z:ab [907 A] Aab + (AO(Lb [ ] - A_Cle [¢])

+ (AOab [ - |: ) + (Eab |:957 A} — Xab [907 A])
IA % 5%
_ _SsA—1 4 %Z0ab ab ab
- 6Aab + 5806 5 <580c 5900 6A 5Acd> (613)
then using the identity
00, = A oALAy + 0 ()2 K2 JK), (6.14)

and the definitions of the linear response functions followed by some rearrangement to give

. . A VNS>
AK 0gh h
Xabef = —Age (6cefsdf + 5cf5de) Agp — Aag ( &PZ &ch ) Ahchef

L 0Xy

YA ca

This is an equation which determines the four point kernel Y2¥ iteratively, i.e. a Bethe-

Salpeter equation with the last quantity in braces being the Bethe-Salpeter kernel.
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6.3 Mechanical analogy to illustrate constrained linear re-

sponse theory

Here follows a brief discussion of a very simple mechanical system which illustrates several
of the unusual features of the constraint procedure and linear response formulation which
will be used. The chief unusual feature is that the variables being perturbed are constrained
by symmetry improvement, so a constrained linear response formalism is required. This
mechanical example shows how this can be done and, in particular, why (a) the Lagrange
multiplier diverges, (b) constraints must be imposed in the linear response approximation
to begin with, and (c) secondary constraints arise. Consider a unit mass classical particle
constrained to move without friction on a circular hoop of radius r in the z — y plane. Its

Lagrangian is

1 1 . .

L= 5552 + 53)2 — AW + jox + jyy, (6.16)
1

W = 1(1‘2—}—312—1”2)2, (6.17)

where A is the Lagrange multiplier and the form of the constraint W = 0 is chosen to

mimic the singular constraint procedure. The equations of motion are

i = —NW + ja

=-A(2*+y* =)z + ja, (6.18)
=) (;U2+y2 —7“2)y+jy. (6.19)

Now consider the source free case j, = j, = 0. The constraint terms vanish unless A — oo
as 22 + 32 — 12 = 0. Set 22 + 32 — 2 = n and A\n = w? and take the limit such that w?
is a constant (recall “d’Alembert’s principle” c.f. section 4.6). Note that W = n?/4. Then

the equations of motion become

&= —w?x, (6.20)
ij= —w2y, (6.21)
with the solutions
x =rcosfw(t —to)], (6.22)
y=rsinw (t —to)], (6.23)

where ty and w are determined by the initial conditions. For simplicity the equilibrium
solution is chosen as © = r and y = 0, which determines w = 0 and tg = 0 (without loss of
generality).

Now turn on the sources j, and j, and investigate the linear response by setting x —

I +0xz, y — §+0y, A — A+ 0\ where the tilde variables are the source free solutions. The
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variation of the constraint is
W =n(2éx + goy) — 0, (6.24)

regardless of the behaviour of dz and Jy, so long as they are non-singular in the n — 0

limit. However, the first order equations of motion become

0& = —0AnE — 2\ (20x + §0y) & — Mndx + ju

= Frd 260 4 j, = —w?dx + jit, (6.25)
8ij = —0Ang — 2\ (£0x + §8y) § — Andy + jy
_ F;ad _ w25y +j, = —w26y _|_]?j-7 (6.26)

where the radial force is defined as Fr2d = — [5)\77 + 2X (26x + §0y) | (&, ), whose physical
function is to balance the applied force normal to the constraint surface, resulting in the
net transverse source jJ-.

Now notice the terms proportional to A (Zdx + yoy) in the equations of motion. In order
for these terms to be well behaved in the limit A — co one must have Zdéz + §dy — 0, i.e.
the response remains within the constraint surface (to first order). Thus the vanishing of
these terms in addition to the vanishing of dW is required to fully enforce that the response
be tangential to the constraint surface. Also note that by examining the A terms in the
equation of motion one can identify which component of the applied force acts normal to
the constraint surface (and hence produces no physical response).

Applying the equilibrium solution one find Fr2d = — [5)\17 + 25\7"5:3} (r,0). For this to
be well behaved as A — oo requires dx = 0, which also determines jj = 0 via the dx

equation of motion. The dy equation of motion is
0y = Jy, (6.27)

with the solution (taking into account the initial conditions dyg = dgp = 0):

5y._lzfj€7jy(Tq(thT__jﬁtu-7ojy(7)df. (6.29)

Now compare this to the exact solution. Substituting the ansatz x = rcosf (t), y =

rsinf (t), the Lagrangian and equation of motion become

1 ..
L= 57'202 + jyrcosf + jyrsind, (6.29)
éz—y—wsiDH—i—j—ycosH:j—e, (6.30)
r r r
where jy = —j,sinf + j,cosf is the tangential component of the force. The solution

satisfying the initial conditions 6y = 90 =0is

_ /[ -7 je(T)T
H—A(t A (6.31)

r
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To linear order in jy the x and y components are just
x=rcosf =0, (6.32)

y=rsinf = /0 (t —7) 7o (7)dr, (6.33)

which, on putting jy = j, + O (jiy), gives

t
Yy = /0 (t—7)Jy(1)dr, (6.34)

which is just the solution obtained previously.
If in contrast one never imposed the constraints on the linear response solution one

would obtain the equations of motion

5% = o, (6.35)
5ij = jy» (6.36)

with the solutions
t
Su = / (t— 7)o (7) dr, (6.37)
0
t
5y = / (t=7)j, (r)dr. (6.38)
0

The 0y component is correct but dx is in error already at linear order. In fact, the solution

should not even depend on j, until second order.

6.4 Symmetry improvement and linear response

6.4.1 The simple constraint scheme

In the linear response approximation J, and K, no longer vanish, and the SI-2PT equa-
tions of motion must be solved to first order in the sources without any assumption of

homogeneity. Now it makes a difference whether one uses the simple constraint (4.3)
C= %E;Wﬁ‘, (6.39)

or projected constraint (4.4)

¢ = %egpgwg‘ (6.40)

for symmetry improvement. In this section only the simple constraint is considered. The
projected constraint is considered in the next section. The SI-2PI equations of motion were
given in chapter 4, though chapter 4 (along with all of the published SI literature to date)
neglects the WI (3.14), reproduced here:

WA = —J.Thos. (6.41)
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The consistency of the linear response theory requires that this identity also be enforced
if J, # 0. Therefore a new constraint C” = i{4W* must be added to I' and the symmetry

improved equations of motion are altered to

W = T =0, (6.42)
WA = A TA g, — JTA =0, (6.43)
or 4 i . . N /
580(1 (Z) = ’LJa (Z) EATad + 9 /mEA (37) Aca, (.’E, Z) Tad Jd (Z) y Kde (Z, w) ©Ve (’11}) ,
(6.44)
L —i/fc (z) A (x Z)/A1 (w,y) T4 (y) — Link (z,w) (6.45)
0Age (z,w) 2,4 ed W12 J Sea Y) Lappn (y) — 5ihBae (2, w) - :

The only effect of the new WI on the previously established equations of motion is the
addition of a term o< J on the right hand side of the ¢ equation of motion and a linear
constraint saying that ¢ must be proportional to J if J # 0. This WI has no consequences
if J, = 0 so none of the previous results are affected. Also note that the new Lagrange
multipliers £ 4 are finite because the term on the right hand side of the ¢ equation of motion
does not vanish identically.

To find the linear response expand all quantities ¢ — @ + d¢, A — A + §A and
¢ — 0+ 60 and match terms order by order, considering the d¢ etc. as first order. Working
first on the WIs gives the equations:

0= J.T4d (6.46)
0=A_'T4e, (6.47)
0= 00, Tods + A Tio0, — JuTs. (6.48)

The first equation requires that the source components in the Goldstone directions vanish,
that is J, = (0,---,0,Jn). The generation of Goldstone field fluctuations is outside the
scope of linear response theory. The second equation is simply the equilibrium constraint
as expected. The third equation is new.

To understand (6.48) start by taking the variation of A=! from its definition in terms
of the 1IPIEA (2.31) (recall that A~! = §2T(1) /§p5p). One can write

31(1)
5oyl — 0L

= ————0pg + O (697, 6.49
Spadpcdpa ! (9¢°) (6.49)

and note that 53F(1)/5<pd5<,005<pa = Vjeq 18 the three point vertex function. These relations
no longer hold identically for the 2PI correlation functions, but they do hold numerically
for the ezact solutions of the untruncated 2PI equations of motion. This can be extended
to the 2PIEA by writing

SAL = Vieadpa + Kea, (6.50)
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where K., encapsulates the additional variations of A in the truncated 2PIEA formalism.

Also recall there is a WT for the three point vertex function (3.16),
Wi = VaeaTipon + Dod Ty + A3, T (6.51)

which is unaffected by the presence of sources. As with W4, Wg‘c = 0 in the exact theory,

but not automatically in truncations. Combining these relations with (6.48) gives:
0 = dpa (Wik — AL il = AZITiL) + KeaTibo + A Tibdo, — JuTit
= 0pa (Wit = AZT) + KeaT oo — JaTih, (6.52)
which can be rearranged as
(wdAda +J ) = WA 4 KeuT A5y (6.53)
If the right hand side vanishes one has (using the symmetry of A~1)
AL b0d = —Ja, (6.54)

which is the correct equation of motion for fluctuations. The failure of these equations to be
satisfied is measured by the terms on the right hand side of (6.53), which have two distinct
meanings. The first, 580dW&4, measures the failure of the vertex WI to be satisfied by 2PI
approximations, while the second term, KeoT7 wbPp, measures the failure of the variations
in the 2PTI functions ¢ and A to be linked according to the 1PI relations. Generically one
cannot expect these terms to cancel as they are logically independent (i.e., they do not
cancel as the result of any basic identity). The vanishing of the right hand side of (6.53)
is an additional constraint on the linear response functions, which are fully determined
by the 2PI equations of motion. Therefore the existence of a physically reasonable linear
response approximation is a “fine tuned” property of particular truncations.

The “anomalous” terms on the right hand side can be understood in greater detail by
expanding K., using the identity' dA_! =—-A_ 15Ad6Ae_a1 + O (5A2) and the expressions

for 6 and JA in terms of the linear response functions (6.7)-(6.8) to obtain

1
ICca = *A <Xdef‘]f + Xdengfg> A Vdc‘l <Xde J + XdefKef>

= (—anxagal Vdcaxdf)Jer (—AZAS AL — VaeaXify ) Kpg: (655)

!Note that one must be careful using this identity because SA can develop an IR divergence. A~ is
at least “infrared safe.”
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The anomalous right hand side becomes

‘Fc = 5@dec + KeaT, absab

<de Jr+ degKf9> <VdcaT£¢b + AT + A, 1TA)
+ |:( Acd1XdAe§Ae ! Vdcaxdf ) Jf + = ( Acdl dAeI;gAgal — VdcaXZBfI;) ng:| abgpb
(6.56)

Demanding that this vanishes independent of the sources gives the pair of conditions

0=y (AL Tah+ A T) — AUNGFAL T, (6.57)

0 = deg <A d + A 1TA) Acd Xdeng 1Tab¢b7 (658)

which must be satisfied by the linear response functions in order for the linear response
approximation to correctly describe the propagation of field fluctuations.
The equations of motion following from (6.53) can be worked out by substituting par-

ticular values for A and ¢ and working out the components. The nontrivial components

are
Aalégog +Jg = 0py (VGHGv + Aal — AI_{l) + Kngv, A=(g9,N), c=N,
(6.59)
OZICCQ'U, A:(g7N),C§ég,N
(6.60)
Aytdon + Iy = —Spn <VHGGU +AG - Aff) — Kggv, A=(g,N), c=g,
(6.61)
A515@9+J9207 A:(g,gl),g,gl#N,C:g,,C#g.
(6.62)

(Note that K4y is not summed on g.) These equations are not completely independent
but neither are they trivial. In particular, the consistency of the first and fourth equation
requires

504 (VGHGv +AZ - A;{l) + Kygv =0, (6.63)

which is not guaranteed by the SI-2PI equations of motion. The corresponding conditions

on the response functions are

T~ ~_ _
=xif (A" - A7) - ApxRLAG Y, (6.64)
0=xpfy (A" = A7) — ARxAE,AG (6.65)

There are further constraints lurking in the right hand sides of the SI-2PI equations

of motion. Since the constraint procedure involves a limit ¢ — oo there is a danger that
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terms on the right hand sides can diverge. Consider the expansion of the right hand side

of the ¢ equation of motion to first order:
(S€C )AL (x,2) TA /ec )OALL (x,2) T
~Ja(e) - /w Ko () @ (w) . (6.66)
Using (4.14) (recall € = —{%, = P+ (%Eg )) the term proportional to ¢ can be

written )
— 5 len <ng; /m SAL) (@, 2) Ong — Pag /x SA N (:c,z)), (6.67)

which, for the 572 N — oo limit to exist, requires that the term in braces vanishes, i.e.

0=0ng / PoAy / SA N (2,2) (6.68)

A similar analysis for the A equation of motion gives

0= vaG/ <P6J;16A;dl (z,2) + 0A (w, x) Pcii)

—Pd%,éeNmé/AHl (w, y) 5p (y) +Pdimé/5(;1 (w, y) dpn () - (6.69)
Y Y

The constraints (6.68) and (6.69) are called the secondary constraints of the scheme and,
by contrast, equation (6.48) the primary constraint?. The secondary constraints must be
enforced so that no divergences appear in the ¢ — 0o limit of the equations of motion.
Note that one can take mZ — 0 without any problems in (6.69), so that constraint is
satisfied identically. Also, (6.68) can be simplified following the same procedure as (6.53),

yielding two further conditions on the linear response functions

= / [—5NdPa#,Aal (@, w) AG" (v, 2) + Pagdun A" (x, )A;ﬁ(w)] Xabe (w,v,u)

(6.70)
0= / [_5Ndp bA (x, )AG (v,2)+ P débNA ( )Al}l (v, z)] Xﬁfd (w,v,u,y) .
(6.71)

With one exception it is not known whether any truncation satisfies all of these con-

ditions. The exception is the truncation of the equations of motion® to lowest order in A,

2These should not to be confused with the terminology from Dirac’s constrained quantisation method
[133].
®The truncation of I' to O (h”) leaves A undetermined.
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for which

SAL = 0AL
= (;)\ 240 Gac — %5%@0 — ;%5%) §(z —y)
=—30 (00NOac + 00a0en + dandpe) d (x —y) . (6.72)
Substituting this into the WI gives
o:ﬁawN@wm+wﬂm@mz$+/A$@wﬂﬁwwwLﬁé (6.73)

Y

and working out the components gives the set of equations

~ \v?
[ |36 @ =20 = dow ) = -, (6.74)
U2
[[37 @+ 2 5] sy )= -, (©.75)
[ 35t @) de () =~y (6.76)
Yy

This system is consistent if m?;, = mZ, + Av?/3 + O (h) which, of course, is true. Thus, for
the 1PIEA the WI propagates Higgs and Goldstone fluctuations with the correct masses
and source terms. This is expected because the WI was constructed to be satisfied by
the 1PI correlation functions. One further has that dp, = 0 as a consequence of J,; = 0.

Furthermore, from the d = N component of the secondary constraint one has

0= ché / 5Ac_gl (z,2)

A
= —gUPCLg /‘m (0pNOge + 0pgben + 0gndpe) § (x — 2)
A
=-3v (N —=1)dpn(2), (6.77)

which implies that o = 0, which in turn implies SA~! = 0, which in turn requires K = 0
which is a consequence of the 2PI equation of motion. Thus the classical approximation
is consistent, but trivial. There is no longer any reason for this to go through if §A is

independent of dp, which is the case in higher order truncations.

6.4.2 The projected constraint scheme

Now consider using the projected constraint
i

C' = SaPaWVi, (6.78)

instead of the simple constraint used above for the symmetry improvement. The projection

operator forces only Goldstone modes to be involved in the constraint. Note that the
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constraints which have been projected out are valid WIs which are obeyed by the 1PTEA.
This alternate scheme consists of picking a subset of the WIs to enforce, chosen in the only

O (N)-covariant way available. The new constraint is
0= Pog (A Tipon + TinJa) - (6.79)

At lowest order this becomes
0= —vmiT, (6.80)

which is the same as before. However, at first order there are new terms due to the variation

of PL. The first and second derivatives of Pt evaluated at ¢ are needed, and are

%Zdi((:)) [(/3] = _% (5de(5cN + 0gNOce — 25dN50N6eN) ) (LL‘ _ Z) 7 (6.81)
_ PPg@) 1 o sle
dpf (w) dee (2) [Pl = 5 Faered (2 = w) 0 (w = 2), (6.82)

where
Fucge = 20ex0an Py — (P P + PPy
+ (15;5d1v5f1v + Pebendn + Pldanben + P$5CN5eN) ; (6.83)

which is symmetric in c¢d and in ef. In the linear response approximation one requires

1 5Pch (7). 1

0Pz (z) — S5 (z) [‘P] dpe (2) = “ (0eN0@q () 4 dandpe () — 204n0endoN (T))
(6.84)

§P% (x)} 82P;- (z) 5 1
) cd —>/dc<p(5<p w) = —Fyered (x — 2) dor (7). 6.85
Tt = [ s el ) = Py (0= 2) 30 ) (6.85)

The first order constraint is

0= Py (55 T + Ayl Tidd + T Ju) + P4 (A Tz ). (6.86)

The second term vanishes due to the zeroth order WI and the first term is just (6.48) with

only the ¢ # N equations picked out. This gives the set of wave equations:

OIICCQ'U, A:(g,N),Cig,N,
(6.87)

A don + In = —dpN <VHGGU + A - A;) — Kgqv, A= (g,N), c=gy,
(6.88)

Aglop, 4+ J, =0, A=(9.9), 9.9 #N, c=4g,c#g.
(6.89)
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In order to find the secondary constraints one writes the equations of motion

6T , AL " 5Pfc / A
 iJy(2) 0T ¢ Al TAJ,
590d (Z) i, (Z) Adgq + /z &Pd :E y abSDb( ) + caJ (:C)

+i/£fl (x) Pfe (x) At (2, 2) T — Ja (2) — /Kde (z,w) pe (w),  (6.90)

1.
5Ad ) = /Ef Pfc (z,z /A ab(pb( )—ilthe (z,w).

(6.91)

The secondary constraints are that the variation of the terms multiplying EQ vanish, since
if they did not divergences would arise as { — 0. Starting work on the right hand side of
(6.91) by demanding

0= [ [Prwazte.) / AL (10,9) Tk (v ﬂ

1 -

gives the constraint

-itgy [ | P A o) [ At T Fon )]

:Pef 5Pfc(a:)Ad1(:U z)/ o ( U+PL/5A xz/A&l(w,y)v
y
+15$ A&l (w,z)/(SAe_al (w,y)v — (56N159Ld/551 (x,z)/A;II (w,y) 0pg (y)
y x y

+ P [ A @) [ B3 (w) den ), (6.93)

and one again finds that every term is proportional to m2G — 0 so the constraint is satisfied
automatically.

Now working on the right hand side of (6.90) gives the secondary constraint

- 1 oP c(l‘ -
0=iFy; / 59;; () ( / AL (@) TS on () + TH T (w)) + Pi (2) AL (2, 2) TS
: LA 5P (2)
:Z’PL/(; - /A_1 2, y) TS ¢ +iPyy fe 3 /5A‘a z,y) TY
af Sea(2) | J, ca (@) Toy &b ()  Soa () (7] 08 (z,9) T @b (v)
5PL (fL‘) - B 5PL (33)
g [ AL (@) TS +iPk Fe 2151 TIN T, (x
! T 59061 (Z) [4,0]/:[; a ( ’y) ab 0¥b (y) &Pd (Z) [Qp] ca ( )
Hp“’#/dpﬁ (2) Acy' (@,2) T%V“'Pff/pi () 0AZ (x,2) Tfév- (6.94)

(Note that the J, term in the third line is present because in the first line the J [- - - | truly

means “linear piece of [---]”, not “variation of [---].”) Plugging in the expressions for § P+,
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§PL/5p and 6 [0P+ /6] and simplifying gives

1 _ 1 [+_
0= ;chhd&@h (z) m& Py + /6AN}1 (2,9) Pag — U/AHl (2,9) PisSee ()

y
1
Pda - = / Spg (z (z,2) P od T / 50, (2,2) Tfév~ (6.95)

The first term vanishes as mé — 0. The remaining terms become, for d = N,

0= (N - 1)/ Ve (w,z,z) 0pn (w / (6.96)

and for d # N
_— 1
[ 33 o) + 542 = v [ Vono (wz)eaw) +o [ Knaein). (697
Y yw Y

These equations are again apparently incompatible with the usual SI-2PI equations of

motion.

6.5 Discussion and summary

This chapter has shown that the imposition of symmetry improvement constraints is incom-
patible with the linear response approximation, except possibly in finely tuned truncations
which satisfy a number of constraints above and beyond the usual equations of motion.
Since the original symmetry improvement scheme of Pilaftsis and Teresi was not formulated
O (NV)-covariantly there are actually two natural generalisations: a scheme used previously
([2] and chapter (4)) based on the projected constraint and a one based on the simpler
constraint without a projection operator. Both schemes are equivalent in equilibrium and
both lead, in different ways, to pathologies in the linear response approximation.

There is no simple modification of the constraint which could possibly fix these problems
since one can understand them as a consequence of treating ¢ and A as independent
variables in the 2PIEA and the inability of symmetry improved 2PIEA to enforce also the
three point vertex WI. There are two error terms in the equations of motion for fluctuations.
The first is due to the violation of the vertez WI by the equilibrium solutions of the SI-2P1
equations of motion. The second is due to the independence of A and ¢ in the 2PIEA.
One could try to eliminate the second error term by constraining the variation JA to be
related to dp in an appropriate way. This would no longer be working strictly within the
2PIEA formalism. Rather, it would define a hybrid 2PI-1PI scheme where one computes
the equilibrium properties using the symmetry improved 2PIEA, then defines a resummed
1PIEA by eliminating A from I' in an appropriate way. This is similar to the usual
resummed 1PTEA method, only now symmetry improvement is applied self-consistently at
the 2PI level.

The first error term is more formidable. It comes down to the failure of the master
1PI WI in nPIEA truncations. The master WI encodes relations between all correlation

functions in the exact theory. However, a symmetry improved nPIEA scheme only has the
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power to enforce constraints between the lowest n of them. Violations of WIs involving
higher order correlation functions are inevitable in any scheme with fixed finite n. This is
not a major issue in equilibrium because one can solve for the n-point correlation functions
in a self-consistently complete n-loop truncation, and so long as one does not care about the
behaviour of higher order correlation functions their problems remain invisible. However,
once external sources are turned on and the system departs from equilibrium, variations
of the correlation functions appear and these can be related to higher order correlation
functions. Violations of the higher order Ward identities then feed back into the equations
of motion for the fluctuations, leading to an inconsistent system overall. This leads to the
general conclusion: it is not possible to formulate a linear response theory for SI-nPTEAs by
requiring (as in the 1PIEA) the vanishing of WI violations and the linking of correlation
functions of different order (e.g. ¢ and A). Instead, one must rely upon a network of
cancellations among the wiolations of the usual 1PI relations by the corresponding nPI
quantities. Such a situation is delicate and highly truncation dependent, so that, so far,
it is not know that any truncation beyond the classical theory actually obeys all of the
required conditions.

It would be interesting to examine whether alternatives to symmetry improvement
can be extended to non-equilibrium situations. This motivates the investigation of the
linear response of the soft symmetry improvement formalism as a potential workaround
for the issues found here. There are two reasons that the results of this chapter cannot
be directly transferred to the SSI formalism of Chapter 5. The first is that the WI is not
exactly imposed in the SSI formalism, so that the treatment given above no longer applies.
Instead, one must explicitly compute the left hand sides of (6.9)-(6.12) and solve for the
response functions. This results in a very unwieldy set of equations. The second reason is
that, due to the infrared sensitivity of the formalism, the SSI investigation of Chapter 5 was
carried out in a finite volume in Euclidean space. However, the linear response equations
are formulated in an infinite volume and real time. Thus, an analytical continuation from
imaginary to real time must be performed. In principle this is straightforward (see, e.g.
[11]), although in practice it is complicated by the unusual behaviour of the zero mode in
the SSI formalism. As a result, though an investigation of the linear response theory of

soft symmetry improved effective actions is clearly motivated, it is deferred to future work.
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Chapter 7

Discussion

7.1 Summary of the thesis

This thesis has examined the theory of global symmetries in the n-particle irreducible
effective action formalism for quantum field theory with the goal of improving the sym-
metry properties of solutions obtained from practical approximation schemes. Chapter 1
motivated this investigation by showing that the inability to perform reliable calculations
in regimes where there are strongly interacting particles or many particles far from equilib-
rium has caused gaps to form between theory and experiment in regimes that are otherwise
well understood. These gaps are not just a practical problem, but they hinder efforts to
learn new physics. This was illustrated with the case study of electroweak baryogenesis
(EWBG), a theoretical proposal for the origin of the matter-antimatter asymmetry of the
universe. In EWBG, a strong first order phase transition of the Higgs field occurs in the
early universe. During the phase transition, bubbles of “broken” phase form and expand in
a background of “symmetric” phase. As the bubbles expand, bubble wall friction drives a
flow in the symmetric phase plasma which separates left and right handed particles. This
asymmetry between left and right handed particles is converted into a matter-antimatter
asymmetry by a tunnelling process (“sphalerons”) which is intrinsically non-perturbative,
and it is this resulting asymmetry that persists to the present day. Every step of this
complex process involves non-perturbative or non-equilibrium physics which is difficult to
treat reliably with presently available methods. It is hard to even estimate the uncertain-
ties of the predictions accurately. As a result, it is difficult to say whether a given model
can be excluded on the grounds of an incorrect baryogenesis prediction. These challenges
motivate the improvement of nPIEA techniques discussed in the remainder of the thesis.
Chapter 1 then concluded with a review of basic quantum field theory.

Chapter 2 then reviewed the nPIEA formalism. The nPIEA were derived for n =1, 2
and 3 for a generic quartically coupled scalar field theory. Then, in novel work (published
by the author as [3]), the properties of the 2PIEA viewed as a resummation scheme were
examined. For this purpose a toy model — effectively the quartic scalar field theory in
zero dimensions — was used which enabled comparisons with exact results, perturbation
theory, Borel, Borel-Padé resummation and a novel hybrid 2PI-Padé resummation scheme.

It was shown that the 2PIEA yielded predictions which were competitive with or exceeding
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standard resummation methods. This result could be understood in terms of the ability of
the 2PTEA, due to its self-consistency, to capture intrinsically non-perturbative properties
of the theory, in particular the vacuum instability for negative values of the coupling
constant.

Chapter 3 began the study of symmetries in the nPIEAs formalism. The generic scalar
field theory was specialised to an O (N) symmetric scalar field theory which formed the
basis of the rest of the thesis. The parameters of the theory were chosen to exhibit spon-
taneous symmetry breaking from O (N) — O (N — 1) , which results in N — 1 massless
Goldstone bosons and one massive “Higgs” boson. At high temperatures the symmetry is
restored and there are N equally massive bosons. On the basis of universality arguments
and lattice computations the phase transition is known to be second order in four dimen-
sions. The Ward identities governing the symmetry were derived in the 1IPIEA and 2PIEA
formalisms and it was shown that solutions of the truncated 2PI equations of motion gen-
erically violate the 1PI Ward identities. In particular, the Goldstone bosons are massive
in the Hartree-Fock approximation. As a result the phase transition is predicted to be
strongly first order. More subtle violations persist in higher order approximation schemes.
These results were contrasted with the large N method, which satisfied the Ward iden-
tities at leading order in 1/N but violates them again at higher orders, and the external
propagator method. The external propagator has been used extensively in the literature
on 2PIEA and does obey the lowest order Ward identity (i.e. Goldstone’s theorem), but
is not self-consistent.

Then chapter 4 studied the symmetry improvement method (SI) first proposed by
Pilaftsis and Teresi [1] for the 2PIEA. Symmetry improvement imposes the 1PT Ward
identities directly onto the solutions of nPI equations of motion through the use of Lagrange
multipliers. The constraint turns out to be singular and a delicate limiting procedure is
required to make sense of the theory. It is known that solutions are not guaranteed to exist
in arbitrary truncations of the symmetry improved effective action [6]. Pilaftsis and Teresi
[1] considered the method for the 2PIEA of a scalar O (2) theory. In novel work (published
by the author as [2]), chapter 4 extended their formulation to the symmetry improvement
of the 3PIEA for an O (V) theory. In the process two forms of the constraint procedure and
an ambiguity in the limiting process were discovered. The choice of constraint turns out to
make no difference in equilibrium, and the ambiguity in the limiting procedure was fixed
by introducing the d’Alembert formalism, which chooses uniquely the simplest possibility.
The SI-3PIEA was then renormalised in the Hartree-Fock and two loop truncations in
four dimensions and in the three loop truncation in three dimensions. The Hartree-Fock
equations of motion were solved and compared to the unimproved and SI-2PI Hartree-
Fock solutions. The result was that in the SI-2PI solutions the phase transition is second
order and Goldstone’s theorem is satisfied (in agreement with previous literature), but in
the SI-3PI solutions the phase transition is first order even though Goldstone’s theorem is
satisfied. This showed for the first time that masslessness of the Goldstone bosons in the
formalism does not imply that the phase transition is computed correctly. This is because

the Hartree-Fock truncation is not fully self-consistent for the 3PIEA. However, the first
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order transition in the SI-3PI case is much weaker than in the unimproved 2PI case, so the
symmetry improvement does help matters even so. Further checks of the formalism were
performed: it was shown that the SI-3PTEA obeys the Coleman-Mermin-Wagner theorem
and that the absorptive part of the propagator is consistent with unitarity to O (k), but
only if the full three loop truncation is kept.

Chapter 5 introduced a novel method of soft symmetry improvement (SSI) for nPIEA.
SSI differs from SI in that the Ward identities are imposed softly in the sense of (weighted)
least squared error rather than as strong constraints on the solutions. A new stiffness
parameter controls the strength of the constraint. The motivation for this method is that
the singular nature of the constraint in SI leads to pathological behaviour such as the
non-existence of solutions in certain truncations and the breakdown of the theory out
of equilibrium (which is examined more closely in Chapter 6). The hope was that by
relaxing the constraint some solutions with reasonable physical properties could be found
interpolating between the unimproved and symmetry improved limits for finite values of the
stiffness parameter. The SSI-nPIEA is sensitive to the infrared (large distance) boundary
conditions of the problem. In order to regulate the IR behaviour the SSI-2PIEA was studied
in a box of finite volume with periodic boundary conditions and at finite temperature.
The limit of infinite volume and low temperature was examined and three limiting regimes
found. Two were equivalent to the unimproved 2PIEA and SI-2PIEA respectively. The
third was a novel limit which had pathological behaviour. The zero mode of the Goldstone
propagator was massless as expected, but modes with finite energy /momentum had a finite
mass. Further, this mass increases as the constraint is more strongly imposed, contrary to
intuition. The phase transition is strongly first order in the Hartree-Fock truncation, and
there is a critical value of the stiffness parameter éc such that for f < 60 (more strongly
imposed constraints) solutions cease to exist for a range of temperatures below the critical
temperature. As 6 — 0 this range increases and at some finite value 6* the solution ceases
to exist even at zero temperature. This loss of solution was confirmed both analytically
and numerically. The 2PI, SI-2PI and novel SSI-2PI limits are all disconnected from each
other: in an infinite volume there is no continuous parameter connecting any two of the
limits. Thus the original goal of this program is not achievable in infinite volume. A paper
based on this work has been published [5].

Chapter 6 investigated the linear response of a system in equilibrium subject to external
perturbations in the SI-2PIEA formalism. This was based on novel work published by
the author in [4]. It was shown that, beyond equilibrium, the two constraint schemes
possible in the SI-2PTEA formalism are no longer equivalent. However, both schemes are
inconsistent in that the symmetry improvement constraints are apparently incompatible
with the dynamics generated by the 2PI equations of motion, at least in generic truncations.
This result could be understood as a result of two contributions: the decoupling of the
propagator fluctuation from the field fluctuation in the 2PIEA formalism and the failure of
the higher order Ward identities (i.e., those involving vertex functions) which is unavoidable
even in the SI-2PIEA. This latter source of error is present because an SI-nPIEA has only

n independent variables, thus is only capable of imposing n Ward identities at most.
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However, there is an infinite hierarchy of Ward identities involving higher order correlation
functions, all of which are violated in truncations. When a system is out of equilibrium
these higher order Ward identities feed back into the lower order equations of motion,
generating an inconsistency. As a result, SI-nPIEA are invalid out of equilibrium, at least

within the linear response approximation and for generic truncations.

7.2 Limitations of the results and directions for future work

The results in this thesis are limited in several respects. Most of the limitations are due to
the primarily analytical nature of this thesis. All but the simplest (Hartree-Fock) trunca-
tion of nPIEA require numerical solutions which are significantly more difficult than any-
thing attempted in this thesis. The reason for the great simplification of the Hartree-Fock
truncation (which also requires numerical solution) is that the self-energies are momentum
independent. Effectively, the thermal and quantum corrections contribute only to a shift
of the mass of the particles involved. These masses can be found self-consistently. In other
truncations the propagators are momentum dependent. Thus the effort is effectively multi-
plied by the number of lattice points in the spacetime discretisation used. The effort grows
even more rapidly as the n in nPIEA is increased beyond n = 2. The effort can be reduced
somewhat using lattice symmetries and algorithms based on the fast Fourier transform
(see, e.g. |87, 125, 134]), however the increase in complexity over the Hartree-Fock case
remains substantial. As such, while full numerical investigation of solutions of SI- and
SSI-nPIEAs is certainly an intriguing prospect, it has been deferred for future work. Here
follows a consideration of the limitations of each chapter.

The novel work of chapter 2 is the investigation of the analytical properties of the
2PIEA in contrast to standard resummation schemes. The chief limitation of this study is
that it only applies directly to the zero dimensional toy model. Perhaps the most significant
extension of this work achievable in the near term would a study along the same lines for the
quantum mechanical anharmonic oscillator. As a one dimensional system there is a wide
variety of relatively inexpensive techniques available to find numerical wavefunctions and
energy levels to arbitrary accuracy. Also, individual terms of the perturbation series can be
found, as well as accurate asymptotic expansions for the energy levels and wavefunctions in
the complex coupling constant A plane (see, e.g. [89, 90] for early studies of this system).
In order to extend the study of chapter 2 to this case one must solve the 2PIEA in such
a way as to obtain analytic information about the solution as a function of complex A.
Staying in zero dimensions there are several directions for further study. One can easily
extend the analysis to the 4PTEA for the toy model by introducing a four-point source that
effectively modifies A\. The most difficult step is performing the extra Legendre transform.
The resulting effective action should embody an even more compact representation of the
perturbation series than the 2PIEA, however it is not clear what new insights might come
from this study. Similarly, all of the results of chapter 2 could be computed to higher
order in the relevant truncations. It would also be interesting to study whether the hybrid

2PI-Padé scheme could be extended to a real theory.
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Chapter 3 started the consideration of symmetries in this thesis. The chief limitation
of chapter 3 is common to the rest of the thesis: only global bosonic symmetries are
considered. No attention was paid in this thesis to gauge theories, supersymmetric theories
or gravity (i.e. diffeomorphism invariant) theories, all of which are obviously of major
importance in high energy and mathematical physics. The main problem hindering the
extension to these theories is the proliferation of fields. Many of the existing treatments
of nPIEA for these theories neglect or incorrectly treat important phenomena such as
fermion-boson mixing. In general, for any two fields A and B in a theory one must
have a self-consistent 2P1 propagator A 45, even if A and B have differing charges, spin or
statistics. Similar remarks apply for arbitrary vertex functions V4pc etc. Thus the number
of quantities one must consider in the nPIEA formalism grows rapidly with the number
of fields. Note that mixed fermion-boson propagators do indeed vanish on solutions of the
equations of motion (as expected from Lorentz invariance, which is why they are often
neglected), but derivatives of the effective action with respect to these mixed quantities
do not in general vanish. Thus it is important to keep all mixed quantities during the
intermediate steps of the computation [135, 136].

Chapter 4 discussed the symmetry improvement formalism. Apart from the overall
limitation of this thesis to pure scalar theories with fields in a single fundamental repres-
entation of a global O (N) symmetry, the main limitations of this chapter are due to the
numerical issues discussed above. The theory is considered in the SI-2PIEA and SI-3PIEA
truncated to three loop order. Renormalised equations of motion are derived in the two
loop truncation in both schemes in four dimensions, and the three loop truncation in three
dimensions. Only the Hartree-Fock approximation is solved. Unfortunately, the most in-
teresting case is the full three loop truncation of the SI-3PIEA in four dimensions. With
these solutions a proper check could be made of the (a) existence of solutions, (b) sensitivity
of the solutions to the infrared boundary conditions, (c¢) order and thermodynamics of the
phase transition and (d) the predictions for the absorptive part of the Higgs propagator.
Unfortunately, finding these solutions requires a numerical effort similar in scope to a large
portion of this thesis. The main difficulty is that the renormalisation is not possible to
carry out beforehand in four dimensions: quantum corrections to the vertex function alter
its large momentum behaviour in such a way that the renormalisation must be carried out
at the same time as the iterative solution of the equations of motion themselves. This is
one of the main difficulties of nPIEA with n > 3 in general and this thesis has made no
headway on this problem. Also, depending on the scheme, the regularisation method and
renormalisation scheme may have to be redone. The only numerical 3PI solutions actually
presented are given in the Hartree-Fock truncation, an extremely simplified and not fully
self-consistent truncation that completely misses vertex corrections. As a result, the con-
clusions based on the Hartree-Fock results may not hold in the more physically relevant
two and three loop truncations. A numerical effort to find these solutions is therefore
strongly motivated. A conceptually straightforward, though probably laborious, extension
would be to the SI-4PIEA or higher. This move is motivated theoretically because the

4PIEA at four loop order is necessary for a fully self-consistent treatment of non-abelian
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gauge theories. The Ward identity involving the four point vertex would have to be de-
rived and enforced using a new set of Lagrange multipliers, then the equations of motion
derived and the Lagrange multipliers eliminated through a suitable limit procedure. Then
the equations of motion would have to be renormalised and solved numerically. Again, this
represents a substantial effort in its own right and it is not clear in the present state of the
theory what the pay off would be. In the spirit of chapter 2 the author would recommend
a first study of higher symmetry improved nPIEAs for gauge theories to focus on one of
the lower dimensional solvable models.

Chapter 5 introduced the soft symmetry improvement method. Again, the main limit-
ation of this study was the focus on the analytically tractable (or nearly so) aspects of the
formalism. Two studies are motivated by this chapter. The first is the numerical study
of solutions of the novel limit in higher order truncations. It is possible (though in the
author’s opinion not very likely) that the unsatisfactory aspects of the solutions obtained
are removed by higher order corrections. The second study is a numerical implementation
of the method in finite volume with some sort of lattice or momentum cutoff. In this regime
one does have a genuine interpolation between the unimproved and symmetry improved
cases (since there are only a finite number of degrees of freedom the least squares term in
the effective action must work as expected). Once the numerical method is implemented
one must do a number of sensitivity studies to determine if, for physically relevant para-
meter values, there is a regime which (a) approaches the continuum limit, (b) has adequate
symmetry properties and (c) is in a box of sufficiently large size for finite size effects to be
unimportant.

Chapter 6 started the study of non-equilibrium aspects of symmetry improved effective
actions. A limitation of this study is that conditions were identified that a truncation of the
effective action must satisfy in order to have a satisfactory linear response approximation,
but no truncation satisfying these conditions has been found so far. Indeed it is still an
open question whether it is possible to satisfy all of the conditions. The corresponding
study for the SSI-2PIEA is equally motivated theoretically, but has been deferred because
it is significantly more complicated. The reason is that the symmetry constraints are
only weakly enforced by the SSI-2PIEA. As a result, the dynamics of linear fluctuations
are determined by a mixture of both the 2PTEA and the symmetry constraints (i.e., the
dynamics are determined by the full SSI-2PIEA). Thus the full linear response equations
must be solved. These equations are a linear system which is in principle straightforward
to solve, but the actual equations turn out to be very bulky due to the form of the SSI term
and its derivatives. Another issue is that, due to the infrared sensitivity of the formalism,
the SSI investigation of Chapter 5 was carried out in a finite volume in Euclidean space.
However, the linear response equations are formulated in an infinite volume and real time.
Thus, an analytical continuation from imaginary to real time must be performed. In
principle this is straightforward, although in practice it is complicated by the unusual
behaviour of the zero mode in the SSI formalism. Thus, though the results of a linear
response investigation for the SSI-2PIEA would certainly be interesting and perhaps be

significant, the above considerations place it beyond the scope of this thesis.
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An evaluation of the overall status of symmetry improvement methods is in order. SI
methods have been applied with some success to the 2PTEA at the Hartree-Fock and two
loop levels. However, the non-existence of solutions of the two loop truncation with certain
cutoff regulators is deeply troubling. It implies that the symmetry improvement method is
coupling short distance and long distance physics in ways that are still poorly understood.
This defies the traditional understanding of the renormalisation group and perhaps relates
to the long standing difficulty with the renormalisation of nPIEAs generally. It is clear from
the results of Chapter 4 that ST methods can, at least formally, be extended to all nPTEAs
straightforwardly. However, the properties of solutions of these SI-nPIEAs is still poorly
understood. Only results for the Hartree-Fock truncation of the SI-3PIEA are known,
and it is likely that these results will change qualitatively when higher order computations
are done. The study of these methods is hampered by the difficulty with renormalisation
in four dimensions, which has largely been sidestepped in this thesis. Similarly, the SSI
method has only been applied in the Hartree-Fock truncation. It is certainly reasonable
to hope that the difficulties with the SSI method are removed, or at least ameliorated, at
higher orders. So far the hints are that carefully taking the infinite volume limit is critical
in all cases, a result that is suggestive when seen alongside the IR problems of the SI-2PIEA
at two loops. There is much that remains unknown about these methods. Progress is slow,

but monotonic.

7.3 Closing remarks

A case could perhaps be made that this thesis is presenting a null result. After all, the
dream of an analytically tractable and elegant, fully self-consistent, manifestly gauge in-
variant, non-perturbative and non-equilibrium formulation of non-abelian gauge theories
with chiral fermion matter and Higgs fields remains just that: a dream. Perhaps it is a
pipe dream. This thesis has not found the silver bullet for handling symmetries in non-
perturbative quantum field theory. Nor does it seem likely that any of the techniques
introduced in this thesis will open the door to a world of new discoveries any time soon.
Rather this thesis is perhaps more in line with the normal, unglamorous, progress of science
which is more akin to the mythic bird who, by aeons of persistence, gradually chips away
at the mountain revealing one fleck of unweathered stone at a time.

This thesis has made a contribution to the literature on symmetries in quantum field
theory less by finding a solution to the problems of the field and more by, hopefully, reveal-
ing some new faces of the same old problems. The n-particle irreducible effective action
methods are certainly very formally elegant methods capable of handling non-equilibrium
situations in quantum fields theories in a fully self-consistent, non-perturbative way which
is derived directly from first principles. But difficulties persist.

The n-particle irreducible effective actions derive their strength by re-organising per-
turbation theory, but this very same act intimately couples the scales in a problem, so the
problem of enforcing symmetries at large distances can no longer be separated from the
problem of making the theory finite at short distances. Likewise, the theory punishes you

for asking the wrong questions. If you ask for strictly massless Goldstone bosons you had
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better be prepared to work in infinite volume. The price to be paid is that, since scales are
now coupled, solutions do not always exist. If you want to impose constraints on the states
of the theory (the masses of particles), then the same constraints determine the dynamics
(linear response), and the same constraints cannot get both aspects right.

It appears that non-perturbative quantum field theory is a world of trade-offs where no
free lunch exists. The good news is that the journey is still just beginning. The techniques
studied in this thesis were originally proposed less than four years ago as I write this. So
it is that I, the author, hope that by navigating these treacherous waters (and perhaps

running aground at points), those who come after may more easily find the clear path.
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Appendix A

The auxiliary vertex and its

renormalisation

As described in Section 4.7.3 the renormalisation of the three loop 3PIEA requires the
definition of an auxiliary vertex Va’z . with the same asymptotic behaviour as the full self-
consistent solution at large momentum. This auxiliary vertex can be found in terms of a
six point kernel Kgpeqer which obeys the integral equation (4.118), reproduced here

1 3ih
Kabedef = daadbedes + 5 > <—2> (@) Wa(b)m(e)hg D Ay Knijdes- (A.1)

This can be written graphically as

" —ws -

where the shaded hexagonal blob is I and the solid hexagonal blob is the sum over all
permutations of the lines coming in from the left and connecting to those on the right.

Solving (4.118) by iteration generates an infinite number of terms, one of which is

a d
b e. (A.3)
c f

Each contribution is in one-to-one correspondence with the sequence of permutations
Ty - - Ty - -+ of the propagator lines (read from left to right in relation to the diagram).
The permutations fall into two classes: “stabilisers,” for which 7 (a) = a, and “derange-
ments,” for which 7 (a) = b or ¢. Any sequence of permutations is of the form of an
alternating sequence of runs of (possibly zero) stabilisers, separated by derangements.
Consider a run of n stabilisers, - - -7, (w172 - - 7, ) 7y - - -, where m, and 7, are derange-
ments and 7 through m, are all stabilisers. The case for n = 2 is shown above. Each
stabiliser creates a logarithmically divergent loop on the bottom two lines ~ —AZF. De-
rangements on the other hand, if they create loops at all, create loops with > 2 propagators,

and hence are convergent. Thus all divergences in Kgpeqer can be removed by rendering
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a single primitive divergence finite. Note that the whole series Y 2 - mq ([[;—; mi) 7.
where again m,; are derangements and {m;} are stabilisers, can be summed because the
series is geometric. The result is that the six point kernel can be determined by an equa-
tion like (4.118), except that the sum over all permutations is replaced by a sum over
derangements only, and the bare vertex W is replaced by a resummed four point kernel
IC((i)Cd ~ A/ (14 AZ*). Substituting the solution for K in (4.117) gives the solution for V/, .

This expression for Va’;) . can be dramatically simplified in 3 or 1+ 2 dimensions because
T# is finite and the geometric sum in IC((;;)C 4 converges. Indeed IC((:;)C 4 (P1,D2, 03,01 + D2 — p3) ~
A/ [1 + M/ (p1 +p2)* % = X as prasa — co. Further, every loop integral in (4.117) like-
wise converges, and every loop yields a factor of ~ 1/p*~¢. Thus the dominant behaviour
as p — oo is just the tree level behaviour and the auxiliary vertex can be eliminated
completely.

However, in 4 or 1 4+ 3 dimensions Va’g . apparently cannot be simplified further. First
Ko

(or the equivalent integral equation) must be renormalised, then the resulting series must

, must be renormalised, then the bubble appearing in the non-trivial terms in (4.117)

be summed (or the equivalent integral equation solved), noting that on the basis of power
counting every term is apparently equally important. On this basis ones expect that no
compact analytic expression for Va’z .» Or even its asymptotic behaviour, exists and that the
renormalisation must be accomplished as part of the self-consistent numerical solution of
the full equations of motion.

This style of argument can be quickly generalised to many other theories, such as gauge
theories, where the diagrammatic expansion has a similar combinatorial structure to scalar
O (N) theory, showing up the well known problem of the renormalisation of nPIEA for
n > 3 in four dimensions. The discussion here certainly does not solve this problem, which

remains open, to the author’s knowledge, though hopefully this discussion may be helpful.
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Appendix B

Deriving counter-terms for three

loop truncations

Here the renormalisation of the three loop truncation of the SI-3PIEA is carried out in
1 + 2 dimensions as discussed in Section 4.7.3. The effective action is as in the two loop
truncations in Appendix C except for a new counter-term dA — dA¢ for the the ®5 term
and the addition of the three loop diagrams
4 6 ih? 3 3 g ih? 4 6
b3 =ZyZp |(N=1) 5V (V)" (Am)” (Ag) + o7 (V)" (An)
’L.hg —\4 4
+(N-1) 8 (V)" AgAp (M), (B.1)

ih3 (A 40X _ -
Dy = Z(QZ)Z‘Q/ZZ [2 (N -1)VVy (Ar)® AcAg + (N? = 1) VV AL (Ag)!

13V Vi (Ag)® + 22 (N — 1) VV (Ag)? AHAH} , (B.2)

gy = MATN 4 {I(N = 1) AgAg + ApAp +2(N - 1) (Aa)' +2(Am)'}.

144
(B.3)

The equations of motion following from I'®) are then

A+ A
Al = - (ZZAGHB“ +m?® +0mf + ZA+611)2)

o | =t

h
[(N+ 1) A+ (N —1)6)5 + 260\ ] Z3Te — G (A + 00 ZXTu

A+ 6)\o) Z5t _ _
G g) v _ | AgAgT

—ihZE 7%

+ W2y Z3 [VN (V) (An)* (26) + (V) AuAy (AG)?’]

B2 (A + 6\ _ B o
+ (;)Z%ZZ VA (Br)* A + (N + 1) VV AR (8a)® +3VV (Ag)* Agdy
B2 (A + 6N)?
+ (1—;)Zi [(N +1) (AG)3 + AHAHAG} , (B.4)
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for the Goldstone propagator,

V__(/\+<;/\c)v
(A + 6
L0+

7o+ iz 73 [VN (V) (Ap)? Ag + (V) Ay (Ag)ﬂ
Z2 [Vy (Ap)? + (N + 1)V (Ag)? + 4VAGAH] , (B.5)

for the Higgs-Goldstone-Goldstone vertex,

Vi = = (A+0x0) vZy ! +inz3 Z4 [(V = 1) (V) (A6) + (Vi) (A

(X + O
L (A +0))

5 Zi (N -1) VAGAG + 3Vy (AH)ﬂ , (B.6)

for the triple Higgs vertex, and finally

0=Ag' (p=0)v, (B.7)
0=2ZvZaV (p,—p,0) v+ AG" (p) — AG' (1), (B.8)

for the Ward identities.

Note that the only divergent integrals in these equations are the linearly divergent
tadpole integrals 7,/ and the logarithmically divergent BBALL integrals (last line of
B.4). By power counting one finds that the third, fourth, and fifth lines of B.4 produce

finite self-energy contributions with leading asymptotics ~ p~1, p~*, and p~2 respectively.
One can separate finite and divergent parts of Aal as
_ A o0
8g = (90" 4w 437 = [ 0) - Sk (me)] - SE (). (B9
where
0 h w h o
—ZG():—g (N+1DA(Te - T)—g)\(TH—T)
(A 5)\ Z _
m[z L) LU v DN
42 [V ) (Ag)? + (V) AgAy (Ac)ﬂ
h2 A + S\) Z3 _ _
WA+ 0N Zy [va (AP Ac+ (N + 1) VV AL (Ag)® +3VV (Ag)? AHAH]
R (X + 5)\ Z4
L = )2 [(N+ 1) (Ag)® + AgAgAg — (N +2) Bﬂ , (B.10)
and
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oA A+ oAf
—52 (p) = =5 (ma) — ((zzA 1900+ amd+ M2 4 (7, 1) AN )

— — (N+1)ATH - Z (N — 1)) +2078] Te

[(N+ 1A+ (N —1)6)\ +2007] (Z3 - 1) Ta

St S| S

ATH — gaAg‘TH - % (A+6X08) (2R = 1) Tu

A+ 0No) Z5t _ _
(A + 30) A vl [N v

—ih (Z5Z% — 1) [—2

+ h2 (Z{‘;ZZ — 1) [VN (V)S (AH)?) (Ag)Q + (V)4 AgAg (Ag)3:|
h2 (A +6X) Z%
+ - @@= =2
3
X [VVN (A Ac+ (N + 1) VV AL (Ag)® +3VV (Ag)? AHAH]
h2 (A +0X\)? Z4 -
18 ’

(2323 - 1)

+ (N +2) (B.11)

are the finite and divergent parts respectively and we introduced the BBALL integral
Bt = fqp A (q) A" (p) A* (p + q). This split has already assumed that (A + dA¢) Z;,* and
(A +0X) ZX are finite, which will be demonstrated to be consistent shortly. Renormalisa-
tion requires X% (p) = 0. Note the explicit subtraction of ¥% (m¢) in order to fulfil the

mass shell condition. Doing the same now for A;{l gives the pole condition
0= ZvZAV (my, —mu,0) v +mi —mZ — X% (my), (B.12)

which requires
m + 3¢ (mar) — mi

YA AN
vas V (mg,—mpmg,0)v

K, (B.13)

which is finite. Taking for the other renormalisation conditions the separate vanishing of

kinematically independent divergences, implies

ZZa =1, (B.14)

omi = %% (mg) — g (N +2)ATH + (N +2) thQBM, (B.15)

oot = _Za=DA (B.16)

ZA

ZE7Z% =1, (B.17)
0=(N—1)6)\ +267\F

+[(N+ 1) A+ (N —1)60 +2005] (23 — 1), (B.18)

0=0M"+ (A +6)\) (Z3 - 1). (B.19)
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The conditions

(A 0N Z% =\, (B.20)
(A +0Xe) Zyt = A, (B.21)

can be used to recover the tree level asymptotics for V and V. These conditions give a
closed system of nine equations for the nine quantities Z, Za, Zy, dm?, 5)\‘14, 5)\’24/3, oA,
and d)\¢.

The solution of all these equations can be found in Appendix C, with the result that

sxd = oap = Al (Zéi_ b _ (k2 —1) A, (B.22)
Zy = K3, (B.23)
In = k2, (B.24)
Z = K2, (B.25)
SA= (k"= 1)\, (B.26)
Shc = (K% —1) (B.27)

Note that if £ = 1 all of the counter-terms except dm3 vanish. This is a manifestation of
the super-renormalisability of ¢* theory in 1 + 2 dimensions. The non-zero, indeed finite,
values of all of the other counter-terms are not required to UV-renormalise the theory,
but only to maintain the pole condition for the Higgs propagator despite the vertex Ward
identity.
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Appendix C

Mathematica notebooks for

renormalisation

Many of the renormalisation calculations must be performed using a computer algebra
package owing to the unwieldy form of the intermediate results. For reference purposes
the Mathematica notebooks used to produce the results in this thesis are included here.
The text of these notebooks is bulky, however, if one wants the explicit expression for the
counter-terms in some approximation, or the explicit steps used to derive them, they can
be found in the following pages. The full notebooks will be made available in machine

readable form online at https://github.com /mikejbrown /thesis.
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Renormalization of 2PIEA gap
equations in the Hartree-Fock
approximation

Author: Michael Brown
Supplement to thesis Chapter 3

Mathematica notebook to compute couter-terms for two loop truncations of the two particle irreducible
effective action

ClearAll [veom, geom, neom, divergentpartrules, mg2soln, cteq, cts, ém, 1] ;

Hartree-Fock gap equations with counterterms

Goldstone equation of motion. Quantities in reference to the thesis are:

p is the four-momentum flowing through the propagators Ag™ and Ay?,
mg2 is the Goldstone mass squared mg?,

mn2 is the Higgs mass squared my?,

Z and ZA are the wavefunction a propagator renormalization constants,
m? is the (renormalized) Lagrangian mass parameter, smo2, 6m;2 are its counter-terms,
A is the (renormalized) four point coupling,

OAo, OA1a, OA1p, OAz 4, OA2p are the independent coupling counter-terms,

v is the scalar field vacuum expectation value,

his the reduced Planck constant,

n is the number of fields in the O(n) symmetry group,

teog, toon are the divergent tadpole integrals for the Goldstone, Higgs resp.,
tfing, tfinn are the finite parts of the tadpoles for the Goldstone, Higgs resp.

Equations of motion

Vev equation of motion

Printed by Wolfram Mathematica Student Edition



2 | twopiea-two-loop-renormalization.nb

A+ 60 3
+———V
6

a ) a _
—ZA (N-1) (A+8t1a) V (twg + tFing) + = ZA (83X +6X1a+26A1b) V (teon + £FiNN)
6 6

veom = Za™ (m? + 8mo?) v +

A h h
finveom =m?v+ =Vv3+ = (n-1) Avtfing+ = avtfinn
6 6

Vv (M2 + é&m 1
<7%>+—V3 (A +OAg) +
ZA 6

1
g (-1+n) (tFing + tog) VZA A (A +SEXa) + (EFINN + tonN) VZA A (B X+ S8Xa + 2 6Ap)

o |

v3
m2 v +

1 1
+ E (-1+n) tFingv 1 h + Etfinnvzh

Goldstone equation of motion

X+ 86X
geom = p? - mg2 ==ZZAp2-m2—6m12—ZA$V2-
6
A A
— ((n+1) X+ (n-1) 6224 +26X2b) Za® (teog + tFiNg) - = (X + 6X2a) Za% (twn + tFinn)
6 6

H 2 2 2 A 2 h H a H
finmg2 = mg2 /. Solve[p®-mg2 = p?-m? - = v? - = (n+1) Atfing - — A tfinn, mg2] [[1]]
6 6 6
1
-mg2 + p2 = -m2 + p2ZZA-5mf - — VZZA (X +6Xa) -
6
1 1
g (tFinn + ton) ZA2 A (X + SXa,) - g (tFing + teog) ZA2A ((1+N) A+ (-14N) X4 +2ENp)
1 _ _ -
A (6m2+v2a+tfing 1 h+ntfing A h+ tfinn X k)

Higgs equation of motion

B3A+6A1a+2 6101
neom = p? -mn2 = Z ZA p? - m? - 6my? - ZA v ( 2 ) -
6

A
— (A+6X2a) (N-1) Za? (twg + tfing) - — (31 +6X2a + 2 8X2p) Za (twn + tFinn)
6

o | B

H 2 2 2 2A a H a H
finmn2 = mn2 /. Solve[p?-mn2 = p?-m?-v? = - = x (n-1) tfing - — A tfinn, mn2] [[1]]
2 6 2
1 _
-mn2 + p2 = -m2 + p2ZZA - 5mf - E (-1+n) (tFing + tog) ZAZh (X +6X234) -

1
gv2 ZA (BA+62a+260) - — (EFiNN+ ton) Za2 A (3 + 50 + 2 5A2p)

o |

1
A (6m2+3v2-tfing xh+ntfing xh+3tfinnh)

Infinite parts of tadpoles

c0, c1, A and p are regularisation/renormalisation scheme dependent quantities
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twopiea-two-loop-renormalization.nb | 3

divergentpartrules = {twog - c0 4%+ clmg2 Log[a? / u?], ten - cOA? + c1 mn2 Log[a? /u?]}
A2

2
{twg > cOAZ+clmg2 Log| — |, ten - cO A2 + clmn2 Log[A—ZH
U

Sub in tadpole expressions, eliminate mn2 and solve
for mg2

mn2fromneom = Solve[neom /. divergentpartrules, mn2] [[1]]

2
{mn2 - A

_m2_p2 .02 e L 2 i 2 o _
m2 - p2 + p2 Z ZA - 6m3 . (-1+n) Za2h |tFing + cO A2 + c1mg2 Log | 2] (A +6X23)
u

1 1
gVZZA (B3A+6Xa+2 8 - gtfinnZAzh (B3X+ 06224 +28X2p) -

/

A2

1 1
gCOZAZAzh(S)\+6/\2a+26)kZb) —1+gcle2hLog[

:2] (3A+6A2a+2612b)]}
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4 | twopiea-two-loop-renormalization.nb

mg2soln = mg2 /. (geom /. divergentpartrules /. mn2fromneom // Solve[#, mg2] [[1]] &)

1 1
-pZ2+p2Z2Zn-mf - EVZZA (X +62a) —gtfinnZAZh (X +6X4) -

1 1

gCOZAzAZh (A +SX2a) —gtfingZAzh ((L+N) X+ (=1+N) Shoa+2EX2p) -
1

gcozAZAZh ((L+n) X+ (=14N) SX2a+260p) +

clm2za2h Log[%} (X +6X23)

6( 1+%tc1za2nlog[’] (3)L+6/\2a+26)k2b))

clp2Za2nlog[] (A+62a)

6 (-1+§clezhLog[A—2 3A+6/\2a+2612b))

o
J
clp2zZzadnlog[ ] (1+6iza)
]«

6(—1+%c12A2hLog[ 31+6/\23+26)k2b))

1:

A2

clzZa?n Log[H | 5m2 (A +622a)

6 (—1+%CIZA2hLog[ 27 ¢ 3A+5/\2a+25/\2b>)

cl (-1+n) tfing Za4 n2 Log[ﬁ—z] (A +6X24)2

+

36 (—1+%ClZA2hLogM\%} (3/\+6A23+25/\2b))

cOcl (~1+n) Za4 A2 2 Log[ﬁ—ﬁ] (A +6224)2

+
36 (7 ++clza2nLlog[ %] (3ﬂ+5k2a+25/\2b)>

clv2Za3h Log[A—z] (X+622a) (BA+6EXa+26X)

+

36 (-1+ g clza?nlog[’s] (32+62a+20600p) |

cl tfinn Za4 n2 Log[%] (A+6X2a) (BA+6X2a+22p)

+

36 (-1+Lc1202nLog[ 2] (32+62za+2 50z0) |

cOcl Za% A2 n2 Log[%] (X +6X2a) (BA+EX2a+28Mp) /
36( 1+%c1za2nlog|’] (3/\+6)L2a+26A2b))
2

1 A
—1+8C12A2hLog[—2] ((L+n) X+ (-1+N) 8Xga+28Xp) -
u

cl12 (-1+n) Zp4 n2 Log[A—z} (X +6X24)2

36 —1+%cle2hLog[u—2} (BA+ X0 +28p)
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twopiea-two-loop-renormalization.nb | 5

mn2soln = mn2 /. mn2fromneom /. mg2 -» mg2soln // Simplify
1

6 (-1+5clza?nlog[*] (3a+620a+206%2n)

6mM2+6pP2-6pP2ZZA+606M+V2ZA (3A+EXa+28N) +

tFINNZAZ A (3 A+ 6X0a+28p) +COZAZ A2 A (3 A+ 800+ 2 SAap) +
A2 A2
[(71+n) ZA2 A (X +62,) |18 tFing + 18 cO A2 + 18 c1 m2 Log[—z] +18 ¢l p2 Log[—z] -
u u
N2 A2 A2
18c1pZZZALog[—2] +3c1v22AkLog[—2] -9cltfingZa2 i h Log[—z] +
u u u
B N2 N2 A2 2
3citfinnza2xnlog|—|-6c0clza2xn?hlog[—|-6c12m2Za2xnlog|—]" -
u? u? u2
A2 .2 A2 2 _ N2
6c12p22A2)tbLog[—2} +6012pZZZA3)\hLog[—2] —3cltf|ngZA2hLog[—2}
u u u
_ N2 A2 2
6A23+301tf|nnZA2hLog[—2]6A23+c12v22A3)khLog[—2} S5Xpa +C12Vv2 ZA3 X
u u
A2 .2 N2 N2
nlog|—|" 62 +C12 V2 Z% 11 Log — ] cmgaé)kb—SCltflngZAzhLog[ > 822b -
u u? u?
N2 N2
6c0clza?2r?nlog|— }612b—6012m22A2bLog[ ] SXop-6¢12p2ZA2h
2 u2
A2 A2 A2
Log[—2]26A2b+6c12pZZZA3hLog[—2]25A2b—c12v22A3/\hLog[—z}zéxzb—
u u u
A2 A2 A2
6cl Log[ } smf |-3+¢1ZA2 0 h Log[—z} +clza2nlog| — ] 6A2b) -
u? u u?

A2 A2
clv2zZalog|— ]6/\a[73+cle2AhLog[—2}+c12A2hLog 6121,))]
u? u
2 A2
{[-3+clza2mLog[A—2}+cle2hLog[ ]6/\2bJ { 6+2cle2MqLog[ }
u 2 2
2 A2
canAZ)thLog[A—z}+c1nZA2hLog[ }6A23+2c12A2hLog[ ]6121)]))
U u?

Gather divergences proportional v, tfing and tfinn and
set independently to zero

First we subtract the finite equation of motion, then gather coefficients of the remainder into a list and
set each to zero (after some trimming and simplifying).
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6 | twopiea-two-loop-renormalization.nb

cteq = ((CoefficientList[mg2soln - finmg2, {p, v, tfing, tfinn}] // Flatten) //
DeleteDuplicates // Simplify // FullSimpl ify) =0 // Thread

2

A
6 6m7 + ZA2 A | c0 A2 + ¢l m2 Log[—z]

((2+n) A+n5AZa+25/\2b))/

U
N2 N2
{—6+c1 (2+n) ZAZAhLog[—Z] +chA2hLog[—2] (n6A23+2612b))] =0,
u u
Ah AZ A2
—?+(SZA2I’1(A+6A23))/ —3+C12A2AhLog[—2]+C12A2ﬁLog[—2}6A2b]
u u

A2 N2
[76+cl (2+n) Za2 1 A Log[—z} +c12A2hLog[—2] (néAZa+25/\2b)]} =0,
u u
A2
6+cl (1+n) /\hLog[—Z] +
U

1
6cllog|’]

18
n(-3+clza2xn Log[ﬁ—ﬁ] +clZa2h Log[ﬁ—z] 522b)

+ (36 (—l+n))/

A2 N2
ni-6+cl (2+n)ZAZAhLog[—2]+cle2hLog[—2} (néAZa+2512b)]) =0, True,

u u

ZA (A + 6A
,&Jr (2+6b> ; —(ZA((2+H)A+n6)ka+26/\b))/
6 n(—3+chA2AhLog[ﬁ—2]+c12A2hLog[ﬁ—2]6A2b)
N2 A
n|-6+cl(2+n) ZAZAhLog[—Z}+cle2hLog[—2] (NEXoa+26X2p) ]0
u u

A2 A2
(—6+GZZA)/ [76+cl (2+n) ZAZAhLog[—Z} +cle2hLog[—2] (n612a+26A2b)] == 0}
u u
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twopiea-two-loop-renormalization.nb | 7

cteqg2 = ((CoefficientList[ngsoln-finmn2, {p, v, tfing, tfinn}] // Flatten) //
DeleteDuplicates // Simplify // FullSimpl ify) =0 // Thread

2 2 a2
cOA?+clm?Log| 2] ((2+N) A+NSA2a+2 A1)
u

6 6m7 + Zn2 h

N2 A2
{—6+c1 (2+n) ZAZAhLog[—Z] +chA2hLog[—2] (n6A23+2612b))] =0,

U U
1 A2 6 (-1+n)
-— 2+c1AhLog[—]+ +
2c1Log[A—2} u? n(—3+chA2AhLog[A—2]+chA2hLog[ | 6221)
N2 N2
12/ n|-6+cl (2+n)ZA2)LhLog[—2}+cle2hLog[—2] (n6A2a+25A2b)]] =0,
H H
N2 N2
[(—1+n)ﬁ 7ZA26A2a(718+c1nAhLog[—2} (—3+c12A2/\hLog[—2])+
U U
N2 2
chnZAZAhZLog[—Z} 5o | +
u
N2 A2
/\(18(—1+ZA2)+C12A21hL0g[—2} (3 (4+n) -cl(2+n) Za2xnlog[—] | - c1Za?
u u
G A2 A2
nlog|— ]5/\2b[-12+c1<4+n>zA2mLog[—2}+2c12A2hLog[ ]5/\2b)] )/
u? H u?

A2 N2
(6 [-3+cle2mLog[—2]+c12A2hLog[ | 6220
U u?

A2
(76+c1 (2+nN) ZAZAhLog[ ]+ClZA2hLog[ ] (n6/\2a+25/\2b)J]:0,
u? u?

A (-1 +nNn) ZA (X + EXp)
True,—E— -

n(-3+clza2n Log[ﬁ—z] +clZA2h Log[%} 522p)

(Za ((2+n) A+néxa+25xb)>/

N2 N2
-6+cl (2+n) Za2h Log[—z} +cle2hLog[—2] (NEXoa+26Ap)
u u

]:o,
2 2

AN AN
(—6+6ZZA)/ [—6+cl (2+n) zAZMLog[—Z} +cle2hLog[—2] <nm2a+2mzt,>]

u u
0}
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8 | twopiea-two-loop-renormalization.nb

Solve for counterterms

Find counter-terms from the gap equations

ctegs = {cteq, cteq2} // Flatten // FullSimplify // DeleteDuplicates

N2
[|66m}+2Zn2n COA2+clm2Log[—2] (<2+n>A+n5A23+2612b)]/
I
A2 A2
(76+c1 (2+nNn) Za2 X h Log[—z] +cle2hLog[—2] (n 512a+25)L2b)] =0,
u u
N2 A2
¢l (/\7 (18 Zn2 (/\+6)\2a))/ [(73+C12A2)u”1 Log[—z} +chA2hLog[—2] 6A2b)
u U
N2 A2
(—6+cl (2+n) Za2 X A Log[—z] +cle2hLog[—2} (n5123+2m2b)])) -0,
u u
1 N2 18
——————|6+cl(1+n) anlog[—] + - +
clLog[ﬁ—z] u? n(73+c12A2)\hLog[2—2}+cle2hLog[A—2} SXzb)
(36(—1+n))/
A2 N2
-6+cl (2+n) ZAZ)\hLog[—Z} +cle2hLog[—2] <n6A2a+25A2b)J] =0,
u u

True, X+ (6ZA ((2+n) /\+n5/\a+25/\b))/

N2 A2
-6+cl (2+n) Za2 A hn Log[—z} +c12A2hLog[—2] <n5A2a+26A2b)]}
u u

6 ZA (A + OXp)

n (73+012A21hLog[2—§] +c12A2hLog[A—2] 522p)

(—1+ZZA)/

A2 A2
-6+cCl (2+n) ZA2 xh Log[—z] +C12A2hLog[—2] (n 5A2a+25A2b>) =0,

u U
2
_r 2+c:1)khLog[A—}+ 61+ +
clLog[%] 2 n(—3+c12A2/\hLog[A—2]+cle2hLog[A—2} SX2b)
A2 N2
12/ -6+cl (2+n) ZAZAhLog[ ]+c12A2hLog[—2] (néxzﬂzmm))] =0,
u? u

N2 A2
(-1+n) A (A— (18 a2 (A+6A23))/ [(—3+c12A2/\hLog[—2] +c12A2hLog[ }51%)
U u?
A2 A2
(76+c1 (2+n)ZAZAhLog[—Z]+cle2hLog[—2} (n5A2a+26A2b)]J) -0,
u u
2 (~1+n) ZA (X +6Xp)
A+ " +(22A((2+n)/\+néka+26kb))/
n(73+012A2AhLog[ﬁ—2}+chA2hLog[A—2]6A2b)

A2 A2
-6+cCl (2+n) ZA2 A h Log[—z} +C12A2hLog[—2] (n6A23+26A2b)]] = 0}
U U

n
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cts

{-

twopiea-two-loop-renormalization.nb

= {6m?, 621a, 622a, 6X1b, 6X2b, Z, ZA} /. Solve[ctegs,
{éMm1, 6A1a, 6A2a, 6A1b, 6A2b, Z, ZA}Y] // FullSimplify // DeleteDuplicates
: Equations may not give solutions for all "solve" variables. >

(2+n) xh (cOAZ+clm? LoQ[ﬁ—j”

6+cl (2+n) AhLog[ﬁ—i}

-1+

6 (2+n) ) 6
nZa (6+cl (2+n) anlog[%]) 3nZasclnZaxnlog|’;]

18
202 (3+clanlog[“]) (6+cl (2+n) xnLog[5])

-1+

3
3za+clzZaxnlog|’;]

3
202 (3+clanlog[%])

L2}

-1+

, A -1+

ZA is redundant in this truncation, can remove it :

cts /. Za-1// FullSimplify

{-

(2+n) xh (cOAZ+clm? Log[ﬁ—z})

6+cl (2+n) AhLog[ﬁ—z}

1 6 6 (2+n)
1. . ,
3n+c1n/\hLog[ﬁ—§] n(6+cl(2+n)AhLog[ﬁ—§})
18
-1+ ,
(3+cl)u"qLog[ﬁ—§]) (6+cl (2+n) AhLog[ﬁ—;])]

3
3+clanlog|’;]

3
3+clanlog|’;]

-1+

, A -1+

.1, 1})
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10 | twopiea-two-loop-renormalization.nb

Verify that the finite gap equations come out right

finmg2 ==
(ngsohw/.Solve[cteqs,{6m1,élla,ézZa,éng,Z,ZA}] /. ZA -1 /7 FullSimplify //
DeleteDuplicates) [[2]] // Simplify

: Equations may not give solutions for all "solve" variables. >

) -c0A? - c1 m? Log[Power[«<2>>] Power[<«2>>]] VZAA + <1>)
: Expression |-m? - _ _
cl Log[% 2«<1» (A + <1>)
%

3 tfing «<1>> n(_(_l FA+(L+n)A+ _z(;)_)

3«3 Log[«1>>]

26 v cl 2o Loglelm ]l (s A - (3c0A2AZA(-(-1+n) A+ (1 +n)A+(2(9Power[«2>>] + <
+cl «<2> Log[«<1> + OA

7>> + Power[<«<2>>] Power[«2>>] «<1>> Power[<«2>>] Power[<«<2>>])) / (3 c1 A% hLog[Times[«<2

2
>11)))/(2 (3 + cL A hLog[Times[<«<2>1])? (A + 6/\b)2)] / (-1 + (3 clA2h Log[/\—z] (-(-1+nA+(1
u

+N) A+ (2 (Times[«2>>] + Times[«5>>] + «<5>> + Times[«6>>] + Times[<<5>>]))/(3 c1 A2 hlog[«1
>>]))) / (2(3 +cl AhLog[«<15])? (A + 5/\b)2))

simplified to ComplexInfinity. >>

True

finmn2 == mn2 /.
((neom /. divergentpartrules /. mg2 » mg2soln /. Solve[ctegs, {ém1, SA1a,
6A2a, 6A1b, 6A2b, Z, ZAY] /- ZA > 1 7/ FullSimplify //
DeleteDuplicates) // Solve[#, mn2] &) // FullSimplify
: Equations may not give solutions for all "solve" variables. >

{True}

Find counter-terms for vev equation

rnveom = veom /. {mg2 -» finmg2, mn2 » finmn2} // Simplify // DeleteDuplicates
1 (6 (m2+omg)
Ty | /70

+V2 (X +8X) +
6 ZA

(-1+n) (tFing + tog) ZAh (A +6Xa) + (EFINN + ton) ZA A (3 + EXa + 2 54p)
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ctegs3 =

1 1
((((CoefﬁcientList[ (— rnveom - — finveom) / - divergentpartrules /. {mg2 » finmg2,
\% \%

mn2 » Finmn2} // Simplify // Expand // FullSimplify, {v,
tfing, tfinn}] // Simplify // Flatten) // DeleteDuplicates //
Simplify // FullSimplify // DeleteDupIicates) =0 // Thread| /.

Solve[cteqs, {ém1, 6A1a, 6AX2a, 6A1b, OA2b, Z}] /- ZA -1 // Simplify //

FullSimplify // DeleteDupIicates) [[1]1] // Flatten // DeleteDuplicates

(2+n) xh (€O A2 +clm? Log[ﬁ—i])

; +6mg =0, True,
6+cl (2+n) AhLog[ﬁ—z]

2-2n 2 (2+n)
3|1+ -

3n+c1nAhLog[ﬁ—§] n(6+cl(2+n) M"ILOQ[%H

+ 620 =0}

Verify counter-term expressions in text

{6m? == 6mo?, 6X1a == 6224, 6A1b == X2b} /-
Solve[cteqgs, {émi, 6A1a, 6AX2a, 6A1b, 6A2b, Z, ZA}] /. Solve[ctegs3, {&mo, 6A0}] /-
ZA - 1 // FullsSimplify // Flatten // DeleteDuplicates
: Equations may not give solutions for all "solve" variables. >

{True}
{6A1a/ 6A1b} /- Solve[cteqs, {éM1, SA1a, SA2a, SA1b, OA2b, Z, ZA}] /.-
Solve[ctegs3, {mo, 6A0}] /- ZAa - 1 // FullSimplify // Flatten // DeleteDuplicates

: Equations may not give solutions for all "solve" variables. >

3 (2+n)

{l+
6+cl (2+n) AhLog[ﬁ%]

éx1p /- Solve[cteqs, {6Mm1, 8A1a, 6A2a, SA1b, 6A2p, Z, ZAY] /- ZA -1 // FullSimplify //
DeleteDuplicates
: Equations may not give solutions for all "solve" variables. >
3

{)& -1+ }
3+clanlog|’;]

{6X0 == 16x1a+2 61} /- Solve[cteqs, {6M1, SA1a, 6A2a, SA1b, OA2b, Z, ZA}Y] /.-
Solve[ctegs3, {&mo, 6A0}] /- Za-»1 // FullSimplify // Flatten // DeleteDuplicates

: Equations may not give solutions for all "solve" variables. >

{True}
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(n+2) An (cOA2+cim?Log[a? /u?]) ) 6a1a+A

{6m02 == -
6 SA1p + A

Solve[cteqgs, {éM1, 6A1a, 6A2a, 6A1b, 6A2b, Z, ZA}] /. Solve[ctegs3, {&mo, 6A0}] /-
ZA - 1 // FullSimplify // Flatten // DeleteDuplicates

: Equations may not give solutions for all "solve" variables. >

{True}

Total number of independent counter-term equations

Length[{ctegs, ctegs3} // Flatten // FullSimplify // DeleteDuplicates] -
1 (» -1 because one of the "equations" is identically "True" x)

10
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Renormalization of SI-2PIEA gap
equations in the Hartree-Fock
approximation

Author: Michael Brown
Supplement to thesis Chapter 3

Mathematica notebook to compute couter-terms for two loop truncations of the two particle irreducible
effective action

noo= ClearAll [veom, geom, neom, regularisedtadpoles, mg2soln, cteq, cts, ém, 61];

Hartree-Fock gap equations with counterterms

Goldstone equation of motion. Quantities in reference to the thesis are:

p is the four-momentum flowing through the propagators Ag™ and Ay?,
mg2 is the Goldstone mass squared mg?,

mn2 is the Higgs mass squared my?,

Z and ZA are the wavefunction a propagator renormalization constants,
m? is the (renormalized) Lagrangian mass parameter, smo2, 6m;2 are its counter-terms,
A is the (renormalized) four point coupling,

OAo, OA1a, OA1p, OAz 4, OA2p are the independent coupling counter-terms,

v is the scalar field vacuum expectation value,

his the reduced Planck constant,

n is the number of fields in the O(n) symmetry group,

teog, toon are the divergent tadpole integrals for the Goldstone, Higgs resp.,
tfing, tfinn are the finite parts of the tadpoles for the Goldstone, Higgs resp.

Equations of motion

Vev equation of motion
no1l= (*vVeoms=
Zat (m?+6mo?) v+ ’“—g’\“v3+§ZA(n—1) (A+621a) V (tog+tFing) +;—’ZA (BA+621a+2621b) V (toon+tFinn)
finveom=m2v+§v3+%(n—1)x Y tfing+‘;ix v tFinns)
veom = v mg2

oue1= MY2 v
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Goldstone equation of motion
A+ 6}.1 a o
A————V
6

A A
— ((n+1) X+ (n-1) 6222+ 2 6220) ZA? (tog + tFing) - = (X + 8X2a) ZA? (toon + tFinN)
6 6

nezl= geom = p? -mg2 = ZZAp? -m? - s6m? -2

A h h
finmg2 = mg2 /. Solve[p? -mg2 == p? -m? - = v? - = (n+ 1) Atfing - — Atfinn, mg2] [[1]]
6 6 6
1
ouezl= —Mg2 + P2 == -m2 + p2 Z ZA - 5mE - g VZZA (X +62a) -

1 1
g (tFinn + ton) ZA2 A (XA +SX2,) - g (tFing + toog) ZA2 A ((1+N) A+ (-1+N) SXpa+26Np)
1 _ _ _
outfe3)= A (6m2+v2)k+tf|ng)\h+ntflng/\ﬁ+tf|nn)u’q)

Higgs equation of motion

3A+6A1a+26A1p
noa= NEOM = P? - mMN2 = Z ZA p? - m? - 6m? - ZA v? ( 2 ) -
6

(3A+6x2a+26221) Za? (twn + tFinn)

A i
— (A+6X2a) (Nn-1) Za® (twg + tfing) -
6

o | &

A h h
finmn2 = mn2 /. Solve[p? -mn2 == p? -m? - v? = - = (n-1) tfing - — A tfinn, mn2] [[1]]
2 6 2

oufeal: —MN2 + P2 == —-m2 + P2 ZZA-6mf - — (-1 +n) (tFing + teog) ZA2Z A (X +6X24) -

1
6

1
gvz ZA (BA+8Xa+26X) - — (EFINN + ton) Za2h (32X + 8224+ 2 5A2p)

o |-

1
out[os)= g (6m2+3v2)wtfingkh+ntfingAh+3tfinnAh)

Infinite parts of tadpoles

c0, c1, A and p are regularisation/renormalisation scheme dependent quantities

woe- regularisedtadpoles = {twg - c0 A + c1mg2 Log[a? / u?], twn - c0 A% + c1mn2 Log [A% / u?]}

N2 N2
outesl= {teog - €0 A2 + c1 mg2 Log | —2] , ton 5 c0 A2 + c1mn2 Log | —2} }
u [
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Sub in tadpole expressions, eliminate mn2 and solve
for mg2

7= mn2Fromneom = Solve[neom /. regularisedtadpoles, mn2][[1]]
A2

tfing + c0 A2 + c1 mg2 Log[—z] ] (X +6X24) -
U

1
ouer= {mN2 - —m2—p2+pZZZA—6m§—g (-1+n) Za2h

1 1
gv2ZA (B3 +6Xa+28X) - gtfinnZAzh (BA+6Xhpa+2602p) -

1 1 N2
gCOZAzAZh (BA+ 6224 +26X2p) /(-1+gcle2hLog[—2] (3A+512a+262\2b)]}

u
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nos- mg2soln = mg2 /. (geom /. regularisedtadpoles /. mn2fromneom // Solve[#, mg2] [[1]] &)

1 1
ouogl= | -M2 —p2 + p2 ZZA - 5mf - EVZ ZA (X + SAa) - gtfinn ZN2h (X +8X0a) -

1 1

gCOZAzAZh (A +SX2a) —gtfingZAzh ((L+N) X+ (=1+N) Shoa+2EX2p) -
1

gcozAZAZh ((L+n) X+ (=14N) SX2a+260p) +

clm2za2h Log[%} (X +6X23)

6( 1+%tc1za2nlog[’] (3)L+6/\2a+26)k2b))

clp2Za2nlog[] (A+62a)

6 (-1+§clezhLog[A—2 3A+6/\2a+2612b))

o
J
clp2zZzadnlog[ ] (1+6iza)
]«

6(—1+%c12A2hLog[ 31+6/\23+26)k2b))

1:

A2

clzZa?n Log[H | 5m2 (A +622a)

6 (—1+%CIZA2hLog[ 27 ¢ 3A+5/\2a+25/\2b>)

cl (-1+n) tfing Za4 n2 Log[ﬁ—z] (A +6X24)2

+

36 (—1+%ClZA2hLogM\%} (3/\+6A23+25/\2b))

cOcl (~1+n) Za4 A2 2 Log[ﬁ—ﬁ] (A +6224)2

+
36 (7 ++clza2nLlog[ %] (3ﬂ+5k2a+25/\2b)>

clv2Za3h Log[A—z] (X+622a) (BA+6EXa+26X)

+

36 (-1+ g clza?nlog[’s] (32+62a+20600p) |

cl tfinn Za4 n2 Log[%] (A+6X2a) (BA+6X2a+22p)

+

36 (-1+Lc1202nLog[ 2] (32+62za+2 50z0) |

cOcl Za% A2 n2 Log[%] (X +6X2a) (BA+EX2a+28Mp) /
36( 1+%c1za2nlog|’] (3/\+6)L2a+26A2b))
2

1 A
—1+8C12A2hLog[—2] ((L+n) X+ (-1+N) 8Xga+28Xp) -
u

cl12 (-1+n) Zp4 n2 Log[A—z} (X +6X24)2

36 —1+%cle2hLog[u—2} (BA+ X0 +28p)
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npar= mn2soln = mn2 /. mn2fromneom /. mg2 -» mg2soln // Simplify

6M2+6pP2-6pP2ZZA+656MF+VZZA (3A+S6Xa+256X) +

Out[99]= —

tFIiNNZA2 7 (B3 + 6A0a+ 2 6A2p) + COZA2Z A2 h (B A+ 6Xpa + 2 SAap) +
A2 N2
[(71+n) ZA2H (X +624) |18 tFing + 18 cO A2 + 18 c1 m? Log[—z} +18clp? Log[—z] -
U U
N2 N2 A2
18c1p2ZZALog[—2] +3c1v22AALog[—2] -9cltfingZa2 a1 n Log[—z] +
H H H
i} N2 N2 A2 2
3cltfinnZa2 xn Log[—z] —GCOCleZ/\A?hLog[—Z] —6c12mZZAZAhLog[—2] -
u u u

A2 N2
6cl2p2Za2 Ak Log[—2]2+6012 p2ZZA% A h Log{—2}2-3c1tfinng2n
H U

N2 A2 A2
Log| — ] 6224 +3cltfinnZa2hlog| — } SA2a +C12Vv2ZA3 A hLlog| — ] 5dpa +
u? u? u?
A2 2 )
c12v2Za3 x h Log[—z} Sp + C12 V2 ZA3 1 Log[—z] Apa 6Ap -
u U

A2 A2
6c1tf|ngZA2hLog[ ]6/\2b—6c0c12A2A2hLog[ ]6/\2b—
u? u?

A2 2 A2 2
6c12mZZA2hLog[—2} 6A2b—6012p22A2hLog[—2] 5dap +
u u

- A2 2 A2 2
6cl2p ZZA3hLog[—2] 6/\2b7C12VZZA3AhLOg[f2} 522p -
u u

2
6cl Log[A—} 5m2
112

N2 N2
—3+chA2/\hLog[—2]+c12A2hLog[ }m%)_
U u?

N2 A2
clv2Zalog|— } 5)a (—3+ClZA2)u”1 Log[—z} +chA2hLog 612b)]]
u? u

N2 A2
[(—3+C12A2AhLog[—2}+C12A2hLog{ ]6A2b) [ 6+ 2c12A2mLog[ ]
H u? u?
A2 A2 A2
canAZAhLog[—z]+canA2hLog[ }6A2a+2c12A2hLog[—2]6)%,))]/
U U

2

\
—2} (3A+612a+26x\2b))]]

1
(6 {_1+ ~clza?hlog|
6 u

Gather divergences proportional v, tfing and tfinn and
set independently to zero

First we subtract the finite equation of motion, then gather coefficients of the remainder into a list and
set each to zero (after some trimming and simplifying).
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o= cteq = ((CoefficientList[ngsoln-finng, {p, v, tfing, tfinn}] // Flatten) //
DeleteDuplicates // Simplify // FullSimpl ify) =0 // Thread

A2
cOA?+clm?Log|[— |
L2

6 6m7 + Zn2 h

Out[100]= {—[

((2+n) A+n6)t23+2612b)J/

N2 A2
{—6+c1 (2+n) ZAZAhLog[—Z] +chA2hLog[—2] (n6A23+2612b))] =0,

H u
2 2

—%+ (3242 n (A+5A23))/ -3+clzZa2n Log[A—z] +cle2quog[A—2} 5)%]
H H

A2 N2
[76+Cl (2+n) Za2 1 A Log[—z} +c12A2nLog[—2] (néAZa+25/\2b)]} =0,
u u
A2
6+cl (1+n) /\hLog[—Z] +
U

1
6cllog|’]

18
n(-3+clza2xn Log[ﬁ—ﬁ] +clZa2h Log[ﬁ—z] 522b)

+ (36 (—l+n))/

A2 N2
ni-6+cl (2+n)ZAZAhLog[—2]+cle2hLog[—2} (néAZa+2512b)]) =0, True,

u u

ZA (A + 6A
,&Jr (2+6b> ; —(ZA((2+H)A+n6)ka+26/\b))/
6 n(—3+chA2AhLog[ﬁ—2]+c12A2hLog[ﬁ—2]6A2b)
N2 A
n|-6+cl(2+n) ZAZAhLog[—Z}+cle2hLog[—2] (NEXoa+26X2p) ]0
u u

A2 A2
(—6+GZZA)/ [76+cl (2+n) ZAZAhLog[—Z} +cle2hLog[—2] (n612a+26A2b)] == 0}
u u
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o= cteq2 = ((CoefficientList[ngsoln-finmn2, {p, v, tfing, tfinn}] // Flatten) //
DeleteDuplicates // Simplify // FullSimpl ify) =0 // Thread

2 2 a2
cOA?+clm?Log| 2] ((2+N) A+NSA2a+2 A1)
u

6 6m7 + Zn2 h

Out[101]= {—[

N2 A2
{—6+c1 (2+n) ZAZAhLog[—Z] +chA2hLog[—2] (n6A23+2612b))] =0,

U U
1 A2 6 (-1+n)
-— 2+c1AhLog[—]+ +
2c1Log[A—2} u? n(—3+chA2AhLog[A—2]+chA2hLog[ | 6221)
N2 N2
12/ n|-6+cl (2+n)ZA2)LhLog[—2}+cle2hLog[—2] (n6A2a+25A2b)]] =0,
H H
N2 N2
[(—1+n)ﬁ 7ZA26A2a(718+c1nAhLog[—2} (—3+c12A2/\hLog[—2])+
U U
N2 2
chnZAZAhZLog[—Z} 5o | +
u
N2 A2
/\(18(—1+ZA2)+C12A21hL0g[—2} (3 (4+n) -cl(2+n) Za2xnlog[—] | - c1Za?
u u
G A2 A2
nlog|— ]5/\2b[-12+c1<4+n>zA2mLog[—2}+2c12A2hLog[ ]5/\2b)] )/
u? H u?

A2 N2
(6 [-3+cle2mLog[—2]+c12A2hLog[ | 6220
U u?

A2
(76+c1 (2+nN) ZAZAhLog[ ]+ClZA2hLog[ ] (n6/\2a+25/\2b)J]:0,
u? u?

A (-1 +nNn) ZA (X + EXp)
True,—E— -

n(-3+clza2n Log[ﬁ—z] +clZA2h Log[%} 522p)

(Za ((2+n) A+néxa+25xb)>/

N2 N2
-6+cl (2+n) Za2h Log[—z} +cle2hLog[—2] (NEXoa+26Ap)
u u

]:o,
2 2

AN AN
(—6+6ZZA)/ [—6+cl (2+n) zAZMLog[—Z} +cle2hLog[—2] <nm2a+2mzt,>]

u u
0}
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Solve for counterterms

Find counter-terms from the gap equations

npozi= ctegs = {cteq, cteqg2} // Flatten // FullSimplify // DeleteDuplicates

N2
ounoz= { |6 6mf + Za2 h | €0 A? + c1 m? Log[—z] ((2+n) A+n5A23+2612b)]/
I
A2 A2
(76+c1 (2+nNn) Za2 X h Log[—z] +cle2hLog[—2] (n 512a+25)L2b)] =0,
u u
N2 A2
¢l (/\7 (18 Zn2 (/\+6)\2a))/ [(73+C12A2)u”1 Log[—z} +chA2hLog[—2] 6A2b)
u U
N2 A2
(—6+cl (2+n) Za2 X A Log[—z] +cle2hLog[—2} (n5123+2m2b)])) -0,
u u
1 N2 18
——————|6+cl(1+n) anlog[—] + - +
clLog[ﬁ—z] u? n(73+c12A2)\hLog[2—2}+cle2hLog[A—2} SXzb)
(36 (—1+n))/
A2 N2
-6+cl (2+n) ZAZ)\hLog[—Z} +cle2hLog[—2] <n6A2a+25A2b)J] =0,
u u

True, X+ (6ZA ((2+n) /\+n5/\a+25/\b))/

N2 A2
-6+cl (2+n) Za2 A hn Log[—z} +c12A2hLog[—2] <n5A2a+26A2b)]}
u u

6 ZA (A + OXp)

n (73+012A21hLog[2—§] +c12A2hLog[A—2] 522p)

(—1+ZZA)/

A2 A2
-6+cCl (2+n) ZA2 xh Log[—z] +C12A2hLog[—2] (n 5A2a+25A2b>) =0,

u U
1 A2 6 (-1+n)
——————|2+clanlog|—] + +
cllog| %3] 2 n(—3+c12A2/\hLog[A—2]+cle2hLog[A—2} SXzp)
A2 N2
12/ -6+cl (2+n) ZAZAhLog[ ]+c12A2hLog[—2] (néxzﬂzmm))] =0,
u? u

N2 A2
(-1+n) A (A— (18 a2 (A+6A23))/ [(—3+c12A2/\hLog[—2] +c12A2hLog[ }51%)
U u?
A2 A2
(76+c1 (2+n)ZAZAhLog[—Z]+cle2hLog[—2} (n5A2a+26A2b)]J) -0,
u u
2 (~1+n) ZA (X +6Xp)
A+ " +(22A((2+n)/\+néka+26kb))/
n(73+012A2AhLog[ﬁ—2}+chA2hLog[A—2]6A2b)

A2 A2
-6+cCl (2+n) ZA2 A h Log[—z} +C12A2hLog[—2] (n6A23+26A2b)]] = 0}
U U

n
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noz= Cts = {8mi?, 6A1a, 8A2a, SA1b, 6X2b, Z, ZA} /. Solve[ctegs,

{é6m1, 6A1a, 6X2a, 6A1b, A2b, Z, ZA}] // FullSimplify // DeleteDuplicates

. Equations may not give solutions for all "solve" variables. >

(2+n) xh (cOAZ+clm? Log[ﬁ—j”

Out[103]= { {*

6+cl (2+n) AhLog[ﬁ—i}

Al 6 (2+n) 6
14 -

nZa (6+cl (2+n) anlog[%]) 3nZasclnZaxnlog|’;]

18

A|-1+

202 (3+clanlog[“]) (6+cl (2+n) xnLog[5])

3 3 1

A-1+ , A -1+

32A+clzmm_og[ﬁ—§} Zn2 (3+ClAhLog[ﬁ—§” Za

ZA is redundant in this truncation, can remove it :

npoa= Cts /. ZA -1 // FullSimplify
(2+n) 1A (cOA2+clm2Log[ﬁ—§})

Out[104]= { {7

6+cl (2+n) AhLog[ﬁ—z}

Aot 6 6 (2+n)

1- . ,
3n+c1n/\hLog[ﬁ—§] n(6+cl (2+n)AhLog[ﬁ—§})

18

A|-1+ - - ,

(3+clthog[ﬁ—2]) (6+c1 (2+n)AhLog[ﬁ—2])]
3 3

A -1+ . , A -1+ . , 1, 1}}

3+clanlog|f;] 3+clanlog|s]
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Verify that the finite gap equations come out right

nposp= FINMQ2 ==
(ngsoIn /. Solve[cteqgs, {6m1, 6A1a, 6AX2a, 6A2b, Z, ZA}Y] /- ZA - 1 /7 FullSimplify //
DeleteDuplicates) [[2]] // Simplify

. Equations may not give solutions for all "solve" variables. >

i -c0A? - c1 m? Log[Power[«<2>>] Power[«2>]] «1>» 3tfing<1> h(«<1>)
: Expression |-m? - - - _
cl Log[%] <1> 2 <12 («<1>)?
I

2025 (_( 2 (9 Power[<«<2>>]+<<7>>+<<15>)
3c0A°A h( ( 1+ n) A+ (1 * n) A+ 3 ¢1 A2 hLog[Times[<«<2>>]]

2
)]/(-1 + (3 L A2 hLog[A—] (-(-1 +n)A+(1+n)A+
2 (3 + cL A hLog[Times[<«<2>>]])2 (A + 6A,)? 2

2 (Times[«<2>>] + «<7>> + Times[«5>>])

))/(2 (3 + cL A hLog[<15])? (A + 6Ab)2))
3clA? hlog[«<1>>]

simplified to ComplexInfinity. >

oujios)= True

noel= FINMN2 = mn2 /.
((neom /. regularisedtadpoles /. mg2 » mg2soln /. Solve[ctegs, {éM1, 6A1a,
6A2a, 6A1b, OA2b, Z, ZAY] /- ZAa - 1 // FullSimplify //
DeleteDuplicates) // Solve[#, mn2] &) // FullSimplify

: Equations may not give solutions for all "solve" variables. >

outosl= {True}

Verify counter-term expressions in text

-hx(n+2) SA1a+ A y
6 611b+1} )
Solve[cteqs, {6M1, 6A1a, 6A2a, SA1b, OA2b, Z, ZAY] /. ZA 1 //
FullSimplify // Flatten // DeleteDuplicates

A2
IN[107]:= {6m12 = c0 A2 + c1 m? Log [ —2]
u

. Equations may not give solutions for all "solve" variables. >

ouio7= {True}

niios}= {6A1a == 8A2a, 6A1p == SA2p} /- Solve[cteqs, {&M1, 6A1a, 6A2a, 6A1b, OA2b, Z, ZA}] /-
Za -1 // FullSimplify // Flatten // DeleteDuplicates

. Equations may not give solutions for all "solve" variables. >

ourogl= {True}
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niiogy= {6A1a/ A1p} /. Solve[cteqgs, {ém1, 6A1a, 6A2a, 6A1b, 6A2b, Z, ZAY] /- ZA > 1 //
FullSimplify // Flatten // DeleteDuplicates

. Equations may not give solutions for all "solve" variables. >

3 (2+n) }
6+Cl (2+n) xnlLog| ]

out[109]= {1 +

)= 8A1p /. Solve[cteqs, {éMm1, SA1a, 6A2a, 6A1b, 6A2b, Z, ZAY] /- ZA -1 // FullSimplify //
DeleteDuplicates

. Equations may not give solutions for all "solve" variables. >

J

3
3+clkhuw[§}

out[110}= {)k -1+

Total number of independent counter-term equations

np1= Length[{cteqs} // Flatten // FullSimplify // DeleteDuplicates] -
1 (» -1 because one of the "equations'" is identically "True" x)

oufi1= 8
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Renormalization of Symmetry
Improved 2PIEA gap equations at
2 loops

Supplement to chapter 4 of thesis by Michael J. Brown.

Mathematica notebook to compute couter-terms for two loop truncations of the effective action as
described in Chapter 4.

Sunset

NOTE: this uses some of the same variable names as the Hartree-Fock code! Be careful not to clobber
what you need to keep.

ClearAll [geom, neom, intrules, msbarrules, mg2soln, cteq, ém, 6, 6A, A, 6] ;

Equations of motion

Goldstone equation of motion. Quantities in reference to the paper are:

p is the four-momentum flowing through the propagators Ag™ and Ay?,
mg2 is the Goldstone mass squared mg?,

Z and ZA are the wavefunction a propagator renormalization constants,
m? is the (renormalized) Lagrangian mass parameter, 6m;2 is its counter-term,
Ais the (renormalized) four point coupling,

OA1a, OA2 4, OA2p are the independent coupling counter-terms,

v is the scalar field vacuum expectation value,

his the reduced Planck constant,

n is the number of fields in the O(n) symmetry group,

teog, toon are the divergent tadpole integrals for the Goldstone, Higgs resp.,
tfing, tfinn are the finite parts of the tadpoles for the Goldstone, Higgs resp.
Additional variables relative to the Hartree-Fock case:

Ing is the sunset integral Ing(p)

Ifingp is the finite sunset integral I{fs(p),

Ifing0 is /% (mg),

Ifingn is Il (M),

OA is the sunset graph coupling counter-term,

Iy, tu and cy are the auxiliary integrals /,, T, and ¢, respectively.
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2 . () vy? - _
geom = p?-mg2 +1 h ( ) (1fingp - 1fing0) =
A+ OA h
ZZap?-m? - em2-Za SRR V22 ((ne 1) A+ (n-1) 6Xza+2 622b) 222 (tg) -
6 6
A ) ) (A+62) V2 _ o
— (A+62A2a) ZAZ (tN) +i B (—) ZA® Ing
6
1
7ng+p2+§j(7IfingO+Ifingp) V22 h == m2+pZZZA+§jlngv22A3 (A + )2 h-o6mg -

1
= V2 ZA (X +62a) —gthAzh (X +622a) -gthAZh ((1+N) A+ (-1+N) Slza+2 A1)

) ik [ (Q) V)2 i i ih o, i
neom = p? - mn2 + (—) (n-1) (1finggp - Ifinggn) + =— (X)?v? (Ifinhhp - Ifinhhn
2 3
3A+6A 2 6
ZZAap? -m? - &mi? - Za totat L

A
- = (3A+6X2a+28X2p) ZA% N -
6 6
ih [ (X+6A)V
— (A +6Xx2a) ZA? (n-1) tg + == (#
6

2 1 A
) Za® (n-1) 1gg + 22 (A+62)2v2 Za% Thh
3 2

1
-mn2 + p2 + 5 i (- Ifinhhn + Ifinhhp) v2 22 h + 8 i (- 1Finggn + IFinggp) (-1+n) v22h ==

1
—m2+pZZZA+Ej Ihh v2Z Zp3 (6/\+A)2h+Ei Igg (-1+n) v2ZA3 (51 +1)2h-6mF -
1

1
= (-1+n) tgZA2h (A +6EM24) 7EVZZA (BA+6Xa+236Ap) - —tNZA2H (BA+ 604+ 2 EM2p)

Divergent parts subtracted with auxiliary integrals and MSbar

intrules = {Ing - Iy + Ifingp, 1gg -» Iy + 1Finggp, Ihh -» Iy + I'finhhp,
A A 2
tg—)tu—i(ng—uz) Iu+ﬁ(w) cu + tfing,

A+ 6A) vy2
th-tu-i (mn2-u2) lu+ h (M) cu + tfinn}

{Ing - I'fingp + I, 1gg - I'Finggp + 1, 1hh - Ifinhhp + 14,

- 1

tg - tfing + tu - i ly (mg2 - 12) + acuvz (6X+2A)2h,
1

tn o tfinn+ tu - i by (mn2 - 12) + gcuvz (6X+ )2 h}

2 2
msbarrules = {lu -» c2 Log[A—z] , tu-»>c0AaZ+clpy? Log[A—z]
u u

2 2
, CuaaOLog[A—]2+a1Log[A—]}
HZ uz
2 5 ) )
{1~ c2Log * ], i~ 02+ clu2Log|~ |, cu»allog| " ] +a0Log| ~]’)
u L B

U
Sub everything in, eliminate mn2 and solve for mg2

{mg2soln, mn2soln} =

(Solve[{geom, neom} /. intrules, {mg2, mn2}] // ExpandAll // Simplify) [[1]]

: 0 is not invertible modulo 8387. >
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mg2 -

{ - ((324m? + 324 p2-324p2Z2Zn+54Vv2Zn 2 -36 1 1Fingp V2 Za2 602 h-36 1 Muv2 Za8 622 1 +
1081 Ium2ZaA2 3 h+108 i lup2ZAa2 xh+54tFingZa2 xh+54ntfingZa2xh+
54 tfinnZA2 X h + 108 tu Za2 xh+54ntuZa2 xh-1081 lup2ZZa3 xh -
721 1FingpVv2ZA3 SA A h-T721 luv2Za3 6xah-361 IFing0v2 A2 h+
361 IFingpvZ x2h-36i IFingpVv2Za32h-361 luv2Za3 22h +
1081 MluZA2 22 a+541 lunZa2 xpu2h+12 cuv2Za2 522 X h2 +
6cunvZzZaZ 522 xh?+ 3 1Finggp 1 v2 ZAS 522 x b2 + 18 IFingp 1 v2 ZAS 522 ) w2 -
27 1Finhhp 1 v2 ZA5 622 X h2 -6 142 v2 ZA5 522 ) w2 - 3 IFinggp 1 nv2 ZA5 622 X h2 -
312NnVv2ZA5 622 0 n2+36 1 lutfFingZa* 22572 +18 1 luntfing Za% X2 w2 +
361 lutuZa*Xx2n2+18 i luntuZa* X2 2 + 24 cuv2 ZA2 51 22 12 +
12cunv2Za2sx 22 n2 + 6 1Finggp 1 v2 ZAS 52 22 72 + 36 1Fingp 1u v2 Za5 63 A2 h2 -
54 1Finhhp 1 V2 ZA5 62X 22 12 - 12 12 v2 Za5 60 22 h2 - 6 1Finggp 1 nv2 Za5 6 A2 h2 -
6 12NVv2ZA5 602202 + 12 cuv2Za2 X3 h2 + 18 1Fing0 1 v2 Za2 238 h2 +
3 I1finggn 1. v2Za2 23 n2 - 3 1Finggp 1w v2ZAZ )3 h2 - 18 IFingp 1 v2 Za2 383 h2 -
27 1Finhhn 1 v2 Za2 23 12 + 27 1Finhhp 10 v2 ZAZ X3 h2 + 6 cu nv2 Za2 238 p2 -
3 1finggn lunv2Za2 23 p2 + 3 1Finggp lunv2Za2 23 2 + 3 1Finggp i v2 Za5 03 h2 +
18 1fingp 1 v2 ZA5 283 n2 - 27 IFinhhp 1 v2 ZA5 23 A2 - 6 12 v2 ZAS A8 h2 -
3IFinggp lunv2Za5S 83 7n2 -3 12 nv2Za5 23 h2 - 36 1u2 ZA4 22 2 n? -
18 12NnZA% 22 122 +41icu luv2Zat 622203 + 21 cu lunv2Za% 522 22 AS +
SiculuvZzZateax3nd3+4iculunv2zZa*ox 3nd3+4iculluveza* x4 nd +
2iculunvZzZat )4 nd 54 tFing Za2hdx, + 54 ntFing Za2 h 62 4 +
54 tFIiNNZA2 h 625, +54NTtUZA2 hEXp 5 -18 i luVZZAB X B 6Xpq +
54 i lunZa2 2 hddoa+6Cunv2Za2 622 1n2 5254+ 3 1FiNggp 1 V2 ZAS 522 h2 620 4 +
6 1Fingp 1. Vv2 ZA5 622 h2 525 4 - 27 1Finhhp 1 V2 ZAS 522 h2 625 4 -
18 12 Vv2ZA5 6202 h2 5054 - 3 1FINQOP lu N V2 ZAS 502 h2 5054 - 3 12 NV2Z ZAS 5202 h2 62p 4 +
18i luntfingZa* A h2 82, +18 1 huNtuZa* X h2 500, +12Cun V2 ZAZ2 SA A2 Shp g +
6 1Finggp 1 V2 ZAS SA X h2 SXp 4+ 12 1FINGP L V2 ZAS SA A h2 6204 -
54 1Finhhp 11 v2 Za5 A X 82 624 - 36 12 V2 ZA5 SA A H2 6254 -
6 I1Finggp 1N V2 ZAS 6A A 72 6Xpq -6 12 NV2 ZAS SA X h2 625 5 +
6 1Fing0 1. v2ZA2 22 W2 5054 + 3 1FINQON L V2 ZA2 X2 W2 6254 -
3IFinggp 1 Vv2ZA2 2212 5054 -6 1FINGP L V2 ZA2Z X2 12 62p 4 -
27 1Finhhn 1 v2 ZA2 22 12 525 4 + 27 1FINhhp 1 V2 ZA2 22 52 525 4 +
6CLUNVZZAZ 212 52, -3 IFINggN 1N V2 ZA2 22 02 5254 +
3IFinggp lunv2Za2 22 h2 625, + 3 IFinggp 1 v2 ZAS A2 h2 525 4 +
6 1Fingp 1 V2 ZA5 X2 12 5254 - 27 1Finhhp 1 v2 ZA5 32 72 6p 5 - 18 12 V2 ZA5 X2 12 6525 4 -
BIFIinggp IunNV2ZAS X202 605, -3 12 NV2ZAS A2 12 505, - 18 12 NZA% A 2 h2 S0p 5 +
2iculunvZZat 622 X3 80 +4 1 culunv2Zat 5x 22 a3 64 +
2iculunv2Zat X318 620, -181 Muv2Za3 X h 6y - 18 1 M V2 ZAB3 B 60 5 Sy +
108 i Ium2Za2 1 6xgp + 108 i M p2 Za2 h 6251 + 108 tFing Za2 A 625y + 108 Tty ZA2 h 625 -
1081 lup2ZZr3hérop+181 luv2ZAS X h 6o + 108 i M ZA2 2 h 62 +
12 cu V2 ZA2 522 h2 52pp + 12 1FiNgp M V2 ZA5 632 72 6251 + 12 12 V2 ZA5 602 12 625 +
721 I tFing Za* X h2 625 + 18 i luntFing Za* X 02 S + 72 1 Mty Za* X b2 5o +
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mn2 - -

18i luntuZa* X h2 6Xop + 24 CU V2 ZA2 SA A h2 SXop + 24 1 FiNgp N V2 ZAS SA A B2 Shop +
24 12 V2 ZAS 52X A 02 S2op + 12 Cu V2 ZA2 22 12 2o + 12 1FINg0 10 V2 ZA2 A2 2 525 -

12 1Fingp 1t v2 ZA2 22 12 625 + 12 1FIiNgp 1 V2 ZAS A2 02 52 + 12 12 v2 ZAS 202 12 Sxpp -
T2 V12 ZA* X 2 W2 625 - 18 12 NZA* A 2 B2 S2pp + 8 1 Cu N v2 Za% 622 A k3 620 +

2icu lunv2Za% 522 X h3 S0op + 16 1 Cu i v2 ZA% 52 X2 18 S)up +
4iculunvZZa* a2 m3 80 +81cCu luvZZa 23 h3 Sop+21icu lunv2Zat X3 13 52, +
181 luntfing Za* A2 6254 62 + 18 1 luntu ZA* h2 5254 SXop -

18 12N Za% 2 12 EXp 5 SXgp +2 1 Cu Lt NV2 Z2% 622 78 6004 5251 +

43 culunv2Zat SAXB3 620, 6N +2 1 Cu lunv2Za* X2 18 6254 S +

36 i lutfFing Za* h2 628, + 36 1 M tu ZA* h2 625, - 36 12 Za% 12 h2 523, +
4iculuv2Zat622n3 623, +81cu luv2Zat 52188 623, +

41 culuvZZa* A2 h8 525 + 108 i 5m7 (—3Ji+ IuZn2 X h+ IuZAzhé)\ZD) +

181 V2ZA6aa (-3 1+ MuZa2 xh+ IuZAzhé)LZbH/(lS (-3 i+ 0uZa2xh+ WuZa2 h6xzp)
(-60+20uZn22h+ lunZa2 xh+ lunZa2h 62z +2 W ZA2 1 622p) ) )

((324m2 +324p2-324p2Z27Zn +162Vv2Zn 2+ 18 i 1finggp v2 Za% 622 1 -

162 i IFfinhhpv2ZA3 602 h - 144 1 luv2Za3 622 h - 18 1 Ifinggp nv2Za3 622 h -

181 lunv2Za3 622 n+108 i lum2Za2 xh+ 108 i lup2Za2 xh-54tfFingZaZ xh +
54ntfingZa2 xh+ 162 tFinnZa2 X h+ 108 tu Za2 X h+54ntuZa?2 2 h -

108 i 1up2Z2Za3 xh+36i IFinggp v2ZA3 A X h - 324 i Ifinhhpv2ZaA3 5x k-

2881 luv2Za36x2h-361i IFinggpnvZZa3 6xxh-36i lunv2Za3 ox 1 h+

18 i Ifinggnv2 22 n-18 1 IfinggpvZ 2 h-162 i Ifinhhnv2 22 x +

162 i Ifinhhpv2 22 hn-18 1 Ifinggnnv2 2 h + 181 IfinggpnvZ 2 h +

18 i Ifinggp vZ2Za3 A2 h-162 i 1finhhpv2ZA3 32 h-108 1 Muv2Za3 A2 h -

181 IFinggpNVv2ZA3 22 h+108 i luZA2 a2 h+541 lunZa2xu?hn+

12cuv2ZA2 522 xh2 +6 cunv2Za2 532 xh2 -3 1Finggp lu v Za5 622 x h? +

6 1Fingp 1 V2 Za5 622 A 12 + 27 1Finhhp 11 v2 Za5 522 X A2 + 30 12 v2 Za5 522 A b2 -

6 IFingp 1 nv2Za5 622 X h2 + 27 1Finhhp 1y nv2 Za5 622 A h2 + 21 12 nv2 ZAS 622 X k2 +
3IFinggp 1unN2Vv2ZA5 5202 X h2 + 3 12 N2 v2ZA5 622 A h2 + 36 1 Ly tFinn Za% 22 K2 +

18i luntfinnZa4 22782 +36 1 lutuZa* 2202+ 181 luntuZa4 22 h2 +

24 cuv2Za2 X 22 h2 +12 cunv2ZA2 523 22 h2 -6 1Finggp 1y v2 Za5 6322 h2 +

12 1Fingp lu v2 ZA5 62 22 12 + 54 1Finhhp 14 v2 ZAS 52 22 A2 + 60 12 v2 ZAS 5222 h2 -

12 1Fingp lu nv2 ZA5 52 A2 h2 + 54 1Finhhp Ly nv2 ZAS 5A 22 h2 + 42 1.2 nv2 ZAS 50 A2 h2 +
6 1Finggp 14 N2Vv2ZAS 532212 + 6 12 N2 V2 ZAS 6a A2 h2 + 12 cuv2 ZA2 23 h2 +

6 1Fing0 1 v2ZA2 23 h2 - 3 1Finggn 1 v2 ZAZ )3 h2 + 3 1Finggp Iy v2 Za2 X3 h2 -

6 1Fingp 1. v2 ZAZ 23 p2 + 27 1Finhhn 10 v2 Za2 33 72 - 27 1Finhhp 1 v2 Za2 33 k2 +

6cunv2zaZ 3 pn2 -6 1Fing0 lunv2ZaZ 33 pn2 + 6 1Fingp lunv2Za2 23 p2 +

27 1finhhn 1 nv2 Za2 33 n2 - 27 1finhhp 1unv2 ZA2 33 b2 + 3 1finggn Iy n2 v2 Za2 33 p2 -
3 1finggp 1 n2v2Za2 33 h2 - 3 1Finggp lu v2 ZA5 23 h2 + 6 Ifingp 1 v2 Za5 23 n2

27 1Finhhp 1. v2ZA5 23 A2 + 30 12 v2 ZA5 283 h2 -6 IFingp lunv2 Za5 X8 w2 +

27 1Finhhp lunv2Za5 23 12 + 21 142 nv2 Zp5 28 h2 + 3 1Finggp 1 n2 v2 ZAS X3 K2 +

312Nn2v2ZA5 283102 36 12 Za% 22 12 p2 - 18 12 nZa% 202 2 n2 + 4 i cu luv2 Zn* 622 22 pd +
2iculunv2Zat 522223 +8iculuv2Zatsax3n+4iculunvZzZat saa3nd +

A1 culuviZat*nd+2iculunv2zZat a4 nd3-54tfFingZa2h x4 +
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54ntfFingZA2 h 6, + 54 tFINNZAZ h S +54NtUZA2 h SXoq - 181 MU VZZAS X SXp4 +
181 IunNVv2ZAS XA dXpa+54 1 lunNZa2 u2 h S a+ 6 CuNV2ZAZ 522 12 55 5 +
31Finggp 1u V2 ZAS 622 h2 5254 + 6 1FINgP 1 V2 ZAS 532 12 605 4 -

27 1Finhhp 11 v2 ZA5 522 12 5254 - 18 142 V2 ZA5 502 12 525 4 -

6 1Finggp 1unNV2ZAS 62212 625, -6 1FIiNgp 1N V2 ZAS 602 h2 6054 +

27 1Finhhp 1N V2 ZA5 622 12 6204 + 15 12 N2 ZAS 602 h2 505 5 +

3IFinggp 11 N2 V2 ZA5 5202 82 5254 + 3 12 N2 V2 ZAS 522 h2 Shp 4 +

181 luntFinNnZA* A h2 620, + 18 1 IuNETU ZA* A h2 SXpa + 12 CuNV2Z ZAZ SA X h2 SXp 4 +
6 1Finggp 1u V2 ZAS SA A h2 524 + 12 1Fingp lu V2 ZAS 61 X B2 0p 4 -

54 1Finhhp 1. v2 ZA5 5 X 82 624 - 36 12 V2 ZAS SA A h2 6254 -

12 1Finggp luNVZ ZAS SX X h2 6204 - 12 1FiNgp LN V2 ZAS SX X h2 620 4 +

54 1Finhhp lunN V2 ZAS SA A 7h2 6254 +30 12 N2 ZAS SA X h2 SXp 4 +

6 IFinggp 1 N2 V2 ZAS SA A h2 5204+ 6 1u2 N2 V2 ZAS SA X h2 SXp 4 +

6 1Fing0 11 v2 ZA2 A2 h2 5254 + 3 1FIiNggN L V2 ZA2 X2 12 S0p 4 -

31Finggp 1uVv2ZA2 22 h2 605, -6 1FINgP 1 V2 ZAZ A2 12 505 4 -

27 1Finhhn 1 v2 ZA2 22 A2 525 4 + 27 1Finhhp 1 V2 ZAZ 22 02 625 4 +

6CcuNVZZAZ 2212 605, -6 1FINGO 1N V2 ZAZ X2 12 505, -

6 1Finggn lunvZ2Za2 A2 12 5054+ 6 IFiNggp Iy N2 ZA2 22 h2 5054 +

6 IFingp 1N Vv2ZA2 22 12 6254+ 27 IFiNhhn 1y nv2 ZA2 22 12 625 4 -

27 1Finhhp 1y nv2ZA2 22 12 6254 + 3 1Finggn 1 N2 Vv2 ZA2 A2 h2 525 4 -

3IFinggp 14 N2Vv2ZA2 A2 h2 5254 + 3 1FiNggP 1 V2 ZAS X2 12 6505 5 +

6 1'Fingp 1. Vv2 ZA5 A2 h2 505 4 - 27 1Finhhp 1w V2 ZAS 22 12 6254 -

18 12 V2 ZAS X2 h2 524 - 6 1FINggp 1N V2 ZAS X2 12 505 4 -

6 IFIingp 1N v2ZAS X2 12 6254+ 27 IFINhhp 1 nv2 ZAS 22 2 625 5 +

1512 NnVv2ZA5 2212 625, + 3 IFiNggp 14 N2 V2 ZAS A2 h2 525 4 +

312N2V2ZA5 02 12 605, - 18 12 NZA4 A 2 12 X + 21 Cu lun V2 ZA% 602 X 18 60p 4 +
Aiculunv2Zat6a 2218 6000 +2 1 cu lunv2 Za%4 28 18 5254 + 108 V2 ZA Sy, +

18i luv2ZA3 X hSxp+18 i lunv2ZA3 X h S - 18 1 by v2 ZA3 7 SXo 4 SAp +

18i lunv2ZA3 hShoa 6 +108 i lum2ZAZ h 520 + 108 1 Ml p2 ZA2 A 2o +

108 tFinn Za2 A 62pp + 108 £ ZA2 7 52pp - 108 1 1 p2 Z ZA3 A 620 +

541 Ipuv2ZA3 Ak Sagp + 108 1 M Za2 12 h 2o p + 12 Cuu V2 Z82 622 B2 SXgp -

6 1Finggp 1u V2 ZAS 622 h2 5251 + 54 1Finhhp 1 v2 ZA5 622 h2 50, +

48 12 V2 ZA5 622 h2 6525, + 6 1FINggp 1N V2 ZAS 622 h2 525 + 6 12 N2 ZAS 522 h2 50up +
721 lutFinnZa4 X h2 805+ 18 1 luntFIiNNZA% X A2 800 + 72 1 M tu ZA* X A2 525 +
181 luntuZa* X h2 Sxop + 24 CU V2 ZA2 SA A h2 6oy - 12 IFinggp 1 V2 ZAS 62X B2 Shpp +
108 I1finhhp 1 v2 ZA5 6 A B2 6o p + 96 112 v2 ZAS 6 A h2 SXpp +

12 1Finggp luNV2 ZAS SX X h2 S2op + 12 1u2 n V2 ZAS S A h2 620 +

12 cuv2Za2 22 n2 62,1 - 6 1Finggn 1 v2 Za2 22 A2 50, + 6 1FiNggp L V2 ZA2 22 h2 62, +
54 1finhhn 1. v2 ZA2 22 A2 525, - 54 1Finhhp 1 vZ2 ZAZ 22 h2 625 +

6 1Finggn lunv2Za2 22 h2 52, -6 IFinggp N2 ZA2 22 h2 2oy -

6 I'Finggp 10 Vv2 ZA5 A2 12 5x5p + 54 1Finhhp 1 v2 ZAS 22 B2 525y +

48 12 v2 ZA5 22 12 625 + 6 1FINggp 1N v2 ZAS A2 12 625 + 6 12 N2 ZAS A2 h2 525 -
T2 V2 ZA* X 2 W2 625 - 18 12 NZA* A 2 B2 S2pp + 8 1 Cu N v2 Za% 622 A k3 620 +
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21iculunvZZat 622 X h3 8o +16 1 Cu b V2 ZA% 5202 A3 oy +

43 culunv2Za* saxx2nd 6op+81icu luv2Zat 238313 62 +2iculunv2Zat X3 18 62,y +
181 luntfinnZaA* h2 625, 62 + 18 i luntu ZA* h2 6204 SXop -

18 12 NZA* 2 h2 6004 600+ 21 Cu lun V2 ZA* 622 18 6254 6o +
4iculunv2Zat sAA03 604 6 +2 1 Cu lunv2Za4 22 A3 6254 SAap +

361 luVZZA3 h X, 62 +36 1 lu tFiNNZa* h2 6205, + 36 i M tu Za* h2 625, -

36 12 ZA% 12102 505+ 4 i cu luv2 Za* 622 73 523, + 81 cu lu v2 Za% SaA A kB 523, +
4iculuv2Zat X208 633, +108 1 6mg (-3 i+ luZa2 A h+ M Za2 h &gy +

181 V2ZA6ha (-3 i+ luZa2 xn+ IuZAzhéAZb))/uS (-31+0uZa2xh+ luZa? h62zp)
(—6i+2luZA2Ah+lunZA2Ah+IunZA2h6A2a+2IuZAzhéAgb)H}

Check solutions

(pz—m92+ih (%)2 (1fingp - 1fingo) -
A%vz—g ((n+1) X+ (n-1) 6224 +26X21) Z2% (tg) -
(()L+6).) V)Z

(ZZApz—mz—émlz—Z

h 2 . 3
— (XA+6Xx2a) ZA° (tN) +1 A ZA Ing)) /-
6
intrules /. mn2soln /. mg2soln /. msbarrules // Simplify
0]

i 2
p? - mn2 + % (%) (n-1) (1finggp - 1finggn) +

A 3A+6A1a+28n1b
6

Lk
== (A) 2 V2 (Ifinhhp - I'Finhhn) - (Z Zap?-m?-&m?-2
2

2 h 2
(3A+8x2a+26X2b) Z8% tn - 5 (A +622a) Z8% (N-1) tg +

H Oy | B

ih ( (XA+6A) v
2 3
intrules /. mn2soln /. mg2soln /. msbarrules // Simplify

2 ih
) Za® (n-1) Igg+ — (X +62)? v? Za3 Ihh)] /-
2
1 _ -
- E i (Ifinhhmn - 1finhhn) v2 )2 »

Gather kinematically distinct divergences for Goldstone EOM

Q) v

2 A
[(pz—m92+ih ( ) (Ifingp—lfingo)—(pz—mz—gvz—

2
1;—1 ((n+1) A) (tfing) -Ié (A) (tFinn) +1i h (%) (Ifingp))) /-

intrules /. mn2soln /. mg2soln /. msbarrules // Simplify) //

CoefficientList[#, {p, v, tfing, tfinn, 1fingp, I1finggp, Ifinhhp}] & //
Flatten // Simplify // DeleteDuplicates

2
c0 A2 + (cluz—jcz (mz—u2)) Log[A—z]] ((2+n) /\+n5)k23+25)\2b)))/
U

6 6mg + ZA2 h

{[s
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N2 A2
[-61+2c22A2mLog[—2] +C2NnZa2 2 h Log[—z] +

u u
A2 A2
c2nzZa?2hlog|—| 6x2a+2c22Zn2nLog| — | 6A2b],0,
u? u?
2 2
(3ZA2hékZa)/( -31+C2ZA2 A Log[A—z} +c22A2hLog[A—2] mgb)
H u
A2 A2
[-6j+2c22AZMLog[—}+c2nzA2MLog[—]+
u? u?
N2 N2 1
c2nza?nlog|—| 6224 +2c22Z02 1 Log[ — | 512b)] +Ah [—+ (3ZA2)/
u? u? 6
N2 A2 N2
[ -3i+c2Za2xnlog|—|+c2Za2nlog|—| 5xzp (—611+2C22A2Ah Log| —] +
u? u? u?

A2 N2 N2
c2nza2xnlog|—] +c2nzZa2nlog|—| 6224 +2c22ZA2 1 Log| — | 6/\2[,})],
u? u? u?

2
[h (A [18 (1+n) (-1+222) +31i¢c2Zn2 (-4-5n-n2+4ZA2+2NnZA%) X h Log[A—z] +
U

2
€22 (2+3n+n?) zAUZhZLog[A—Z]ZJ +2Zn2 |36+61C2 (-2+42Zn2+n (-2+2n2))

U
N2 A2 2
anlog[—|+c22 (4+5n+n2) Za2 X2 n2 Log| — || 6zp +
u2 /JZ
N2 A2
2c2Zn*nlog|—] |6i+c2 (1+n)AhLog[—2}]5A§b+ZA25/\2a
u K
. N2 )
[18(71+n)731c2n(1+n722A2)/\hLog[—2}+c22n(1+n)ZA2/\2h2Log[—2} +
U [

N2 N2
c2nZA2hLog[—2} (61‘1+02 (1+n) AhLog[—z]] 6A2b)
U [

;o

~6i+2c2Z02xnlog[—]+

A2
2 u

A2
[6 (-3i+c22A2mLog[ | +c2202hLog[ — | mzt,)
U U

N2 N2 N2
c2nzZa2xh Log[—z] +c2nzZa2hlog| —] 6x2a+2c2Zn2nLog| — | 6A2b)],

U u2 U2
N2 A2
[—54)L+54ZA)\—3611C22A36/\2hLog[fz} —721C22A36AAhLog[—2} _
H u
N2 A2 A2
361ic2Za222nlog|—]-9ic2nZa222nlog|—|-36ic2Za3x2hlog|—| +
u? U2 2
N2 A2
12ale25A2/\h2Log[—2] +6aanA25)@)h2Log[_2} .
u u
N2 N2
24 al ZA2 52 22 12 Log[—z] +12alnza2 6x 22 p? Log[—z] N
H U
N2 A2
12 al Za2 33 n2 Log[—z} -6 c2 ITing0 ZA2 23 h? Log[—z] +
K u
N2 A2
3 c2 Ifinggn Za2 23 h2 Log[—z] - 27 c2 Ifinhhn Za2 )3 a2 Log[—z} +
H u
N2 A2
6alnza2 )3 n? Log[—z} - 6c2 1Fing0 n Za2 )3 n2 LOg[—z] -
H U
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N2 N2
32 Ifinggn n Za2 3 n2 Log[—z] +12a0ZA2 522 ) w2 Log[—2}2+
u u

na N2
6 a0 n ZA2 522 A h2 Log[fz]z—GCZzZAS 522 1 h2 Log[—z]z,
u
A2
L2

A2
3022nZA55)\21h2Log[—2}2+24a02A25AA2h2Log[ ]2+
U
N2 2 A2 2
12a0nzA25A/\2h2|_og[—2] _12c222A55MZf12|_og[_2} _
I I
A2 2 A2 2 AZ 2
6c22nzA55M2h2Log{—2} +12aOZAZA3h2Log[—2] +6a0nZA2A3h2Log[—2] +
A2 2 A2 o A2 o
—]"+3c22nza* 302 Log| —|" -6c22Za5 332 Log| — | -
2 UZ /,12
N2 2 A2 2
3022nZA5A3h2L0g[—2] +4j1a1c22A46)@/12h3L0g[—2} +
H u

6 c22 Za* 23 n2 Log |

N2 A2
“]*+8ialc2zaton3m3Log| %+
u? 2
. N2 2 . A2 2
41&102HZA46X13h3L09[—2] +41a1c22A4/\4h3|_og[—2} -
H U
N2 A2
—}2+2j1a1c2nZA4A4h3Log{—}2f
2 12
_ N2 o ) A2 3
21ic22 If|ngOnZA4A4h3Log[—2} +41aOCZZA46}2)\2h3Log[—2] +
H 7

]

2ialc2nza* 5322203 Log|

4 c22 Ifing0 Za% 2% h3 Log |

A2
u2

A2
21 a0c2n2Zs% 53222 h3 Log[ — | + 8 1 a0 2 Z8% 51 23 13 Log |
u

N2 N2

~1°+4ia0c2za% 4 n3Log|[ |7+
y? u?

A2 .3 i N2

21a0c2nZA4A4h3Log[—2] 7181c22A3AhLog[—2]5/\b7

H H

N2 N2

36ic2Za?anlog|[—] 6izp+18 i c2Za% A nlog| —

H H

A2 2

N
1221762 632 n2 Log [ — | 62zp + 2421 Z02 52 1 02 Log[ — | 62z +
U U

4ia0c2nza*sx23n8 Log|

] SAop +

N2 N2
12a1Zn? 22 n2 Log [ — | 622p - 12 €2 1ing0 242 22 12 Log | — | &z +
U U

A2 A2 2
1280242 632 12 Log [~ |* 6201 + 12 €22 205 622 12 Log [ ~ | 620 +
u? u?
A2 2 A2 o
24aOZA25AM12Log[—2} 612b+240222A5éAAb2Log[—2] SAop +
u u
N2 2 N2 2
12aozA2/\2h2Log[—2} 5A2b+12c222A4z2h2|_og[—2] 5Ap +
u u

A2 A2 o
3c22n2Z8% 22 h2 Log| —|” 61 + 12 €22 265 02 12 Log[ — | 0 +

H H
2.2 . A2,
|"6xp+2ialc2nzat6x2 andLog| —|" 6ap +

A
8ialc2zZat6x2 an3Log| —~
U

112
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N2 N2
161 alc228 5132 13 Log| " 6xpp+ 41 alc2nzat 6302 ® Log| — | 6o +
p u
N2 2 _ A2 2
81a1c22A4A3ﬁ3Log[—2] 6A2b78ic22IflngOZA4A3h3Log[—2] 5o +
u "
2

A2 A
2ialc2nza* 33 n3Log| 2] 522p -2 i €22 1Fing0 n Za* 23 13 Log | ] 5Xap +
U

2

L2
A2 A2
81ia0c22Za% 532 1 hd Log| 2} 5/\2b+21a0c2nZA45/\2Ah3Log[—} 522 +
u u?

AX
1611a0czzA45MZh3Log[—2}35/\2b+4ia0c2nzA4<5MZhS|_og[
u

N2
] SAop +

N2 N2
811a0c22A4A3h3Log[—2]36A2b+2ja0c2n2A4/\3h3Log[—2} Edop +
u u
A2 2 A2 2
6c222A4Ah2Log[—2} 5A§b+4ja1czzA4éx2h3Log[—z] A3 +
u u

A2 A2
8]1a1c22A45/uh3Log[—z]z515b+4ja1c22A4A2h3Log[—z}zéxgb-
u u
. - A2 2 , A2 3
413 c22 1Fing0 Za* 32 n3 Log| — | 628, +41a0c2Za* 522 w3 Log | — |~ 68 +
2 02
A2 .3 AZ .3
81a0022A45)u\h3Log[—2] 5A§b+4ja0czzA4A2h3Log[—2} 523 +
u u
N2 N2 N2
18 ZA 62a (3+JlCZZA2)LhLog[—2]+1022A2ﬁLog[ | 622p| +Z02 1 Log[— |
u u2 K

SA2a (79]'lC2n)\718]'1CZZA)L+6&1I’]5lzﬁ+12a1nélkf’l+602 1fing0 X2 h +

3c2 Ifinggn 22 n-27c2 IfinhhnX2h+6alnx2h-6c¢c2 1Ffingdnia2h -

N2 N2
3c2 IfinggnnA2h+6aOn6A2hLog[—z} —18c222A3512hLog[—2] -
U u
A2 N2 N2
3c22nZA35A2hLog[—2} +12a0néxah Log[—z} -36C22ZA3 61 R Log[—z} -
K u u
A2 A2 A2
6c22nza3sarnlog|— | +6a0ni2nlog|—| +3c22nzZa22nlog| —] -
u2 U2 u2
N2 N2 N2
18c22Za3 a2 nlog|[—| -3¢c22nzZa%)2nlog|—| +2ialc2nZa? 622 A h? Log[ — | +
H u I
N2 N2
4ialc2nZa?532n?Log[ —] +2ialc2nza? x®n?Log|—| -2 i c2? 1fing0 n Za?
I u
A2 . AZ 2 . A2 2
23 n2 Log[—z} +21ia0c2nzZa? 522 n2 Log[—z] +41a0c2nzZa2 6122 n2 Log{—z} +
u u u

N2 N2
2jaOcZnZAzﬁhZLog[—z]z—lSjCZZAéAbHicZnZA?hLog[—Z]

u I
A2
2al (6x+1)2h-c22 (3i+21Fing0 xh) +2a0 (éA+A)2hLog[—2] 512b]]/
U
A2 N2 N2
[18 [-3]1+czzA2m|_og[—2}+czzA2hLog[ | 5220 [—61‘1+2C22A2/\hLog[—2]+
u u? u
A2 A2 2
c2nZA2AhLog[—2]+c2nZA2hLog[ ]512a+2c22A2hLog[ ]6A2b]
u u? u?
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2
3C22Zn% (-2 +Zn3 (61 +1)2) h? Log[A—z} (A+6A23)J/
u

N2 N2
(2 [731'1 +€2Zn2xhlog|—] +c2Za2hlog| —
2 2

2
] 6A2b) x

-6i+2c2Za2xnlog[—| +
L2
A2 N2 A2
c2nzZa2xhlog[—|+c2nzZa?nlog| —| 6224 +2C2ZA2 hLog| — | 5?\2b]]J,
u2 U2 u?

2
C2 (-1+n) Zna2 (-22+Zn3 (61 +1)2) h? Log[A—Z] (A+6A2a))/
u

N2 N2

A2
6 [-3j+c22a2m|_og[—2} +c2Zr2nlog|

u o

P —61‘L+2022A2/\hLog[u—2]+
N2 N2 N2
c2nza2xnlog|—| +c2nzZa2nlog|—| 6224 +2c2Zn2 1 Log| — | 6)LZb]]J,
u2 /12 u2
2 2
[<—A2+ZA3 (61 +2)2) h [—6]’1+3C22A2/\h Log[A—Z] +czzA2hLog[A—2} SApa +
u u

A2
2¢c27Zn2 5 Log[—z] 512[)])/
U

A2 A2 2
[3 [_3 i+c22a2 xnlog|— ] +c2Za?hlog| — | mw]

N
. -61i+2c2Za2 1 hlog|
U U

112

|+
N2 A2 A2
c2nza2xnlog|—|+c2nza2nlog|—| 624 +2c2Za2nLog|— | 512b)],
u? u? u?
2 2
7[(61 (—1+ZZA))/ [—61’1+ZCZZAZAELOQ[%] +02nZA2AhLog[A—2] +
u u
2
}

A
cZnZAzhLog[—z] 5224 +2C22ZA2 0 Log |
u

A2
oy

A h h
cteq = ((ng—mz— —Vv?- = ((n+1) A) (tfing) - — (1) (tfinn) /. ngsoln) /7
6 6 6

CoefficientList[#, {p, v, tfing, tFinn, Ifingp, 1finggp, 1finhhp}] & //
Flatten // Simplify // DeleteDupl icates) =0 // Thread

{(-6106mE+Za2 (—itu+lu (-m+u2)) A ((2+N) X+NEXaa+26X2p)) /
(-61+20uZn22h+ lunZa2 X h+ lunZa2h 62z +2 W Z02 1 62gp) =

True, - ((83282 1 6X2a) / ( (-3 + WuZa?2 X b+ 1 ZA2 h 625p)
(-61+20uZn22xh+ lunZa2 xh+ lunNZa2h6Xpq+2 W ZA% 1 622p) ) ) +
A h (—i- (3242) / ((-3i+M1uZa2xn+ 1uZa2 b 62zp)

(—61’1+2IuZAz)kthIunZAZAh+IunZA2h6A2a+2IuZA2h6A2b)))

—((h (A (1un2Za2 xn (—31’1+IHZA2)\T’1) +3n (-6+2n? (6751'1 Iu)u’q) +luZa* 2 h
(2i+Muxh))+2(-9+202 (9-6iluxh) +luZa*xh (6i+urn))) +
Zn? (36+6d lu (-2+42Za2+n (-2+Za2)) xh+ 1p? (4+5n+n2) Za2 X2 h2) 6 +
20uZn*n (61 +lu (L+n) Xh) 623+ ZA2 5024
(-18+0un2xn (-3i+0uZa2xh) +n (18+3 il (-1+22Z2) xh+ 1u2Za2 )2 h2) +
lunZa2n (64 + My (L+n) xh) 6xp))) /(6 (-3i+ MuZa2 xh+ MuZa2 h 62ay)
(-60+20uZn22xh+ lunZa2 xh+ lunZa2 h6Xp4+2 W Zo? h 622p) ) ) =0,

Printed by Wolfram Mathematica Student Edition



two-loop-renormalization.nb | 11

- ((-542+54Zn2-361i 1uZna® 602 h-724 M Za% 6522 h-36 i IFing0 A2 h -

361 1uZa202h-91 IunZa2)2h-361 IuZa3 X2 h+ 12 cu ZA2 522 A A2 +

BCUNZA2 N2 A2 -6 12 Za5 622 A2 - 3 1P N ZA5 502 A B2 + 24 Cuu ZA2 61 02 12 +

12cunZa2 6220272 - 12 12 ZA5 5A 0202 - 6 12 N ZA5 60 A2 12 + 12 cu ZA2 A3 h2 +

18 1Fing0 1 Za2 X3 12 + 3 Ifinggn 1 Za2 28 2 - 27 Ifinhhn 1 ZA2 23 12

6cunzazZid3n2 -3 1fFinggn lunzZa23n2+6 12 ZA* 23 h2 +3 12 nZa* 8 n2 -

612ZA5 312 -3 12nZASo3n2+ 41 culuZa*622 2208 +2 i culunzat 52212 p3 +

8iculuzZa*ox3nd+d4iculunza*ox3nd+41iculuzZa* 24 nsd+

2iculunzZa* x*nd - 181 luZa3 X héay -361 WuZA2 X h S+ 181 huZA3 X h 6o +

12 cu ZA2 522 12 o + 12 12 ZA5 622 12 52pp + 24 C ZA2 SA X B2 Shpp +

24 12 ZA5 A A N2 621 + 12 € ZA2 X2 12 S0, + 12 1FING0 N ZA2 X2 72 S0,p +

12 12 Z0% 0202 6o + 3 12 NZA* A2 h2 525 + 12 N2 ZAS 22 B2 S0 +

8iculuZat X2 A8 60 +21 Cu lunZat 622 X A3 625y + 16 1 Cuu L Za% 52202 18 Spp +

4iculunzZat a2 nd 6ap+81icu luZat X3 18 S2pp + 2 1 cu Ly n Za% 23 13 62uy +

6 12204 X 12603, +4 i cu M Zat 502 18 623, + 8 i cu M Za% A A 13 623, +

A4iculpuZn* 22 nd 608, + 181 Zabda (-3 1+ luZa2 xh+ WuZA2 h 62gp) -

ZA2 16Xz, (91’1 Iunx+181i luZax-6cunséx2h+18 1u2Zn3 622 h+3 1u2nZa3 622 h -
12cunéAxh+36 12 ZA3 6Axh+6 12nZa3sxah -6 1Fing0 1 22 h - 3 1finggn

lux2n+27 1Finhhn 1y 22 A -6c¢cun22a+ 3 1Finggn lun 22 A -3 12 NnZA2 22 h +

18 12ZM322a+312nZa322ha-2iculunzZa?26x2xh2-4iculunza2sai?hn? -
2iculunza? 83 n?+181 luZasr, - lunZa2n (3 hux+2icu (51+2)20) 62zp)) /

(18 (-3 1+ MuZa2 xn+ WuZa2hédgp) (-6 4 +2 0 uZa2 xh+ lunZa2 xh+

luNZa2h6Xp4+2 W ZA% h622p) ) ) =0,
(B MuZa? (-22+2Zn% (52+2)2) h2 (X +6X2a)) / (2 (-3 1+ 0uZa? xh+ DWuZa? h 6gp)
(-61+201uZn2xn+ IunZa2 Xh+ lunZa2 hélpa+2 W Za2 h 62zp) ) =0,

(1 (-1+n) Za2 (=22 +Zn3 (6X+2)2) b2 (A+5A2a))/
(6 (-31+0uZa2xhn+ WuZn2h6xzp)
(-61+20uZn2xh+ lunZa2 xh+ lunZa2 hédp4+2 20?2 h 62gp) ) =0,
“(((-22+2Z0% (52+2)2) 1 (-6 +3MuZp2 Ah+ WuZn2 h6dpa+2 W ZA2 h 60zp) ) /
(3 (-3i+1uzZa2xh+1uZn2hé2zy)
(-6i+2M1uZn2xn+ lunZa2 X+ lunZa2 hélpa +2 W Zo2 h6p) ) ) =0,
(61 (-1+2Z2Zn)) / (-61+20uZa22xh+ lunZa?2 xh+ lunZa2 h6dpa+2 luZA2 h 6)gp) =

0}

cteq = (cteq /. msbarrules // Simplify // DeleteDuplicates)
2

{- (]i 6 6m¢ + Za2 h | €0 A? + (€l pu? - i c2 (m27u2))Log[A—2} ((2+n)A+n5A2a+25A2b))]/
u
N2 N2
[76j+2022A21hLog[—}+c2nZA2AhLog[—]+
u? p2
N2 N2
c2nza?nlog|—] 6iza+2c2Za2nlog| —| 5A2b) =0, True,
u I
1 N2 A2
Ah (-—- (3ZA2)/((-3j+czzA2mLog[—] +c2Znr2hlog| —| 5/\2b]
6 U2 02
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N2 N2
(—61+2022A2AhLog[—] +c2nzZa2xhlog| —] +
pz pz

N2 N2
c2nZA2hLog[—2} 6A2a+2c22A2hLog[—2] 5/\2,3))] -

u u
2 2
(3ZA2hé)\2a)/ [—31‘1+CZZA2AE Log[A—z} +022A2hLog[A—2} 612b)
H H
A2 A2
-6i+2c2Za2xhlog[—|+c2nZa2xnlog|—] +
u? u?

N2 N2
c2nza?nlog|—| 6224 +2c22Z02 1 Log[ — | 57\2b)],

HZ u2
2
[T’z (A [18 (1+n) (-1+2Z22) +3i€22Zn2 (-4-5n-n2+47ZA2+2nZA%) X h Log[A—z] +
u
N2 .2
€22 (2+3n+n?) Zo* A2 h? Log[—z}
U

+ZA%2 |36+61cC2 (—2+4ZA2+n (72+ZA2>)

A2

2
anhlog[— ] +c2? (4+5n+n2) Za2 32 p? Log[A—z]2 522 +
U

2

N2 N2
2c22A4hLog[—2] 6i+c2 (1l+n)xh Log[—z}J 623 + ZA2 65Xz
U U

N2 N2
2

N2 N2

18 (-1+n) -3ic2n (1+n-22Za%2) xhlog[—|+c22n (1+n) ZAZAZhZLog[—2]2+
u
c2nza?nlog|—| (61‘1+02 (1+n) xhlog|—]

u? u?

I% “
(( 22 22

-3i+c2ZA2 2 h Log[—z] +c22A2hLog[—2] 6/12,)] (—61'1+2022A2)th Log|
u

SA2p

A2

} +

] 5A2b]] =0,

u u?
A2 A2 A2
c2nza? xhlog[—]+c2nzZa2hlog|—] 6224 +2C22ZA% hLog| —
u? u? u?

36c22Zn2 22 nlog|

o

(j [541A—54iZAA—36 ITing0 2% 1 - 36 c2Z0% 622 hLog[ — | ~72c2Za% saxnlog|— | -
| -9c2nza2i2nlog| —] -36c22Za% 22 nLog|
12ialZa? 622 an?Log|—] -6ialnZa? 532 an?Log[ — | - 241 alZa2 62
22 n? Log | -12ialnza?sx2h? Log| —12]1a12A213h2Log[—2]—

N2 N2
U U
N2 N2 N2 }
u? u? u?
N2 N2
U U
N2 ] N2
u? u? u
/\2
_] +
2

A2
18 i c2 1¥ing0 Za2 23 A2 Log[—z] -3 i c2 Ifinggn Za2 33 h? Log |
u

N2 N2
27 i ¢2 I'finhhn Za2 33 A2 Log{—z} ~6ialnza23n2 Log[_z} .
u

U
. - N2 ) )
31c2IflnggnnZAZA3h2Log[—2}7121aOZA25A2,\ﬁ2|_og[72] _
H U
. A2 2 X A2 2 )
61a0nZA25A2/\h2Log[—2] +61c22ZASéAZAh2Log[—2} +31c22n2Za5 622 2
M %

2 A2 12 ; 2 A2 12 ; 2 2 2212
n?Log[ —|" - 241 a0Z4% 6222 n? Log[ — |" - 124 a0 nZa? 62 22 n? Log[ — | +
U U U
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N2 .2 A2 .2
121 ¢c22Za5 6222 n2 Log[ — |  +61i¢c22nZa%sa a2 n? Log| — | -
u? u?
N2 N2 N2
121aOZA2A3h2Log[—2]276JiaOnZAZ)@’hZLog[—2}276ic222A4A3h2Log[—z]zf
u u u
A2 2 N2 2
3ic22nzZa* ¥ n2log[— | +61c22Za5 23 n2Log| —|" +3 i c22nZnd 23 n?
u? u?
A2 A2 A2
Log[ - ]%+4alc22a% 622 22 13 Log[ - |* + 2 al c2 n Za* 632 22 13 Log [~ |* +
u? u? u?
N2 2 A2 2
8alc2Za* 5123 n3Log[ —|" +4alc2nzZatorr®ndlog| —|" +4alc2Zat
u u
N2 2 N2 2 A2 .3
A4h3Log[—2] +2a102nZA4A4h3Log[—2] +4aOCZZA46A2)@h3Log{—2} +
u u u
A2 .3 A2 .3
2a0c2nZA4éxZA2h3Log[—2] +8a0czzA4éxA3h3Log[—2] +
u u
A2 .3 A2 .3
4a0c2nzat5x 3 n?Log| — " +4 a0 c2Za% 1 1 Log[ — | +
U
N2 .3 N2 N2
2a0c2nZa*a*n3log| —|"-18c2Za3 anLog| —| 64p - 36 €2Za% A hLog| —| &dzp +
u u u
N2 N2
18c2Zn® xnlog[ — | 6izp - 121 a1 Za2 622 h? Log[ — | 6z -
u u
N2 N2
24ialzn?saan?log|—| 6i2p-121ialZa2 X2 n? Log| — | Sxzp -
u? u?
. N2 N2 2
121 c2 IflngOZAzkzthog[—z]6/\2b—1211aOZA26/\2h2Log[—2] 5z -
u H
. N2 2 _ N2 .2
121 €22 205 522 n2 Log[ — | 6226 - 24 1 a0 Z62 62 A 12 Log[ — | 6221 -
u u
) A2 2 , A2 2
241c22205 63 an2Log|[ —|" 6226 - 121 a0 Za2 22 h2 Log[ — | 6z -
u u

. A2 2 ) A2 2
121c22ZA4)\2h2Log[—2] 6A2b—31c22nZA412h2Log[7] 5Ap —
u p

N2 N2
2

12§ c22 285 2 n2 Log |~ | * 625 + 8 al €2 204 622 2 18 Log | — | * 621 +
u? u

A2 N2
}25A2b+16a1c22A4 5222 n3 Log | }zéxzw

2alc2nza* 62 andLog| —~
U

u_z
A2

4alc2nzZntsxa2nd Log[—2
U

2 A2 2
]"022p +8alc22Za4 23 n3 Log[ — | oxzp +
U

A2 2 N2 .3
2a1c2nZA4)L3b3Log[—2] 5A2b+8a0c22A46)@)nh3Log[—z} 5Aap +
H U
N2 A2

2a0c2nZa% 6532 an3Log| ~ | Expp + 16 20 €2 Za4 52 22 13 Log [ | * 621 +

u? u?
AZ

N2
420c2nzs% 52 3213 Log[ —|” 62zp + 820 €2 26% 43 h® Log
U

1% 6200 +
e 2b
A2 3 ) A2 2
2a0c2nZA4A3h3Log[—2] 6A2b761c222A4Ah2Log[—2] 523 +
u u
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N2 N2
4alc2znt 522 18 Log| — % 623, + 8al c2Za% 52 and Log| ~ | 633, +
HZ u2
A2 2 A2 3
4alc2zr* 22 ndlog|—|" 623p+4a0c2Za* 622 n3 Log | — | 623 +
u? L2
A2 3 N2 .3
8a0c2Za 5aan3Log[—|" 623, +4a0c2Za% 22 n3 Log[ — | " 623 +
H H

N2 N2
18 ZA 62a (—3i+CZZA2/\h Log[—] +c2Za?nlog| —| 6A2b] +
U U
A2
ZAZnLog[—Z} 522a (]1 (-3 (2aln (5a+1)2hn+c2 (-61Za+ (2 1Fing0 + Ifinggn -

u
9 Ifinhhn) xh-n (3i+1finggn i h))) +h (-6a0n (61 + )2+
C22Zn? (3€2 (-n22+ (6+N) Za (61+2)2) -21ialnx (6x+2)2h))

N2 . A2 o
Log[—z]-21a0c2nZA2/\(5A+A>2h2Log[—2] ]-18c22mxb+c2nzA2
H U
A2 A2
nlog|—| [—3102A+2al (6A+2)2h+2a0 (61+2)2nlog| ]]&zb)]/

2

u
2

, A2 N2 , A
[[—31+CZZA2)th Log[—z} +CZZA2hLog[—2] 5221 [761+2c22A2Ah Log[—z] +

u u u
2 2 2
c2nZAZAhLog[A—}+c2nZA2hLog[A—}5A +2c22A2hLog[A—] ) =0
2 le 2a /12 2b ’
U

2
C2Za (-22+2Zna3 (651 +2)2) hLog[A—z] (A+6A23)]/
u
N2 N2
—2] +CZZA2hLOg[u—2] 6)&2b]
N2 N2
{—61+2CZZA2)1’7L09[*} +c2nzZa2xhlog| —] +
p? u?

((—SJ'HCZZAZAhLog[
u

2 a2 2 a2
c2nza?nlog| 2]6/12a+2022A nlog| 2}6A2b 0,
U U

2
C2 (-1+n) Za (-22+2Za3 (652 +2)2) hLog[A—z] (A+5A2a)]/
u

A2 A2
((—31’1+C22A2)Lh Log[— ] +c2Za?hlog| — | 5x2b]

U U
A2 N2
(-6i+2c22a2m|_og[—2} +c2nzZa? xnlog|—] +
U U
AZ A2
c2nZA2hLog[—2] 6A2a+2022A2hLog[—2} 6A2b) =0,
H H
N2 A2
[<—A2+ZA3 (6A+2)2) [—611+3022A2/1h Log[—z] +czzA2hLog[—2} SApq +
u U
A2
2c22A2hLog[—2] 521 /
u

N2 A2
((-3i+czza2m Log[—] +c2Za2nlog| —] 5@,]
u? u?
2 2
& ] +c2nZA2/\hLog[A—2] +

{—61’1+2CZZA2Ah Log|[ —
u? u
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N2 A2
c2nza?2nlog|—| 6124 +2c2Zn2 0 Log| — | mzb)] =0,
u? U2
2 2
(i (—1+ZZA))/ [761+2022A2)khLog[A—2} +c2nZA2AhLog[A—2} +
u u

A2
c2nza2nlog|—| 6xa+

12

A2
2czzA2hLog[—2} 512b] =0}

U

Solve for counter-terms from Goldstone EOM
Note there are two solutions differing by a sign for 6A.

cts = Solve[cteq, {ém1, SA1a, SA1b, 6A2a, 6A2h, 6A, Z, ZA}] // DeleteDuplicates;
$Aborted

{6m1?, 6A1a, A1b, 6X2a, 6A2b, 6A, Z, ZA} /. cts // DeleteDuplicates

Gather kinematically distinct divergences for Higgs EOM

cteg2 =

A V2 2 n i h .
([([[ng- [—) -m? - =v?- = ((n+1) A) (tfing) - = (1) (tfinn) /. ngsoIn] /- Solve[
3 6 6 6

neom, mn2]1[[1]] /- ngsoIn] /. cts // FullSimplify //

DeleteDuplicates

/. {tfFing -0, tfinn-> 0} // Expand) //

CoefficientList[#, {p, v, tfing, tFinn, 1fingp}] & // Flatten //

Simplify // DeleteDupl icates} =0 // Thread

Solve for counter-terms from Higgs EOM

cts2 = Solve[cteq2[[2]], {ZA}]

Both equations should have the same solution:

(za 7. Solve[cteq2[[3]], {ZAa}][[1]1]) - (Za /. cts2[[1]]) ==

Final Counterterms

({6m?, 6112, 6X2a, 6X2b, 62, Z, Za} /. cts /. cts2 // Simphify) [[1]] //
DeleteDuplicates;

counterterms = Thread[{6m?, 6)1a, 6224, 6X2b, 61, Z, Za} » %[[1]]]

The should be momentum independent :
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({6m?, 621a, 6X2a, 622b, 62, Z, Za} /. counterterms // DeleteDuplicates // D[#, p] &) [[
111 ==0// Thread
({6m?, 6112, 6X2a, 622b, 62, Z, Za} /. counterterms // DeleteDuplicates //
D[#, Ifingp] &) [[1]] = 0 // Thread

Printed by Wolfram Mathematica Student Edition



Renormalization of Symmetry
Improved 3PIEA gap equations at
2 loops

Supplement to thesis Chapter 4.
Author: Michael J. Brown

Mathematica notebook to compute couter-terms for two loop truncations of the SI-3PIEA.

Hartree-Fock

ClearAll [geom, neom, intrules, regularisedtadpoles, mg2soln, cteq, cts, ém, 61];

Hartree-Fock gap equations with counterterms

Goldstone equation of motion. Quantities in reference to the paper are:

p is the four-momentum flowing through the propagators Ag™ and Ay7?,
mg2 is the Goldstone mass squared mg?,

Z and ZA are the wavefunction a propagator renormalization constants,
m? is the (renormalized) Lagrangian mass parameter, 6m;2 is its counter-term,
Ais the (renormalized) four point coupling,

OA1a, OA2 4, OA2p are the independent coupling counter-terms,

v is the scalar field vacuum expectation value,

his the reduced Planck constant,

n is the number of fields in the O(n) symmetry group,

teog, teon are the divergent tadpole integrals for the Goldstone, Higgs resp.,
tfing, tfinn are the finite parts of the tadpoles for the Goldstone, Higgs resp.

A+ 6A1a
6

A A

— ((n+1) X+ (n-1) 6224 +26X2b) Za® (teog + tFiNg) - = (X + 6X2a) Za% (twn + tFinn)

6 6

geom = p? - mg2 = Z ZA p? - m? - 6my? - ZA v2 -

1
-mg2 + p2 == -m2 + p2ZZA-5mf - — VZZA (X +6Xa) -
6
1 1
g (tFinn + ton) ZA2 A (XA +SX2,) - g (tFing + tog) ZA2A ((1+N) X+ (-1+N) Sxoa+26X2p)

Higgs equation of motion
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-aAv2

neom = p? - mn2 == ZA + p? -mg2

1
-mn2 + p2 == -mg2 + p2 - EVZZAA

Infinite parts of tadpoles in MSbar
MSbar rules for 4 - 2 € dimensions

regularisedtadpoles = {twg » c0 A% + c1mg2 Log[a? / u?], twn » cO A% + clmn2 Log[a? / u?]}
A2 A2

{t=g > c0 22 +clmg2Log[— |, t=n - cOA2+clmn2Log[ — |}
u u

Sub in tadpole expressions, eliminate mn2 and solve for mg2

mg2soln =
mg2 /. (geom /- regularisedtadpoles /. Solve[neom, mn2][[1]] // Solve[#, mg2][[1]] &)
-18m2-18p2+18p2Z22Zan-3Vv2ZAa-3tfFingZa2 xh-3ntfingZa2an-3tFinnZa2 xh -
A2
6c0Za% 212 n-3c0NZA2 A A2 0 -ClVv2Za3 2 hLog[ —
u
3tFingZa2héX,-3NntFINgZA2 h 62, -3 tFINNZA2Z h 805, -3¢€c0NZA2 A2 H X4 -

| -186mf -3v2ZA 62a +

A2
clv2Zr3 anlog|—| 6Xz4 - 6 tFing Za2 h 62,1 - 6 €O ZA2 AzhéAZb]/

u2
A2 A2
3|-6+2c1za2xnlog|—]+clnZa2xnlog|—] +
u? u?
N2 N2
clnza?nlog|[—| él2a+2c1Za2hLog| —| mz,,))
H Hu

Gather divergences proportional v, tfing and tfinn and set independently to
zero

First we subtract the finite equation of motion, then gather coefficients of the remainder into a list and
set each to zero (after some trimming and simplifying).
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cteq =
. i >, A , B i h )
((CoefflmentLlst[ngsoln+ (—m -=Vv?-=((n+1) a) (tfing) - — () (tflnn)) , {pP, V,
6 6 6
tfing, tfinn}] // Flatten) //
DeleteDuplicates // Simplify // FullSimpIify) =0 // Thread
A2
{—[ 66m? +Za2h [cOAZ+clm2Llog| —] | ((2+n) /\+n6)kza+2612b)J/
U2
N2 A2 Ah
{—6+cl (2+n) Za2xhlog| —] +clZa2nlog| —]| (n512a+2csz2b))] =0, -—-
u? p? 6
A2 N2
(zn2n ()L+6)\2a)>/ (76+cl (2+n) ZA%2 X h Log[—z] +cle2hLog[—2} (NEXpa+26Np) | =
u u
A2
0, |n [(1+n) 2 (6762A2—C1 (2+n) ZAZAhLog[—Z}J +
U
A2
Zn2 —(6 (-1+n) +cln (1+n) AhLog[—z]] 5A2a -
U
A2
2 [6+c1 (1+n) x5 Log[—] 5/\2b]] /
u
N2 A2
6 [—6+cl (2+n) 222 X h Log[—z] +C12A21”’1Log[—2] (n5A2a+25/\2b))] =0,
u u
A2
True, 7[ 6ZASEXa+ A |6 (-1+ZA) +ClZA% (2+n+22ZA) MJLog[—Z} +
u
A2
chAZhLog[—z} ((N+22Zn) 5/\23+25A2b)J)/
u
A2 A2
[6 (—6+cl (2+n) zAZMLog[—Z} +c12A2hLog[—2] (n6A2a+26A2b)]]) =0,
u u
A2 N2
(—6+GZZA)/ [—6+cl (2+n) ZA%2 X A Log[—z} +cle2hLog[—2] <n5A2a+2ész>] =
u u
0}

Solve for counterterms
cts = {5m12, SA1a, 6A2a, 6X2p, Z, ZA} /. Solve[cteq, {ém1, 6A1a, 6A2a, 6A2b, Z, Za}] //
FullSimplify // DeleteDuplicates

: Equations may not give solutions for all "solve" variables. >

(2+n) 1 h (cOA2+c1m2LogM—§}) A (6-62Za-cl (4+n) ZAAhLog[t—i})

- 6+cl (2+n)AhLog[ﬁ—i} ’ Zn (6+cl (2+n)AhLog[ﬁ—§}) ’
6 6 1
Al-1+ - A -1+ - . =, 20}
Zp? (6+cl (2+n) xnlog| 7)) Zp? (6+cl (2+n) xhlog[iz]) | 24

ZA is redundant in this truncation, can remove it :
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cts /. Za -1 // FullSimplify

(2+n)Ah(C0A2+C1m2LOgM\—§” cl (4+n) )@ﬁLog[ﬁ—i]
(- 6+cl (2+n) xnlog[’] " 6.cl (2+n)AﬁLog[ﬁ—§]’
Al-1+ 6 |, a]1s 6 .11
6+cl (2+n)AhLog[ﬁ—2} 6+cl (2+n)AhLog[ﬁ—2}

n+2

6A2a = S6A1a /. Solve[cteq, {6m1, 6A1a, 6A2a, SX2b, Z, Za}] /- {ZA > 1} //

n+4
FullSimplify // DeleteDuplicates

: Equations may not give solutions for all "solve" variables. >

{True}

Sunset

NOTE: this uses some of the same variable names as the Hartree-Fock code! Be careful not to clobber
what you need to keep.

ClearAll [geom, neom, intrules, regularisedtadpoles, mg2soln, cteq, ém, 6, A, 6, 6A];

Equations of motion

Additional variables relative to the Hartree-Fock case:

Ing is the sunset integral Ing(p)

Ifingp is the finite sunset integral I{f5(p),

Ifing0 is /% (mg),

Ifingn is /7% (mp),

OA is the sunset graph coupling counter-term,

Iy, tu and cu are the auxiliary integrals /,,, T, and ¢, respectively.

2 . (A) v)?2 - _
geom = p?-mg2 + 1 h (—) (1fingp - 1fing0) =
3
A+ OA h
ZZap?-m? - sm2-Za SRR V2 ((ne 1) A+ (n-1) 6Xza+2 622b) 242 (tg) -
6 6

ZA% Ing

n ) (A +62) V2
S (A+8A2a) ZA? (En) + i h (—]

1 1
-mg2 + p? + 51‘1 (-1Fing0 + Ifingp) V22 h == -m2 + p2Z ZA + gj Ing Vv2Za3 (X1 + )2 h - 56mf -

1 1 1
gVZZA (X +62a) —gthAzh (A +6X22) —gthAzh ((1+N) X+ (=1+N) Sxza+26A2p)

Printed by Wolfram Mathematica Student Edition



si3piea-two-loop-renormalization.nb | 5

Q) v

2
neom = p?>-mn2 + i A ( ) (Ifingp - I1fingn) ==

-ZA (A +62) V2
3

2 2
+p>-mg2+ih (u) (1fingp - 1fing0)
3

1
-mn2 + p2 + 9 i (- 1fingn + IFingp) v2 2 h =

1 1
-mg2 + p? - gvz ZA (BA+ Q) + 9 i (- 1Fing0 + IFingp) v2 A2 h

Divergent parts subtracted with auxiliary integrals and MSbar

intrules = {Ing > Iu+ Ifingp + 1fing0,

((A+ SA) V)Z

tg—»tu—i(ng—uz) lu+ h cu + tfing,

(X+ 62) V

tn—»tu—i(ng—uz) Iu+f1( 3

2
) cu+tfinn}

- _ _ 1
{Ing - 1Fing0 + Ifingp + 1., tg > tfing + tu - i lu (Mg2 - 12) + gcuvz (6X+\)2h),

1
tn o tfinn+ tu - i by (mn2 - 12) + gcuv2 (6X+ )2 h}

regularisedtadpoles =
A2 G A2 A2
{Iu->c2Log[u—2], tu » cOA? + cl p? Log[u—z], cuaaOLog[u—2]2+a1Log[u—2]}

N2 N2 A2 A2 2
|, tu->coa?+clu?log| },cuealLog[—2]+aOLog[—2]}

{lu-c2log| —
u? u u

112
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Sub everything in, eliminate mn2 and solve for mg2

mg2soln = ((geom /. intrules (+/.regularisedtadpolesx) /. Solve[neom, mn2][[1]]) //
Solve[#, mg2] &) [[1]]

1
{mg2 - [—m2—p2+pZZZA— 5 i (- IFing0 + IFingp) v2 2 A +

1
i (1Fing0 + IFingp + 1) v2Za3 (60 + )2 h - 6mf - gvz ZA (X + SXq) -

ROk

1 1
ZtfinnZa2h (A +6204) - gt“ Z02H (X +6p3a) + s 1 MUV2ZA3 6 R (A +60a) +

o

1
i g V2 ZA3 A A (A +6X0a) - — 1 WUZA2 2 A (A +6EX24) -
18 6
1 1
—— CUV2ZA2 (A +X)202 (A +6X4) - ” 1uZa2 n (1Fing0 v2 22 1 - 1fingn v2 22 h)
1 1
(X +6N23a) - gtfngAZh ((L+n) X+ (=14N) SX2a+26Np) - gtuZAzh
1

((L+n) X+ (=1+N) 5A24+2 EXp) 7811 1LZA2 258 ((L+n) A+ (=1+N) Edpa+26Xp) -
1
aCuVZZAZ (6X+2)202 ((L+n) A+ (-1+n) 5/\23+2512b))/

1 1
-1—g]1 1L ZA2 8 (X +6X24) —gi 1LZa2h ((1+Nn) A+ (-1+n) 6A23+25/\2b>)}
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Gather kinematically distinct divergences for Goldstone EOM

cteq = ((mgz-mz- %vz-g ((n+1) A) (tfing) —Z (A) (tFinn) /. ngsoIn) //

CoefficientList[#, {p, v, tfing, tfinn, 1fingp}] & // Flatten //
Simplify // DeleteDupl icates) =0 // Thread

{(-616m+Za% (—dtu+du (-m2+p2)) A ((2+4N) A+NEXaa+2822p) ) /
(—611+2IuZAz)\TIJrIunZAz)\h+lunZA2h6)kZa+2IuZA2h612b> =0,

1
True, gh (-1- (61202 (X+622a)) /
(-61+201uZn2xn+ lunZa2 Xh+ lunZa2 h 6o +2 W Zo2h 62zp) ) =0,
1
gn (- (1+n) X- (61Za% (A+nA+ (-1+N) xpa+26N2p) ) /

(-61+20uZa2xh+ lunZa2 xh+ lunZa2h6dp4+2 202 h 62gp) ) =0,
- ((i(-181+18Zax-121i 1fing0Za% 622 h - 12 i Wu Za% 632 h - 24 i 1Fing0 Za% 53 A h -
30i luzZa36x2h-12i 1FIiNg0O X2 h-61 1luZa222h-3 1 lunZa2x2h -
1231 1FIiNg0ZA3 X2 n-18 1 luZA3 X2 h+4cuZa?26X2 xh2+2cunzZa26221n? +
8cuZr?26x22n2+4cunZa?26x22n2+4cuzni?23n2+2 1Fing0 1y Za2 X8 w2 -
21Fingn 14 ZA2 3312 +2cunZna?2 23 n2 + 18 ZA S2xa + ZA% h <2Cun (GX+2)2h +
Iy (-61ZA (53+2) +A (-8in+2 (1Fing0 - Ifingn) X h))) 6224 -

| 7

61 1uZA2 XA EXop+4CUZA2 EX2 12 SXpp + 8 CLUZA2 SANA2 SXsp + 4 Cu ZA2 X2 A2 &Zb))/

(18 (-6 1 +20uZa2 xh+ lunZa2 xh+ WunNZa2 h6dpa+2 W Za2 h E2gy) ) ) =
0, - ((2 (-22+2Za3% (61+1)2) n) /
(3 (—6]1+2|;JZAZAT1+IunZAZAh+|unZA2h6AZa+2IuZA2h6A2b>>) =0,
(61 (-1+2Z2Zn)) / (-61+20uZa?ah+ lunZa? xh+ lunZa2 h6dpa+2 luZA2 h 62gp) =

0}
Solve for counter-terms from Goldstone EOM

Note there are two solutions differing by a sign for 6A.

cts =

Solve[cteq, {ém1, 6A1a, 6A2a, 6A2b, 6A, Z, ZA}] // FullSimplify // DeleteDuplicates;

: Equations may not give solutions for all "solve" variables. >
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{6m?, 6X1a, 6X2a, 6A2b, 62X, Z, Za} /. cts // DeleteDuplicates
(0 (2+n) A (i tu+ M (m-p) (Mm+p)) A
6i+ My (2+n) Ah ’
(A (60uZnS2xn-2hcu (2+n) 22h2-3Za% (64 + My (2+Nn) Ah) +2ZA3
(9i+2ah (-6 (21Fing0+ hy) + i by (IFingn+ 1y (2+n) + 1fing0 (3+2n)) an)))) /
61
+ ?
Zn2 (6]’1+ Iy (2+n) )\h)

1 1
,(717 )A,—,ZA},
Zp3/2 Zn

-1

(3Za% (6d+ 1y (2+n) Xh)), 2

61
ZN2 (61'1+ Iy (2+n) )kh)
(2+n) A (i tu+ g (m-p) (m+p)) A
(- 6i+lu(2+n) Ah ’
(A (-61uzZaS2xn-21icu (2+n) X212-3ZA% (614 + I (2+N) A h) +2Za8
(9]'L+)kh (—6 (2 1Fing0 + 1) + 1 by (IFingn+ 1y (2+n) + 1FINng0 (3+2n)) /\h))))/
61
ZA2 (61 + 1y (2+n) )nh)

A -1+

(3za% (6i+ My (2+n) Xh)), A |-1+

61
Zn? (6 1+ 1y (2+n) A h)

A -1+

1 1
) (71+ ))L,—,ZA}}
ZN3/2 ZA

Gather kinematically distinct divergences for Higgs EOM

cteq2 =
2

([([[mnz- [%] -m? - %vz-;—l ((n+1) A) (tfing) —;i (A) (tFinn) /. ngsoan /. Solve[

neom, mn2] [[1]] /- ngSoIn] /. cts // FullSimplify //

DeleteDuplicates

/- {tfing » 0, tfinn - 0} // Expand) //

CoefficientList[#, {p, v, tfing, tFfinn, Ifingp}] & // Flatten //

Simplify // DeleteDupl icates] =0 // Thread

i (31‘1+x/ZA (8i+ 1Fing0 1 7 - Ifingnxn))

{True, =
9+/2A
A (3+1+ZA (3j+lfingothlfingnkh))
=0
9+/2A }

Solve for counter-terms from Higgs EOM

cts2 = Solve[cteq2[[2]], {ZA}]

({za - 9

(3i+ IFing0 A n - Ifingn A h)?
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Both equations should have the same solution:

(za /. Solve[cteq2[[311, {Za}1[[1]1]1) - (Za /. cts2[[1]]) ==

True

Final Counterterms

({6m?, 6112, 6X2a, 6X2b, 62, Z, Za} /. cts /. cts2 // Simphify) [[1]] //
DeleteDuplicates;

counterterms = Thread[{6mi?, 6x1a, 6X2a, 6X2b, 6A, Z, ZA} » %[ [111]

(2+n) A (dtu+ My (m-p) (Mm+p)) A
{6m§+— »
61i+lu (2+Nn)Ah

| o

Sda = /\(Sj+lfingOAh—lfingnAh)8 —2icu (2+Nn) A2h2+1458 1y h
1 ¥% 19683 (6i+ 1y (2+n) k)
- - —(1458
(3i+ IFing0 A5 - Ifingn A n)? (3i+ IFing0 A n - Ifingn 1 1)®
(9]'1+Ah (—6 (2 1Fing0 + 1) + 1 Iy (IFingn+ 1y (2+n) + 1Fing0 (3+2n)) )Lh)))/
(3i+ IFing0 A n - Ifingn A 7)° /(19683 (6i+ 0y (2+n) xn)),
2i (3i+1Fing0xn- Ifingnan)*
5)&23%)\ -1+
27 (61 + My (2+n) Ah)
OAop >
2i (3i+1Fing0 xn - Ifingn A n)*
A -1+ )
27 (61 + 1y (2+n) Ah)
1
SA-> A |-1- a2l
1
27 (_ (3 j+lfingOAhflfingnAh)2)
Z -

1
—5(31+Ifn@01ﬁ—lfn@nkhf,
9
(3i+ IFing0 A A - Ifingn A n)?

ZA - -

The should be momentum independent :

({8m?, 6212, 62224, 6X2b, 62, Z, Za} /. counterterms // DeleteDuplicates // D[#, p] &) [[

111 =0 // Thread
({6m?, 6112, 6X2a, 6X2b, 62, Z, Za} /. counterterms // DeleteDuplicates //
D[#, Ifingp] &) [[1]] =0 // Thread

True

True
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Renormalization of Soft Symmetry
Improved 2PIEA gap equations in
the Hartree-Fock approximation

Supplement to thesis Chapter 5 "Soft Symmetry Improvement"
Mathematica notebook to compute couter-terms for the Hartree-Fock truncation of the SSI-2PIEA

Author: Michael Brown

Hartree-Fock

1= ClearAll [veom, geom, neom, regularisedtadpoles, mg2soln, mn2soln,
cteq, cteqg2, ctegs, ctsolns, cts, ctegs3, rnveom, veomCtEqgs, ém, &A];

Hartree-Fock gap equations with counterterms

Goldstone equation of motion. Quantities in reference to the paper are:
p is the four-momentum flowing through the propagators Ag™ and Ay,
mg2 is the Goldstone mass squared mg?,

mn2 is the Higgs mass squared my?,

Z and ZA are the wavefunction a propagator renormalization constants,
m? is the (renormalized) Lagrangian mass parameter, 6mo2, 5m2 are its counter-terms,
Ais the (renormalized) four point coupling,

OAg, OA1a, OA1p, OA2 4, OAzp are the independent coupling counter-terms,
v is the scalar field vacuum expectation value,

his the reduced Planck constant,

n is the number of fields in the O(n) symmetry group,

¢ is the stiffness parameter,

€ is the solution of the Goldstone zero mode equation,

SSi= VB;GZ (% - 1) is the soft symmetry improvement term in the propagator eoms,
ssi2 = % (n-1)2(mg? e')2 is the other soft symmetry improvement term in the vev eom,

teog, toon are the divergent tadpole integrals for the Goldstone, Higgs resp.,
tfing, tfinn are the finite parts of the tadpoles for the Goldstone, Higgs resp.

Vev equation of motion

Printed by Wolfram Mathematica Student Edition
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A+ 60
6

h _ -

—ZA (3/1+6)Lla+26)qb) V (toon + tFinn) + v ssi2

6

h
naz= veom = ZA™t (m? + 6mo?) v + V34 =2Za (N-1) (A+6X1a) V (twg + tFing + ssi) +
6

v (m2 + 5mg)

ZA

1
out42)= S + g V3 (X +6g) +

1
(-1+n) (ssi+tfing+teg) VZAA (X +6Xa) + g (EFIiNN + toonN) VZA R (3 X+ 8Xa + 2 5Xp)

Goldstone equation of motion
A+ 6
s GeOM = P2 = g2 = Z ZA p? - 12 - &My 2 - Za ==t 2
6

A A
— ((n+1) X+ (n-1) 6x2a+2 6220) ZA? (tog + tFing + ssi) - — (A + 6A2a) ZA® (toon + tFiNN)
6 6

1 ,
ouaz= —MQg2 + P2 = -m2 + p2 Z ZA - 5mf - E V2 ZA (X +6Aa) - (tFinn + ton) ZA2 A (X + 5X24) -

o Ok

1
g (ssi+tfing + twg) Z227a ((1+N) A+ (-1+N) SXpa+26Np)

Higgs equation of motion

B3A+6A1a+281p
nuap= NEOM = P? - mN2 = Z ZA p? - m? - 6my? - ZA v? ( 2 ) -
6

h h
— (A+622a) (N-1) Za® (twg + tFing +Ssi) - = (B3A+6x2a+2 6X21) Za (twn + tFinn)
6 6
1
ouaa= —MN2 + P2 = —m2 + p2 Z ZA - 5mf - g (-1+n) (ssi+tfing+teg) ZA2H (X +56X2,) -

1
gv2 ZA (BA+60a+260) - — (EFiNN+ ton) Za2 A (3 + 60 + 2 5X2p)

o |-

Infinite parts of tadpoles in MSbar
MSbar rules for 4 - 2 € dimensions
nesi- regularisedtadpoles = {twg » c0 A% + c1 mg2 Log[a? / u?], twn -» cO A% + clmn2 Log[a? / u?]}
2

N2 A
ouias- {teg - €0 A2 + c1mg2 Log | —2] , ton - c0 A2 + clmn2 Log | —2} 1
u u

Sub in tadpole expressions, eliminate mn2 and solve for mg2

ni4el= mg2soln = mg2 /. (geom /- regularisedtadpoles /.
Solve[neom /. regularisedtadpoles, mn2]1[[1]] // Solve[#, mg2] [[1]] &)
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out[46]=

1 1 .
—p2+pZZZA—5m§—gv22A (X +62a) —gtflnnZAzh (X +6X2a) -

ssi2piea-hf-renormalization.nb

1 1 .
gCOZAzAzh (A +622a) -gssuth ((L+n) X+ (-14N) SXpa+262p) -

1
gtfingZAzh ((L+n) A+ (~1+N) Sdog+2Np) -
1
gCOZAZAzh ((L+n) X+ (=1+N) Sx5+28A2p) +

clm2za2h Log[A—z} (A +6X23)

6( 1+%tc1za2nlog|’s] (3)L+6]\2a+26)k2b))

clp2zazhlog[“3] (X +622a)

clp2ZzZnr3hlog

22
2

(A+S6A2a)

[z
6(-1+5clza?nlog[ ] (32+600a+2602n) |
]«

]
6 (_1+%c12A2h|_og[u 3A+5A2a+2&2b>)

A2

clza2nlog| 2] MR (A +6223)

6 (_1+ +c1za2nlog[ ] (3;\+512a+2512b>)

cl (-1+n) ssi Zr% n? Log[ﬁ—i} (A +6E24)2

36( 1+%c1za2nLog[4] (3A+6A2a+26x\2b))

cl (-1+n) tfing Za% n2 Log[ﬁ—z] (A +6224)2

36 (—1+%cle2hLog[ﬁ—j} (3A+6Aza+26A2b))

cOcl (-1+n) Za4 A2 p2 Log[ﬁ—z] (A +OXpq)2

36 (-1+ g clza?nlog[ ;] (32+602a+20600p) |

clv2Za3h Log[A—z] (X +6X2a) (BA+6Xa+26N)

36( 1+&c1zZa2nlog|’s] (3/\+5A2a+2&2b))

cl tfinn Za4 n2 Log[ﬁ—i] (A+6X22) (3A+02a+22p)

+

36 (—1+%chA2hLog[ﬁ%] (31+512a+2512b>)

c0 cl Zn% A2 h2 Log[%] (A +6X2a) (BA+6X2a+262p) /
36 [-1+ g clza?nlog[ ;] (32+622a+2600p) |
2

1 A
—1+Ecle2hLog[—2] ((L+Nn) A+ (=1+N) Shpa+286Ap) -
u

cl12 (-1+n) Zp4 2 Log[ﬁ—z]z (X +6294)2

36 (-1+ g clZa?nlog[ ;] (32+6za+2 600p)
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na71= mn2soln = mn2 /. (neom /. regularisedtadpoles /. mg2 -» mg2soln // Solve[#, mn2] [[1]] &)
1

-1+ gclzZa2nlog[ ] (31+6M2a+26Mp)

Out[47]=

1 1 .
m2—p2+pZZZA—ém%—EVZZA (BA+SXa+25X) —gtflnnZAzh (BA+6X2a+208Np) -

1 1 _ _
*COZAZAZTI(3A+6)L2a+26A2b)7g(71+n) ZN2h (X +6X24) |SSi +tFing +cO A2+
6
N2 1 1
c1Log[—2} -m2-p2+p222A-5m§-gv22A (A+6Aa)—gtflnnZAzh(A+é)\2a)—
u

1 1

chZAZAZh (X +S6X234) —gSSIZAzh ((L+n) X+ (=1+N) Sx2a+260p) -
1 1

gtfingZAZFz ((1+N) A+ (=1+N) SAoa+2ENp) —ECOZAZAZT’J ((1+nNn) A+

clm? ZAZhLog[A—Z] (X +6X2a)
(=1+N) SAoa+28Np) + +
6 (-1+ tclzaznlog[ ] (31+63za+25020)

A2

clp2zZa2hlog[“;] (A+622a)

6 (—1+%chA2hLog[% 3A+6A2a+26)2b))

=

(A+S6A23)

A2
2

+

2
J <
clp2ZzZa3hnlog|”;]

6(-1+3clza?nLog[%] (31+822a+2062z0) |

cleZhLog[A—z} 2 (A+6X2a)

+

6 (—1+gClZA2hLog[TZ] (3/\+612a+26A2b))

cl (-1+n) ssi Zr4 n2 Log[ﬁ—i] (A +6224a)2

36 (—1+%C12A2hLog[2—2] (3A+6A2a+26A2b))

cl (-1+n) tfing Za% A2 Log[ﬁ—i] (X +6EXp4)2

36 (-1+§c12a2h|_og[ﬁ—§] <3A+5xza+25A2b>)

cOcl (-1+n) Zn4 A2 n2 Log[ﬁ—z] (A +EXpq)2

36 (-1+ g clzZa?nlogff] (32+6%2a+20500) |

clv2 ZA3hLog[A—2} (A +6X2a) (BA+6Xa+26X)

36 (_1+ tclza?nlog| %] (3A+6123+2612b))

A2
cltfinnza® n? Log[ ] (1+62za) (3A+612a+2512b)J/
U

A2
—2} (3/\+5/\23+2512b)J) +
U

1
36 (-1+ gClZAZhLog[
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AZ
c0 cl Za% A2 12 Log[—z] (X +6X234) (3A+6A23+26A2b)]/
u

1 N2
[36 [_1+ gclequLog[—z} (3A+512a+25/\zb)))]]/
U

1 N2
—1+Ecle2hLog[—2] ((L+Nn) X+ (=1+N) Sdpa+286Ap) -
u

€12 (-1+n) Zad n2 Log[ %5 ]* (A +632a)2 ]]J

36 (-1+%cle2hLog[ﬁ—§} (3/\+512a+2&2b))

Gather divergences proportional v, tfing and tfinn and set independently to
zero

First we subtract the finite equation of motion, then gather coefficients of the remainder into a list and
set each to zero (after some trimming and simplifying).

In[48]:= Cteq =

. . A h _ _ h .
((CoefflmentLlst[ngsoln+ (-mz- =vi-= ((n+1) A) (tfing+ssi) - — (1) (tfinn) |,
6 6 6
{p, v, tfing, tfinn}] // Flatten) //

DeleteDuplicates // Simplify // FullSimpl ify) =0 // Thread
out[48]= {— [(Ah [—18 (1+n) ssi (—1+ZA2) -18c0 (2+n) Zn2 A2 +

A2
chAZLog[—Z] -18m2 (2+n) +32 (- (L+n) (4+n) ssi+2 (2+n) ssi Za2+

U
AZ
2c0 (2+n) Za2A2) h+cl (2+Nn) Za2 xh (6m? + (1+n) ssi A h) Log[—z}J)+
u
N2 A2
36 6m? 73+c12A2/\f1Log[—2]+cle2hLog[—2} dop| +
u u
Zn2 7 (Mzb -36 (ssi+c0A?) +
AZ
clLog[—z] -86m2+6 1 (-2 (1+n) ssi+ (4+n) ssiZa2+c0 (4+n) Za2A2) b+
U

2 2
cl (4+n)Za? xh (6m2+ (1+n) ssiAh) Log[A—z]] +2012A2hLog[A—2]
u u

2
6 (ssi+c0A?) +cl (6m?+ (1+n) ssian) Log[/\—z]] 6A2b) +6)2a
M

AZ
[—18 ((-1+n) ssi+cOna?) +c1nLog[—2] [—18m2—3k (ssi +nssi-2ssiza? -
u
A2
2c02Zr2A?) h+C€lZA2 2 h (6m2+ (1+n) ssiAh) Log[—z} +clnzaha
u
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A2 _ _ N2
Log[u—z} 6 (ssi+c0A?) +cl (6m?+ (1+n) ssixn) Log[u—z]]ékzt,]]]/
A2 A2
{6 (73+cleZAhLog[—}+cle2hLog{—]6A2b
u? u?
A2 N2
[—6+cl (2+n) ZAZAhLog[—Z} +c12A2hLog[—2] (n512a+2512b)]]J -0,
u u
—£+(3ZAZE(A+5A ))/ -3+c12A2AhLog[ﬁ]+cle2bLog[ﬁ}m
6 2a /JZ /.12 2b

N2 A2
[—6+c1 (2+n) Za2 3 Log[—z} +ClZA2hLog[—2] (n62\23+25/\2b)]] =0,
U U
AZ
6+cl (1+n) /\hLog[—z] +
u

1
6c1Log[ﬁ—§}

18
n(-3+clza2xnlog[’] +clzZa2nlog[ ;] 6xzp)

+

(36 (71+n))/

N2 N2
n|{-6+cl (2+n) ZAZAhLog[—Z] +c12A2hLog[—2} (n512a+2612b)]) =0,
u u
2 ZA (X + E2p)
True, - — + . - _
6 n(-8+clza2n Log[ﬁ—z] +cle2hLog[ﬁ—2} 522p)

(Za (2 +n) A+néxa+25xb)>/

N2 N2
n|{-6+cl (2+n) ZAZAhLog[—Z} +c12A2hLog[—2] (n62\23+26z\2b)]] =0,
U U
A2
(—6+GZZA)/ -6+cl (2+n) zAZAhLog[—z} +
u
A2
chAZhLog[—z} (N6X2a+2602p) | =0}
u

9= cteq2 =

A h h
((CoefficientList[ngsoln+ (-mz- =Vv?-—((n-1) A) (tfing+ssi) - = (1) (tfinn) |,
2 6 2

{p, v, tfing, tfinn}] // Flatten) //

DeleteDuplicates // Simplify // FullSimpl ify) =0 // Thread
out[49]= {— [(Ah [—18 (-1+n) ssi (—1+ZA2) -18c0 (2+n) Zna2 A2 +

A2
c1za? Log[ — | [-18m2 (2+n) +3A (- (-1+n) (4+n)ssi+2cO (2+n) Za2A2?) h+
o
N2
cl (2+n) Za2xh (6m?+ (-1+n) ssi An) Log[—z}
U

+

N2 N2
-3+cl1zZa?anlog[— ] +clZa?nLog[ —] 5)%] +Z02h

36 6m?
u p?
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A2

}

A2
cl (4+n)Za2xh (6m2+ (-1+n) ssiAn) Log{?]] *
M
]

((mzt, [—36 cO 12 +cllog| 6 (-6m2+ 2 (-2 (-1+n) ssi+cO (4+n) Za2 A2) h) +

112

2

N2 i} A
6c0n2+cl (6m2+ (-1+n) ssi An) Log[—z]
H

2clza?hlog|

— oAz b) +
12

A2
524 —18<(—1+n)ssi+c0nA2)+clnLog[—2} (3(—6m2+)t(ssi—nssi+
U
2
2c02Zn2A2) n) +c1Za2 xh (6m2+ (-1+n) ssian) Log[A—z}]+
u
N2 N2
c1nZA2hLog[—2] 6cOn2+cl (6m2+ (-1+n) ssiin) Log[—z])MZbJ)]/
H u

N2 A2
[6 (—3+ClZA2)th Log[—| +c1Za2nLog| —| 5A2b)
2 2

N2 e

[—6+cl (2+n) ZAZAﬁLog[—Z} +cle2hLog[—2] (n5A2a+25A2b>]]J =0,
u I

AZ] 6 (-1+n)

iy .

K2 n(-3+clza2anlog[’y] +clzaznlog[’y] 62zp)

1
2cllog| %]

12/

2+clanlog|

N2 A2
n|-6+cl (2+n)ZAZAhLog[—zbchA?hLog[—z} (néAZa+25AZb)]J =0,
H H
A2 A2
[(—1+n)ﬁ 7ZA26A2a(718+c1nAhLog[—2} (—3+C12A2/\hLog[—2])+
U u
A2 2
chnZAZAthog[—z} 5o | +
u
/\2 A2
1(18(-1+ZA2)+cleZMLog[—2} (3 (4+n) -cl (2+n) Za2 xnlog[ —] | - c1Za2
U u
G A2 A2
hLog[—]éAZb[—12+cl (4+n) zAZMLog[—}+2c12A2hLog[—]5/\2b]] )/
u2 u? u?
N2 N2
(6 [-3+c12A2mLog[—]+c12A2hLog[—] 5221
u? u?

N2 A2
{76+c1 (2+n) ZAZAhLog[—z +cle2hLog[—2] (n6A2a+25/\2b))] =0,

H H

A (-1+nN) ZA (A + EXp)
True, S -

n(-3+clza2xnlog[’] +clza2nlog[ ;] 6xzp)

(ZA (2 +n) A+néxa+25xb)>/

N2 N2
n|-6+cl (2+n) zAZAhLog[—Z} +c12A2hLog[—2] (n6A23+26/\2b)]] =0,

u u

2
(—6+GZZA)/ [—6+cl (2+n) ZA%2 X A Log[A—z} +
u
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A2

clza2nlog[—] (N6Xza+2622p) | =0}

2
Solve for counterterms

nsop= cteqs = {cteq, cteq2} // Flatten // FullSimplify // DeleteDuplicates

_ 1
cl Log[ﬁ—i]

N2 A2
6 ssi +6c0 A2 +6clm? Log[—z] +clssih Log[—z} +
U u

Out[50]= {

B} N2 18 ssi
clnssixhlog|—] + +

u? n(—3+c12A2)\hLog[ﬁ—§}+chA2hLog[ﬁ—§}6A2b)

/

N2 N2
-6+cl (2+n)ZA2xh Log[—z} +c12A2hLog[—2] (néA2a+26A2b)]]
U U

A2 A2
(36 ((—1+n) ssi +cOnA2+clm2nLog[—2] +c1nLog[—2} 5m3
u u

n =0,

N2 N2
e (x_ (18 Zn2 (A+6A2a))/ [(_3+cle2m Log[—] +c1za2nlog[— | 5/\2b)
% U

N2 N2
(—6+c1 (2+n) ZAZAhLog[—Z] +chA2hLog[—2} (n6A23+25A2b)])) -0,
u u

1 N2 18

6+cl (1+n) xnlog|—]+ - -
2 n(—3+c12A2AhLog[ﬁ—2}+c12A2hLog[ﬁ—z}6A2b)

cl Log[ﬁ—i]

(36 (71+n))/

N2 A2
n|i-6+cl (2+n) ZAZAhLog[—2}+cle2hLog[—2] <n512a+25A2b)]J =0,

% u

True, X1+ (6ZA ((2+n) /\+n6)ka+26)kb))/

N2 N2
n|-6+cl (2+n) ZAZAhLog[—Z} +c12A2hLog[—2] <n5A23+25A2b)]]

u u

62Zn (X+60)
n (—3+c12A2/\hLog[ﬁ—§} +c12A2hLog[ﬁ—§] 5X2b)

(—1+ZZA)/

N2 N2
-6+cl (2+n) ZA%xn Log[—z] +c12A2hLog[—2] (n6A2a+25/\2b)) =0,

K u
1 N2 B} N2
——————|6c0r2+6clm?Log|—|-clssiinlog|—]+
clLog[ﬁ—z] u? u?
i} A2 18 (-1 +n) ssi
clnssiahlog|—] - - - +
u? n(—3+c12A2AhLog[ﬁ—2}+c12A2hLog[ﬁ—2}6A2b)
N2 N2
(36((—1+n)ssi+c0nA2+clm2nLog[—2]+clnLog[—2}ém%/
u U
N2 A2
nl-6+cl (2+n) ZAZ/\bLog[—z}+cle2hLog[—2] <n512a+25A2b)]) -0,
U K
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1 N2 6 (-1+n)
——————|2+clanlog[—]+ +
clLog[A—z] 2 n(73+cle2)\hLog[A—2]+chA2hLog[A—2} 5Xzb)

N2 N2
12/ -6+cl (2+n) ZAZAhLog[—2]+012A2hLog[—2] <n5/123+25,\2b>)] =0,
U U
A2 A2
(-1+n) n (A— (18 Zn2 (A+5AZa))/ [(—3+c12AZAhLog[—2] +c12A2hLog[ }51”)
U u?

N2 A2
(—6+c1 (2+n) ZA%2 X h Log[—z] +cle2hLog[—2} <n6A2a+26A2b)]J) =0,
u u
2 (-1+n) ZA (X +SEXp)
X+ 2 +(22A((2+n)/\+n6/\a+261b))/
n (73+012A2AhLog[2—2} +chA2hLog[A—2] SXap)

N2 A2
-6+cl (2+n) ZA2 A h Log[—z} +C12A2hLog[—2] (n6123+26)2b)]] = 0}
u u

n

ns1= ctsolns =

| o

Solve[cteqgs, {émi, A1a, 6A2a, 6A1b, OA2b, Z, ZA}Y] // FullSimplify // DeleteDuplicates

. Equations may not give solutions for all "solve" variables. >

mrrjcmhclm%og[%]

out[51]= {{6m1 - - s

\/6+c1 (2+n) AhLog[ﬁ—i]

6 (2+n) 6
5A3%A *1+ ,
nZa (6+cl (2+n) anlog[’;]) 3nZA+c1nZAAhLog[A—2]]
18
Sloa—> A | -1+ ,
202 (3+clanlog[“]) (6+cl (2+n) xnLlog[5])
SAp = A | -1+ 3 2 , Olop > A | -1+ 3 Z%i},
3Zn+clZaxhlog| ;] Zp2 (3+c1M|_og[A—2]) ZA
i/2+n \/_\/_\/COA2+clm2Log[A—2}
{6m1 ,
\/6+C1 <2+n)/\hLog[2—§]
Sha s A | -1+ 6(2+n 6 ’
nZa (6+cl (2+n) xnlog[;]) 3nZA+c1nZAAhLog[A—2]
18
Elga > A | -1+ -
ZA2 (3+c1M|_og[A—2}) (6+c1 (2+n)AhLog[ﬁ—2”
Sdp > A |-1+ 3 , Slop > X | -1+ 3 ,Zei}}
32A+C12AkhLog[A—2] 772 (3+c1mLog[A—2]) ZA
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- Cts = {6mi?, 8A1a, 6X2a, 8A1b, 6X2b, Z, ZA} /. ctsolns // FullSimplify // DeleteDuplicates
(2+n) 1 h (c0A2+c1m2Log{ﬁ—§})

Out[52]= { {—

6+cl (2+n) AhLog[ﬁ—i}

Al 6 (2+n) 6
-1+

nza (6+cl (2+n))\hLog[A—2}) 3nZA+canAAhLog[A—2]

18

A|-1+

Zn? (3+cl)&hLog[%]) (6+c1 (2+n)AhLog[A—2})

3 3 1

A -1+ . , A -1+ , —,ZA}}

3zA+c12MhLog[ﬁ—2} Zn2 (3+clAhLog[A—2” Zn

ZA is redundant in this truncation, can remove it :

nsa= Cts /. Za -1 // FullSimplify
(2+n) Ah (cOAZ+clm?Log[“])

Out[53]= { {*

6+cl (2+n) AhLlog[%]

Al-1- +

6 6 (2+n)
3n+c1nAhLog[A—2] n(6+cl(2+n) AhLog[A_ZH ,

18
A|-1+ ,
(3+clanlog[’;]) (6+cl (2+n) AﬁLog[ﬁ—z])]

3
3+c1AhLog[A—2}

3
3+c1AhLog[A—2]

A -1+

, A -1+

1.1

nisa= mg2soln /. ctsolns /. Za -» 1 // FullSimplify // DeleteDuplicates
1
outf54)= {g (6m2+ 2 (V2+ ((1+n) (ssi+tfing) +tfinn) n))}

In[55]:= mn2 /.

((neom /. regularisedtadpoles /. mg2 » mg2soln /. ctsolns /. Za » 1 // FullSimplify //
DeleteDuplicates) // Solve[#, mn2] &) // FullSimplify

1
outss}= {g (6m2+3v2a+ ((-1+n) (ssi+tfing) +3tfinn) i1h)}
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nse= rnveom =
2, A o B - - h , s A,
veom /. {mg2 » m? + gv + c ((n+1) ) (tfing+ssi) + 5 () (tFinn), mn2 » m? + EV +
h h
— ((n-1) a) (tFfing+ssi) + = (1) (tfinn)} // Simplify // DeleteDuplicates
6 2
.. 6 (m2+omg)
oufsel= — V |6 SSI2 + 27+V2 (A +SEX9) +
A

(-1+n) (ssi+tfing+tog) ZAA (X +6Xa) + (EFINN + teon) ZA KA (3 A+ SXa + 2 SAp)

ns7= veomCtEQs =
_ . - 1 A h . _ h _
(((CoefflmentLlst[(— rnveom - (m2 + = V2= ((n-1) &) (tfing +ssi) + = (1) (tfinn) +
\Y 6 6 2
ssiz)] /. regularisedtadpoles /.
, A , h ] . n .
{mg2 > m?+ =v?+ = ((n+1) a) (tfing+ssi) + g (A) (tfinn),
6 6
, XA , B ] . n .
mn2 > m? + =v2+ = ((n-1) 1) (tfing+ssi) + — (A) (tfinn)} //
2 6 2
Simplify // Expand // FullSimplify, {v, tfing, tfinn}] //

Simplify // Flatten] // DeleteDuplicates // Simplify //

FullSimplify // DeleteDupl icates) =0 // Thread

out[57]= {362 (—36m2 (-1+Zr) +6ZA A ((—1+n) ssi (-1+2ZA) +c0 (2 +n) ZAA2>h+
A
A2
c1Za2xh (6m2 (2+n) + (-1+n) (4+n) ssiin) Log[—z] +36 6mj +
u
/\2
ZAZE([6(—1+n)ssi+6c0n/\2+cl (6m2n+ (-2+n+n?) ssiin) Log[—z}JéAaJr
U
A2
216c0n%2+cl (6m2+(—1+n)ssixh) Log[—z]]éxb]] =0,
U
1 N2 A2
—h[x (18(—1+ZA)+01 (8 +n) ZA/\hLog[—])+ZA (6+c1 (2+n))\hLog[—])6/\a+
36 02 02
AZ
6 ZA 2+c1/\hLog[—2])5/\b] =0,
u

1 N2
— (-1+n)h|Zar|6+cl (2+n)AhLog[—]]5Aa+
36 L2

A2 A2
A [6 (-1+Zn) +cl (4+n) zAMLog[—z] +2cleLog[—2} 6%]) =0,
H u
1 A2
True, v (66Ao+clethog[—2} ((8+n) X+ (2+n) 5)&a+66)kb)) =0}
U
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In[58]:=

Out[58]=

In[59]

Out[59]=

In[60]

Out[60]

In[61]:=

Out[61]=

In[62]:=

Out[62]=

In[63]:=

Out[63]=

In[64]:=

Out[64]=

In[65]:=

Out[65]

ctegs3 = (veomCtEqgs /. ctsolns // Simplify // DeleteDuplicates // FullSimplify) [[1]]

A2
{|-8m (-1+2Zn) +c0 (2+n) Zaxn2n+clm? (2+4n) 2hLog[ —]+
U
N2 N2
(6+c1(2+n)AhLogﬂz} 5m3 //FA(6+C1(2+n)AhLong}U =0, True,
U U
2-2n 2(2+n)

1+ -

True, True, 3 X 2 2
3n+clnAhLog“§] n(6+Cl(2+n)khL09“%”

+ 620 = 0}

{6mo?, 620} /. Solve[ctegs3, {Smo, 6X0}] /. Za - 1 // DeleteDuplicates // Simplify
( (2+n)Ah(c0A2+c1m2uw[§}) 3c1A2hLog“§}(8+n+c1(2+n)AhLog“§”

H

6+c1(2+n)AhLogH§} ’ (3+clkhLogH§” m+cl(2+n)AhLogH%”

{6m1? == 6mo?, 6A1a == 6X2a, 6A1b == SA2b} /. ctsolns /. Solve[ctegs3, {8Mo, 6A0}] /.-
ZA - 1 // FullSimplify // Flatten // DeleteDuplicates

{True}

{:ila} /- ctsolns /. Solve[ctegs3, {émo, 6X0}] /. Za» 1 // FullSimplify // Flatten //
1b

DeleteDuplicates

{1+ 3(2+n) }

6+cl (2+n) Anlog|%]

6A1p = 6A2p /. ctsolns /. Za - 1 // FullSimplify // DeleteDuplicates

{True}

éA1p /- ctsolns /. ZA - 1 // FullSimplify // DeleteDuplicates

J

3
3+clAhUm[%}

{)& -1+

{60 == 1 6A1a+2 611p} /- ctsolns /. Solve[ctegs3, {émo, 6A0}] /- Zao -1 // FullSimplify //
Flatten // DeleteDuplicates

{True}

{6m02 - (COA2+C1 m2 Log[:—z]) AR (57&1,51

—1)} /. ctsolns /. Solve[ctegs3, {6mo, 6X0}] /-
3 SA1p

ZA-» 1 // FullSimplify // Flatten // DeleteDuplicates
{True}
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