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Abstract

The relic abundance of symmetric dark matter particles (where particle χ and antiparti-

cle χ̄ are identical and therefore self-annihilating) and asymmetric dark matter particles

(where χ 6= χ̄) is calculated in several non-standard cosmological scenarios that predict

a modified Hubble expansion rate in the pre-Big Bang Nucleosynthesis (BBN) era. The

Boltzmann rate equation describing the time evolution of the dark matter number den-

sity is solved to accurately quantify the level of enhancement (or suppression) of the

dark matter relic abundance with respect to the standard cosmology result. In terms

of the dark matter particle interactions, we adopt a model independent approach and

choose a generic form for the annihilation cross section 〈σv〉 = a+bT/mχ (where T is the

temperature of the universe and mχ is the dark matter particle mass), calculating results

for both the s− (b = 0) and p− (a = 0)wave annihilation cases. The solution method

incorporated the numerical considerations outlined in the recent paper by Steigman et al

(2012) for precise calculations of relic abundances, such as maintaining the temperature

dependence of the number of entropic degrees of freedom g∗(T ). Furthermore, knowing

the present dark matter density, ΩDMh
2 = 0.1188±0.0010, is a precisely measured quan-

tity, the relic abundance calculations are inverted to determine the annihilation cross

section, 〈σv〉, required to provide the observed density. A comparison of these results

with observational bounds on 〈σv〉, such those derived using the Fermi-LAT gamma ray

data, enables deviations from the standard expansion history in the pre-BBN era to be

constrained.

The four non-standard cosmological scenarios considered fall into two broad categories:

gravity supplemented with a scalar field (kination phase quintessence dark energy and

scalar-tensor gravity) and higher dimensional universe models (Randall-Sundrum type

II and Gauss-Bonnet braneworlds). We find that those models that predict a faster

(slower) expansion rate in the early universe lead to dark matter relic abundances that

are enhanced (suppressed) by up to several orders of magnitude. More specifically,

of the four models considered, three predicted faster expansion rates at early times

with only the Gauss-Bonnet braneworld model admitting both faster and slower pre-

BBN expansion rates. Hence, the kination phase quintessence, scalar-tensor gravity and

Randall-Sundrum type II braneworld models all predicted an enhanced dark matter relic

abundance whilst the Gauss-Bonnet braneworld model allowed for either enhanced or

suppressed relic abundances. Furthermore, the level of enhancement (or suppression)

increased with the amount of deviation from the standard expansion law at the time of

dark matter decoupling so that the braneworld scenarios, which predicted the fastest

expansion rates, provided the greatest levels of enhancement of the order ∼ 106 for

particle mass mχ = 100 GeV. Additionally, we found that the enhancement was larger
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for p−wave annihilating particles since the freeze-out process occured more rapidly in

this case.

We also found that previous calculations that failed to properly account for the temper-

ature variation in the number of degrees of freedom incurred errors of up to a factor of

two, with the larger errors arising for smaller particle masses (mχ < 10 GeV) and for

those models in which the freeze-out process took longer to occur (e.g. braneworld mod-

els). Moreover, for scalar-tensor gravity, we found that, although large deviations from

the standard expansion history at the time of dark matter decoupling were possible, the

stringent constraints imposed by BBN calculations excluded these regions of parameter

space, ensuring the modified expansion rate was nearly coincident with the standard

expansion law. Accordingly, the relic abundance in these models only increased by a

factor of 2−3 which is in stark contrast to the several orders of magnitude enhancement

factors reported in Catena et al (2004).

The calculations for the Gauss-Bonnet braneworld model extend the study by Okada

and Okada (2009) who assumed that the energy scale associated with the Gauss-Bonnet

correction term, mα, was equal to that associated with the brane tension, mσ, so that

the pre-BBN expansion rate was slower than the standard cosmological model and the

relic abundance was suppressed. We consider the more plausible case mα ≥ mσ and

find that the relic density is typically enhanced for mα > mσ and that, in the limit

mα � mσ, the familiar Randall-Sundrum type behaviour is recovered.

The annihilation cross section required to produce the observed dark matter density was

found to be enhanced by several orders of magnitude in the kination phase quintessence

and braneworld scenarios, allowing current Fermi-LAT gamma ray data to directly probe

significant portions of parameter space.

Finally, in the context of asymmetric dark matter models, we found that the modi-

fied decoupling predicted in non-standard cosmological models can either ’wash out’ or

amplify the asymmetry between the majority and minority dark matter components de-

pending on whether the early time expansion rate is faster or slower than the standard

expansion law respectively. Interestingly, in the former case, the relic density of the

asymmetric dark matter species depends on the annihilation cross section, 〈σv〉, rather

than the asymmetry parameter, C, so that it behaves like symmetric dark matter in this

sense. This leads to the intriguing prospect that the enhanced annihilation cross section

required to provide the observed dark matter density can compensate for the suppressed

abundance of the minority dark matter component and produce an observable detection

signal. This result, which is contrary to the usual expectation that the asymmetric anni-

hilation rate is negligible due to the exponentially suppressed abundance of the minority

component, can be achieved for a wide range of parameter values within the kination
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phase quintessence and braneworld scenarios (and even for particular parameter values

within the scalar-tensor gravity scenario).

The findings presented in this thesis extend, and in several cases challenge, existing

results in the literature and also provide important insights for the planning and inter-

pretation of both present and future dark matter experiments.
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Chapter 1

Dark Matter and Cosmology: An

Overview

1.1 Introduction

The field of cosmology has now reached precision level. With the latest release of the

Planck satellite data [1], coupled with other astrophysical and cosmological observations,

the constituents of our universe have been measured to percent-level accuracy [2]. How-

ever, it is somewhat disconcerting that these same observations reveal that around 95%

of the total energy density of the universe is in the form of dark matter and dark en-

ergy : two mysterious components, of unknown nature and origin. Despite considerable

effort from both the theoretical and observational community to elucidate the nature

of dark matter and dark energy, separately responsible for the clustering of matter on

large scales and the accelerated expansion of the universe, respectively,1 little progress

has been made. As such, the dark matter and dark energy problems now stand as two

of the greatest challenges facing modern physics.

Moreover, the theory of General Relativity (upon which the standard cosmological model

is based) is expected to break down in the ultraviolet limit [4] and attempts to develop

a quantum theory of gravity appear to have stalled [5]. Arguably the leading con-

tender, string theory (or M-theory) [6, 7] has thus far struggled to connect theory and

observation. For the most part, this is because the predictions of string theory and its

conjectures for the structure of space and time only manifest at extremely high energies

(or equivalently, extremely small distances). In this way, cosmology offers an exciting

route to advance our understanding of the fundamental laws of nature. The tremendous

energies reached during the very earliest moments of the universe — energies that are

1Despite the common adjective, dark energy and dark matter are a priori unrelated (see e.g. [3]).

1
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simply inaccessible in current (or near-future) terrestrial laboratories — provide a fertile

hunting ground to test many of the exotic ideas proposed by unified field theories (see

e.g. [8]).

The present investigation of dark matter relic abundances connects these various themes

by considering non-standard cosmological models that are motivated by the dark energy

problem and unified field theories and their affects on early universe phenomenology.

In this chapter we review the standard cosmological model (section 1.2) and discuss in

detail its two primary ingredients, namely, dark energy (section 1.3) and dark matter

(section 1.4). We pay particular attention to dark matter theory, candidates, and obser-

vations since this will serve as important background material for the remainder of this

thesis. In section 1.5 we introduce the non-standard cosmological scenarios that will be

the focus of our study and give details surrounding their general features and underlying

motivation. In section 1.6 we discuss how dark matter relic abundance calculations can

be used as a valuable tool to extract elusive details about the nature of dark matter and

the physics of the early universe. Finally, in section 1.7, we summarize the important

concepts and provide an outline for the remaining chapters.

1.2 Standard cosmology

The standard Big Bang model of cosmology asserts that the universe began in an in-

credibly hot and dense state which we call the Big Bang; experienced a short period

of exponential expansion (i.e. inflation [9–11]);2 and has continued to expand and cool

ever since. Among several notable achievements, the Big Bang model successfully pre-

dicts the properties and features of the relic radiation leftover from the early stages of

the universe (at the time when charged electrons and protons combined to form neu-

tral hydrogen and the universe became transparent to radiation) known as the cosmic

microwave background (CMB). Additionally, Big Bang Nucleosynthesis (BBN) [14], a

process that occurs at t ∼ 200 s, correctly predicts the primordial abundances of the

light elements D, 3He, 4He and 7Li — abundances that span nine orders of magnitude!

Lastly, the Big Bang model also predicts that matter, under the combined influence of

its mutual gravitational attraction, will form galaxies, clusters, and the other large scale

structures that we observe today.

2The inflationary scenario is an extension of the original Big Bang model that naturally sets the initial
conditions thus solving several problems of the standard cosmological model including the Horizon and
Flatness problems [12, 13].
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The Big Bang model is based upon Einstein’s theory of General Relativity which is

summarized in his field equations [15] (see Appendix A),3

Rµν −
1

2
gµνR+ gµνΛ = 8πGTµν , (1.1)

where Rµν is the Ricci tensor, R = gµνRµν is the Ricci scalar constructed from the metric

tensor gµν , and Tµν is the energy-momentum tensor that encompasses the distribution

of mass and energy throughout spacetime. Λ is the cosmological constant and G is

Newton’s gravitational constant which we will use interchangeably with the Planck mass

MPl = G−1/2 = 1.2209× 1019 GeV.

Observations of large-scale structure and the CMB reveal that on large scales (& 10

Mpc) the universe is homogeneous and isotropic [2]. This allows us to describe the

spacetime interval ds using the Robertson-Walker metric:

ds2 = gµνdx
µdxν = −dt2 + a2(t)

[
dξ2

1− kξ2
+ ξ2dθ2 + ξ2 sin2 θ dφ2

]
(1.2)

where t is cosmic time, a(t) is the cosmic scale factor normalized to 1 at the present

epoch t0 (i.e. a(t0) = 1), and ξ, θ and φ are spatial coordinates. The curvature of

spacetime is parameterized via k, which is equal to +1, 0 and −1 for spherical, flat and

hyperbolic geometries respectively.

Modeling the matter fields as an idealized fluid, devoid of shear-viscous, bulk viscous

and heat-conductive properties, we can write the energy-momentum tensor, Tµν , in the

perfect fluid form

Tµν = (ρ+ p)uµuν + pgµν , (1.3)

where ρ and p are the total energy density and pressure of the fluid respectively and

uµ = gµνu
ν = gµνdx

ν/dτ is the fluid’s four-velocity (where τ is the proper time). Under

the conditions of isotropy and homogeneity, we have that ρ and p are functions of the

cosmic time only, i.e. ρ ≡ ρ(t) and p ≡ p(t).

Solving Einstein’s field equations for the Robertson-Walker metric (1.2) and inserting the

energy-momentum tensor (1.3), we obtain the Friedmann(-Lemâıtre) equations [16, 17]

3Note that we are working in natural units where c = ~ = kB = 1. In these units mass, energy
and temperature are given in terms of GeV and time and length are given in terms of GeV−1. To
convert back to standard SI units we can use the conversion factors: 1 s = 1.519 266 89 × 1024 GeV;
1 m = 5.067 728 86× 1015 GeV−1; and 1 K = 8.617 307 8× 10−14 GeV. We also work with the Lorentzian
metric (−,+,+,+) and use the definition for the Ricci tensor given in (A.14).
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for the evolution of the scale factor a(t) (see Appendix A):

ȧ2

a2
+

k

a2
=

8πG

3
ρ+

Λ

3
, (1.4)

ä

a
= −4πG

3
(ρ+ 3p) +

Λ

3
, (1.5)

where an overdot denotes differentiation with respect to t. Combining the two Friedmann

equations we can also derive the continuity equation

ρ̇i + 3
ȧ

a
(ρi + pi) = 0, (1.6)

which holds separately for each (non-interacting) fluid component i.

If we assume each fluid component is barotropic, their pressure and energy density are

related through pi = wiρi, where wi is the equation of state parameter for each fluid.

We can then integrate (1.6) to get

ρi(t) = ρi(t0) exp

[
−3

∫ t

t0

H(1 + wi) dt

]
, (1.7)

where we have introduced the Hubble parameter H ≡ ȧ/a. If we further assume that

wi is constant, then this expression reduces to

ρi = ρ0
i

(
a

a0

)−3(1+wi)

, (1.8)

where we have used a sub(super)script ’0’ to denote parameters evaluated at the present

time t0, e.g. a0 ≡ a(t0).

The basic fluid components in the standard cosmological model are:

• Relativistic matter and radiation: wr = 1/3,

ρr = ρ0
r

(a0

a

)4
, (1.9)

• Non-relativistic (pressureless) matter: wm = 0,

ρm = ρ0
m

(a0

a

)3
, (1.10)

• Cosmological constant: wΛ = −1,

ρΛ = ρ0
Λ, (1.11)
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where the cosmological constant energy density is defined as

ρΛ =
Λ

8πG
. (1.12)

Substituting these results back into the first Friedmann equation (1.4) gives

H2 ≡ ȧ2

a2
=

8πG

3

[
ρ0

r

(a0

a

)4
+ ρ0

m

(a0

a

)3
+ ρΛ

]
− k

a2
. (1.13)

We can rewrite the Friedmann equation in dimensionless form if we introduce the density

parameters

Ωi ≡
ρi
ρcrit

(1.14)

where ρcrit is known as the critical density and is given by

ρcrit =
3H2

8πG
. (1.15)

In terms of the density parameters Ωi, the Friedmann equation (1.4) becomes

1 +
k

a2H2
=
∑
i

Ωi (1.16)

where the index i runs over the relativistic, non-relativistic and cosmological constant

fluid components. This result clearly indicates that the curvature of the universe is

directly related to the total energy density. When Ωtot ≡
∑

i Ωi = 1 the curvature

vanishes; when Ωtot > 1, the universe is positively curved (k = +1); and when Ωtot < 1,

the universe is negatively curved (k = −1). Hence, the critical density, ρcrit, is the

density required to ensure the geometry of the universe is flat.

At the present epoch (t = t0), ρcrit has a value of [18]

ρ0
crit =

3H2
0

8πG
= 1.054× 10−5 h2 GeV/cm3,

= 8.097× 10−47 h2 GeV4 (1.17)

where h = 0.6774 ± 0.0046 [2] is defined via the present value of the Hubble constant,

H0 = 100h km/s/Mpc. Inflationary theory predicts that the curvature of the universe

is vanishingly small so that the total energy density is equal to the critical density, i.e.

Ωtot = 1. This prediction has been confirmed by observations of the CMB [2] combined

with several other datasets, with the most recent value given by Ωtot = 1.000± 0.005.

Returning to the Friedmann equation (1.13), we see that the scale dependence of the

various fluid components ensures the universe evolves through three distinct expansion

eras: at early times (a� 1) the energy density of the universe is dominated by radiation
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with H ∼ ρr ∼ a−4; the universe then experiences a matter dominated era with H ∼
ρm ∼ a−3; and then at late times the cosmological constant term dominates. Indeed,

observations show that the equation of state of the universe at the present epoch is

w = −1.019+0.075
−0.080 [19], consistent with a cosmological constant.

Finally, the age of the universe, t0, can be calculated using (1.13):

t0 =
1

H0

∫ 1

0

dx

x
√

Ω0
rx
−4 + Ω0

mx
−3 + ΩΛ

(1.18)

where x = a/a0, and depends on the magnitude of the various density components Ω0
i

as well as present value of the Hubble parameter H0.

Assuming the standard cosmological model, with a non-zero cosmological constant, the

present energy densities of the various components are given by (68% C.L.) [2]

Ω0
m = 0.3089± 0.0062,

ΩΛ = 0.6911± 0.0062, (1.19)

with Ω0
m being the present (non-relativistic) matter density and ΩΛ the present energy

density associated with the cosmological constant Λ. Note that the present value of the

radiation density, which scales as Ωr ∼ a−4, is negligible.

The total matter density Ωm can be decomposed into the separate contributions from the

baryonic, Ωb, and dark (see section 1.4), ΩDM, matter sectors. The associated physical

densities Ωih
2 are

Ωbh
2 = 0.02230± 0.00014,

ΩDMh
2 = 0.1188± 0.0010. (1.20)

The baryonic (standard matter) component Ωbh
2 is composed overwhelmingly of protons

and neutrons but, more generally, of composites of three quarks.4 Importantly, Ωbh
2

counts all baryonic particles, including those that may act as dark matter, i.e. baryonic

states that are non-luminous (see section 1.4.2).

The standard cosmological model, based upon Einstein’s General Relativity and a non-

zero cosmological constant, is known as the ΛCDM (Λ + Cold Dark Matter)5 model

and, through repeated confirmation by experiment, has now been established as the

’concordance’ model of cosmology.

4The contribution from the other Standard Model fermions, the leptons (point-like particles, e.g. e±,
ν’s) and mesons (quark-antiquark composites, e.g. π±, K0), is negligible.

5The dark matter is assumed to be ’cold’ (i.e. non-relativistic), in order to properly explain the
growth of large scale structure.
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1.3 Dark energy

1.3.1 What is dark energy?

Over a decade ago, two teams studying the luminosity of distant type Ia supernovae [20,

21], independently discovered that the universe is expanding at an accelerated rate! This

landmark discovery directly contradicts the expectation that the expansion should be

decelerating due to the gravitational attraction of matter and indicates the primary fluid

component in the total energy density budget must have a negative equation of state

since, from equation (1.5), ä > 0 implies w < −1/3. This mysterious fluid, which acts

as a sort of repulsive gravity, has been dubbed dark energy.

Prior to the discovery of the accelerated expansion of the universe, the prevailing cos-

mological model posited that the present energy density of the universe was due to

non-relativistic matter and was equal to the critical density, i.e. Ω0
m = 1. Even at the

time, this model (which was motivated by inflation) was known to contain serious ten-

sions between theory and experiment. In particular, taking (Ωm,ΩΛ) = (1, 0) in (1.18)

gives an estimate for the age of the universe of 9.3 Gyr; comparing this with the ages of

the oldest stars, which were calculated to be over 13 Gyr old, implied that the universe

was younger than the objects within it! Several other anomalies including galaxy num-

ber counts, the missing matter problem and measurements of the Hubble constant also

plagued the Ω0
m = 1 cosmological model.

To resolve these issues, it was suggested that Einstein’s cosmological constant Λ may

have a non-zero value and could in fact represent a significant fraction of the energy

density of the universe [22–24]. Including a non-zero cosmological constant term, for

which wΛ = −1, in the Friedmann equations (1.4) and (1.5), ensures the universe is

expanding faster now than in the recent past. This would mean, for example, it takes

longer for the universe to reach its present radius, thereby increasing the age estimate

above the lower bound placed by observation — indeed substituting in the observed

values (Ωm,ΩΛ) ≈ (0.3, 0.7) gives t0 ≈ 13.8 Gyr.

Thus the evidence for an exotic fluid with a negative equation of state, or dark energy,

existed well before the discovery of the accelerated expansion of the universe. Further-

more, more recent results, including those arising from analysis of the CMB, baryon

acoustic oscillations (BAO) and gravitational lensing have further strengthened the case

for dark energy (for recent reviews see [25] and [26]).
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1.3.2 Dark energy models

A number of models exist in the literature to explain the late-time accelerated expansion

including exotic fluids with a negative equation of state and modifications to General

Relativity (see section 1.5). Here, we very briefly mention the two leading exotic fluid

models.

• Λ: Cosmological constant/Vacuum energy

The simplest, and currently favoured model for the accelerated expansion is dark

energy modeled by a cosmological constant, Λ. This term was originally introduced

by Einstein [27] to produce static solutions to his field equations (1.1) only to be

discarded upon Hubble’s discovery of the expanding universe [28].

Although it originally appeared as a mathematical device devoid of a physical

interpretation, the cosmological constant term was shown by Zel’dovich [29] to be

mathematically equivalent to the vacuum energy density of spacetime:

〈ρvac〉 = T νµ = (8πG)−1diag (−Λ,Λ,Λ,Λ) . (1.21)

However, the problem with this interpretation is that the total sum of zero point

energies 1
2~ω of the quantum fields is infinite! Even if we truncate the integral,

ρvac =
1

2π

∫ MPl

0
d3p

1

2

√
|~p|2 +m2 ∼ 1076 GeV4, (1.22)

at the Planck scale MPl = 1.22× 1019 GeV, the theoretical energy density is still

some 123 orders of magnitude larger than the observed value, ρΛ ∼ 10−47 GeV4!

This is modestly known as the fine-tuning problem. Unless some symmetry is

introduced to cancel the vacuum contributions to an extraordinarily fine precision,

the cosmological constant model loses much of its theoretical motivation [30].

Moreover, the cosmological constant model fails to explain why, if the magnitudes

of the vacuum energy density (ρΛ ∼ const.) and the matter density (ρm ∼ a−3)

differ by many orders of magnitude throughout the history of the universe, these

two values are of the same order today. This is known as the coincidence problem

and arises because the accelerated expansion is a recent (in cosmological terms)

phenomena.

Nevertheless, the cosmological constant model not only provides the simplest

model of dark energy, but it is also the best fit to all of the available data. As such,

the cosmological constant remains the preferred model for dark energy [31–33].
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• Quintessence

The natural extension of the cosmological constant model is to replace Λ by a time-

varying scalar field φ ≡ φ(t); this class of models is known as quintessence [34–37].

In quintessence models of dark energy, the scalar field is non-interacting and evolves

according to (see Appendix D)

φ̈+ 3Hφ̇+
∂V

∂φ
= 0, (1.23)

where V (φ) is the self-interaction potential. In order to reproduce the accelerated

expansion at late times, the equation of state of the scalar field,

wφ =
φ̇2/2− V (φ)

φ̇2/2 + V (φ)
, (1.24)

must satisfy wφ < −1/3. This condition is realized if the potential energy, V (φ),

dominates over the kinetic energy, φ̇2/2, so that V � φ̇2/2 (i.e. if the field is

slow-rolling). In this instance the equation of state parameter wφ ≈ −1 at late

times and the quintessence field mimics the cosmological constant.

For simple choices of the potential V , the presence of so-called tracking solutions

allows the field, for a wide range of initial conditions, to approach a common

evolutionary path where the field energy density remains sub-dominant during

most of the cosmological evolution [38, 39]. This tracking mechanism resolves the

fine-tuning problem associated with the cosmological constant model, but fails to

explain why the field comes to dominate today. Therefore the coincidence problem

remains unaddressed.

A major issue with different models of dark energy is that it is often difficult to dis-

tinguish between them experimentally. Many are purposely designed to reproduce the

standard expansion history in the early universe and to mimic the behaviour of a cos-

mological constant (w ≈ −1) at late times. Unless observations show that the equation

of state parameter deviates from w = −1, or that it contains some time dependence,

the degeneracy between these models may never allow us to determine the true nature

of dark energy.
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1.4 Dark matter

1.4.1 What is dark matter?

As early as the 1930s, astronomers [40, 41] noticed that the motions of stars and galaxies

in gravitationally bound systems could not be explained in terms of luminous matter

alone. In particular, by measuring the velocity dispersion of galaxies in the Coma

cluster, Zwicky [41] used the virial theorem6 to show that the galaxies are moving too

quickly to remain gravitationally bound, suggesting that the observed luminous matter

only represents a small fraction of the total matter present. These observations were

reinforced in the 1970s when Rubin et al [42] studied the rotation curves of nearby

galaxies, which trace the rotational velocity of stars and clouds of gas as a function

of distance from the galactic centre. According to Newtonian dynamics, the rotational

velocity obeys the relation

v(r) =

√
Gm(r)

r
, (1.26)

where G is Newton’s gravitational constant and m(r) is the total mass contained within

the radius r. Since most of the luminous matter contained in galaxies is concentrated

in the galactic nucleus, the rotation curves are expected to fall as v ∝ 1/
√
r outside

the central bulge (i.e. the stars should follow Keplerian orbits). However, the observed

rotation curves are flat (v(r) ∼ const) out to large distance. This indicates the presence

of a large halo of non-luminous matter whose density scales as ρ(r) ∝ 1/r2.

This ’missing matter’ is called dark matter, which is non-luminous and only interacts

with ordinary matter gravitationally (and possibly via the weak force or other numeri-

cally weak scale interactions). Dark matter is needed to explain the clustering of matter

on large scales and is roughly five times more abundant than standard baryonic matter

(i.e. matter made of protons and neutrons) [43–45]. Aside from the observations just

mentioned, further evidence for dark matter comes from gravitational lensing of distant

galaxies by foreground galactic clusters, X-rays from hot plasma in clusters, the ratio

of the first two acoustic peaks in the angular decomposition of the anisotropies in the

CMB, and the power spectrum of the density perturbations of gravitational clustering

into galaxies, clusters and superclusters. Although several of these observations can

be explained by alternative theories of gravity, such as MOdified Newtonian Mechanics

(MOND) [46], no unified framework is capable of reproducing all of the observational

data with the level of precision supplied by the dark matter hypothesis.

6The virial theorem relates the average kinetic energy of a system, 〈T 〉, to the average potential
energy, 〈U〉,

〈T 〉 = −1

2
〈U〉. (1.25)



Chapter 1. Overview 11

1.4.2 Candidates

Despite the overwhelming evidence for the existence of dark matter, dark matter par-

ticles have never been observed directly and a convincing description of their particle

nature remains elusive. That said, it is known that a viable dark matter candidate

(denoted χ) should satisfy the following criteria (see also [47])

1. Its interaction with electromagnetic radiation must be sufficiently suppressed —

otherwise the particle would emit or reflect light and would not count as dark

matter.

2. It must be stable on cosmological time scales — if the dark matter particle had a

lifetime less than the present age of the universe, it would have already decayed

into lighter particles and would fail to explain the observed dark matter density.

3. It must have the correct relic density — this ensures that the dark matter isn’t

overproduced with reference to the observed relic density. This final criteria will

be examined in greater detail in section 1.6.3.

We also know from modeling the growth of large scale structures that the data favour cold

(non-relativistic) dark matter particles for which the most popular theoretical candidates

are WIMPs (Weakly Interacting Massive Particles) with masses in the range mχ ∼
10 − 1000 GeV. Below we list some prominent dark matter candidates with particular

focus on the supersymmetric neutralino, which is by far the most extensively studied

dark matter candidate.

• Standard Model

Firstly, it would be remiss of us not to mention that dark matter candidates arise

within the Standard Model of particle physics. Indeed, baryonic dark matter ex-

ists in the form of objects with null or negligible luminosity, such as black holes,

Jupiters, brown dwarfs, etc. These Massive Compact Halo Objects (MACHOs)

satisfy the criteria given above and as such play the role of dark matter. Fur-

thermore, neutrinos, which only experience the weak nuclear force, can also be

categorized as dark matter.

However, both microlensing surveys [48] and predictions from Big Bang Nucle-

osynthesis, whose calculations are sensitive to the total baryon density, limit the

contribution of MACHOs to the overall dark matter density to be . 8%. Simi-

larly, the contribution from neutrinos is limited by neutrino mass measurements

so that their overall contribution to the total dark matter density is expected to
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be negligible also. Moreover, since these particles are ’hot’ (i.e. relativistic) relics,

an excess of neutrinos would spoil the standard hierarchical paradigm of struc-

ture formation.7 Therefore, although a portion of the dark matter density can be

explained by known particles, combined dark matter observations provide strong

motivation for physics beyond the Standard Model.

• SuperSymmetry (SUSY)

A promising proposal for physics beyond the Standard Model is provided by Su-

perSymmetry (SUSY) [49–51]. Supersymmetric models introduce a new symmetry

of nature that relates bosonic integral (fermionic half integral) spin particles to

fermionic half integral (bosonic integral) spin superpartners — thereby doubling

the particle spectrum. SUSY theories address several outstanding problems of

the Standard Model: supersymmetry protects the successful low energy Standard

Model theory from being swamped by divergent corrections from higher energy

scales,8 i.e. it solves the hierarchy problem. Moreover, SUSY unifies the gauge

coupling constants at high energies (opening the door for Grand Unified Theories)

and is an essential ingredient in many field theories attempting to unify the strong

and electro-weak forces with gravity, e.g. string theory.

Significantly, in SUSY theories in which R-parity is conserved,9 the Lightest Su-

persymmetric Particle (LSP) is stable; if, in addition, the LSP is neutral, then

it provides a viable dark matter candidate [52, 53]. By far the most extensively

studied SUSY candidate is the lightest neutralino, χ, which is a spin 1
2 Majorana

fermion (i.e. it is its own antiparticle, χ̄ = χ).

The neutralino is the linear combination

χ = N11B̃ +N12W̃3 +N13H̃
0
1 +N14H̃

0
2 , (1.27)

where the b-ino (B̃) and the W -ino (W̃3) are the supersymmetric partners of the

Standard Model gauge bosons B and W3, and H̃0
1 and H̃0

2 are two neutral Higgs-

inos. The coefficients N1i are taken from the diagonalized neutralino mass matrix

and can be used to specify the neutralino’s gaug-ino or Higgs-ino fraction. For

example, if |N11| & 0.99, we would say that the neutralino is b-ino like. Simi-

larly, if |N12| or
√
|N13|2 + |N2

14| are & 0.99, the neutralino is said to be W -ino or

7Theories of structure formation based on hot dark matter particles proceed in a top-down fashion,
with larger structures forming first and then fragmenting into smaller sub-structures. This picture
conflicts with the observation that the Milky Way galaxy appears to be older than the Local Group and
actually provides the strongest constraint on the sum of the neutrino masses.

8By introducing additional bosonic degrees of freedom, the masses of scalar particles (such as the
Higgs boson) are protected from quadratic radiative corrections induced by the enormous difference
between the electro-weak scale, MEW ∼ 102 GeV, and the Planck scale, MPl ∼ 1019 GeV.

9R is a Z2 quantum number with R = +1 for Standard Model particles and R = −1 for their
supersymmetric partners, or sparticles.
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Higgs-ino like respectively. The gaug-ino fraction of the neutralino, which depends

on the various SUSY model parameters (along with the particular SUSY model),

strongly influences its properties and in particular the nature and strength of its

interactions; several public packages [54–56] (see also chapter 16 of [43]) are avail-

able to routinely calculate many of the important particle parameters including

the neutralino annihilation cross section and thermal relic density.

Supersymmetry also provides several other dark matter candidates including the

sneutrino and axino, which are the supersymmetric partners of the neutrino and

axion (see later) respectively; details of possible supersymmetric explanations for

the dark matter problem can be found in the excellent review by Jungman et

al [57] and the more recent review [58].

A number of ongoing collider experiments, most notably the Large Hadron Collider

(LHC) at CERN, are searching for signatures of supersymmetry in the collisions of

high energy particles. So far no such signature has been observed and some would

argue that the outlook for the simplest SUSY models is looking tenuous [59]. As no

SUSY particles have been found with masses equal to their non-SUSY partners,

these models all assume the SUSY symmetry is broken by adding terms to the

Lagrangian, thus generating a SUSY mass spectrum. In order to naturally solve

the hierarchy problem within the framework of supersymmetry, the masses of the

SUSY particles must be around the TeV scale. However, cumulated data taken

from the LHC is starting to exclude a large portion of this mass range, thereby

removing much of the original motivation for introducing supersymmetry in the

first place [60, 61].

LHC bounds on SUSY theories in which R-parity is conserved and the lightest

stable SUSY particle, the neutralino (1.27), is the cold dark matter candidate are

very model dependent. The different variants of the minimal SUSY extension of

the standard model (MSSM) studied range from the constrained MSSM (CMSSM)

model which assumes that, at the grand unification scale, all scalars have a univer-

sal (soft) SUSY-breaking mass m0, the gauginos have a universal mass m1/2 and

all trilinear couplings have a universal value A0, resulting in five free parameters,

to the phenomenological MSSM (pMSSM) model in which no grand unification is

assumed and there are 10 free parameters. The bounds on CMSSM masses depend

on the sign of the coupling µ between the Higgs doublets (H̃1 and H̃2). For the

CMSSM the LHC Run 1 places lower bounds of 1810 GeV (µ > 0) and 3540 GeV

(µ < 0) on gluinos, 1620 GeV (µ > 0) and 6300 GeV (µ < 0) on right-handed

squarks, 750 GeV (µ > 0) and 4100 GeV (µ < 0) for the lighter stop squark, 340

GeV (µ > 0) and 4930 GeV (µ < 0) for the lighter stau slepton, and 935 Gev

(µ > 0) for the lightest neutralino [62]. The best-fit pMSSM values are 2880 GeV
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for gluinos, 4360 GeV for stop squarks, 440 GeV for sleptons and 160 GeV for the

neutralino [63].

• Other candidates

In addition to those just mentioned, there are many other hypothetical particles

that, for a certain parameter range, could provide a viable dark matter candidate.

For example, the axion, which was introduced by Peccei and Quinn [64] to solve the

Strong CP problem in quantum chromodynamics (QCD),10 is extremely weakly

interacting and, if sufficiently produced in the early universe, could play the role

of dark matter. Alternatively, the dark matter could be made of a new sterile

generation of neutrinos [66] that are separate from the active neutrino generations

of the Standard Model and only experience gravitational interactions. A more

exotic possibility is that dark matter is comprised of primordial black holes which

are thought to have formed during the very early moments of the universe.

It is interesting that quite often these candidates have been introduced for ulterior

motives, removed from dark matter considerations, and many arise naturally in

other areas of physics. For a more complete list of possible dark matter candidates

we refer the reader to the comprehensive reviews by Bertone et al [67], Feng [68]

and the monograph [43].

It is important to keep in mind that the total dark matter density need not be composed

entirely of a single species and that several of the candidates listed above can contribute.

As such, the relic density bound (1.20) only places a firm upper bound on the contri-

bution from each component; candidates with relic densities lower than this bound are

still acceptable but must be supplemented with dark matter species — as in the case of

neutrinos, for example.

Given the plethora of dark matter candidates, coupled with the transient state of Su-

persymmetry and physics beyond the Standard Model in light of incoming LHC data,

throughout this thesis we remain agnostic about the identity of the dark matter particle

only assuming that it is produced thermally in the early universe (see section 1.4.4). In

other words, we focus on the cosmological aspect of the problem and leave the particle

physics details to experts in the field.

10The Strong CP problem relates to the stringent constraints on C(harge conjugation)P(arity sym-
metry) violating processes in strong interactions despite the presence of CP violating terms in the QCD
Lagrangian [65].
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1.4.3 Asymmetric dark matter

The majority of dark matter models assume symmetric dark matter for which the par-

ticles are Majorana fermions with χ = χ̄, i.e. they are self-conjugate. Given that most

known particles are not Majorana, it is reasonable to consider asymmetric dark matter

models in which the particle χ and antiparticle χ̄ are distinct, i.e. χ 6= χ̄, and to assume

an asymmetry between the number densities of the dark matter particles and antiparti-

cles [69–71]. Indeed, a similar asymmetry exists in the baryonic matter sector between

the number of observed baryons nb and antibaryons nb̄. This baryonic asymmetry is

ηb =
nB
nγ

=
nb − nb̄

nγ
≈ 6× 10−10, (1.28)

where nγ is the number density of photons. Several models have been proposed [69, 70]

that relate the asymmetries in the baryonic and dark sectors. These models typically

assume [72] either a primordial asymmetry in one sector which is transferred to the

other sector, or that both asymmetries are generated by the same physical process such

as the decay of a heavy particle. Kaplan et al. [73] consider a baryonic B −L (where B

and L are the baryon number and lepton number respectively) asymmetry generated by

baryogenesis at high temperatures that is transferred to the dark matter sector by inter-

actions arising from higher dimension operators which then decouple at a temperature

above the dark matter mass and freeze in the asymmetry.11 If the asymmetries in the

dark and baryonic matter sectors share a common origin then their number densities

will be related nDM ∼ nb, as will their densities ΩDM ∼ (mχ/mb)Ωb [69, 70, 73]. This

could explain the approximate equality of the observed dark and baryonic abundances

(ΩDM/Ωb ∼ 5) and suggests a dark matter particle mass in the range mχ ∼ 5− 15 GeV.

Interestingly, this mass range is favored by a number of observational datasets [75–77],

providing further motivation for asymmetric dark matter.

Cosmological, astrophysical and collider constraints on light thermal dark matter

(mχ ∼1 MeV - 10 GeV) have been examined by [78] for both symmetric and asymmet-

ric models of dark matter and [79] have considered flavour constraints on, and collider

signatures of, asymmetric dark matter produced by decays of supersymmetric particles

in the minimal supersymmetric Standard Model (MSSM).

11Asymmetric dark matter has been considered in the context of composite dark matter. For ex-
ample, [74] propose a model based upon technicolour in which techniparticles with charge −2 formed
from techniquarks bind with 4He++ to produce neutral dark matter. The excess of the charge −2
techniparticles over their antiparticles is related to the baryon relic density.
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1.4.4 Thermal relic abundance

A popular framework for the origin of dark matter is provided by the thermal relic

scenario in which the dark matter particles are produced through thermal scatterings of

background particles in the cosmic bath,

χχ̄↔ XX̄ (1.29)

where (X̄)X are the background (anti)particles. At early times, when the temperature of

the universe is high, frequent interactions keep the dark matter particles in equilibrium

with the background, i.e. nχ ≈ neq
χ where nχ and neq

χ are the dark matter number

density and equilibrium number density respectively. As the universe expands and cools

the dark matter interaction rate drops below the expansion rate and the particles fall

out of equilibrium. At this point, both creation and annihilation processes cease, and

the number density redshifts with expansion; the remaining ’relic’ particles constitute

the dark matter density we observe today. This process is known as particle freeze-out

and, for non-relativistic dark matter particles, typically occurs at Tf ≈ mχ/23 (where

mχ is the dark matter particle mass) — that is, during the very early moments of the

universe.12

The dark matter number density nχ is governed by the relativistic Boltzmann equation

(for symmetric dark matter) [80]13

dnχ
dt

+ 3Hnχ = −〈σv〉
[
n2
χ −

(
neq
χ

)2]
, (1.30)

where H is the expansion rate of the universe and 〈σv〉 is the thermal average of the

annihilation cross section σ times the relative velocity v. In the literature, 〈σv〉 is often

referred to as simply the annihilation cross section.

The present dark matter density, determined from the asymptotic solution of (1.30),

is extremely sensitive to the timing of dark matter decoupling. Due to the Boltzmann

suppression factor in the equilibrium number density (for temperatures below the dark

matter rest mass, neq
χ ∼ e−mχ/T ), the longer the dark matter particles remain in equi-

librium the lower their number densities are at freeze-out. Thus species with larger

interaction cross sections which maintain thermal contact longer, freeze out with dimin-

ished abundances. Alternatively, cosmological scenarios that predict a faster expansion

rate during the decoupling phase lead to earlier particle freeze-out and enhanced relic

abundances.
12Alternatively, there are several particles, including the neutrino, that freeze-out with relativistic

thermal distributions.
13The corresponding expression for an asymmetric dark matter species, χ 6= χ̄, is given in section 2.4

(see (2.33)-(2.34)).
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In the standard radiation dominated scenario the dark matter relic density can be ap-

proximated by (see section 2.2.2)14

ΩDMh
2 ' 0.12

(
2× 10−26 cm3s−1

〈σv〉

)
, (1.31)

so that a dark matter particle with a weak scale interaction cross section σ ∼ G2
Fm

2
χ, for

which σv ∼ 10−26 cm3s−1, will freeze-out with an abundance that matches the presently

observed value (1.20). This is known as the WIMP miracle and strongly motivates

thermal WIMP dark matter.15

We briefly mention that alternative scenarios to explain the origin of dark matter exist

in which the dark matter is produced through the decay of a heavier species. In this

case the Boltzmann equation (1.30) becomes16

dnχ
dt

+ 3Hnχ = −〈σv〉
[
n2
χ −

(
neq
χ

)2]
+ND, (1.32)

where ND is an additional source term. Further, it is possible that the dark matter

particles either do not, or only partially thermalize in the early universe, in which case

the Boltzmann equation (1.30) does not apply. In this thesis we will always assume that

dark matter is produced thermally in the early universe and that (1.30) is valid. For

further details on non-thermal dark matter scenarios see for instance [82–84].

1.4.5 The search for dark matter

The weakly interacting nature of dark matter particles makes them exceedingly difficult

to detect experimentally [85]. One approach, known as direct detection, is to search for

dark matter particles scattering off Standard Model particles inside a laboratory. Since

our solar system (and galaxy) is embedded in a vast halo of dark matter, dark matter

particles should be continuously streaming through our terrestrial atmosphere and dark

matter interactions may occur at a detectable level. To maximize the likelihood of

detection, the detector is made from a high density target nucleus and is usually placed

deep underground (in a low background environment) so as to avoid contamination

from other (more strongly interacting) background signals. Experiments of this type

have been ongoing for over a decade with several groups [86, 87] reporting an irreducible

14The expression (1.31) assumes that dark matter annihilations are dominated by s−wave processes so
that the thermally averaged annihilation cross section 〈σv〉 = constant. For the more general expression
see section 2.2.2.

15Although the relation (1.31) is often referred to as ’miraculous’, it has been argued that the correct
thermal abundance can be obtained for dark matter candidates that have neither weak scale masses nor
weak scale interactions [81].

16Again, this equation is only valid for symmetric dark matter particles χ = χ̄.
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signal above background with the correct annual modulation (which arises due to Earth’s

motion around the Sun). Unfortunately, these results are disputed by more sensitive

experiments [88–91] and the origin of the signal remains unclear (for further details see

the recent review by Schumann [92]).

Of particular relevance for our study are indirect dark matter experiments. These sur-

veys search for the products of dark matter annihilations (or decays), e.g.

χχ̄→ γγ, e+e−, νν̄, bb̄,W+W− . . . (1.33)

and can therefore be used to place constraints on the dark matter annihilation cross

section 〈σv〉 — the same quantity used in the relic abundance calculation (1.30).17

Many space-borne [94–96] and ground based experiments [97, 98] are currently un-

derway with target sites including dark matter sub-halos, dwarf spheroidal galaxies,

and even our own Sun [99]. Again, several interesting results, including anomalous

gamma ray signals [100–102], with possible dark matter interpretations have been iden-

tified [77, 103–110]. Specifically, we mention cosmic ray observations by the PAMELA

collaboration who measured a rising positron fraction e+/(e+ + e−) up to energies of

∼ 5 GeV [111, 112]. This measurement, which was later extended to higher energies by

the Alpha Magnetic Spectrometer (AMS) instrument [113], is above that expected from

astrophysical sources and cannot be explained by modifying cosmic ray propagation

models. Furthermore, the most recent data release from the AMS-02 collaboration [114]

found that above ∼ 200 GeV, the positron fraction no longer increases, which, along

with other measurements, implies that high energy positrons have a different origin to

that of electrons. Therefore, either additional uncatalogued astrophysical sources (such

as pulsars) are present [115], or, the rising positron fraction can be interpreted in terms

of annihilating dark matter [104, 116, 117].

We stress that a dark matter interpretation of the rising positron fraction requires large

boost factors (up to three orders of magnitude larger) of either the local dark matter den-

sity or the dark matter annihilation cross section via e.g. Sommerfeld enhancement [118]

or some other mechanism (see later). Hence, despite the excitement surrounding these

anomalous signals, no conclusive determination can yet be made.18

Finally, it is also possible that dark matter could be produced through Standard Model

particle interactions in high energy particle accelerators such as the LHC (this is the

inverse process to what is observed in indirect detection experiments). In this case,

17This is in contrast to the direct detection experiments mentioned above that probe the WIMP-
nucleon scattering cross σχN→χN , which is related to the annihilation cross section σχχ̄→XX̄ (where the
X’s are Standard Model particles) by a model-dependent crossing symmetry [93].

18For recent reviews on the status of indirect dark matter searches see [119, 120].
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because the dark matter particles interact so weakly, they would easily escape the ac-

celerator’s detectors. However, their presence could be deduced via missing transverse

momentum and the nature of the dark matter particle and its interactions could be

reconstructed from analyzing the collision. So far, no excess of events above Standard

Model expectations has been found, but it is hoped that dark matter signatures may

appear as the LHC pushes towards its 14 TeV design capacity in the coming years.

In summary, despite a number of exciting observations with potential dark matter in-

terpretations, the situation remains far from conclusive. However, with several existing

and upcoming experiments [121, 122] beginning to probe the weak scale interaction re-

gion predicted by generic relic abundance calculations (see for example figure 1.1), a

definitive signal is expected soon.

1.4.6 Constraints

Although very little data is available regarding the nature of the dark matter particle,

the observed dark matter density (1.20) does place a firm upper bound on the relic

abundance of any dark matter species (keep in mind, lower abundances are certainly

permissible). Further, since the relic abundance is inversely related to the annihilation

cross section 〈σv〉, the observed dark matter density can be used to place a firm lower

bound on the dark matter annihilation cross section. For example, if the magnitude of

〈σv〉 is too small, the species does not effectively annihilate in the early universe, and

decouples with an abundance that exceeds the presently observed value. Therefore, relic

abundance calculations, in conjunction with the observed dark matter density, provide

an important test for dark matter models (see section 1.6.3).

In addition, the lack of an observed signal using the detection methods described above,

allows one to place constraints on the strength of dark matter interactions. For our pur-

poses, we will focus on indirect detection observations which place direct constraints on

the dark matter annihilation cross section 〈σv〉. More specifically, the indirect detection

measurements can be used to place constraints on the velocity independent, or s−wave,

component of the thermally averaged annihilation cross section. Since the present ve-

locity of the dark matter particles is negligible (v/c ∼ 10−3), any velocity dependent

terms in the non-relativistic expansion of the annihilation cross section [123, 124],19

〈σv〉 = a+ b〈v〉2 + c〈v〉4 + . . . , (1.34)

19The successive terms in the expansion 〈σv〉 =
∑
n cn〈v〉

2n where v ∼ T 1/2 correspond to s−wave
(n = 0) annihilation, p−wave (n = 1) annihilation, etc.
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will not contribute to dark matter annihilations in the late time universe. Therefore

these terms are immune to indirect detection experiments.

In this thesis we primarily refer to the constraints derived from the gamma ray data [125]

which were obtained from observations of 25 dwarf spheroidal satellite galaxies of the

Milky Way using the Large Area Telescope (LAT) on board the Fermi space satellite.

The Fermi-LAT constraints, which are shown in figure 1.1 for dark matter particles

annihilating predominantly through a particular annihilation channel, are competitive

with those determined using the AMS-02 positron data [126],20 measurements of the

isotropic gamma ray background [127, 128], and CMB data [129–134].21
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Figure 1.1: Upper limits on the dark matter annihilation cross section 〈σv〉 as a
function of WIMP mass mχ for different annihilation channels derived from the Fermi-
LAT gamma ray data. We have also indicated the annihilation cross section required
to produce the correct thermal relic abundance in the standard cosmological scenario,
〈σv〉GR (dot-dashed black curve).

In figure 1.1 we have superimposed the (approximate) annihilation cross section required

to produce the observed relic density in the standard (GR) cosmological scenario, 〈σv〉GR
(dot-dashed black curve). Remember that this curve represents the lower bound derived

from calculations of the dark matter relic abundance. Comparing this result with the

Fermi-LAT constraints we see that indirect detection experiments are already beginning

to probe the canonical annihilation cross section expected from standard thermal relic

abundance calculations. In fact, dark matter particles with masses mχ . 10 GeV, that

20The constraints determined using the AMS-02 positron observations are in fact the most stringent
available. However, this set only constrains the annihilation cross section into leptonic final states, so we
choose to use the more complete set given by the Fermi-LAT dwarf spheroidal data [125] in our analysis.

21For additional publications constraining the dark matter annihilation cross section, see for in-
stance [135–138].
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primarily annihilate through the τ+τ− or uū annihilation channels, are excluded by

these constraints.

We must stress, however, that the Fermi-LAT constraints only apply if the dark matter

particle annihilates predominantly through one of the annihilation channels considered.

In the general case, multiple (possibly non-Standard Model) annihilation channels are

accessible and these constraints can be evaded. We will therefore use the Fermi-LAT data

to simply illustrate how the annihilation constraints can be applied to the calculations

undertaken in this thesis and avoid making absolutist claims about the viability of

particular theories in the face of these constraints.

1.5 Non-standard cosmologies

The standard ΛCDM model has been remarkably successful in explaining all astrophys-

ical and cosmological observations. However, all of the data collected so far, such as

the information extracted from, e.g. the cosmic microwave background (CMB), baryon

acoustic oscillations (BAO) or large-scale structure (LSS), originates from cosmological

events that occur at times when the temperature of the universe has cooled to the order

of an ∼ MeV or below. Indeed, the earliest available probe of the Big Bang model is

Big Bang Nucleosynthesis, which occurs at a temperature of ∼ 1 MeV.22 The evolution

of the universe prior to this event is relatively unconstrained and it is only assumed

that the standard radiation dominated expansion regime can be extrapolated back to

the inflationary epoch. It’s possible, therefore, that the actual evolution deviates from

the predictions of the standard cosmological model.

There are several compelling reasons for considering extensions of the standard Λ + Cold

Dark Matter model. Perhaps most obvious is that ∼ 95% of the total energy budget

in the ΛCDM model is of unknown nature and origin. Although dark matter and dark

energy both provide excellent fits to the available observational data, no experimental

verification of either component exists. Moreover, the requirement of an exotic fluid

with a negative equation of state (dark energy) to explain the late time accelerated

expansion of the universe appears especially ad-hoc given the leading model, the cosmo-

logical constant (Λ) model, lacks physical motivation and has limited predictive power.

Other dark energy models have been proposed, but many fail to match the observational

22Recently, the BICEP2 collaboration released measurements of B-mode polarization imprinted in the
CMB [139] which the authors speculated was evidence of primordial tensor perturbations (i.e. gravi-
tational waves generated during the inflationary period). However, a subsequent joint analysis of the
BICEP2/Keck Array and Planck data [140] indicates the B-mode signal reported by BICEP2 is most
likely due to dust in our galaxy.
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successes of the Λ model, and others still suffer from the same fine-tuning and coinci-

dence problems. Lastly, General Relativity in its present form cannot be renormalized,

and therefore precludes a quantum description. Any attempts to unify the fundamental

forces of nature must therefore appeal to a more fundamental theory of gravity.

Here we will consider several non-standard cosmological scenarios that address the issues

just mentioned. In particular, we focus on scenarios that predict a modified expansion

history in the pre-BBN era:

• Quintessential kination models

Quintessence models of dark energy are typically introduced to explain the late

time accelerated expansion of the universe with the energy density of the field

expected to remain sub-dominant at early times (see the discussion on tracker

solutions in the section 1.3.2). However, it is possible that the dynamics of the

field may lead to a phase of kination domination, where the kinetic energy of the

scalar field dominates over the potential energy. If this occurs at sufficiently early

times, the quintessence field would dominate, modifying the expansion history

from that predicted by the standard cosmological model [141, 142]. This scenario,

known as quintessential kination, is an interesting example of how dark energy, a

late time phenomena, may influence the physics of the early universe.

• Scalar-tensor gravity

An extension of the quintessence scenario is provided by scalar-tensor gravity mod-

els which incorporate a coupling between the scalar field, ϕ, and the metric field,

gµν [143–146]. These models arise naturally in string theory and other unified field

theories and represent a departure from standard General Relativity.

The coupling between the scalar field and the metric introduces a new long range

force between material objects and is therefore subject to strict bounds from labo-

ratory and solar system tests of gravity. Fortunately, scalar-tensor models exhibit

an attraction mechanism towards General Relativity [147, 148] so that the scalar

field relaxes towards a state where the two are coincident for a wide range of initial

conditions. This allows for large deviations from the standard cosmological history

at early times whilst still respecting the observational constraints from BBN and

post-BBN processes, e.g. CMB and BAO.

• Braneworlds

Braneworld models are inspired by string theory (and M-theory) which postulates

that there are additional spacetime dimensions beyond the four (three spatial +

time) that we naturally experience. Within this framework our universe is mod-

eled as a four-dimensional surface (the brane) embedded in a higher dimensional
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spacetime; matter (in this case both dark and baryonic) is confined to the surface

of the brane whereas gravity leaks into the higher dimensions. This provides a

possible explanation as to why gravity is so much weaker than the other forces of

nature.

Depending on the particular set-up, the extra dimensions can be either large [149,

150] or small [151], and are only accessible in either the high [149, 150] or low

energy limits [152]. Therefore, cosmological scenarios based on the braneworld

paradigm have interesting phenomenological consequences for both the early and

late time evolution of the universe.

1.6 Relic abundance calculations

1.6.1 Modified expansion history

Most relic abundance calculations assume that, at the time of dark matter decoupling,

the universe is radiation dominated with H2 ' 8πGρr/3 (see (1.4)), where ρr is the

radiation energy density. In this case, particle freeze-out occurs around Tf ≈ mχ/23 and

the relic abundance is (approximately) given by the canonical result (1.31). However,

if we modify our assumptions about the expansion rate of the universe in the pre-BBN

era, and in particular at the time of dark matter decoupling, particle freeze-out will be

affected and the dark matter relic abundance will be modified.

Early works by Barrow [153] and Kamionkowski and Turner [154] showed that the dark

matter relic abundance can be enhanced in cosmological scenarios with anisotropic ex-

pansion [153, 154] or suppressed in scenarios where the energy density at the time of

decoupling is dominated by some non-relativistic species [154]. Later, Salati [142] con-

sidered a simple quintessential kination scenario (see the description in the previous

section) and showed that the relic abundance of dark matter may be enhanced by up

to several orders of magnitude with respect to the canonical result. Since then, many

similar works investigating dark matter relic abundances in non-standard cosmological

scenarios have appeared (see for example [155–159]). In general, it is found that sce-

narios that predict a faster expansion rate at the time of dark matter decoupling lead

to accelerated particle freeze-out and, due to the Boltzmann suppression factor, an en-

hanced dark matter relic density. Conversely, a slower expansion rate at the time of

dark matter decoupling delays freeze-out leading to a suppressed relic abundance.

Since the relic abundance (i.e. the present dark matter density ΩDMh
2 given in (1.20))

is a precisely measured quantity, we can use the results of relic abundance calculations

to constrain the parameters of non-standard cosmological scenarios and the properties
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of dark matter particle candidates. In this way, relic abundance calculations offer an

exciting probe of beyond the standard model physics and exemplify the strong interplay

between particle physics and cosmology.

1.6.2 Constraints on non-standard scenarios

As mentioned previously, the earliest available constraint on the expansion rate of the

universe is provided by Big Bang Nucleosynthesis, a process that occurs when T ∼ 1

MeV. All other observational constraints, such as those imposed by the CMB and LSS,

relate to events that occur much later on. In fact, the number of detectable signals from

the pre-BBN era is limited. However, dark matter decoupling occurs at temperatures

Tf ≈ mχ/23 which, for dark matter particles with mass mχ & O(100) MeV, is greater

than the BBN temperature. Hence, dark matter relic abundance calculations, which rely

on data from times much earlier than BBN, can therefore be used as a novel observational

probe of early universe physics (see for instance [153, 160, 161]).

The role of relic abundance calculations becomes even more significant when one consid-

ers that many alternative cosmological models are constructed (or at least constrained)

to collapse towards the standard cosmological model prior to the onset of BBN. Subse-

quently, in the low energy regime, the non-standard models mimic the standard model

and the predictions of the two are degenerate. Hence, relic abundance calculations may

be one of the few probes capable of discriminating these theories from the standard

ΛCDM model.23

1.6.3 Implications for dark matter candidates

The ignorance surrounding the dark matter particle and its properties suggests that the

role of relic abundance calculations can also be viewed from the inverse perspective. Re-

call that, for a dark matter candidate to be considered viable, it must be produced with

the correct thermal abundance. Those candidates that are overproduced are rejected,

and those that are underproduced are often overlooked. However, this assignment is

performed assuming that the standard cosmological model holds during the era of dark

matter decoupling. If we relax this assumption and consider a non-standard expan-

sion law during the decoupling era, the dark matter relic density will be modified and

the distinction between those candidates that are viable and those that are not will be

moderated.

23This idea can be connected back to the concept introduced in the opening section, that the early
universe can be treated as a sort of cosmic laboratory, reaching energies that other experiments simply
don’t have access to.
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We can be more specific if we recall that the dark matter relic abundance is inversely

related to the annihilation cross section, as in (1.31) (note that a similar relationship

holds in other cosmological scenarios also). As an example, take the neutralino, whose

annihilation cross section, and in turn its relic density, depends sensitively on its gaugino

fraction (see section 1.4.2): b-ino like neutralinos typically possess an annihilation cross

section weaker than the canonical WIMP value (〈σv〉 ∼ 10−26 cm3s−1) and are therefore

overproduced in the standard cosmological model; conversely, W -ino and Higgs-ino like

neutralinos have stronger annihilation cross sections, thus leading to a heavily suppressed

relic abundance.24 In fact, Arkani-Hamed et al [162] argued that the observed dark

matter density is only obtained if the SUSY parameters are fine-tuned so that the

gaugino fraction lies right on the boundary between pure b-ino and pure W -ino or

Higgs-ino.

This fine-tuning can be alleviated in non-standard cosmological models. For example,

those cosmologies that predict a slower expansion rate during dark matter decoupling,

and as a result a suppressed dark matter relic abundance, could rescue pure b-ino neu-

tralinos. Alternatively, scenarios that predict a faster expansion rate and an enhanced

relic abundance could revive W -ino and Higgs-ino like neutralinos. Therefore, given the

lack of available data from times prior to BBN, the relic density bound applied to dark

matter candidates should be considered provisional.

More generally, the existence of a viable dark matter candidate with the correct relic

abundance is often used to appraise the various incarnations of Supersymmetric exten-

sions of the Standard Model. If the relic density bound can be evaded in non-standard

cosmological scenarios, in that the observed dark matter density can be obtained with

an annihilation cross section that differs from the canonical thermal WIMP value, the

viability of SUSY models must be reevaluated. Moreover, the relic density bound is reg-

ularly used to inform directed searches for Supersymmetry at the LHC [163] and could

therefore be pointing experimentalists in the wrong direction.

1.6.4 Implications for dark matter searches

If the relic density bound can be evaded, and the interaction strength of the dark matter

particle can be vastly different from the canonical thermal WIMP value, the implications

for the planning and interpretation of present and future dark matter searches are far

reaching [164]. In section 1.4.5 we saw that indirect detection experiments are beginning

to probe the weak scale annihilation cross section predicted by generic relic abundance

24The annihilation cross section of W -ino and Higgs-ino like neutralinos is usually larger because for
these neutralino types a greater number of annihilation channels are accessible. Moreover there are often
several sparticles which are degenerate in mass leading to additional co-annihilations.
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calculations, and it’s possible that additional data taken from both present and future

generation experiments may exclude the thermal WIMP region entirely. Since the relic

dark matter density places a firm lower bound on the dark matter annihilation cross

section, one interpretation of this result is that the thermal relic explanation for dark

matter is not appropriate and that other dark matter production mechanisms should

be investigated. Alternatively, this observation could point to new physics in the era

prior to BBN; a null result from indirect dark matter searches could indicate that the

expansion rate of the universe at the time of dark matter decoupling is slower than that

predicted by the standard cosmological model as such a scenario could accommodate an

annihilation cross section smaller than the thermal WIMP value.

On the other hand, the anomalous PAMELA data discussed in section 1.4.5 could be

naturally explained in a non-standard cosmological scenario that requires an enhanced

annihilation cross section. There we mentioned that a dark matter interpretation of

the rising positron fraction requires an annihilation cross section which is up to three

orders of magnitude larger than the standard thermal WIMP value. In the standard

cosmological model, such a large cross section would severely deplete the present relic

abundance of dark matter, in conflict with the observed density. However, non-standard

cosmological scenarios can easily accommodate the enhanced annihilation cross section

required to generate the observed positron excess and still produce the observed dark

matter density (see for example [165]).25

Furthermore, since the dark matter annihilation cross section, 〈σχχ̄→XX̄v〉, is related to

the scattering cross section, 〈σχX→χXv〉, through crossing symmetry [93], the modified

dark matter relic abundance has similar implications for direct dark matter searches as

well.

1.7 Outline

The aim of this thesis is to compute the relic abundance of both symmetric and asym-

metric dark matter particles in a variety of non-standard cosmological scenarios and

determine the enhancement (or suppression) factors with respect to the corresponding

value in the standard scenario. We also invert the problem, and determine the magnitude

of the annihilation cross section required to produce the observed relic density (1.20)

and compare the results to the upper limits derived from the Fermi-LAT gamma ray

data. In this way we derive constraints on the various non-standard cosmology model

25In this instance we should be careful because both antiproton and gamma ray data constrain the dark
matter annihilation cross section into particular final states (see figure 1.1). A dark matter interpretation
therefore requires a dark matter particle that annihilates preferentially into leptons, i.e. one that is
leptophilic (see for example [166]).
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parameters as a function of the dark matter particle properties. Additionally, where

possible, we derive approximate analytical solutions for the dark matter density and the

required annihilation cross section and compare our findings to the numerical data. We

also discuss the predicted detection signal in each of these scenarios and their prospects

for future detection. Lastly, we briefly mention the possible implications for SuperSym-

metric particle models.

The outline is as follows:

In chapter 2 we review the freeze-out scenario and the explanation for the origin of dark

matter before introducing the Boltzmann rate equation that is used to determine the

present dark matter density. We then study the evolution of the dark matter number

density in the standard cosmological scenario and highlight several of the key ingredients

that influence dark matter decoupling. Importantly, we derive an approximate analyt-

ical solution for the relic abundance that can be applied to non-standard cosmological

models.

In chapter 3 we apply the formalism developed in chapter 2 to quintessential kination

models. Although the dark matter relic abundance in the quintessential kination scenario

has been considered previously by several authors [142, 157, 167–169], we use this simple

example to illustrate many of the generic features that are common to other non-standard

cosmological scenarios that predict a modified expansion rate at early times. In doing

so, we review a number of the key findings presented in the literature and evaluate the

validity of the existing results in light of updated computational considerations [170].

In chapter 4 we investigate scalar-tensor models of gravity and critically examine the

existing studies by Catena et al [156, 159, 171, 172] and the several follow up papers

based on their results [173–175]. We find that, for a more common choice of the scalar

coupling, which had recently been subjected to detailed BBN studies [176], the relic

abundance is only slightly modified from its canonical value. This is in stark contrast to

the several orders magnitude enhancement factors reported by the Catena group.26 To

conclude, we briefly discuss the relic abundance of dark matter in non-universal scalar

tensor models, where the scalar interaction with the dark and baryonic sectors is distinct,

and suggest possible avenues for further investigation.

In chapters 5 and 6 we study the relic abundance of dark matter in braneworld cos-

mological scenarios. Chapter 5 is dedicated to Randall-Sundrum type II braneworld

cosmology and we show how the enhanced expansion rate in this scenario, which at

early times evolves as H ∝ ρ, amplifies the dark matter relic abundance. Then, in

26A preliminary account of this investigation was presented in [177].
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chapter 6 we consider an extension of the Randall-Sundrum braneworld model that in-

corporates a higher order curvature correction, known as the Gauss-Bonnet term, in the

bulk action integral. We challenge the previous investigation by Okada and Okada [158]

of dark matter relic abundances in the Gauss-Bonnet braneworld scenario which con-

cluded that the relic density is diminished in this scenario. We show that this result is

atypical of Gauss-Bonnet braneworld models, and that, in general, the model predicts

an enhanced dark matter density. The results and discussion in these chapters have

been expanded from our publications [178] and [179] respectively.

Finally, in chapter 7 we summarize our findings and point out the key differences and

similarities between each of the non-standard scenarios considered and discuss the po-

tential for future observations to discriminate between them. We also suggest potential

directions for future work.



Chapter 2

Relic Density

2.1 Introduction

A natural framework for the origin of dark matter is provided by the thermal relic

scenario: at early times the dark matter (anti)particles (χ̄)χ are held in equilibrium

through frequent interactions with the background thermal bath. At temperatures well

above the rest mass of the dark matter particle, mχ, creation and annihilation processes

are balanced and the dark matter number density behaves as (see Appendix B)

neq
χ (T � mχ) = gχ

3ζ(3)

4π2
T 3, (2.1)

where gχ is the number of internal degrees of freedom of the dark matter particle and the

Riemann zeta function is ζ(3) ' 1.202. Remembering that the temperature is (roughly)

related to the scale factor by T ∼ a−1, we see that in this regime the number of particles

in a comoving volume, Nχ = nχa
3, is conserved.

However, as the universe expands and cools, and the temperature drops below mχ,

creation processes are Boltzmann suppressed; here, the background particles are no

longer energetic enough to create χχ̄ pairs and the dark matter number density decays

exponentially;

neq
χ (T � mχ) = gχ

(
mχT

2π

)3/2

e−mχ/T . (2.2)

Eventually, through annihilation and expansion, the dark matter density becomes so

diluted that χχ̄ interactions cease, at which point the number density simply redshifts

29
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with expansion.1 This process is known as particle freeze-out, and the surviving ’relic’

particles constitute the dark matter density we observe today.2 Remarkably, the freeze-

out mechanism, which can be applied more broadly to relativistic and non-relativistic

particles, not only explains the present dark matter density, but also encompasses the

successful predictions of Big Bang Nucleosynthesis, neutrino decoupling as well as the

era of recombination [80].

In the next section we introduce the Boltzmann rate equation describing the time evolu-

tion of the dark matter number density, discuss how the expansion history of the universe

and dark matter annihilation cross section determine the present dark matter density,

and derive an approximate solution to the Boltzmann equation that we can apply to

general cosmological scenarios. In section 2.3 we use the observed dark matter density

to constrain the dark matter annihilation cross section as a function of the WIMP mass

and compare our results with the Fermi-LAT data. In section 2.4 we extend our discus-

sion to the case of asymmetric dark matter. Finally, in section 2.5 we summarize the

major ideas.

2.2 Symmetric dark matter

2.2.1 Boltzmann equation

The dark matter phase space distribution function fχ(xµ, pµ) obeys the Boltzmann equa-

tion [80]

L̂[fχ(xµ, pµ)] = Ĉ[fχ(xµ, pµ)]. (2.3)

L̂ is the relativistic Liouville operator describing the trajectory of the distribution func-

tion through phase space, given by

L̂ ≡ pα ∂

∂xα
− Γαβγp

βpγ
∂

∂pα
, (2.4)

where Γαβγ are the affine connections of the Robertson-Walker spacetime (see Ap-

pendix A). Ĉ is the collision operator for the process χχ̄ ↔ XX̄ (see Appendix C).

1Although interactions of the type χχ̄ ↔ XX̄ (where the X’s are Standard Model particles) have
been extinguished, and the dark matter species has chemically decoupled, χX ↔ χX interactions
persist, since the target density for the scattering process, nX ∼ T 3, remains large. Therefore, kinetic
decoupling, which occurs when the dark matter particles cease to exchange momentum efficiently with
the background, occurs much later [180].

2For early work on the subject of thermal relics and their cosmic abundances see [52, 53, 123, 154, 181–
201]
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For a homogeneous and isotropic distribution function fχ(xµ, pµ) = fχ(E, t), the evolu-

tion of the dark matter number density,

nχ(t) =
gχ

(2π)3

∫
d3p fχ(E, t), (2.5)

is obtained by taking the zeroth moment of the Boltzmann equation (2.3), to give [185,

202] (see Appendix C for a complete derivation)3

dnχ
dt

= −3Hnχ − 〈σv〉
[
n2
χ −

(
neq
χ

)2]
, (2.6)

where H ≡ ȧ/a is the expansion rate of the universe, 〈σv〉 is the thermally averaged

annihilation cross section times relative velocity (frequently referred to in the literature

as simply the annihilation cross section) and neq
χ is the equilibrium number density. In

the non-relativistic limit we can expand 〈σv〉 in powers of the relative velocity, 〈v2〉 ∼
T/mχ [198]:

〈σv〉 = a+
bT

mχ
+ . . . (2.7)

where we identify the first (constant) term with s−wave scattering, the second term

with p−wave scattering and so on.4 The quantity 〈σv〉 depends on the specific dark

matter particle model and incorporates the particle physics aspect of the problem.

In deriving (2.6) we have assumed (i) the dark matter particles maintain kinetic equi-

librium throughout chemical decoupling (see earlier footnote) (ii) the dark matter an-

nihilation products rapidly reach thermal equilibrium with the cosmic background and

(iii) that the chemical potential µχ is negligible.5

Each term in the Boltzmann equation (2.6) can be understood as follows: the first term

on the right hand side, −3Hnχ, is a dilution term arising from the expansion of the

universe; and the two terms −〈σv〉n2
χ and 〈σv〉(neq

χ )2 correspond to the loss and gain

of particles through annihilation and creation respectively. In the absence of particle

interactions, 〈σv〉 = 0, the solution of (2.6) is nχ ∝ a−3 so that the number of particles in

a comoving volume is conserved. Note that the creation and annihilation terms contain

the square of the number density because we have assumed (for now) that the dark

matter species is self-conjugate with χ = χ̄.

We can scale out the expansion of the universe by working with the fiducial quantity

Y ≡ nχ/s, where s = 2π2g∗s(T )T 3/45 is the entropy density and g∗s(T ) is the number of

3The Boltzmann rate equation can also be derived in a non-rigorous fashion by invoking the general
principle of detailed balance (see [203]).

4The expansion (2.7) breaks down near the formation of a resonance or at the opening of a new
annihilation channel [199].

5There are several exceptions that will modify the calculation of the dark matter relic density, in-
cluding the effects of coannihilations and resonances etc. [200, 201] which will not be considered here.
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entropic degrees of freedom (see Appendix B). In an isentropic expansion, the entropy in

a comoving volume is conserved, i.e. d(sa3) = 0, and s ∝ a−3. Therefore, the quantity

Y ∼ nχa3 may be interpreted as the comoving number density.

Rewriting the time derivative of nχ in terms of Y , and substituting in the entropy

conservation relation, ṡ = −3Hs, we get

ṅχ + 3Hnχ = sẎ . (2.8)

The Boltzmann equation now reads

dY

dt
= −s〈σv〉

[
Y 2 − Y 2

eq

]
, (2.9)

where Yeq = neq/s. It is also convenient to write the evolution equation in terms of the

dimensionless variable x ≡ mχ/T , which is related to t via

dx

dt
= − x

T

dT

dt
. (2.10)

Using the relationship (B.34) between the temperature T and the scale factor a,

a

a0
=

[
gs(T0)

gs(T )

]1/3 T0

T
, (2.11)

we have

− da

a
= ζ(T )

dT

T
, (2.12)

where ζ(T ) is a temperature dependent function related to the change in g∗s(T ), given

by

ζ(T ) = 1 +
1

3

d ln (g∗s(T ))

d lnT
. (2.13)

Finally, substituting (2.10) and (2.12) into (2.9) we get

dY

dx
= −s〈σv〉

xH
ζ(T )

[
Y 2 − Y 2

eq

]
. (2.14)

This is the form of the Boltzmann equation that we will most commonly work with

throughout this thesis.

Note that since the number of relativistic degrees of freedom, g∗ρ, and the number of

entropic degrees of freedom, g∗s, only differ when a particle crosses a mass threshold for

T & 10−3 GeV (see Appendix B), when integrating (2.14) we assume that g∗ρ = g∗s.

Hence, unless either of these quantities appears explicitly in an analytic expression, we

will adopt the notation g∗ ≡ g∗ρ = g∗s.
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In figure 2.1 we show the evolution of the comoving number density, Y , (normalized to its

value at very high temperatures, xi � 1) as a function of x for several annihilation cross

sections, 〈σv〉, in the standard cosmological scenario. At early times, Y closely tracks

its equilibrium value Yeq ' 0.208 (gχ/g∗s) (black curve) which, for x . 1, is essentially

constant. As the temperature of the universe drops below the dark matter rest mass

(x & 1), the equilibrium density begins to decay exponentially, yet Y continues to track

Yeq ' 0.145(gχ/g∗s)x
3/2e−x. Eventually, however, Y starts to deviate significantly from

Yeq, this is known as the freeze-out point and roughly occurs at xf ≡ mχ/Tf ≈ 23

(where Tf is the freeze-out temperature). After freeze-out (x & xf ), Y continues to

decay but now much more slowly than Yeq, until finally it levels out, where it is once

again conserved.

x ≡ mχ/T
10
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Figure 2.1: Evolution of the comoving number density Y as a function of x for
〈σv〉 = 10−28 cm3s−1 (blue), 〈σv〉 = 10−26 cm3s−1 (red) and 〈σv〉 = 10−24 cm3s−1

(yellow). Also shown is the equilibrium density Yeq (black).

The freeze-out process is not instantaneous, and it can take several decades (particularly

in non-standard cosmological scenarios) before the comoving density settles towards to

its asymptotic value [197]. Following the authors of [168], we therefore distinguish

between two separate events: firstly, particle freeze-out (which we have denoted as xf ),

when the comoving density no longer tracks its equilibrium value; and secondly, particle

freeze-in, when the comoving density reaches its asymptotic value and is once again

conserved. Between these two events, Y (x) can decay by up to (or more than) an order

of magnitude.

Since the comoving density is conserved after freeze-in, the present dark matter energy

density, ΩDMh
2, is then obtained from the asymptotic solution of (2.14), i.e. Y (x0) =
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Y (∞), and

ΩDMh
2 =

ρ0
DMh

2

ρ0
c

=
mχs0Y0h

2

ρ0
c

. (2.15)

We then have, substituting in the values for the entropy density, s0 = 2895 cm−3 and

the critical density, ρ0
c = 1.054× 10−5h2 GeV cm−3,

ΩDMh
2 = 2.75× 108

( mχ

GeV

)
Y (∞). (2.16)

Figure 2.1 shows that the asymptotic comoving density Y (∞) depends sensitively on

the timing of particle freeze-out. Since, for x & 1, the equilibrium density is decaying

exponentially, the longer the dark matter particles remain in equilibrium, the smaller

the final abundance. Therefore, increasing the annihilation cross section 〈σv〉, which

extends the species thermal contact and delays freeze-out, leads to a suppressed relic

abundance.

In fact, we can rewrite (2.14) in terms of the annihilation rate Γ = nχ〈σv〉 [80]:

d lnY

d lnx
=

Γ

H
ζ(x)

[(
Yeq

Y

)2

− 1

]
, (2.17)

to show that the timing of particle freeze-out actually depends on the relative magnitude

of the annihilation rate and the expansion rate, H. Decomposing (2.17) as

0 =
Γ

H
ζ(x)

[(
Yeq

Y

)2

− 1

]
d lnx− d lnY, (2.18)

it is clear that the ratio Γ/H controls the efficiency with which the comoving density, Y ,

tracks the equilibrium density, Yeq: for Γ/H � 1 (early times), the first term in (2.18)

dominates and Y is driven towards Yeq; for Γ/H � 1 (late times), the first term is

negligible and Y is conserved. These two regimes are illustrated in figure 2.2 where

we compare the annihilation rate and expansion rate for the annihilation cross sections

used in figure 2.1. As the annihilation rate is enhanced (with increasing 〈σv〉), particle

freeze-out, which very roughly occurs when Γ ∼ O(H), is delayed.

Significantly, equation (2.17) (together with figure 2.2) demonstrates that freeze-out can

also be affected if the expansion rate, H, is modified. Specifically, a faster (slower)

expansion rate at the time of dark matter decoupling would accelerate (delay) particle

freeze-out and therefore enhance (suppress) the dark matter relic abundance. This

behaviour is what has motivated the present investigation and will be further explored

in the following chapters.
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x ≡ mχ/T
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Figure 2.2: Annihilation rate Γχ for varying annihilation cross section 〈σv〉 as a func-
tion of x ≡ mχ/T . The solid curves give the evolution of the actual annihilation rate
Γχ = nχ〈σv〉 whereas the dashed curves show the corresponding equilibrium annihila-
tion rates Γeq

χ = neq
χ 〈σv〉. The black dashed-dot line represents the expansion rate of

the universe.

2.2.2 Approximate solution

The Boltzmann equation (2.14) is a particular form of the Riccati equation for which

there are no closed form solutions. However, once the dark matter particles have decou-

pled from the thermal background and Y begins to deviate significantly from Yeq, the

contribution to (2.14) from the creation term is negligible and the Boltzmann equation

greatly simplifies. In fact, in this regime it is possible to integrate (2.14) directly and find

an approximate expression for the asymptotic comoving density Y (∞) in terms of the

freeze-out point. To this end, we follow the procedure detailed in [123] (see also [80, 199]

as well as [170, 204–206] for updated treatments), where the evolution of the dark matter

density is broken into two distinct eras: prior to particle freeze-out (early times); and

after freeze-out (late times). These two eras are separated by the freeze-out point, which

we denote as xf ≡ Tf/mχ, where Tf is the freeze-out temperature.

Before we begin, we rewrite the Boltzmann equation (2.14) as

dY

dx
= −A(x)

[
Y 2 − Y 2

eq

]
, (2.19)

making sure to keep the coefficient A(x), given by

A(x) =
s〈σv〉
xH

, (2.20)
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as general as possible. This allows us to incorporate the non-standard Hubble factors

that we will encounter in the forthcoming chapters. Note also, that in (2.20) we have

neglected the temperature dependence of g∗(T ) and set ζ(x) = 1 to allow for an analytic

calculation of both the freeze-out point, xf , and asymptotic comoving density, Y (∞).

• Early times, x . xf

Our initial goal is to determine the freeze-out point xf , or equivalently, the point

where the comoving density Y begins to deviate significantly from its equilibrium

value Yeq. We therefore introduce the parameter ∆ ≡ Y −Yeq which measures the

deviation of Y from Yeq and whose evolution is governed by (using (2.19))

d∆

dx
= −A(x)∆ [∆ + 2Yeq]− dYeq

dx
. (2.21)

For small x, Y closely tracks Yeq and |∆′| � Y ′eq (where a dash denotes differenti-

ation with respect to x), in which case we have

∆ ' −
Y ′eq

A(x)(∆ + 2Yeq)
. (2.22)

The magnitude of ∆ grows with increasing x until around the epoch of decoupling

∆ ∼ O(Yeq). Accordingly, we define the freeze-out point via the condition6

∆(xf ) = cYeq(xf ), (2.23)

where c ≈ 0.6 is a constant of order unity [123]. Using the expression for the

non-relativistic equilibrium density Yeq ∝ x3/2e−x, we see that, in general, (2.23)

will be a transcendental equation in xf that can be solved iteratively.

• Late times, x & xf

Once the dark matter particles have decoupled, Y � Yeq and the Boltzmann

equation (2.19) reduces to
dY

dx
' −A(x)Y 2, (2.24)

which we can integrate from the freeze-out point, xf , up to the present epoch

(x→∞) to get
1

Y (∞)
− 1

Y (xf )
=

∫ ∞
xf

A(x) dx. (2.25)

Since the comoving density at freeze-out Y (xf ) is much larger than Y (∞) (see

figure 2.1), we can safely neglect the second term on the left hand side of (2.25),

6Since the freeze-out process is not instantaneous (see section 2.2.1), the definition of the freeze-out
point xf is arbitrary. Following our discussion in section 2.2.1, we could have alternatively defined the
freeze-out point as the point when the annihilation rate drops below the expansion rate, i.e. Γχ(xf ) ≈
H(xf ). The definition (2.23) is the one that appears most frequently in the literature.
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in which case the asymptotic comoving density is given by

Y (∞) '

[∫ ∞
xf

A(x) dx

]−1

,

'

[∫ ∞
xf

s〈σv〉
xH

dx

]−1

, (2.26)

where we have substituted in the definition (2.20) for A(x). The approximate ex-

pression (2.26) shows that Y (∞) increases with either increasing expansion rate

or decreasing annihilation cross section — reinforcing our discussion from the pre-

vious section.

To find the approximate solution in the standard radiation dominated cosmological

scenario, H = HGR, we assume the parameterization 〈σv〉 = σnx
−n, in which case the

coefficient A(x) becomes

A(x) ' λσnx−n−2, (2.27)

where λ = 0.264(g∗s/
√
g∗ρ)mχMPl and we have used the expression for the entropy

density (B.30), s ' 0.439 g∗sm
3
χ/x

3. Substituting this into (2.26) gives [80]

YGR(∞) '
(n+ 1)xn+1

f

λσn
,

'
3.79(n+ 1)xn+1

f(
g∗s/
√
g∗ρ
)
mχMPlσn

, (2.28)

where the freeze-out point xf is

xf = ln [(2 + c)λσnac]−
(
n+

1

2

)
ln {ln [(2 + c)λσnac]}, (2.29)

and a = 0.145(gχ/g∗s). In general, the freeze-out point xf depends logarithmically on

the dark matter particle mass and annihilation cross section, with xf ≈ 23 for typical

values of these parameters (again refer to figure 2.1).

The corresponding dark matter energy density, obtained using (2.16), is

ΩDMh
2 '

1.04× 109(n+ 1)xn+1
f(

g∗s/
√
g∗ρ
)
MPlσn

, (2.30)

which, if we substitute in MPl = 1.22× 1019 GeV, can be written7

ΩDMh
2 ' 0.12

(xf
23

)(2× 10−26 cm3s−1

σ0

)
; for n = 0, (2.31)

7We have also set g∗s = g∗ρ = 85.
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or

ΩDMh
2 ' 0.12

(xf
23

)2
(

10−24 cm3s−1

σ1

)
; for n = 1. (2.32)

Immediately we see that the observed relic density ΩDMh
2 ' 0.12 is recovered for a

weak scale annihilation cross section of the order 〈σv〉 ≈ 2 × 10−26 cm3s−1 for s−wave

annihilation and 〈σv〉 ≈ 10−24/x cm3s−1 for p−wave annihilation. Additionally, the

approximate solution (2.30) shows that the relic abundance of symmetric dark matter is

inversely proportional to the dark matter annihilation cross section, 〈σv〉, and roughly

independent of the dark matter particle mass, mχ (there is actually a logarithmic de-

pendence on mχ through the factor λ in the freeze-out value xf ).

2.3 Constraints

Solving the Boltzmann equation numerically, we can accurately calculate the annihila-

tion cross section required to produce the observed relic abundance ΩDMh
2 = 0.1188.

The results are shown in figure 2.3 as a function of WIMP mass mχ and should be

compared with the approximations (2.31) and (2.32).8 There is a noticeably sharp drop
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Figure 2.3: Required annihilation cross section as a function of WIMP mass in the
standard cosmological scenario.

in 〈σv〉 between mχ = 1 GeV and mχ = 10 GeV; in both cases (s− and p−wave) there

is more than a factor of 2 difference between the maximum and minimum values of the

8The same figure appears in Steigman et al [170] (for the s−wave case only) which we have used to
benchmark our numerical scheme.
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required annihilation cross section. This feature is caused by the temperature depen-

dence of g∗(T ) which drops by more than an order of magnitude between T ∼ 103 GeV

and T ∼ 10−5 GeV [170]. This is an important effect, particularly for scenarios where

the dark matter particles take a long time to freeze-in (see upcoming chapters).

In addition to the relic density observation, data is available from the Fermi Large

Area Telescope (Fermi-LAT) which searches for gamma rays from satellite galaxies of

the Milky Way, particularly those originating from dark matter annihilations [125] (see

section 1.4.6). Depending on the annihilation channel, the gamma ray data can be used

to place upper bounds on the dark matter annihilation cross section assuming the dark

matter species constitutes all of the dark matter density.
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Figure 2.4: Required annihilation cross section as a function of WIMP mass in the
standard cosmological scenario compared with the Fermi-LAT constraints [125].

In figure 2.4 we superimpose these bounds to show that the Fermi-LAT experiment is

beginning to probe the low mass region of the thermal relic framework and can even

exclude WIMPs with mχ . 10 GeV annihilating wholly into τ+τ− or uū pairs.

2.4 Asymmetric dark matter

2.4.1 Motivation

In the previous section we investigated the relic abundance of a symmetric (χ = χ̄) dark

matter species. However, most fermions are not Majorana particles, so we now consider

dark matter models in which χ 6= χ̄ and there is an asymmetry between the number

densities of the particles and antiparticles.
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For symmetric dark matter we showed that the present dark matter density is determined

by the annihilation cross section 〈σv〉. In particular, we found that the observed dark

matter density, ΩDMh
2 = 0.1188, is obtained for a weak scale annihilation cross section

of the order 10−26 cm3s−1, with the exact value depending on the WIMP mass (see

figure 2.3).

If we were to apply the same formalism to baryonic particles (such as the neutron with

its strong interaction cross section, 〈σv〉 ∼ 10−15 cm3s−1), we would find the present

density of ordinary matter to be negligibly small — in stark contradiction to what is

observed. Fortunately, the baryonic sector is rescued by an asymmetry in the number of

particles and antiparticles, with the former assumed to be slightly more abundant than

the latter;9 hence, in the early universe, the particles annihilate away the antiparticle

population, and only the excess particles remain. Therefore, the baryonic relic density

is fixed by the asymmetry between the particles and antiparticles and is independent of

the annihilation cross section.

This is one of the major differences between symmetric and asymmetric matter mod-

els, with the relic density determined respectively by the annihilation cross section and

asymmetry. We should point out, however, that not all asymmetric models follow this

simple blueprint, and that baryonic matter only behaved this way because of its strong

interaction cross section and the relatively large asymmetry. In general, the role of the

asymmetry actually depends on its magnitude relative to the relic density of the species,

such that even within asymmetric models we can speak of two distinct regimes [207]:

the strongly asymmetric regime, in which the antiparticle population is exponentially

suppressed and the relic density is fixed by the asymmetry between particles and an-

tiparticles (as in the baryonic sector); and the weakly asymmetric regime, in which the

densities of the particle and antiparticle components are comparable and the relic density

is determined by the annihilation cross section.

In this section we investigate the relic abundance of asymmetric dark matter and discuss

in detail the criteria separating the weakly and strongly asymmetric regimes, and there-

fore the primary factors that determine the present dark matter density when χ 6= χ̄.

2.4.2 Boltzmann equation

The Boltzmann equation introduced in section 2.2.1 can be straightforwardly generalized

when the particle χ and antiparticle χ̄ are distinct: assuming that self-annihilations are

forbidden, and that only interactions of the type χχ̄ ↔ XX̄ (where X’s are Standard

9The ratio of the observed baryonic and radiation densities suggests that nb − nb̄ ≈ 6 × 10−10nγ
where (nb̄)nb and nγ are the (anti)baryon and photon number densities respectively.
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Model particles) can change the particle number, the χ and χ̄ number densities are

governed by the coupled system [207] (see also Appendix C)

dnχ
dt

= −3Hnχ − 〈σv〉
(
nχnχ̄ − neq

χ n
eq
χ̄

)
, (2.33)

dnχ̄
dt

= −3Hnχ̄ − 〈σv〉
(
nχnχ̄ − neq

χ n
eq
χ̄

)
, (2.34)

where, provided the dark matter particles are non-relativistic at decoupling, the equi-

librium densities are given by

neq
χ = gχ

(
mχT

2π

)3/2

e(−mχ+µχ)/T ,

neq
χ̄ = gχ

(
mχT

2π

)3/2

e(−mχ−µχ)/T . (2.35)

Here gχ is the number of internal degrees of freedom of χ(χ̄) and we have used the fact

that, in equilibrium, the chemical potentials µχ and µχ̄ satisfy µχ = −µχ̄. Again we

rewrite the system (2.33)-(2.34) in terms of the comoving density Yχ,χ̄ ≡ nχ,χ̄/s and

x ≡ mχ/T :

dYχ
dx

= −s〈σv〉
xH

ζ(x)
(
YχYχ̄ − Y eq

χ Y eq
χ̄

)
,

dYχ̄
dx

= −s〈σv〉
xH

ζ(x)
(
YχYχ̄ − Y eq

χ Y eq
χ̄

)
. (2.36)

Knowing that only interactions of the type χχ̄ ↔ XX̄ can change the particle num-

ber, we can find a connection between the particle, Yχ, and antiparticle, Yχ̄, comoving

densities using
dYχ
dx

=
dYχ̄
dx

⇒ d

dx
(Yχ − Yχ̄) = 0, (2.37)

which allows us to write

Yχ − Yχ̄ = C, (2.38)

where C is a positive constant that defines the asymmetry between the particles, χ,

and antiparticles, χ̄.10 If the asymmetry in the dark sector is linked to the baryonic

asymmetry, we would expect that nχ − nχ̄ ≈ nb − nb̄ ≈ 6 × 10−10nγ , which, using the

present entropy density s ' 7.04nγ [18], gives an estimate for the dark sector asymmetry

of C ∼ O(10−11). Importantly, the relation (2.38) introduces a lower limit to the dark

matter relic density, Yχ + Yχ̄ > C, as discussed in section 2.4.

10This notation implies that χ is the majority component and χ̄ the minority component.
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We can substitute (2.38) into (2.36) to decouple the Boltzmann system and get

dYχ
dx

= −s〈σv〉
xH

ζ(x)
(
Y 2
χ − CYχ − P

)
,

dYχ̄
dx

= −s〈σv〉
xH

ζ(x)
(
Y 2
χ̄ + CYχ̄ − P

)
, (2.39)

where

P ≡ Y eq
χ Y eq

χ̄ =

(
0.145 gχ
g∗s

)2

x3e−2x. (2.40)

Combining (2.38) with (2.35) and (2.40) we can eliminate µχ and obtain explicit expres-

sions for the equilibrium densities of the χ and χ̄ components,

Y eq
χ =

C

2
+

√
C2

4
+ P ,

Y eq
χ̄ = −C

2
+

√
C2

4
+ P . (2.41)

The dark matter relic abundance, which is now the sum of the χ and χ̄ contributions,

is determined by solving (2.39) in the asymptotic limit:

ΩDMh
2 = Ωχh

2 + Ωχ̄h
2

= 2.75× 108mχ [Yχ(∞) + Yχ̄(∞)] , (2.42)

where Yχ,χ̄(∞) ≡ Yχ,χ̄(x → ∞). The formalism presented in this section does not

reduce simply to the corresponding symmetric formalism in the limit C → 0, as you

might expect. Setting C = 0 in (2.38) establishes an equality between the particle and

antiparticle number densities, i.e. Yχ = Yχ̄ (or equivalently nχ = nχ̄) but the particles

and anti-particles remain distinct and their contributions to the total relic abundance

must be counted separately. Consequently, for equal masses and annihilation cross

sections, the relic density of an asymmetric dark matter species is around twice that of

its symmetric counterpart.

2.4.3 Density evolution

Before deriving approximate analytic solutions to the system (2.39), we first discuss the

evolution of the particle and antiparticle number densities for varying annihilation cross

section and asymmetry.

In figure 2.5 we plot the solutions to (2.39) for the χ and χ̄ number densities for varying

annihilation cross section (left panel) and asymmetry (right panel). In each case, the

early time evolution is the same: both the χ and χ̄ components track their equilibrium

values Y eq
χ and Y eq

χ̄ respectively (which for high temperatures are approximately equal,
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Y eq
χ ≈ Y eq

χ̄ � C) until the interaction rate drops below the expansion rate and the

species decouples from the thermal background.
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Figure 2.5: The evolution of the comoving number densities Yχ (solid) and Yχ̄
(dashed) as a function of x in the standard scenario. In the left panel we have fixed
C = 4 × 10−11 (indicated by the dashed yellow line) and varied the annihilation cross
section from 〈σv〉 = 10−28 cm3s−1 (blue) to 〈σv〉 = 10−26 cm3s−1 (red). In the right
panel we fix the annihilation cross section at 〈σv〉 = 10−26 cm3s−1 and vary the asym-
metry from C = 4 × 10−13 (blue) to C = 4 × 10−11 (red). The results have been
calculated for a WIMP with mass mχ = 100 GeV and gχ = 2.

The late time behaviour however is quite different, with the relative magnitudes of the

(anti)particle asymptotic densities heavily dependent on the values of C and 〈σv〉. By

inspection, we see that when the product of the annihilation cross section and asymme-

try is large, the density of the minority component Yχ̄(∞) is exponentially suppressed

and Yχ(∞) is approximately equal to the asymmetry C, i.e. Yχ(∞) ≈ C � Yχ̄(∞).

Conversely, when this product is small, the densities of the χ and χ̄ components are

comparable and Yχ(∞) ≈ Yχ̄(∞) � C.11 These two cases correspond to the weakly

(blue) and strongly (red) asymmetric regimes discussed in the opening to this section.

An interesting feature of figure 2.5 is the post freeze-out evolution of the χ and χ̄

number densities in the strongly asymmetric case: the majority component χ (solid

red) rapidly reaches its asymptotic value; whilst Yχ̄ takes several decades to do so.

As explained by [173], this is understood by noting that the annihilation rate of the

majority component, Γχ = nχ̄〈σv〉, is proportional to the number density of the minority

component, nχ̄, and the annihilation rate of the minority component, Γχ̄ = nχ〈σv〉, is

proportional to the number density of the majority component, nχ. Hence, after freeze-

out, the particles, χ, struggle to find antiparticles, χ̄, with which to annihilate and Yχ

is rapidly conserved. In contrast, the antiparticles find an abundance of annihilating

partners and Yχ̄ continues to decay by several orders of magnitude before settling at its

suppressed asymptotic value.

11A more precise definition of what is considered large and small will be given in the next section
where we derive approximate solutions to the Boltzmann system (2.39).
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2.4.4 Approximate solution

Approximate asymptotic solutions to the coupled system (2.39) can be found by repeat-

ing the arguments developed in section 2.2.2 for symmetric dark matter. Recall that

once the species has decoupled, the exponentially suppressed creation term, which in

the asymmetric case is proportional to P , can be neglected. Therefore, (2.39) reduces

to

dYχ
dx
' −A(x)

[
Y 2
χ − CYχ

]
, (2.43)

dYχ̄
dx
' −A(x)

[
Y 2
χ̄ + CYχ̄

]
, (2.44)

where again

A(x) =
s〈σv〉
xH

. (2.45)

Integrating (2.43) and (2.44) directly, we find that the asymptotic densities of the χ and

χ̄ components can be approximated by [207]

Yχ(∞) ' C

1− exp
{
−C/Y(s)(∞)

} , (2.46)

Yχ̄(∞) ' C

exp
{
C/Y(s)(∞)

}
− 1

, (2.47)

where Y(s)(∞) is the asymptotic solution for the symmetric case (2.28) derived in sec-

tion 2.2.2,12

Y(s)(∞) '

[∫ ∞
xf

A(x) dx

]−1

. (2.48)

The approximate solutions (2.46) and (2.47) reveal that it is the magnitude of the ratio

C/Y(s)(∞) that determines whether the model is either strongly or weakly asymmetric.

For large values of this ratio, the contribution from the minority component Yχ̄(∞) is

exponentially suppressed and the density of the majority component approaches the

asymmetry, Yχ(∞) ' C (e.g. the red curves in figure 2.5). When C/Y(s)(∞) is small,

the asymmetry C drops out of the expressions (2.46) and (2.47) and the density of

the two components is comparable, Yχ(∞) ' Yχ̄(∞) ' Y(s)(∞) (e.g. the blue curves

in figure 2.5). In each of these two limiting regimes, the total relic density (found by

combining the approximations (2.47) and (2.46))

ΩDMh
2 ' 2.75× 108mχC coth−1

(
C

Y(s)(∞)

)
, (2.49)

12It is straightforward to verify that the approximations (2.46) and (2.47) satisfy (2.38).
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behaves as

ΩDMh
2 '

 2.75× 108mχC, C/Y(s)(∞)� 1,

2× 2.75× 108mχ Y(s)(∞), C/Y(s)(∞)� 1.
(2.50)

2.4.5 Constraints

The two limiting cases (2.50) are clearly discernible in figure 2.6, where we plot the

iso-abundance contours in the (〈σv〉, m100C) plane, where m100 is the WIMP mass

in units of 100 GeV, corresponding to the observed relic density ΩDMh
2 = 0.1188 for

s−wave annihilating particles. For small C, the curves are vertical and the iso-abundance
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Figure 2.6: Iso-abundance contours in the (〈σv〉, m100C) plane for varying WIMP
mass mχ assuming an s−wave annihilation cross section.

contours are independent of the asymmetry. This is the weakly asymmetric regime where

C/Y(s)(∞) � 1 and the dark matter relic abundance is fixed by the annihilation cross

section 〈σv〉. As the asymmetry increases so does the magnitude of the ratio C/Y(s)(∞)

and the contours transition into a region which is strongly asymmetric; the relic density

is now fixed by the asymmetry C and is independent of the annihilation cross section.

In this regime the density of the minority component is exponentially suppressed and

the dark matter abundance is given by ΩDM ∼ C.13

13There is also an intermediate region where the abundance depends on both the asymmetry and
the annihilation cross section. Here the minority component freezes out shortly after the majority
component and their final densities are comparable. For a discussion on each regime and their relation
to the freeze-out of the χ and χ̄ components see [173].
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The position of the vertical asymptote can be predicted using the numerical results in

the previous section (with allowance for an additional factor of two to account for the

separate χ and χ̄ contributions) where we found the required annihilation cross section

as a function of mass for a symmetric dark matter species. By substituting (2.28)

into (2.49) and rearranging for 〈σv〉, we find that each of the iso-abundance contours is

described by the relation,

〈σv〉 ≈ A× 10−35 1

mχC
coth−1

(ω
C

)
, (2.51)

where ω = ΩDMh
2/(2.75 × 108mχ), and the coefficient A varies between 1.8 and 2 as

mχ is reduced from 1000 GeV down to 10 GeV. The upper bound on the asymmetry C

is m100C = 4.32× 10−12.

In general, if the asymptotic density for symmetric dark matter can be written

Y(s)(∞) ' β

σn
, (2.52)

the required annihilation cross section in the asymmetric case is

σn '
2β

C
coth−1

(ω
C

)
. (2.53)

2.4.6 Asymmetric detection signal

It is commonly assumed that the annihilation rate of asymmetric dark matter, Γ(a),

is exponentially damped due to the suppressed abundance of the minority component

χ̄ and is therefore incapable of producing a detectable signal over the astrophysical

background. Despite the significant dark matter population, the particles cannot find

antiparticles with which to annihilate. However, as we showed in the previous sections,

the relative abundance of the minority component may not be suppressed, and could in

fact be appreciable, i.e. in the weakly asymmetric regime, indicating that a nominally

asymmetric model could produce a detectable signal.

To compare the expected detection signals in the symmetric and asymmetric cases we

first write the annihilation rate of symmetric dark matter in the standard scenario [173],

Γ(s) =
1

2
〈σsv〉

(
ρDM

mχ

)2

, (2.54)

where we now use 〈σsv〉 to denote the self annihilation cross section of the self-conjugate

particles χ = χ̄ which we distinguish from the annihilation cross section of the asym-

metric (χ 6= χ̄) particles, denoted here as 〈σv〉. Additionally, ρDM is the dark matter
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energy density, ρDM = ΩDMρcrit (where ρcrit is the critical density), and the factor of

1/2 is necessary since the annihilating particles are identical.

When the dark matter particle and antiparticle are distinct, the annihilation rate (2.54)

becomes

Γ(a) = 〈σv〉ρχρχ̄
m2
χ

= 〈σv〉
(
ρDM

mχ

)2 YχYχ̄
(Yχ + Yχ̄)2

, (2.55)

where Γ(a) denotes the annihilation rate for an asymmetric dark matter species. Com-

paring this expression to that for the symmetric case (2.54),

Γ(a)

Γ(s)
=
〈σv〉
〈σsv〉

2YχYχ̄
(Yχ + Yχ̄)2

(2.56)

we see that the asymmetric annihilation rate picks up a damping factor γ:

γ ≡ 2YχYχ̄
(Yχ + Yχ̄)2

, (2.57)

induced by the asymmetry between the particles and antiparticles. Since the asymmetric

annihilation cross section 〈σv〉 is typically twice that of the symmetric one, then, for the

trivial case, C = 0, the damping factor γ = 1/2 and the ratio of the asymmetric and

symmetric annihilation rates (2.56) is Γ(a)/Γ(s) ' 1. This extreme example of weakly

asymmetric dark matter demonstrates that the two annihilation rates can indeed be

comparable.

Interestingly, once the relic density ΩDMh
2 has been specified, the damping factor γ can

be expressed explicitly in terms of the asymmetry, C;

γ =
ω2 − C2

2ω2
, (2.58)

where ω = ΩDMh
2/(2.75 × 108mχ). The magnitude of this factor has been plotted in

figure 2.7 for different dark matter densities, showing that for small C, γ ' 1/2 before

rapidly dropping to 0 at C = ω. Importantly, for the observed dark matter density

ΩDMh
2 = 0.1188 (solid blue curve), the damping factor γ ∼ O(10−1) for m100C .

4× 10−12, and is therefore sufficiently large for a wide range of asymmetries.

In the following chapters, we will find that the annihilation cross section required to

produce the observed dark matter density in non-standard cosmological scenarios is

enhanced with respect to the weak scale cross section required in the standard cosmology.

In this instance the modified annihilation cross section could easily compensate for

the damping factor γ and even produce an enhanced asymmetric detection signal with

respect to the symmetric signal in the standard scenario [173]. The details depend on
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Figure 2.7: The asymmetric damping factor defined in (2.58) as a function of m100C
where m100 is the dark matter mass in units of 100 GeV and C is the dark matter
asymmetry.

the particular cosmological model so we therefore defer this discussion to the upcoming

chapters.

Finally, we should compare the asymmetric detection signal to the annihilation rate

inferred from the Fermi-LAT dataset. Using the same assumptions as the Fermi exper-

iment, the predicted asymmetric detection signal will satisfy the Fermi bound if [173]

Γ(a)

ΓFermi
=

〈σv〉
〈σv〉Fermi

2YχYχ̄(
Y 2
χ + Y 2

χ̄

) < 1, (2.59)

or, if

γ〈σv〉 < 〈σv〉Fermi. (2.60)

2.5 Summary

In this chapter we examined the thermal relic scenario, in which the dark matter parti-

cles are thermally produced in the early universe, thereby providing a natural framework

for the origin of dark matter. Within this framework, the number density of a symmetric

dark matter species can be modelled by a simple Boltzmann rate equation (2.6) whose

primary inputs are the dark matter annihilation cross section, 〈σv〉, and the expan-

sion rate, H. The present dark matter density, which is determined by solving (2.6)

in the limit x → ∞, then depends sensitively on the relative magnitudes of these two

parameters. In particular, in the standard cosmological scenario, in which the universe
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is radiation dominated at the time of dark matter decoupling with H ∼ T 2, the ob-

served dark matter density, ΩDMh
2 = 0.1188, is recovered for a weak scale (s−wave)

annihilation cross section of the order 〈σv〉 ≈ 2× 10−26 cm3s−1 — the so-called WIMP

miracle.

More generally, for an enhanced expansion rate or reduced annihilation cross section,

the dark matter relic abundance is enhanced. Whereas for a slower expansion rate or

larger annihilation cross section, the relic abundance is suppressed. By approximating

the asymptotic behaviour of the Boltzmann equation (2.6) we were able to derive an

analytical solution for the present dark matter density in a general cosmological setting.

In section 2.4 we generalized these results to asymmetric dark matter models which

introduce a new ’asymmetry parameter’ C, characterizing the excess in the number of

particles over antiparticles in a comoving volume. While it is generally thought that the

present antiparticle population is negligible, and that the relic density in asymmetric

models is determined by the asymmetry parameter, in some cases the annihilation cross

section, 〈σv〉, can play a significant role and the asymmetric dark matter models can

behave like symmetric dark matter in this sense. As an extension of this result, we also

highlighted the potential of asymmetric dark matter models to produce an amplified de-

tection signal in non-standard cosmological scenarios compared to the symmetric signal

in the standard cosmology.

In the next chapter we will apply the formalism and concepts developed here to a simple

extension of the standard cosmological model in which the cosmological constant is

replaced by a non-interacting scalar field and use this simple model to highlight some of

the generic features common to other non-standard cosmologies.
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Quintessence Dark Energy

Models

3.1 Introduction

In the previous chapter we discussed the decoupling of dark matter in the early universe

and introduced the formalism necessary to calculate the dark matter relic abundance

today. In doing so we showed that the timing of particle decoupling, which roughly

occurs when the dark matter annihilation rate drops below the expansion rate of the

universe, determines the present dark matter density. In this, and the following chapters,

we investigate the relic abundance of dark matter in non-standard cosmological scenarios

that predict a modified expansion rate at early times, and use the observed dark matter

density to constrain any deviations from the standard expansion history.

As a first example, we consider the simplest extension of the standard cosmological

model, so-called quintessence models, where the cosmological constant Λ is replaced

by a non-interacting, spatially homogeneous scalar field, φ(t). The total action of the

system is

Stot =

∫
M
d4x
√
−g Ltot (3.1)

where

Ltot = LEH + Lφ + Lmat. (3.2)

Here g is the determinant of the metric tensor gµν and the integral is taken over the four

dimensional spacetime manifold M. The Einstein-Hilbert Lagrangian LEH = R/2κ2,

where R is the Ricci scalar and κ2 = 8πG, generates the standard Einstein field equations

50
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of General Relativity (see Appendix D), the scalar field Lagrangian is

Lφ = −1

2
gµν∂µφ∂νφ− V (φ), (3.3)

where −1
2g
µν∂µφ∂νφ and V (φ) correspond to the kinetic and potential energies respec-

tively of the scalar field, and the Standard Model matter fields, Ψm, are incorporated

through Lmat ≡ Lmat[gµν ,Ψm].

Provided the potential energy dominates over the kinetic energy (i.e. the field is slow-

rolling), the quintessence field can mimic the behaviour of a cosmological constant in the

present epoch and successfully reproduce the predictions of the standard cosmological

model. Interestingly, the early time evolution of the field is far less constrained, and it is

possible that φ could undergo a period of kination domination, where the kinetic energy

dominates over the potential energy and the energy density of the field scales as ρφ ∼ a−6

(see next section). In this case, the quintessence field would dominate the energy budget

of the universe at sufficiently early times, thereby enhancing the expansion rate with

respect to the standard scenario.1

Previously we showed that if the expansion rate of the universe is enhanced during the

era of dark matter decoupling, particle freeze-out is accelerated and the dark matter

relic abundance is enhanced. In the kination scenario, the early time expansion rate

can be several orders of magnitude larger than the standard expansion rate, which,

as first pointed out by Salati [142], following a suggestion by Joyce [141, 213–215],

and Rosati [167], can have dramatic implications for the predicted relic abundance. In

particular, Salati [142] was able to derive an approximate analytical solution for the

Boltzmann equation by parameterizing the quintessence contribution to the total en-

ergy density through the kination parameter ηφ, which he defines as the ratio of the

quintessence and photon energy densities evaluated at the time of Big Bang Nucleosyn-

thesis (see below). Using this result he estimated that the dark matter relic density in the

kination scenario is enhanced by up to ∼ 10
√
ηφmχ, which can amount to O(103 − 104)

for typical values of ηφ and mχ.

Subsequent investigations by Profumo and Ullio [168] and Pallis et al [157, 216–218] gave

more detailed treatments, introducing additional parameters to model the quintessence

field contribution, and arrived at similar conclusions. Furthermore, both groups con-

cluded that a single parameter (similar to the ηφ defined by Salati [142]) is sufficient to

model the kination effects. These papers are also amongst several others [169, 219–223]

that have considered the implications for specific dark matter particle models.

1For further background on quintessence models of dark energy see [34, 35, 38, 39, 208–212] as well
as the recent review [37].
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In [224], Guo and Zhang adopted a model-independent approach, assuming the thermally

averaged annihilation cross section could be approximated by 〈σv〉 = σ0, and used the

observed dark matter density to constrain the dark matter annihilation cross section in

the kination scenario. They found that 〈σv〉 can be enhanced by up to several orders of

magnitude (depending on the WIMP mass) and suggested that these results could help

to explain the rising positron fraction measured by the PAMELA [95, 112] experiment.

More recently, Gelmini et al [173] and Iminniyaz and Chen [225] studied the kination

effects on asymmetric dark matter models and found an analogous enhancement for the

particle and antiparticle abundances and, equivalently, the required annihilation cross

section. Notably, Gelmini et al [173] realized that the enhanced annihilation cross section

required to explain the observed dark matter density can compensate for the (typically)

suppressed abundance of the minority dark matter component, so that, contrary to

general belief, the annihilation rate of asymmetric dark matter in the kination scenario

could exceed that of symmetric dark matter in the standard cosmology. This effect,

which was demonstrated for both kination and scalar-tensor models, will be discussed

in more detail below.

In the next section we introduce a simple kination domination scenario, whose deviation

from the standard cosmology is parameterized by a single number, the so-called kination

parameter, ηφ, as done in the original paper by Salati [142]. Then, in section 3.3,

we numerically calculate the relic density enhancement factor for a symmetric dark

matter species in the kination scenario and compare our findings to both existing results

and the approximate formulas given in [142], which we re-derive using the formalism

developed in the previous chapter. We also use the latest observational value for the dark

matter energy density, ΩDMh
2 = 0.1188 ± 0.0010, to constrain the thermally averaged

annihilation cross section, 〈σv〉, for varying ηφ for both s−wave and p−wave dominated

processes and compare our results to those presented in [224]. Finally, we repeat this

exercise for asymmetric dark matter models in section 3.4, highlighting the potentially

enhanced detection signal of asymmetric dark matter, before summarizing our results

in section 3.5.

3.2 Kination

In this section we investigate how the expansion rate of the universe is modified in the

presence of a quintessence field undergoing a period of kination domination. To do so,

we need to determine the energy density of the quintessence field, ρφ, and how it evolves

with time.
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The energy density, ρφ, and pressure, pφ, of the quintessence field can be obtained by

first writing the energy momentum tensor of φ (see Appendix D for details),

T φµν = − 2√
−g

δ (
√
−gLφ)

δgµν
,

= ∂µφ∂νφ− gµν
[

1

2
gαβ∂αφ∂βφ+ V (φ)

]
(3.4)

in the perfect fluid form, T φµν = (ρφ + pφ)uφµu
φ
ν + pφg

µν , where uφµ is the corresponding

four velocity. We then have, assuming a homogeneous field φ ≡ φ(t),

ρφ =
1

2
φ̇2 + V (φ),

pφ =
1

2
φ̇2 − V (φ). (3.5)

The scaling of the scalar field energy density ρφ can be determined from the quintessence

field continuity equation

ρ̇φ + 3H(ρφ + pφ) = 0, (3.6)

which is derived from the equation of motion (see Appendix D),

φ̈+ 3Hφ̇+
∂V

∂φ
= 0, (3.7)

and the expressions for ρφ and pφ given in (3.5).

We can rewrite the continuity equation as

ρ̇φ + 3Hρφ(1 + wφ) = 0, (3.8)

where

wφ ≡
pφ
ρφ

=
φ̇2/2− V (φ)

φ̇2/2 + V (φ)
. (3.9)

The equation of state parameter, wφ, varies between −1 ≤ wφ ≤ 1, with the upper

and lower limits realized when φ̇2 � 2V and φ̇2 � 2V , respectively. The first case

(wφ = −1) is the cosmological constant behaviour desired at late times whereas the

second case (wφ = 1) is the kination phase described in the introduction. From (3.8),

for wφ = 1, we see that ρφ ∝ a−6 during the kination phase.

Quintessence models of dark energy can be separated into two distinct classes known as

thawing and freezing models respectively. In the thawing class, the field has been frozen

by Hubble damping at a value displaced from its minimum until recently, when it starts

to roll towards the minimum. In freezing models the field was already rolling down

towards the minimum but slows considerably as the gradient of the potential flattens
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out. For these cases, which are realized for different types of potential V (φ), the equation

of state parameter, wφ, is evolving away from and towards wφ ≈ −1 respectively.

Kination domination, in which the energy density of the quintessence field dominates

over the background at early times, belongs to the freezing class of quintessence dark

energy models. Kination is difficult to achieve in generic freezing models with inverse

power law potentials, V (φ) ∼ φ−n, because the field overshoots the tracking solution

and remains frozen at an energy density less than the critical one [142, 167]. However,

this problem can be alleviated by considering different self-interaction potentials (such

as the potential V (φ) ∼ exp(M/φ) introduced by Salati [142]) or models with multiple

scalar fields or couplings to matter [167].

Here, rather than attempting to construct specific realizations of a kination domination

scenario through specially designed potentials V (φ), we simply assume that a kination

period exists and that the appropriate tracking behaviour is restored in time to produce

the desired accelerated expansion today. In this case we need not concern ourselves with

the late time dynamics induced by the particular form of the potential function (see for

example [226–228]) because we are considering a cosmological setting where the role of

V (φ) is marginalized (i.e. ρφ ' φ̇2/2� V (φ)).

Adding the extra contribution from the quintessence field φ, the early time expansion

rate becomes

H2
Q =

8π

3M2
Pl

(ρr + ρφ)

= H2
GR

(
1 +

ρφ
ρr

)
, (3.10)

where HGR is the expansion rate in the standard (radiation-dominated) scenario. We

can parameterize the scalar field contribution through the kination parameter ηφ, which

we define as the ratio of the scalar field energy density, ρφ, to that of the background

photon energy density, ργ , at the time of Big Bang Nucleosynthesis TB = 1 MeV [142],

ηφ ≡
ρφ
ργ

∣∣∣∣
T=TB

≤ 1 (3.11)

where the upper limit is enforced to ensure that the kination period does not disturb

the successful predictions of BBN. Inserting (3.11) and the expression for the radiation

energy density ρr = π2g∗ρ(T )T 4/30, into (3.10), we can rewrite the Friedmann equation

as

H2
Q = H2

GR [1 + ZQ(T )] (3.12)
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where2

ZQ ≡
ρφ
ρr

=
2

g∗ρ(T )
ηφ

[
g∗s(T )

g∗s(TB)

]2( T

TB

)2

. (3.13)

Since ZQ = ρφ/ργ grows roughly as T 2, large deviations from the standard expansion

law are possible at early times — even for ηφ ≤ 1. In fact, taking ηφ = 1, corresponding

to ρφ/ργ = 1 at T = 1 MeV, leads to a value of ρφ/ργ = 106 at T = 1 GeV.

The quintessence contribution to the overall energy density must be cosmologically rel-

evant at the time of dark matter decoupling in order to modify the relic abundance

from the canonical result. Thus we require that ZQ(Tf ) & 1, where Tf is the freeze-out

temperature. Substituting this condition into (3.13) and rearranging, we find that the

minimum value of ηφ relevant to the present discussion is therefore

ηφ > ηmin
φ ∼ 10−6/T 2

f . (3.14)

For values less than this lower bound, the standard expansion law is restored prior to

dark matter decoupling and the freeze-out process is unaffected.

Importantly, the temperature dependence of ZQ(T ), which grows roughly as T 2, also

implies that the kination effects will be mass dependent, since decoupling occurs at

roughly Tf ≈ mχ/23. Therefore, heavier mass particles, that freeze-out at higher tem-

peratures, will experience greater deviations from the standard expansion history during

the decoupling process. Using Tf ≈ mχ/23, we can then rewrite (3.14) as

ηφ > ηmin
φ ∼ 10−4/m2

χ. (3.15)

This theme will recur for other non-standard cosmologies, where the decoupling effects

are amplified as the dark matter mass is increased, and is a consequence of the mass

dependence of the freeze-out temperature. This should be compared with the standard

cosmology result where the relic abundance is roughly independent of mass.

2In deriving (3.13) we have used the relationship (B.34) between the scale factor a and temperature
T ,

a

ai
=

[
g∗s(Ti)

g∗s(T )

]1/3
Ti
T

where Ti is some reference temperature which, in this case, we have chosen as Ti = TB.
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3.3 Symmetric dark matter

In section 2.2.1 we showed that the evolution of the (comoving) symmetric dark matter

number density Y ≡ nχ/s is governed by the Boltzmann equation (2.14),

dY

dx
= −s〈σv〉

xH
ζ(x)

(
Y 2 − Y 2

eq

)
, (3.16)

where 〈σv〉 is the dark matter annihilation cross section, ζ(x) is a temperature dependent

function (2.13) related to the change in the number of degrees of freedom g∗(T ), H is

the Hubble factor, and the evolution parameter is x ≡ mχ/T .

Taking H = HQ, where HQ is the kination expansion rate given in (3.12), we numerically

solve the Boltzmann equation for different values of ηφ. The results are shown in fig-

ures 3.1 and 3.2 for the s− and p−wave cases respectively. In each figure we have chosen

the annihilation cross section that reproduces the observed relic density in the standard

cosmological scenario, namely, 〈σv〉 ≈ 2×10−26 cm3s−1 for s−wave and 〈σv〉 ≈ 10−24/x

cm3s−1 for p−wave.
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Figure 3.1: Evolution of the comoving density Y for varying ηφ as a function of
x ≡ mχ/T for s−wave annihilation. The results have been calculated for a dark matter
particle with mχ = 100 GeV, gχ = 2 and 〈σv〉 = 2× 10−26 cm3s−1.

Figures 3.1 and 3.2 show that, as the value of ηφ is increased, particle decoupling occurs

at successively earlier epochs and the resulting asymptotic density, Y (∞), is enhanced.

Compared to the standard cosmology result, ηφ = 0 (blue curve), Y (∞) for the s−wave

case is enhanced by a factor of roughly 2, 30 and 580 for ηφ = 10−6, 10−3 and 1

respectively. This is due to the enhanced expansion rate in the kination scenario which
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Figure 3.2: Same as figure 3.1 but for a p−wave dominated annihilation cross section,
〈σv〉 = 10−24/x cm3s−1.

increases with increasing ηφ. These factors increase to 3, 65 and 1680 for the p−wave

case (figure 3.2).

We can estimate the asymptotic comoving density in the kination scenario using the

approximate solution to (3.16) derived in section 2.2.2:

Y (∞) '

[∫ ∞
xf

s〈σv〉
xH

dx

]−1

. (3.17)

First, we rewrite the Friedmann equation (3.12) in terms of the dimensionless parameter

x,

H2
Q = H2

GR

[
1 +

(xt
x

)2
]
, (3.18)

where xt can be thought of as the transition point between the kination and standard

expansion regimes and is given by3

x2
t = ZQ

(mχ

T

)2
=

2

g∗ρ(T )
ηφ

[
g∗s(T )

g∗s(TB)

]2 m2
χ

T 2
B

. (3.19)

Then, substituting (3.18) back into (3.17), along with the expression for the entropy

density s ' 0.439g∗sm
3
χ/x

3 and the parameterization 〈σv〉 = σnx
−n, we have

Y (∞) '

[
λσn

∫ ∞
xQf

x−n−1√
x2 + x2

t

dx

]−1

, (3.20)

3In Salati’s paper [142] the transition point is replaced by the variable α, which is related to xt via
α = x2

t .
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where λ ' 0.264(g∗s/
√
g∗ρ)mχMPl (see section 2.2.2) is now evaluated at the kination

freeze-out point xQf , given by

xQf ' ln [(2 + c)λσnac/xt]−
(
n− 1

2

)
ln{ln [(2 + c)λσnac/xt]}. (3.21)

Evaluating (3.20) in the limit xt � xf (i.e. assuming freeze-out occurs deep in the

kination era) we get [142]

Y (∞) ' xt

λσ0 ln
(

2xt/x
Q
f

) ; n = 0 (s− wave), (3.22)

and

Y (∞) '
xtx

Q
f

λσ1
; n = 1 (p− wave). (3.23)

Using the definition (3.19) of the transition point xt, we see that the asymptotic comoving

density scales roughly as Y (∞) ∼ √ηφ/ ln(
√
ηφ) and Y (∞) ∼ √ηφ for the s− and p−

wave cases respectively. Therefore, the relic density grows slightly faster w.r.t ηφ in the

p−wave case, as confirmed by our numerical results.

From the asymptotic solution of the Boltzmann equation (3.16) we can determine the

present dark matter density in the kination scenario using (see section 2.2.1)

ΩQ
DMh

2 = 2.75× 108mχY (∞), (3.24)

which we compare with the standard cosmology result in figure 3.3 for both the s−
(solid) and p−(dashed) wave cases. The results in this figure are in close agreement

with those presented in Chung et al [219].

For small values of the kination parameter, ηφ, the relic abundance in the kination

scenario, ΩQ
DM, is equal to the standard result, ΩGR

DM. In this region, the kination period

has ended and the standard expansion rate has been restored prior to dark matter

decoupling, in which case freeze-out is unaffected. As the value of ηφ is increased,

the quintessence contribution to the expansion rate becomes significant: dark matter

decoupling is accelerated and the relic abundance is enhanced. The level of enhancement

grows monotonically with increasing ηφ, reaching values of O(103) and O(104) in the s−
and p−wave cases respectively, for the allowed range of ηφ . 1 and the masses shown,

mχ ∈ {10, 100, 1000} GeV. Furthermore, the value at which the kination parameter

becomes effective matches the estimate given in section 3.2, namely, ηmin
φ ∼ 10−4/m2

χ,

and is the same for both the s− and p−wave cases.

Significantly, the level of enhancement is mass dependent, as we predicted in the previous

section. The relic density of heavier mass particles increases by a greater factor, for fixed
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Figure 3.3: Ratio of the relic abundance in the kination domination scenario and the
corresponding abundance in the standard scenario as a function of ηφ for varying WIMP
mass. The results have been calculated for both s− (solid) and p−wave (dashed) cases
with 〈σv〉 = 10−25 cm3s−1 and 〈σv〉 = 10−23/x cm3s−1 respectively.

ηφ, because these particles freeze-out at higher temperatures when the deviation from

the standard expansion law, ZQ(T ), is greater. Therefore, we should be careful when

reporting enhancement factors in a given cosmological scenario without reference to the

WIMP masses considered, as is often done in the literature.

We can find an analytical estimate for the increase in relic abundance between the kina-

tion and standard cosmological scenarios by comparing the approximate solutions (3.22)

and (3.23) to the corresponding expressions for the asymptotic density in the standard

scenario (2.28). Doing so, we find that the dark matter relic abundance in a kination

dominated scenario is boosted by a factor

ΩQ
DM

ΩGR
DM

' xt

xGRf ln
(

2xt/x
Q
f

) ; (s− wave), (3.25)

and
ΩQ

DM

ΩGR
DM

'
xtx

Q
f

2
(
xGRf

)2 ; (p− wave), (3.26)

where xGRf is the freeze-out value in the standard scenario (2.29) and xQf is the freeze-

out value in the quintessence model (3.21). These expressions show that the level of

enhancement is roughly independent of the annihilation cross section 〈σv〉 (neglecting the

logarithmic dependence in xQf and xGRf ). We have confirmed this assertion numerically

by increasing and decreasing the annihilation cross sections used in figure 3.3 by an order
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of magnitude, in which case the ratio ΩQ
DM/Ω

GR
DM only changes by 10− 15%. That said,

we emphasize that the expressions (3.25) and (3.26) are only valid if freeze-out occurs

deep in the kination dominated expansion era (xt � xf ); if the standard expansion rate

is restored prior to dark matter decoupling the relic abundance saturates to the standard

result.

By approximating the standard and quintessence freeze-out values as xGRf ∼ 20 and

xQf ∼ 10 respectively, we reproduce Salati’s estimate [142], that the enhancement factor

varies approximately as ΩQ
DM/Ω

GR
DM ∼ 10

√
ηφmχ for both the s− and p−wave cases.

In figures 3.4 and 3.5 we compare the approximate expressions (dashed curves with

crosses) for the enhancement factor given in (3.25) and (3.26) for the s− and p− wave

cases respectively, with the numerical results (solid curves) presented in figure 3.3. We

find that there is very good agreement between the approximate and numerical results

for ηφ & 10−3/m2
χ for s−wave and for ηφ & 10−1/m2

χ for p−wave. Below these limits

however, the approximate results begin to diverge from the numerical results.
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Figure 3.4: Comparison of the numerical (solid) and analytical (dashed with crosses)

values for the kination enhancement ratio ΩQDM/Ω
GR
DM for the s−wave case using the

same parameter values as figure 3.3.

In figures 3.6 (s−wave) and 3.7 (p−wave), we use the observed dark matter density,

ΩDMh
2 = 0.1188, to constrain the annihilation cross section 〈σv〉 as a function of the

WIMP mass for varying ηφ. We have performed the calculation by considering both fixed

g∗(T ) = 106.754 (dashed curves), as done in Guo et al [224], and by maintaining the full

temperature dependence of g∗(T ) (solid curves). Furthermore, we have chosen the mass

4Recall that we have assumed that g∗ρ = g∗s = g∗.
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Figure 3.5: Same as figure 3.4 but for p−wave annihilation.

range mχ ∈ [10−1, 104] GeV so as to illustrate the effects of varying g∗ for small WIMP

masses [170] and, also, to utilize the full range of data collected by Fermi-LAT [125] (see

figure 3.8).
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Figure 3.6: Required s−wave annihilation cross section in the kination domination
scenario as a function of WIMP mass mχ for varying ηφ. The solid and dashed curves
correspond respectively to temperature dependent g∗(T ) and g∗(T ) fixed at 106.75.
For reference, we have also included the standard cosmology result for both varying
(dot-dashed black curve) and fixed (dashed black curve) g∗(T ).

Figures 3.6 and 3.7 show that the required annihilation cross section in the kination

scenario can be enhanced by several orders of magnitude w.r.t. the standard results
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Figure 3.7: Same as figure 3.6 but for p−wave annihilation.

(dot-dashed black curves) derived in the previous chapter. The level of enhancement for

the annihilation cross sections, for fixed mχ and ηφ, is roughly the same as we found for

the relic density. This is because there is an (almost) inverse relationship between ΩQ
DM

and 〈σv〉.

Using (3.25) and (3.26) we can approximate (to within a few percent) the required

annihilation cross section in the regime xt � xf (ηφ � 10−4m−2
χ ) by

σ0 ' 2.75× 108 mχxt

λΩDMh2 ln(2xt/x
Q
f )

GeV−2; s− wave (3.27)

and

σ1 ' 2.75× 108
mχ xt x

Q
f

λΩDMh2
GeV−2; p− wave. (3.28)

Since the freeze-out point xQf depends on the annihilation cross section σn, these ex-

pressions must be solved iteratively in order to estimate the required annihilation cross

section accurately.

Also, figures 3.6 and 3.7 show that neglecting the temperature dependence of g∗(T )

makes little difference for larger WIMP masses, regardless of the value of ηφ. However,

for WIMP masses mχ . 10− 100 GeV, the results for varying g∗(T ) and fixed g∗ begin

to diverge and the difference can grow to a factor of a few when mχ ∼ 0.1 GeV.

Finally, in figure 3.8, we have imposed the upper limits to the dark matter annihilation

cross section derived from the latest Fermi-LAT gamma ray data [125] for the s−wave

results calculated in figure 3.6. Interestingly, the Fermi-LAT data is capable of excluding
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Figure 3.8: Required annihilation cross section in the quintessence scenario as a
function of WIMP mass for varying ηφ. We have also included the standard cosmology
result (dashed black) for reference as well as the Fermi-LAT constraints for the e+e−

(dashed purple), µ+µ− (dashed green), τ+τ− (dashed light blue), uū (dashed maroon),
bb̄ (dashed blue) and W+W− (dashed red) annihilation channels.

the ηφ ≈ 1 case for all values of the WIMP mass mχ, for each of the annihilation chan-

nels considered. Also, for a WIMP with mχ . 1000 GeV, the µ+µ− and bb̄ constraints

exclude values of the kination parameter ηφ & 10−2 and ηφ & 10−4 respectively. How-

ever, larger values of ηφ are acceptable for heavier WIMP masses where the Fermi-LAT

constraints are less stringent.5

3.4 Asymmetric dark matter

In this section we extend our analysis of the dark matter relic abundance to asymmetric

dark matter particles (χ 6= χ̄) using the Boltzmann equations (3.16) introduced in the

previous chapter

dYχ
dx

= −s〈σv〉
xH

ζ(x)
(
Y 2
χ − CYχ + P

)
,

dYχ̄
dx

= −s〈σv〉
xH

ζ(x)
(
Y 2
χ̄ + CYχ̄ + P

)
. (3.29)

Recall that C ≡ Yχ−Yχ̄ characterizes the asymmetry between the majority dark matter

component χ and the minority component χ̄, P ≡ Y eq
χ Y eq

χ̄ ' (0.145gχ/g∗s)
2 x3e−2x and

5It is important to keep in mind that the Fermi-LAT constraints only apply if the dark matter particle
annihilates primarily into the annihilation channels considered and can be evaded if other final states
are accessible.
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Figure 3.9: Evolution of the comoving number densities Yχ (solid blue) and Yχ̄
(dashed blue) as a function of x in the kination domination scenario with η = 10−6 (left
panel) and η = 10−3 (right panel). The results have been calculated for an asymmetry
C = 4× 10−12 and a WIMP with mass mχ = 100 GeV, gχ = 2 and annihilation cross
section 〈σv〉 = 5 × 10−26 cm3s−1. Shown for reference are the comoving densities of
the majority and minority components in the standard cosmology (red curve) as well
as the equilibrium density Y eq

χ̄ (black curve).

the total dark matter density is the sum of the χ and χ̄ asymptotic densities

ΩDMh
2 = 2.75× 108mχ (Yχ(∞) + Yχ̄(∞)) . (3.30)

We begin by numerically solving the system (3.29) and studying the evolution of the

asymmetric number densities in the kination domination scenario. The results are shown

in figure 3.9 where we compare the evolution of the χ and χ̄ densities in the kination

scenario for ηφ = 10−6 (left panel) and ηφ = 10−3 (right panel) with their evolution in

the standard cosmology.

As a consequence of the enhanced relic density induced by the kination period, the

asymmetry between the χ and χ̄ components is effectively ’washed out’, and, as the

value of ηφ is increased from ηφ = 10−6 to ηφ = 10−3, the densities of the two com-

ponents become (almost) indistinguishable. Hence, increasing ηφ, which decreases the

ratio C/Y(s)(∞) for fixed C, drives the model towards the weakly asymmetric regime,

where the dark matter relic density is determined by the annihilation cross section and

is independent of the asymmetry.

In figures 3.10 (s−wave) and 3.11 (p−wave) we also plot the iso-abundance contours

corresponding to ΩDMh
2 = 0.1188 in the (〈σv〉, C) plane for varying ηφ. As the value

of ηφ is increased, each curve is shifted to the right, towards higher annihilation cross

sections (the position of the vertical asymptotes should be compared with the results in

figures 3.6 and 3.7 for the s− and p−wave cases respectively). By substituting (3.22)

and (3.23) into (2.49) and rearranging for σn, we find that in the limit xt � xf , the
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Figure 3.10: Iso-abundance contours in the (〈σv〉, C) plane corresponding to the
observed dark matter abundance ΩDMh

2 = 0.1188 for mχ = 10 GeV (left) and mχ =
100 GeV (right). The contours shown are for ηφ = 10−6 (solid red curve), ηφ = 10−3

(solid yellow curve) and ηφ = 1 (solid purple curve). Also shown is the standard
cosmology result (solid blue curve). We have superimposed the constraints derived
from the Fermi-LAT gamma ray data [125] with the regions below the dark purple
and magenta (dot-dashed) curves excluded for the µ+µ− and bb̄ annihilation channels
respectively. We have also indicated the region (below the dot-dashed blue curve) for
which the asymmetric detection signal in the kination domination scenario exceeds the
symmetric signal in the standard scenario.
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Figure 3.11: Same as figure 3.10 but for p−wave annihilation.

iso-abundance contours are described by

σ0 '
2xt

λC ln(2xt/x
Q
f )

coth−1
(ω
C

)
; s− wave (3.31)

and

σ1 '
2xtx

Q
f

λC
coth−1

(ω
C

)
; p− wave (3.32)

where ω = ΩDMh
2/(2.75× 108mχ). These results generally agree with those presented

in Iminniyaz and Chen [225]. However, they neglected the temperature dependence of

g∗(T ) and therefore their results differ by up to a factor of two for small WIMP masses
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(i.e. mχ = 100 MeV), as discussed in section 3.3.6

The increased annihilation cross section of the asymmetric dark matter particles in the

kination domination scenario gives rise to an interesting prospect pointed out by [173]:

the enhanced 〈σv〉 could potentially compensate for the suppressed density of the minor-

ity dark matter component, so that the asymmetric annihilation rate, and in turn the

indirect detection signal, may be greater than the corresponding signal for symmetric

dark matter in the standard cosmology. Symbolically, if we use ΓQ and ΓGR to denote

the annihilation rates in the quintessence and standard scenarios respectively, it is pos-

sible that ΓQ(χ 6= χ̄) > ΓGR(χ = χ̄). This condition, which is contrary to the usual

expectation that the asymmetric detection signal is negligible, can be realized if

〈σv〉GR < γ〈σv〉Q (3.34)

where 〈σv〉GR is the required annihilation cross section for symmetric dark matter in

the standard cosmology and 〈σv〉Q is the annihilation cross section of asymmetric dark

matter in the kination scenario. The damping factor γ ≤ 1/2, which arises from the

asymmetry between the particles, χ, and antiparticles, χ̄, was derived in section 2.4.6

γ ≡ 2YχYχ̄
(Yχ + Y 2

χ̄ )
=
ω2 − C2

2ω2
. (3.35)

We must also ensure that the quintessence annihilation rate satisfies the Fermi-LAT

constraints so that the desired region becomes

〈σv〉GR < γ〈σv〉Q < 〈σv〉Fermi (3.36)

where 〈σv〉Fermi is the upper limit on 〈σv〉 derived from the Fermi-LAT data. This

region, indicated in figure 3.10, lies between the dot-dashed blue and the dot-dashed

purple (magenta) curves for the µ+µ− (bb̄) annihilation channels.

3.5 Summary

In this chapter we studied dark matter decoupling in quintessence models of dark energy

that undergo a period of kination domination in the early universe. We reproduced

6Care should be taken comparing our results to those presented in Imminiyaz [225]. They define
the kination parameter as the ratio of the quintessence and radiation energy densities (rather than the
photon energy density) at a temperature T0 (different from TB). To convert between our results (or
equivalently Salati’s results) and Iminniyaz, we can use

η̃φ =
2

g∗ρ

[
g∗s(T0)

g∗s(TB)

]2(
T0

TB

)2

ηφ, (3.33)

where η̃φ is the Imminiyaz definition for the kination parameter and ηφ is the Salati definition used here.
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and verified the results presented in Salati [142] and Rosati [167] who showed that the

enhanced expansion rate predicted by the kination scenario led to earlier particle freeze-

out and an enhanced relic abundance. In particular, we verified that the kination effects

are amplified for increasing WIMP mass, mχ, and that the ratio of the relic densities

in the kination and standard scenarios roughly scales as ΩQ
DM/Ω

GR
DM ∼ 10

√
ηφmχ, where

ηφ is the kination parameter defined in (3.11). We also determined the annihilation

cross section required to produce the observed dark matter density for both the s− and

p− wave cases, and compared our results to Guo and Zhang [224] who had previously

considered the s− wave case only. We then used the Fermi-LAT gamma ray data [125]

to constrain the allowed range of ηφ as a function of WIMP mass and found that the

maximal value of the kination parameter permitted by BBN constraints, ηφ = 1, is

excluded for each of the annihilation channels considered.

Furthermore, in asymmetric dark matter models we verified the findings of Iminniyaz

and Chen [225] and Gelmini et al [173] that the enhanced expansion rate in the kination

scenario can ’wash out’ the asymmetry between the particles and antiparticles, driving

the model towards the weakly asymmetric regime discussed in 2.4, where the density

of the particle and antiparticle components is comparable and the relic density is fixed

by 〈σv〉. Consequently, the enhanced annihilation cross section required in the kination

scenario is capable of producing an amplified annihilation signal with respect to the

symmetric signal in the standard cosmological scenario. This result, which is contrary

to the usual expectation that the asymmetric detection signal is negligible, is realized

for the region indicated in figure 3.10.

More generally, by studying dark matter decoupling in kination domination scenarios,

we have introduced some of the generic features common to non-standard cosmological

models that predict an enhanced expansion rate during the era of dark matter decou-

pling (e.g. enhanced relic density, detection signal). That said, quintessence models of

dark energy, in which the scalar field is non-interacting and must be extremely light

(|mφ| =
√
V ′′(φ)/2 . H0 ≈ 10−33 eV)7 in order to drive the accelerated expansion of

the universe, are mostly motivated by phenomenological considerations, and should only

be considered as toy models. In the next chapter we consider scalar-tensor theories of

gravity, in which the scalar field φ is coupled to the metric tensor gµν . This construc-

tion appears in the low energy limit of string theory and thus provides a more plausible

theoretical framework than the simple quintessence models considered here.

7The dash corresponds to differentiation with respect to φ.
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Scalar-Tensor Gravity

4.1 Introduction

In the previous chapter we demonstrated how a non-standard expansion law at the time

of dark matter decoupling can modify particle freeze-out and in turn the dark matter

relic abundance. This was illustrated in the context of quintessential kination models

where the enhanced expansion rate at early times led to a relic abundance that was

enhanced by up to several orders of magnitude. Although this scenario provides an

interesting example of how dark energy phenomenology can influence early universe

physics, it can be argued that quintessence models themselves appear rather contrived,

particularly given that ultra-light non-interacting scalar fields are rarely encountered in

other areas of physics.

A more natural way to introduce an ultra-light scalar field is within the framework

of scalar-tensor theories [143–145, 229–232] which are (in part) motivated by higher

dimensional unification models, à la Kaluza-Klein [233, 234]. In this case the scalar field

arises through the compactification of the higher dimensions and couples to the metric

with gravitational strength. As such the gravitational interaction is mediated by both

the metric and scalar fields so that scalar-tensor gravity models represent a departure

from standard General Relativity (GR).

Importantly, the new long range interaction introduced by the coupling, A(ϕ∗), between

the scalar field, ϕ∗, and the metric, gµν ,1 is subject to stringent experimental bounds

from fifth force searches and solar system tests of gravity [235]. To evade detection in

high density environments non-linear effects act to shield the scalar field through one of

1Matter fields Ψmat couple directly to the so-called Jordan frame metric gµν = A2(ϕ∗)g
∗
µν , where an

asterisk is used to denote Einstein frame quantities which is the frame in which the gravitational field
equations take their standard form (see later).

68
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several screening mechanisms such as the Vainshtein or chameleon mechanisms [236].2

In the chameleon case for example, the mass of the scalar field is background dependent

so that in regions of high density (e.g. our solar system) the field mass is large and

the interaction range is suppressed. Conversely, in low density backgrounds (i.e. on

cosmological scales) the field can be extremely light, allowing the scalar interaction to

drive the accelerated expansion of the universe.

In addition to the screening mechanisms that help shield the scalar field from astro-

physical observations, many scalar-tensor gravity models exhibit an inherent attraction

mechanism towards General Relativity [147, 148]: throughout its cosmological evolution,

the scalar field is driven towards a state where the coupling A(ϕ∗) remains constant so

that the scalar-tensor theory is indistinguishable from GR (see section 4.4). This allows

scalar-tensor gravity models to deviate from the standard cosmological scenario at early

times whilst relaxing towards General Relativity prior to the onset of Big Bang Nu-

cleosynthesis. Hence, these models could potentially disturb the timing of dark matter

decoupling.

The effects of the modified early time expansion rate in the scalar-tensor scenario on the

dark matter relic abundance were first studied by Catena et al in [156]. In their paper the

authors determined the evolution of the scalar field for the coupling A(ϕ∗) = 1+Be−βϕ∗

and found that, for T greater than some transition temperature Tϕ∗ , the early time

expansion rate was enhanced by a factor of

ξ(T ) =
HST

HGR
' 2.19× 1014

(
T0

T

)0.82

(where T0 = 2.35× 10−13 GeV) (4.1)

before rapidly dropping to 1 at T = Tϕ∗ (as a result of the attraction mechanism just

mentioned). Interestingly, the authors discovered that the rapid relaxation of the scalar-

tensor expansion rate, HST , towards the standard expansion rate, HGR, at Tϕ∗ led to

a phase of reannihilation: after the initial particle decoupling, the dark matter species

experienced a subsidary period of annihilation as the expansion rate of the universe

dropped below the interaction rate. Despite this secondary annihilation phase, they

showed that the relic abundance of dark matter in scalar-tensor gravity models can still

be enhanced by up to three orders of magnitude (depending on the WIMP mass mχ).

The approximate form (4.1) of the ratio HST /HGR has since been adopted in several sub-

sequent investigations including those by Gelmini et al [173], Rehagen and Gelmini [174]

and, very recently, Wang et al [175] who studied the relic abundance of asymmetric dark

matter species [173, 175] and sterile neutrinos [174], and naturally obtained similarly

large enhancement factors for the dark matter relic abundance. Additionally, Catena et

2For a recent paper on laboratory searches for the chameleon (scalar) field see [237].
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al released a follow up paper [159] where they considered the coupling A(ϕ∗) = 1+bϕ2
∗ as

part of a more general study of dark matter relic abundances in non-standard cosmolog-

ical scenarios and once again found that the relic abundance in scalar-tensor cosmology

is enhanced by several orders of magnitude.

We should emphasize, however, that although the different couplings used by the Catena

group allow for significant enhancements of the early time expansion rate, detailed stud-

ies of the BBN implications of scalar-tensor theories with these couplings are lacking.

However, detailed BBN studies are available (see for instance [238, 239]) for the more

popular choice of the scalar coupling

A(ϕ∗) = e
1
2
βϕ2
∗ . (4.2)

Thus it is important to determine if the relic abundance of dark matter can be similarly

enhanced for these more widely investigated models.

The quadratic coupling (4.2) is the simplest generalization of the original Jordan—

Fierz—Brans—Dicke model (see later). Besides being the prototypical coupling con-

sidered in numerous investigations of scalar-tensor gravity theories, including studies of

slowly rotating anisotropic neutron stars [240] and pulsars in binary systems [241–243],

the quadratic coupling was recently the subject of the rigorous investigation by Coc et

al [176] in which BBN calculations were used to place stringent constraints on the various

coupling parameters. These constraints are up to several orders of magnitude stronger

than the solar system bounds (e.g. [244]) and, as we will show in the following, severely

limit the possible deviations from the standard cosmological expansion history during

the era of dark matter decoupling.

Finally, we mention the 2008 paper by Catena et al [172] where the authors introduced a

new hidden matter sector that experienced a different coupling than the ordinary visible

sector, thus allowing for slower pre-BBN expansion rates. This non-universal scalar-

tensor theory was found to predict dark matter relic abundances that were reduced by

up to a factor of ∼ 0.05.

In this chapter we revisit the calculation of dark matter relic abundances in scalar-

tensor gravity from first principles. We assume that the coupling between the scalar

field and matter (including dark matter) is universal; the case of non-universal scalar-

tensor theories, in which the coupling between the scalar field and the visible and dark

matter sectors is distinct, will be briefly considered at the end of the chapter. We

explicitly determine the modified expansion rate by solving the equation of motion for

the scalar field directly and use this result to numerically solve the Boltzmann rate

equation. We find, for the coupling A(ϕ∗) = e
1
2
βϕ2
∗ , that the efficiency of the attraction
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mechanism towards GR combined with the strict BBN bounds on the input parameters

only allow for modest enhancements of the dark matter relic abundance, particularly

compared to those reported in Catena et al [156, 159] and found for the quintessential

kination domination model considered in the previous chapter.

To begin, in section 4.2 we discuss the formulation of scalar-tensor theories in different

conformal reference frames and comment on their physical interpretation. Then, after

deriving the equations that govern the cosmological evolution in section 4.3, we explore

in detail the dynamics of the coupled scalar field and the attraction mechanism towards

General Relativity (section 4.4). We then investigate which regions of parameter space

lead to the largest deviations from the standard expansion history (section 4.5) and,

most importantly, which regions satisfy the bounds from Big Bang Nucleosynthesis and

other astrophysical and dynamical constraints (section 4.6). In sections 4.7 and 4.8 we

calculate the dark matter relic abundance for symmetric and asymmetric dark matter

models respectively, and, for the first time, determine the annihilation cross section

required to produce the observed dark matter density. Then, in section 4.9, we consider

non-universal scalar-tensor theories and discuss the issues associated with determining

the dark matter relic abundance when the scalar interaction with the standard matter (or

visible) particle sector and dark matter particle sector is distinct. Finally in section 4.10

we summarize our results and comment on the potential for relic abundance calculations

to discriminate between the scalar-tensor and standard cosmological scenarios.

4.2 Conformal transformations

4.2.1 Jordan and Einstein frames

Scalar-tensor gravity theories are often formulated in one of two conformal frames of

reference, namely, the Jordan and Einstein frames.3 The advantage of using these

different conformal frames is that the scalar coupling enters through either the gravi-

tational sector (Jordan frame) or the matter sector (Einstein frame), leaving the other

sector unaffected. For example, the general action integral for a scalar-tensor theory

with a non-minimally coupled scalar field ϕ, formulated in the Jordan conformal frame,

is given by

Stot =
1

16πG∗

∫
d4x
√
−g [F (ϕ)R− gµνZ(ϕ)∂µϕ∂νϕ− 2U(ϕ)]+Smat[gµν ; Ψmat], (4.4)

3Conformal reference frames are those connected by a conformal transformation, i.e. a local rescaling
of the metric:

gµν = Ω2(x)g∗µν . (4.3)

Here, Ω(x) is an arbitrary function of the spacetime coordinates xµ, and we use the notation Ω2 to
preserve the sign of the line element ds2 = Ω2ds2

∗.
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where F (ϕ), Z(ϕ) and U(ϕ) are arbitrary functions of the field, G∗ is the bare gravita-

tional constant (i.e. the gravitational constant in the absence of the scalar interaction),

and R = gµνRµν is the Ricci scalar which has been constructed from the Jordan frame

metric gµν .4 The original Brans-Dicke model corresponds to F (ϕ) = φ, Z(ϕ) = ω/φ

(where ω is a constant) and U(ϕ) = 0.

In this frame matter fields, Ψmat, are coupled directly to the metric, gµν , so that the

Weak Equivalence Principle is preserved by construction. This means that observables

such as mass, length and time take their standard interpretation in the Jordan frame,

making it the most convenient for particle physics considerations. However, since in this

frame the scalar field couples to the gravitational sector, gravitational couplings pick

up an additional ϕ dependence and the field equations take the cumbersome form (see

Appendix E):

F (ϕ)Gµν − (∇µ∇ν − gµν�)F (ϕ) = 8πG∗
(
Tµν + Tϕµν

)
, (4.5)

where the covariant derivative ∇µ (see (A.7)) and Einstein’s tensor, Gµν = Rµν− 1
2gµνR,

are both defined using the Jordan frame metric gµν , and the matter and scalar field

energy-momentum tensors are given respectively by

Tµν = − 2√
−g

δSmat

δgµν
(4.6)

and

8πG∗T
ϕ
µν = Z(ϕ)∂µϕ∂νϕ− gµν

[
1

2
gαβZ(ϕ)∂αϕ∂βϕ+ U(ϕ)

]
. (4.7)

To simplify the gravitational field equations we could formulate the scalar-tensor theory

in the ’Einstein’ frame, which is related to the Jordan frame by the conformal transfor-

mation

g∗µν = F (ϕ)gµν . (4.8)

Here (and in the following) we use an asterisk to distinguish Einstein frame quanti-

ties from their Jordan frame counterparts. Applying the transformation (4.8), the ac-

tion (4.4) becomes

Stot =
1

16πG∗

∫
d4x
√
−g∗ [R∗ − 2gµν∗ ∂µϕ∗∂νϕ∗ − 4V (ϕ∗)] + Smat[A

2(ϕ∗)g
∗
µν ; Ψmat]

(4.9)

4The quintessence type action with a minimally coupled scalar field φ given in the previous chapter
can be recovered by taking F (ϕ) = Z(ϕ) = 1 and redefining ϕ =

√
8πG∗φ and U(ϕ) = V (φ)/8πG∗.
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where we have made the following redefinitions(
dϕ∗
dϕ

)2

=
3

4

[
d lnF (ϕ)

dϕ

]2

+
Z(ϕ)

2F (ϕ)
,

A(ϕ∗) = F−1/2(ϕ),

2V (ϕ∗) =
U(ϕ)

F 2(ϕ)
. (4.10)

The gravitational sector is now of the same form as the minimally coupled quintessence

model (3.1) introduced in the previous chapter. Moreover, the field equations take the

simplified form

G∗µν = 8πG∗
(
T ∗µν + Tϕ∗µν

)
(4.11)

where the matter energy momentum tensor is now given by

T ∗µν = − 2√
−g∗

δSmat

δgµν∗
, (4.12)

and the scalar field energy momentum tensor is

4πG∗T
ϕ∗
µν = ∂µϕ∗∂νϕ∗ − g∗µν

[
1

2
gαβ∗ ∂αϕ∗∂βϕ∗ + V (ϕ∗)

]
. (4.13)

However, in the Einstein frame, the scalar coupling enters through the matter action

Smat ≡ Smat[A
2(ϕ∗)gµν ; Ψmat] so that the matter fields Ψmat couple to the ϕ∗-dependent

metric A2(ϕ∗)g
∗
µν . This indicates that particle physics quantities (e.g. mass, length,

time, energies, cross sections) measured in this frame are spacetime dependent.

We can characterize the departure of scalar-tensor theories from General Relativity by

introducing the parameter

α(ϕ∗) =
d lnA(ϕ∗)

dϕ∗
. (4.14)

Large values of α(ϕ∗) correspond to large variations in the coupling A(ϕ∗) whereas in

the limit α(ϕ∗)→ 0, corresponding to A(ϕ∗) = const., the Einstein and Jordan frames

coincide and the scalar-tensor theory reduces to standard General Relativity.

In the following our strategy will be to determine the cosmological evolution in the

Einstein frame, where the cosmological equations take their simplest form, and then

transform our results over to the Jordan frame, which is where we solve the Boltzmann

equation for the dark matter number density.
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4.2.2 Connection with f(R) gravity

Before continuing, we would like to mention an interesting connection between scalar-

tensor models and f(R) theories of gravity [245, 246]. Nominally, f(R) theories are

presented as an extension of General Relativity where the standard Einstein-Hilbert

Lagrangian, LEH = R/16πG, is promoted to an arbitrary function of the Ricci scalar:5

S =
1

16πG

∫
d4x
√
−g f(R) + Smat [gµν ; Ψmat] . (4.15)

However, through a suitable redefinition of the fields, the f(R) action (4.15) can be

written as [248, 249]

S =
1

16πG

∫
d4x
√
−g [φR− V (φ)] + Smat [gµν ; Ψmat] ,

so that f(R) theories can be considered as a subclass of scalar-tensor models with

φ = f ′(R),

V (φ) = Rf ′(R)− f (4.16)

where f ′(R) ≡ ∂f/∂R.

Applying the conformal transformation

g∗µν = f ′(R)gµν = φgµν (4.17)

the action becomes

S =
1

16πG

∫
d4x
√
−g∗

[
R∗ −

1

2
gµν∗ ∂µφ∗∂νφ∗ − U(φ∗)

]
+ Smat[e

2φ∗/
√

3g∗µν ; Ψmat],

(4.18)

where the new field φ∗ and the potential U(φ∗) are given by

φ∗ =

√
3

2
lnφ,

U(φ∗) =
Rf ′(R)− f(R)

f ′(R)2
.

f(R) theories have become increasingly popular in recent times due to their ability to

explain both the accelerated expansion of the universe during the inflationary era, as in

5A powerful motivation for considering f(R) theories of gravity is the observation that adding higher
order curvature corrections to the Einstein-Hilbert Lagrangian ameliorates the ultraviolet divergences
associated with standard General Relativity [247].
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the Starobinsky model [250]

f(R) = R+
R2

6M2
, (4.19)

and the late time accelerated expansion, as in the Hu-Sawicki model [251]

f(R) = R−m2 c1

(
R/m2

)n
c2 (R/m2)n + 1

. (4.20)

We emphasize however, that although f(R) models provide a prescriptive form for the

coupling function and potential (in a scalar-tensor theory context), most models are

specifically designed to account for the behaviour of the universe at either very early

(T ∼ 1016 GeV) or very late (T ∼ 10−13 GeV) times. Therefore we expect that the

f(R) models considered in the literature will not provide significant modifications to the

expansion rate of the universe during the era we are interested in, that is, during the

era of dark matter decoupling (T ∼ O(GeV)).

4.3 Cosmological equations

If we introduce the Einstein frame line element

ds2
∗ = g∗µνdx

µ
∗dx

ν
∗ = −dt2∗ + a2

∗(t)γ
∗
ijdx

i
∗dx

j
∗, (4.21)

and assume that the matter fields are a perfect fluid described by the usual energy-

momentum tensor (1.3), then the field equations (4.11) give

3H2
∗ = 8πG∗ρ∗ + ϕ̇2

∗ + 2V (ϕ∗), (4.22)

3
ä∗
a∗

= −4πG∗ (ρ∗ + p∗)− 2ϕ̇2
∗ + 2V (ϕ∗) (4.23)

where ρ∗ and p∗ are the energy density and pressure of the fluid respectively. Here an

overdot denotes differentiation with respect to t∗ and we have introduced the Einstein

frame Hubble factor H∗ ≡ d ln a∗/dt∗. Since the Friedmann equations (4.22) and (4.23)

depend on the scalar field, we also need the equation of motion for ϕ∗ to close the system

and determine the evolution of the scale factor a∗(t∗) (see Appendix E):6

ϕ̈∗ + 3H∗ϕ̇∗ +
∂V

∂ϕ∗
= −4πG∗α(ϕ∗) (ρ∗ − 3p∗) . (4.24)

6To derive (4.24) we have simply varied the action (4.9) with respect to ϕ∗ and substituted in the
relation (E.16)

δSmat[A
2(ϕ∗)g

∗
µν ,Ψ]

δϕ∗
= −
√
−g∗α(ϕ∗)T∗.
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Additionally, the Einstein frame energy density and pressure no longer satisfy the stan-

dard continuity equation. Instead there is an additional source term due to the scalar

field interaction:
dρ∗i
dt∗

+ 3H∗ (ρ∗i + p∗i) = α(ϕ∗) (ρ∗i − 3p∗i) , (4.25)

where i labels the various fluid components (e.g. radiation, baryonic matter, dark mat-

ter). Instead of solving this equation directly we can transform to the Jordan frame in

which
dρi
dt

+ 3H (ρi + pi) = 0, (4.26)

where the Jordan frame expansion rate, H = d ln a/dt is related to the Einstein frame

one via

H = A−1(ϕ∗) [H∗ + α(ϕ∗)ϕ̇∗] . (4.27)

Note that (4.26) can be derived from (4.25) by transforming to the Jordan frame coor-

dinates

a = A(ϕ∗)a∗ , dt = A(ϕ∗)dt∗, (4.28)

and substituting in the relation between the Einstein frame energy density, ρ∗, and

pressure, p∗,

ρ∗ = A4(ϕ∗)ρ , p∗ = A4(ϕ∗)p. (4.29)

Assuming the pressure and energy density of the i-th fluid component are related by

pi = wiρi, where wi is the equation of state parameter, we get

ρi(t) = ρi(t0) exp

[
−3

∫ t

t0

H(1 + wi)dt

]
. (4.30)

Further, if we assume that wi is constant,

ρi = ρ0
i

(
a

a0

)−3(1+wi)

(4.31)

where a (sub)superscript ’0’ denotes a quantity evaluated at the present epoch, i.e.

ρ0
i = ρi(t0). Then, using (4.29), we finally have

ρ∗i = ρ0
∗i

[
A(ϕ∗)

A(ϕ∗0)

]4−3(1+wi)( a∗
a∗0

)−3(1+wi)

(4.32)

where ρ0
∗i = A4ρ0

i . Notice from the relationship (4.29) between the Einstein and Jordan

frame energy densities and pressures that the equation of state parameter is a frame
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invariant quantity:

wi =
pi
ρi

=
p∗i
ρ∗i

. (4.33)

4.4 Scalar field dynamics

To determine the expansion rate of the universe in scalar-tensor gravity models we

must solve the coupled system of equations (4.22)-(4.24). Fortunately, as pointed out

by [147, 148], the equation of motion for the scalar field can be decoupled from the

system by transforming the evolution parameter from the Einstein frame time t∗ to

N ≡ ln(a∗/a∗0). In this case variables of the type Q̇ transform as Q̇ = Q′H∗ (where a ′

denotes differentiation with respect to N), so that (4.22) becomes

(3− ϕ′2∗ )H2
∗ = 8πG∗ρ∗ + 2V (ϕ∗). (4.34)

Setting the potential V (ϕ∗) = 0 7 and substituting into (4.24) we get

2

3− ϕ′2∗
ϕ′′∗ + (1− w)ϕ∗ = −α(ϕ∗)(1− 3w) (4.35)

where w is the equation of state parameter of the total cosmic fluid:

w =
p∗tot

ρ∗tot
=
ptot

ρtot
. (4.36)

Following the analogy given in [148], the field ϕ∗ can be thought of as a particle-like

dynamical variable with a velocity dependent mass, m(ϕ∗) = 2/(3−ϕ′2∗ ). In this instance

the particle (ϕ∗) experiences simple damping and rolls down the potential ∝ lnA(ϕ∗)

towards the minimum, provided such a point exists. Hence, the late-time evolution of

the field is reasonably straightforward given that the equation of state parameter during

the matter dominated epoch is w ≈ 0 so that the forcing term on the right hand side

of (4.35) is simply given by −α(ϕ∗). Therefore, if the function α(ϕ∗) possesses a zero

with a positive slope, the field will be dynamically attracted towards the point α = 0,

which is precisely the GR limit.8

At much earlier times, deep the in radiation era (w ≈ 1/3), the forcing term in (4.35) is

mostly ineffective and any initial velocity possessed by the field is rapidly damped away.

This allows us to take as initial conditions

ϕ∗in = const. and ϕ′∗in = 0, (4.37)

7The potential term only affects the cosmological evolution at late times and will not play a significant
role during the early universe period we are interested in.

8For the choice of coupling A(ϕ∗) = e
1
2
βϕ2

∗ considered here, this condition implies that β > 0.
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where ϕ∗in and ϕ′∗in are the values of the field and its N -derivative at some initial point

Nin.

Although 1 − 3w ≈ 0 throughout most of the early universe, there is an important

effect that arises when each of the particle species in the cosmic fluid becomes non-

relativistic [148]. As the temperature of the universe drops below the rest mass of each

of the particle types they provide a non-zero contribution to the quantity 1− 3w. This

activates the forcing term in (4.35) and displaces, or ’kicks’ the field along the potential

∝ lnA(ϕ∗). In this way the attraction mechanism towards GR is initiated during the

very early moments of the universe (T ∼ 102 GeV), prior to the onset of Big Bang

Nucleosynthesis.

To explore this effect in more detail we first write the quantity 1− 3w as

1− 3w =
ρtot − 3ptot

ρtot

=
1

ρtot

{∑
A

[ρA − 3pA] + ρm

}
(4.38)

where we have separated out the contribution from the relativistic particle species A

and the non-relativistic particle species m (for which pm = 0). Assuming that the total

energy density is dominated by relativistic matter and radiation during the crossing of

each mass threshold, so that ρtot ' ρr = π2g∗ρ(T )T 4/30, the kick function

Σ(T ) ≡
∑
A

ρA − 3pA
ρtot

(4.39)

takes the form

Σ(T ) =
∑
A

15

π4

gA
g∗ρ(T )

z2
A

∫ ∞
zA

dx

√
x2 − z2

A

ex ± 1
, (4.40)

where zA = mA/T , the +(−) corresponds to fermions(bosons) and the expressions for

the energy density ρA and pressure pA of each of the particles of type A are given in

appendix B.

It is important to note that the variable T in the expression for Σ(T ) is the Jordan

frame temperature, which we can relate to the parameter N through

T [ϕ∗, N ] = T0
A(ϕ∗0)

A(ϕ∗)

[
g∗s(T0)

g∗s(T )

]1/3

e−N . (4.41)

Here T0 = 2.35×10−13 GeV is the current temperature of the universe and ϕ∗0 = ϕ∗(T0).

To derive this expression we have used the relationship between the scale factor a and

temperature T (B.34) as well as the transformation (4.28).
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Using the data contained in table B.1 for the properties of each of the Standard Model

particles, we numerically evaluate (4.40) and plot the results in figure 4.1. In this figure

we show the contribution from each of the individual particle species (dashed curves) as

well as their combined sum (solid black).9

T [GeV]
10

-5
10

-4
10

-3
10

-2
10

-1
10

0
10

1
10

2
10

3

Σ
≡

1
−
3w

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.08

0.09

0.1

e±

µ
±

π
±

π
0

c
b

τ
±

t

W±

H0

Z

Figure 4.1: Evolution of the quantity Σ(T ) ≡ 1 − 3w (solid black curve) defined
in (4.40) in the radiation era with the contribution from each particle species listed in
table B.1 shown (colored dashed curves).

After the final e± kick, the forcing term remains inactive until the universe transitions

from the radiation dominated era to the matter dominated era. In this case we have

1− 3w ' ρm

ρm + ρr
' 1

1 + T/Teq
(4.42)

where Teq ∼ O(10−9) GeV is the temperature of matter-radiation equality, i.e. ρr(Teq) =

ρm(Teq). Combining the results in figure 4.1 with the late time behaviour described by

equation (4.42), we plot the evolution of 1−3w from the radiation era up to the present

in figure 4.2.

In the radiation era, T & Teq, 1−3w ≈ 0 except at the location of each of the kicks; then

as T approaches Teq, 1−3w smoothly rises to 1/2; and in the limit T � Teq, 1−3w ≈ 1.

Now that we have computed 1− 3w we can finally determine the cosmological evolution

of the scalar field ϕ∗. Substituting our particular choice of coupling A(ϕ∗) = e
1
2
βϕ2
∗

into (4.35) we numerically integrate the equation of motion for several sample values of

β and ϕ∗in (see figure 4.3).

9The quantity Σ(T ) has been evaluated in several other publications (e.g. [176, 252]) and in most
cases the value of g∗ρ(T ) is assumed constant during the crossing of each particle threshold. However,
since g∗ρ(T ) actually decreases during this interval, these calculations underestimate the height of Σ(T ),
particularly for the final e± ’kick’. In our work we have maintained the temperature dependence of
g∗ρ(T ) and our results agree with those contained in the recent paper by Erickcek et al [253].
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Figure 4.2: Evolution of the quantity Σ(T ) ≡ 1 − 3w defined in (4.40) from the
radiation era through to the matter era.
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Figure 4.3: Evolution of ϕ∗ for different values of the input parameters β and ϕ∗in.

In each case we see that the field is attracted towards ϕ∗ = 0 which, for the quadratic

coupling considered, corresponds to the GR limit. Importantly we notice that the at-

traction mechanism is initiated well before the radiation-matter transition at T ∼ 10−9

GeV due to the non-relativistic kicks mentioned above. In fact, for the β = 1 cases (blue

and red curves) we can discern the four distinct kicks corresponding to the four peaks

in figure 4.1. For the (β, ϕ∗in) = (5, 1) case (yellow curve), the attraction mechanism is

so efficient that the field approaches the GR limit at much earlier times, prior to BBN.
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4.5 Modified expansion rate

Having calculated the cosmological evolution of ϕ∗ we can now determine the modified

expansion rate in the scalar-tensor scenario. For the purpose of calculating the dark

matter relic abundance, we are particularly interested in the Jordan frame expansion

rate H = d ln a/dt since the dark matter particles couple directly to the Jordan frame

metric gµν and in this frame particle masses, number densities, etc. take their standard

form. Therefore the expansion rate that governs the timing of particle decoupling and

in turn the dark matter relic abundance is determined using (4.27),

H = A−1(ϕ∗)H∗
[
1 + α(ϕ∗)ϕ

′
∗
]

(4.43)

where, using (4.34) and (4.29), we can write the Einstein frame expansion rate, H∗, in

terms of

H2
∗ =

8πG∗
3− ϕ′2∗

ρA4(ϕ∗). (4.44)

To compare the Jordan frame expansion rate, H, to the expansion rate in the standard

cosmological scenario,

H2
GR =

8πG

3
ρ, (4.45)

we note that the gravitational couplings used in each case are related via [230]

G = G∗A
2(ϕ∗0)

[
1 + α2(ϕ∗0)

]
, (4.46)

where G is the gravitational coupling given in the standard General Relativity scenario

and G∗ is the bare gravitational coupling used here. Combining this expression with the

connection between the Jordan and Einstein frame Hubble factors (4.27) we finally have

ξ ≡ HST

HGR
=

A(ϕ∗)

A(ϕ∗0)

1 + α(ϕ∗)ϕ
′
∗√

1− ϕ′2∗ /3
1√

1 + α2(ϕ∗0)
(4.47)

where we now denote the Jordan frame expansion rate H, that will be used as input

into the Boltzmann rate equation for the dark matter number density, by HST .

To estimate the possible enhancement of the dark matter relic abundance in the scalar-

tensor gravity scenario, we first determine the magnitude of the ratio ξ = HST /HGR

around the time of dark matter decoupling. Hence, in figure 4.4, we plot the magnitude

of ξ evaluated at Tf ∼ mχ/20 ∼ 5 GeV, which is the typical freeze-out time for a 100

GeV WIMP. We have considered values of β > 0 to ensure that the model is dynamically

attracted towards GR (see previous section).



Chapter 4. Scalar-tensor gravity 82

3

2

ϕ∗in

1

0

4β

2

1

1.5

0.5

0

2

0

lo
g
1
0
(ξ
(T

=
5
G
eV

))

Figure 4.4: Magnitude of the ratio of the scalar-tensor and standard expansion
rates, ξ ≡ HST /HGR, evaluated at a temperature T = 5 GeV as a function of the input
parameters β and ϕ∗in, which satisfy the dynamical constraints.

This figure shows that the scalar-tensor expansion rate at the time of dark matter

decoupling can be more than an order of magnitude larger than the standard expansion

rate. In particular, the largest enhancements are seen for small values of β and large ϕ∗in,

specifically, for β . 2 and ϕ∗in & 2. This parameter range leads to large initial values

of ξin ∼ A(ϕ∗in) (because of the large ϕ∗in) whilst exhibiting a less efficient attraction

towards GR (small β) so that the expansion rate at the time of freeze-out still deviates

significantly from the standard one.10 Note that the data points for larger β and ϕ∗in

have been omitted because in this region the field violates the dynamical constraints,

leading to unphysical results (see next section).

Although the early time expansion rate can certainly be much larger in the scalar-tensor

scenario for certain regions of parameter space, we must be careful to ensure that such

regions satisfy both the astrophysical and dynamical constraints placed on the scalar field

and its evolution. In the next section we investigate in more detail these constraints and

determine those points in parameter space which are viable.

4.6 Constraints

Solar system tests of gravity, including the perihelion shift of Mercury and Lunar Laser

Ranging experiments, place strict constraints on deviations from General Relativity

10In general, although increasing both β and ϕ∗in increases the initial value ξin, because the displace-
ment of the field towards ϕ∗ = 0 due to each of the non-relativistic ’kicks’ also increases with increasing
β and ϕ∗in, the overall effect on ξ(Tf ) (and in turn on ΩSTDM/Ω

GR
DM) can be difficult to predict.
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(see for example [235]). Most relevant for our purposes are the measurements of the

Shapiro time delay performed by the Cassini spacecraft [244] which indicate that the

present value of the scalar-tensor deviation parameter α2
0 ≡ α2(ϕ∗0) < 10−5; so that

if the gravitational interaction is truly described by a scalar-tensor theory, it must be

extremely close to General Relativity in our local neighbourhood.11

Although this constraint only applies to the present value |α0|, we can relate it to the

input parameters β and ϕ∗in by integrating the ϕ∗ evolution equation up to the present

epoch and calculating the predicted value of |α0| directly. We can then determine which

values of β and ϕ∗in satisfy the Cassini bound α2
0 . 10−5. The results are shown in

figure 4.5 where we have indicated those points that violate the Cassini bound with a

red cross and those that are acceptable with a green circle. We have also indicated with

a blue cross those points that violate the various dynamical constraints on the evolution

of the scalar field (see later).
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Figure 4.5: Exclusion plot following a scan of the input parameter space (β, ϕ∗in) and
applying the Cassini bound α2

0 < 10−5 [244]. The points excluded due to the Cassini
(dynamical) constraints have been marked with a red (blue) cross and the allowed
points are indicated by the green circles.

Interestingly, for the parameter range considered, the Cassini bound only excludes values

of β . 0.4. Comparing this with the results in figure 4.4 for ξ(Tf ), we see that the regions

of parameter space that lead to the fastest expansion rates at the time of dark matter

decoupling (0.4 . β . 2, ϕ∗in & 2) still satisfy the constraint α2
0 < 10−5. Therefore, the

Cassini bound alone (or, more generally, solar system tests of gravity) does not preclude

large deviations from the standard cosmological history at early times. This is not so

11Additionally, for the quadratic scalar coupling A(ϕ∗) = e
1
2
βϕ2

∗ considered here, the decay of the
orbital period of pulsars in asymmetric binaries implies that the coupling parameter β & −4.5 [243].
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surprising given that solar system tests of gravity rely on data taken at late times —

long after the attraction mechanism towards GR has been initiated.

To properly constrain the input parameters and the behaviour of the field in the early

universe, we must also take into account the results presented in Coc et al [176] where

they considered the Big Bang Nucleosynthesis implications of scalar-tensor theories with

a quadratic coupling. In this work the authors perform a full numerical integration of the

scalar field evolution equation and calculate the resulting light element abundances using

an up-to-date BBN code. The results of these calculations are then compared to observed

light element abundances to constrain the various scalar-tensor model parameters.12

Since these constraints are also given in terms of the present value |α0|, we must again

integrate the ϕ∗ evolution equation up to the present epoch for the different values of

β and ϕ∗in and calculate |α0| directly. As an example, in figure 4.6, we compare our

results for |α0| as a function of β for different starting values of ϕ∗in (solid curves) with

both the Cassini (dot-dashed purple curve) and the Coc et al BBN bound (dot-dashed

black curve).
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Figure 4.6: Magnitude of |α0| as a function of the coupling parameter β for different
initial values of the field (solid curves). The results are compared with the constraints
derived using the solar system tests of gravity (dot-dashed purple) and the BBN con-
straints given in figure 19 of Coc et al [176] (dot-dashed black).

12Recall from the introductory chapter that a comparison of the observed light element abundances
with the predictions of Big Bang Nucleosynthesis offers one of the most stringent available probes of
non-standard cosmological models.
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Ignoring any computational differences, (keep in mind that our computation of Σ(T )

differs from figure 5 of Coc et al [176] because we maintained the temperature depen-

dence of g∗(T )) we notice that the blue, red and yellow curves for |α0| do not drop below

the BBN constraints (dot-dashed black curve) until after a particular oscillation. For

example, for ϕ∗in = 0.75 (red curve), the calculated values of |α0| do not drop below the

BBN constraints until after the fourth oscillation at β ' 1.65. Similarly, for ϕ∗in = 1

(yellow curve), |α0| does not drop below the BBN bound until after the fifth oscillation

at β = 2.35. Therefore, once the BBN bounds become more stringent than the solar

system bound, i.e. β & 0.4, the values of β for which a particular ϕ∗in becomes accept-

able are discrete. This is shown in figure 4.7 where we reproduce figure 4.5, this time

applying the Coc et al BBN bound in addition to the Cassini bound. For β . 0.4, the

boundary separating the allowed and rejected regions follows a smooth curve, whilst for

β & 0.4 the boundary increases in discrete steps.
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Figure 4.7: Scan of the input parameter space for the coupling A(ϕ∗) = e
1
2βϕ

2
∗ . The

points excluded due to astrophysical (dynamical) constraints have been marked with a
red (blue) cross and the allowed points are indicated by the green circles.

Most importantly, a comparison of figures 4.5 and 4.7 shows that applying the Coc et al

BBN constraints excludes most of the parameter space corresponding to large early time

expansion rates (see figure 4.4). Also, because of the non-injective relationship between

the input parameters and the present value of |α0| (i.e. different initial conditions can

lead to the same |α0|), the constraints in figure 19 of [176] can only be treated as a

strict upper bound. This means that values of |α0| lower than this upper bound are

not necessarily acceptable so that the allowed region in the (β, ϕ∗in) parameter space is

most likely smaller than what is shown in figure 4.7.
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In addition to the astrophysical constraints, the dynamical evolution of the scalar field

ϕ∗ must also satisfy

1 + α(ϕ∗)ϕ
′
∗ > 0. (4.48)

This ensures that the Jordan frame Hubble factor, derived from the Einstein frame

Hubble factor through

H = A−1(ϕ∗)H∗
[
1 + α(ϕ∗)ϕ

′
∗
]
, (4.49)

is positive definite. Moreover, if this condition is violated, the Jordan frame temperature

T becomes a multi-valued function of the evolution parameter N and the conformal

transformation between the Jordan and Einstein frames breaks down.13 The points in

the (β, ϕ∗in) plane that violate this dynamical constraint are indicated with blue crosses.

We can crudely estimate the general shape of the dynamical exclusion zone by approxi-

mating the maximum velocity reached by the field due to each ’kick’ as ϕ′∗max ∼ α(ϕ∗).

The condition 1 + α(ϕ∗)ϕ
′
∗ > 0 then becomes

α(ϕ∗)
2 . D2, (4.51)

where D is some variable that depends on the magnitude of the kick. Substituting in

the expression α(ϕ∗) = βϕ∗, we find that the values of ϕ∗ in the region

ϕ∗ &
D
β
, (4.52)

are excluded.

Combining the astrophysical and dynamical constraints we see that a significant portion

of the parameter space is excluded. In particular, the region corresponding to the great-

est deviations from the standard expansion history at the time of dark matter decoupling

(i.e. ξ(Tf )) is no longer allowed (compare figures 4.7 and 4.4). In fact the largest value

of ξ(Tf ) permitted by the various constraints is only ∼ 4. Hence, although large early-

time expansion rates can be achieved within scalar-tensor cosmological models with the

coupling A(ϕ∗) = e
1
2
βϕ2
∗ , those models that satisfy the various constraints mentioned

above will not significantly deviate from the standard cosmological model at the time of

dark matter decoupling. In turn, we expect that the relic abundance of dark matter to

13If we neglect the temperature dependence of g∗s(T ), the connection between the Jordan frame
temperature and the evolution parameter N (4.41) gives

dT

dN
= −T0

A(ϕ∗0)

A(ϕ∗)
e−N

[
1 + α(ϕ∗)ϕ

′
∗
]
. (4.50)

If the quantity 1 + α(ϕ∗)ϕ
′
∗ changes sign, the relationship between T and N is not monotonic and T

becomes a multi-valued function of N that cannot be inverted.
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be relatively unaffected and that any enhancements with respect to the canonical result

are modest.

4.7 Symmetric dark matter

To verify our assertion about the effects of scalar-tensor gravity models with a quadratic

coupling on the relic abundance of dark matter we explicitly determine the present dark

matter density using the Boltzmann rate equation

dY

dx
= −s〈σv〉

xH
ζ(x)

(
Y 2 − Y 2

eq

)
. (4.53)

Drawing from our previous discussion we point out that each of the quantities in (4.53)

such as the comoving number density, Y = n/s, and annihilation cross section, 〈σv〉,
is defined in the Jordan frame where particle physics quantities take their standard

interpretation. Hence H is the Jordan frame expansion rate determined using (4.27).14

Taking the results from our scan over the input parameter space, we numerically inte-

grate the ϕ∗ evolution equation (4.35) and determine the Jordan frame expansion rate

H from (4.43). In doing so we have chosen values of β and ϕ∗in that are (i) permitted

by the astrophysical and dynamical constraints (according to figure 4.7) and (ii) provide

the greatest deviation from the standard expansion history (see figure 4.4).

Substituting this result into (4.53) we solve the Boltzmann equation to determine the

present dark matter density. The results are shown in figure 4.8 where we plot the ratio of

the dark matter relic abundance in the scalar-tensor gravity model to the corresponding

value in the standard cosmological scenario as a function of ϕ∗in for different values

of β. In the left and right panels of figure 4.8 we have calculated the relic abundance

enhancement ratio ΩST
DM/Ω

GR
DM for mχ = 10 GeV and mχ = 100 GeV respectively with

the solid (dashed) curves corresponding to s(p)−wave annihilation. Note that for the

values of β chosen, namely β = (2.4, 3.0, 4.0), we have only calculated results up to ϕ∗in =

(2.5, 2.0, 1.5) respectively because larger values of ϕ∗in are excluded due to dynamical

constraints (see figure 4.7).

In each panel we see that the ratio ΩST
DM/Ω

GR
DM increases for small ϕ∗in reaching a β-

dependent maximum value before falling as ϕ∗in increases further. For the mχ = 10

GeV and mχ = 100 GeV cases the maximum enhancement for s−wave annihilation is

only ΩST
DM/Ω

GR
DM ∼ 1.5 and 2.6 respectively and is obtained for (β, ϕin) = (2.4, 1.8) in both

14In the universal coupling case there is a unique Jordan frame in which both the Standard Model
particles and the dark matter particles couple directly to the metric gµν . This situation becomes more
complicated in non-universal scalar-tensor theories where the coupling with the visible and dark sectors
is distinct (see section 4.9).
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Figure 4.8: Ratio of the relic abundance of symmetric dark matter in the scalar-tensor
and standard cosmological scenarios for mχ = 10 GeV (left panel) and mχ = 100 GeV
(right panel) as a function of ϕ∗in for different values of β. The solid (dashed) curves
correspond to s(p)−wave annihilation.

cases. For p−wave scattering and mχ = 100 GeV, this ratio increases to ΩST
DM/Ω

GR
DM ∼

2.9.

Because the lack of an algebraic expression for the Jordan frame expansion rate H

(see (4.47)) inhibits our ability to derive an approximate analytical solution for the

dark matter relic density, it is difficult to make any quantitative estimates for the ratio

ΩST
DM/Ω

GR
DM in terms of β and ϕ∗in. Although we expect that the relic density enhance-

ment factor, ΩST
DM/Ω

GR
DM, is related to the magnitude of ξ = HST /HGR at dark matter

decoupling, i.e. ξ(Tf ), the situation is still not straightforward given that the relation-

ship between ξ(Tf ) and the input parameters β and ϕ∗in is difficult to predict (see the

discussion in section 4.5). We simply comment that the relic abundance curves displayed

in figure 4.8 follow the same profile as the corresponding ξ(Tf ) curves evaluated at fixed

ϕ∗in.

Most importantly, for the quadratic coupling A(ϕ∗) = e
1
2
βϕ2
∗ considered here, the maxi-

mum enhancement achieved is only ∼ 2.9 which, for the equivalent WIMP mass, is much

less than that observed in either the quintessential kination scenario considered in the

previous chapter or the results reported by Catena et al [156, 159].

Moreover, we find no evidence for reannihilation. That is, during our scan over the input

parameters we did not observe a secondary phase of dark matter annihilation following

particle freeze-out. In the Catena et al 2004 paper [156], reannihilation was a conse-

quence of the rapid relaxation of the scalar-tensor expansion rate towards the standard

expansion rate, which they purport occurs after dark matter decoupling. However, we

showed in section 4.4 that the attraction mechanism towards General Relativity is initi-

ated when the temperature of the universe first drops below the rest masses of Standard

Model particles at T & 102 GeV. Even taking the most optimistic estimate that xf ∼ 10
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Figure 4.9: Required s−wave annihilation cross section 〈σv〉 for symmetric dark
matter for mχ = 10 GeV (left panel) and mχ = 100 GeV (right panel) as a function of
ϕ∗in for different values of β.
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Figure 4.10: Same as figure 4.9 but for p−wave annihilation.

in the scalar-tensor scenario, a dark matter particle with mχ = 50 GeV (the same value

used in figure 7 of [156]) would freeze out at Tf = 5 GeV. Therefore, by the time the

dark matter particles decouple from the thermal background the attraction mechanism

is typically well underway and the scalar-tensor expansion rate is already relatively close

to the standard result.

As in the quintessence chapter we can invert our results for the relic density to determine

the annihilation cross section required to produce the observed dark matter density.

The results are plotted in figures 4.9 and 4.10 for the s− and p−wave annihilation cases

respectively and show similar behaviour to the relic density curves given in figure 4.8.

In this case we find it unnecessary to compare our results with the Fermi-LAT data

since the enhancement factors are so small the Fermi-LAT bounds would not be able to

significantly constrain the allowed model parameters.
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Figure 4.11: Iso-abundance contours in the (〈σv〉, C) plane for asymmetric dark
matter corresponding to the observed dark matter abundance ΩDMh

2 = 0.1188 for
mχ = 10 GeV (left panel) and mχ = 100 GeV (right panel). The blue, red and yellow
curves correspond to the input parameters (β, ϕ∗in) = (2.4, 2.0), (3.0, 2.0) and (4.0, 1.5)
respectively and the black curves correspond to the standard cosmology result. We
have calculated the results for both s− (solid) and p− (dashed) wave annihilation.

4.8 Asymmetric dark matter

For completeness we also determine the relic abundance of asymmetric dark matter par-

ticles in scalar-tensor gravity. Since the symmetric annihilation cross section is only

enhanced slightly, we expect a similarly small enhancement for the asymmetric annihi-

lation cross section.

The relic abundance of asymmetric dark matter in scalar-tensor gravity has very recently

been studied by Gelmini et al [173] and Wang et al [175]. However these studies are

based upon the enhancement factor (4.1) and also neglect the temperature dependence

of g∗(T ). This allowed the development of approximate analytic solutions for Yχ(∞) and

Yχ̄(∞) similar to (2.46) and (2.47). However, as we do not have an algebraic expression

for the enhancement factor ξ = HST /HGR (see (4.47)), this is not possible here.

In figure 4.11 we plot the iso-abundance contours in the (〈σv〉, C) plane corresponding

to the observed dark matter density ΩDMh
2 = 0.1188. The results have been calculated

for both mχ = 10 GeV (left panel) and mχ = 100 GeV (right panel) for both the s−
(solid) and p− (dashed) wave cases.

Because the vertical asymptote is only slightly shifted from the standard cosmology result

(black curve) we do not expect the asymmetric detection signal to differ appreciably in

the scalar-tensor gravity scenario. However, because the curves are still shifted, it is

possible to have a stronger asymmetric detection signal in the scalar-tensor scenario

compared with the symmetric signal in the standard scenario.
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Unsurprisingly, these results are much less dramatic than those given by Gelmini et

al [173] and Wang et al [175] who found that the required annihilation cross section can

be increased by several orders of magnitude.

4.9 Non-universal scalar-tensor theories

4.9.1 Visible and Dark Jordan frames

The formalism and results derived thus far only apply for the special class of scalar-

tensor theories known as universal scalar-tensor theories in which each of the different

matter fields experiences the same coupling A(ϕ∗). Here we consider a more general

arrangement where the coupling to each matter sector is distinct. Specifically, we will

consider the case studied by Coc et al 2009 [254] where the coupling between the scalar

field and the visible (or Standard Model) sector, denoted AV (ϕ∗), is distinct from that

between the scalar field and the dark sector, AD(ϕ∗).
15 After demonstrating how the

cosmological equations given in section 4.3 are generalized to the non-universal case, we

will discuss the implications for the derivation of the Boltzmann equation.

To begin, we introduce a generalized version of the Einstein frame action (4.9),

Stot =
1

16πG∗

∫
d4x
√
−g∗ [R∗ − 2gµν∗ ∂µϕ∗∂νϕ∗ − 4V (ϕ∗)]

+ SV [A2
V (ϕ∗)g

∗
µν ; ΨV ] + SD[A2

D(ϕ∗)g
∗
µν ; ΨD], (4.54)

where SV and SD are the action integrals for the visible, ΨV , and dark, ΨD, matter

fields respectively. Following the prescription given in section 4.2, we can apply the

conformal transformation

gVµν = A2
V (ϕ∗)g

∗
µν (4.55)

to remove the coupling from the visible sector matter action so that the fields ΨV couple

to the metric gVµν directly. The action integral (4.54) then becomes

Stot =
1

16πG∗

∫
d4x
√
−gV

[
F (ϕ)RV − gµνV Z(ϕ)∂µϕ∂νϕ− 2U(ϕ)

]
+ SV [gVµν ; ΨV ] + SD[B2(ϕ∗)g

V
µν ; ΨD]; (4.56)

15This set-up is different from that considered by Catena et al in [172] in which they introduced a
new hidden matter sector and included dark matter within the visible sector.
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where the connection between ϕ and ϕ∗, and the definitions of the functions F (ϕ), Z(ϕ)

and U(ϕ), are given in (4.10) with A(ϕ∗) replaced by AV (ϕ∗). Also, we have defined

B(ϕ∗) =
AD(ϕ∗)

AV (ϕ∗)
. (4.57)

Although the visible sector action SV [gVµν ; ΨV ] is independent of the scalar field in this

new frame, the term SD[B2(ϕ∗)g
V
µν ; ΨD] still contains a scalar coupling. In fact, in the

general case AV 6= AD it is not possible to transform to a conformal frame in which

both the visible and dark sectors couple directly to the same metric, that is, there is

no unique definition of the Jordan frame. Therefore we must distinguish between two

separate Jordan frames: the Visible Jordan Frame (VJF) defined by the metric gVµν ; and

the Dark Jordan Frame (DJF) defined by

gDµν = AD(ϕ∗)g
∗
µν = B(ϕ∗)g

V
µν . (4.58)

In the VJF and DJF respectively, the visible and dark sector matter fields do not expe-

rience the scalar coupling and particle properties (e.g. mass, energy, cross sections) and

their interactions take their standard form.

Similar to (4.14), we can define the parameters that characterize the deviation from

General Relativity as

αj(ϕ∗) =
d lnAj(ϕ∗)

dϕ∗
, (4.59)

where j = V,D labels the different matter sectors.

In the non-universal case the cosmological equations (4.22) and (4.23) for the evolution

of the Einstein frame scale factor a∗ remain unaltered. However, the matter fields of

each sector obey separate continuity equations

dρ∗j
dt∗

+ 3H∗ (ρ∗j + p∗j) = αj(ϕ∗) (ρ∗j − 3p∗j) ϕ̇∗. (4.60)

This implies (following our discussion above) that the visible (dark) sector matter fields

are no longer conserved in the DJF (VJF) so that, for example, in the VJF we have

ρV i = ρ0
V i

(
aV
aV 0

)−3(1+wi)

,

ρD = ρ0
D

[
B(ϕ∗)

B(ϕ∗0)

]4−3(1+wD)( aV
aV 0

)3(1+wD)

, (4.61)

where i labels the different visible fluid components and ρD is the dark matter energy

density as measured in the VJF.
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Moreover, the equation of motion (4.24) for the scalar field is generalized to

ϕ̈∗ + 3H∗ϕ̇∗ +
∂V

∂ϕ∗
= −4πG∗

∑
j=V,D

αj (ρ∗j − 3p∗j) . (4.62)

Finally, the connection between the Einstein frame expansion rate and the VJF and

DJF expansion rates is given by

Hj = A−1
j (ϕ∗) [H∗ + αj(ϕ∗)ϕ̇∗] . (4.63)

Coc et al 2009 [254] have studied the BBN constraints on models with quadratic cou-

plings

Aj(ϕ∗) = e
1
2
βjϕ

2
∗ (j = V,D). (4.64)

In particular, they studied regions in the (βV , βD) parameter space for which there is late

time attraction towards GR and then derived additional constraints on the parameter

space from BBN and precision gravitational tests.

4.9.2 Boltzmann equation

Before attempting to calculate the dark matter relic abundance, we should first pause

to contemplate whether, in the non-universal coupling case, the assumptions made in

deriving the Boltzmann rate equation (2.6) (see Appendix C) remain valid.

Starting with the fundamental form of the Boltzmann equation,

L̂[f(xµ, pµ)] = Ĉ[f(xµ, pµ)] (4.65)

where f(xµ, pµ) is the dark matter distribution function, L̂ is the relativistic Liouville

operator and Ĉ is the collision operator, the first question to address is in which frame

should we formulate the problem? Given that the subject of the calculation, the dark

matter particles, couple directly to the metric gDµν , the obvious answer is the DJF.

Then, proceeding as in Appendix C we can determine the zeroth moment of (4.65) by

integrating both sides of the equation over momentum space.

To evaluate the integral of the Liouville operator, we note that the conformal trans-

formation (4.58) conserves both the isotropy and homogeneity of the VJF metric gVµν

so that the dark matter distribution function, which is defined in the DJF, reduces to
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f(xµ, pµ) = f(E, t).16,17 Therefore, we recover the standard expression (see Appendix C)

g

(2π)3

∫
L̂[f(E, t)]

d~p

E
=
dnD
dtD

+ 3HDnD (4.67)

where nD ≡ nD(tD) and tD are the dark matter number density and time as defined in

the DJF.

However, the evaluation of the collision term in (4.65) is not so straightforward. The

change in the dark matter particle number is governed by reactions of the type

χχ̄↔ XX̄ (4.68)

where the χ’s are the dark matter particles and the X’s are particles belonging to the

visible sector. In the non-universal case the particles on either the left or right hand

side of the reaction (4.68) will either be susceptible or immune to the scalar interaction

depending on the choice of conformal frame of reference; there is no conformal frame in

which the scalar coupling vanishes for both sides of the reaction. Therefore, if we decide

to formulate the Boltzmann equation in the DJF we must account for the varying ϕ∗

dependent masses, energies, cross sections, etc. of the visible particles. Of course, trans-

forming to the VJF does not alleviate the problem because then dark matter particles

would be ϕ∗-dependent.

A proper analysis of the problem would require a thorough reexamination of the deriva-

tion of the Boltzmann equation and in particular the evaluation of the collision integral.

Since this is beyond the scope of the present study we leave it as a suggestion for future

work.

4.10 Summary

The inherent attraction mechanism exhibited by many scalar-tensor gravity models to-

wards General Relativity allows for deviations from the standard cosmological scenario

in the early universe that may not show up in present observational data. In fact, we

originally conjectured that relic abundance calculations may be one of the few probes

16Observations of the isotropy and homogeneity of the universe are made with Standard Model par-
ticles and therefore apply to the VJF.

17In general, a conformal transformation is a local rescaling of the metric,

g̃µν = Ω2(x)gµν , (4.66)

that only preserves the isotropy of spacetime and not homogeneity. But, if the conformal factor is a
function of time only, i.e. Ω(xµ) ≡ Ω(t), as in (4.58), then homogeneity is conserved also.
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capable of discriminating the predictions of scalar-tensor scenarios from standard Gen-

eral Relativity. To find out, we determined the evolution of the coupled scalar field from

first principles, allowing us to calculate the modified expansion rate in the scalar-tensor

gravity scenario, which we then used to calculate the dark matter relic abundance.

As a specific example we considered the prototypical quadratic coupling A(ϕ∗) =

e
1
2
βϕ2
∗ and found that the maximum enhancement for a mχ = 100 GeV WIMP was

ΩST
DM/Ω

GR
DM ∼ 3. Although this ratio would increase with increasing WIMP mass, the

level of enhancement is still far below that observed in both the previous chapter for the

quintessential kination model and in previous relic abundance investigations in scalar-

tensor cosmology [156, 159].

Interestingly, we showed in figure 4.4 that the expansion rate at the time of dark matter

decoupling in the scalar-tensor scenario can be up to several orders of magnitude larger

than the expansion rate in the standard scenario. However, these points were excluded

by BBN constraints [176]; had these points been acceptable, we would have found much

larger relic density enhancement factors, possibly in line with those reported in [156]

and [159]. Given that detailed BBN constraints for the couplings A(ϕ∗) = 1 + Be−βϕ∗

and A(ϕ∗) = 1+bϕ2
∗, considered in [156] and [159] respectively, were not applied in their

investigations because a study equivalent to [176] was not available, we suggest that the

allowed expansion rate in those models may be much smaller than previously reported,

and that the level of enhancement of the dark matter relic abundance might actually be

much closer to the levels found here.

To complete our study we also investigated the relic abundance of asymmetric dark

matter species in scalar-tensor gravity models and found that the required annihilation

cross section was enhanced only slightly, in contrast to the several order of magnitude

estimates given in Gelmini et al [173] and Wang et al [175] who both used the parame-

terization (4.1) given in Catena et al [156].

Finally, since the attraction mechanism towards GR is typically initiated prior to dark

matter freeze-out so that the effect on the dark matter relic abundance is only mod-

est, the scalar-tensor scenario with a quadratic coupling to matter does not provide a

significantly different picture from the standard cosmological scenario. Hence, we con-

clude that unless reasonably precise details about the nature of the dark matter particle

and its interactions are known, relic abundance calculations are most likely unable to

discriminate scalar-tensor gravity from General Relativity.
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Randall-Sundrum Braneworlds

5.1 Introduction

In the braneworld scenario, our universe is modelled as a 3(+1) dimensional surface

(the brane) embedded in a higher dimensional spacetime known as the bulk [255, 256].1

Standard Model particles are confined to the surface of the brane whilst gravity is free

to propagate in the bulk. In several models with compact extra dimensions this offers an

explanation for the apparent weakness of gravity with respect to the other fundamental

forces [151, 261].

In this chapter we focus on the Randall-Sundrum type II (RSII) (1-brane) model [150]

which is generally considered the simplest and most appealing of the braneworld sce-

narios. In this model, General Relativity (GR) is recovered on the surface of a 3(+1)

Minkowski brane located at the ultraviolet boundary of a five dimensional Anti-de Sitter

bulk.2 The warped geometry of the bulk spacetime ensures the fifth dimension is only

accessible in the ultraviolet regime and that ΛCDM is reproduced in the low energy

limit.

Interestingly, the Friedmann equation in the RSII braneworld cosmology is modified

from the standard expression and predicts an enhanced early time expansion rate. This

has significant implications for several early universe phenomena (including providing a

1For introductory reviews on the braneworld scenario see [257–260].
2Minkowski space is the four dimensional generalization of flat Euclidean space whilst Anti-de Sitter

space is a maximally symmetric space with a negative curvature constant.

96
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possible resolution to the gravitino problem3 [262–265]), the most pertinent of which is

dark matter decoupling.4

In [155], Okada and Seto (see also [262]) showed that the dark matter relic abundance

can be enhanced by several orders of magnitude if the ’transition temperature’, at which

the modified expansion law in the brane world cosmology reduces to the standard one, is

low enough and derived approximate analytical expressions for the level of enhancement.

Then, in a series of follow-up papers, they [263, 265, 270, 271] and others [264, 272–274]

(see also [169, 221]), applied these results to specific supersymmetric particle models

and, by assuming a particular dark matter particle candidate, were able to derive con-

straints on the five dimensional Planck mass, M5, which is often used to parameterize

the deviation from the standard expansion law (see section 5.3).

In [224] the authors adopted a model-independent approach and assumed that the dark

matter annihilation cross section is dominated by s−wave processes, taking 〈σv〉 =

σ0. As such, they were able to use the observed dark matter density to constrain the

annihilation cross section as a function of the WIMP mass for varying M5. However, in

their calculation, the authors chose to fix the number of degrees of freedom at g∗(T ) =

106.75, which, as we will show, can lead to considerable errors.

Lastly, it was shown in [165, 224, 271] that the enhanced annihilation cross section

required in the Randall-Sundrum braneworld model allows for a dark matter interpre-

tation of the positron excess originally observed by the HEAT experiment and recently

confirmed by PAMELA [95, 112] and AMS-02 [113].

In this chapter we study the modified evolution of the dark matter density in the

braneworld scenario for both s− and p−wave dominated annihilation cross sections and

numerically verify the approximate analytical expressions derived in [155] (which are

extensively quoted in the literature). In doing so, we dispute the claim made by [273]

that, for some values of M5, the relic abundance in the braneworld scenario is sup-

pressed. Next, we constrain the dark matter annihilation cross section for both the s−
and p−wave cases using the observed dark matter density and compare our results with

those presented in [224] (s−wave only) to highlight the importance of maintaining the

full temperature dependence of g∗(T ), particularly for the s−wave case. We then com-

pare the required annihilation cross section to the latest Fermi-LAT data, allowing us to

3In the standard cosmological scenario, gravitinos (the supersymmetric partner of the graviton) are
overproduced and their energetic decay products disrupt the standard Big Bang Nucleosynthesis picture.
In the braneworld scenario, the enhanced expansion rate dilutes the gravitino abundance and the problem
is resolved.

4The braneworld cosmological effect also modifies both scalar and tensor primordial perturbations and
the consistency relation between them [266, 267]. This results in larger tensor-to-scalar ratios r which
were favoured by the recent BICEP2 measurement [139] with a simple quadratic inflation potential
V (φ) = m2φ2 capable of reproducing the reported value r ' 0.2 [268]. However, with the withdrawal of
the BICEP2 result (see [140]) the situation is unclear [269].
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constrain the five dimensional Planck mass M5 in a model-independent fashion. Finally,

we generalize our discussion to the case of asymmetric dark matter, which, prior to our

publication [178], had not been considered in a braneworld context, and show that the

enhanced expansion rate in the RSII braneworld model implies an amplified asymmetric

detection signal.

5.2 Randall-Sundrum II model

The field equations are derived from a total action of the form [149, 150, 275]

Stot = SM + Smat + SΣ, (5.1)

where SM and Smat are the bulk and brane action integrals and SΣ is a boundary term

required to cancel the extra contributions to the field equations induced by the presence

of the brane. The bulk action integral taken over the five dimensional manifold M is

given by

SM =
1

2κ2
5

∫
M
d5x
√
−g (R− 2Λ5) (5.2)

where g is the determinant of the bulk metric gab
5, R is the five dimensional Ricci scalar

(constructed from gab) and Λ5 is the bulk cosmological constant. We define the constant

κ5 so that

κ2
5 = 8πG5 = M−3

5 , (5.3)

where G5 and M5 are the five dimensional Newton’s constant and Planck mass respec-

tively.6 The matter fields, which are localized on the brane surface ∂M, are included

via

Smat = −
∫
∂M

d4x
√
−hLmat (5.4)

where h is the determinant of the induced metric hµν on the brane surface and Lmat

is the matter field Lagrangian. Varying the total action Stot with respect to the bulk

metric field and solving the (0, 0) component of the resulting equations, we obtain the

modified Friedmann equation in the braneworld scenario [275] (see Appendix F)

H2 =
κ4

5

36
ρ2
b +

Λ5

6
− k

a2
+
C
a4
, (5.5)

where ρb is the total brane energy density, which is the sum of the brane tension σ =

48πM6
5 /M

2
Pl and the energy density of brane matter fields ρ. Substituting ρb = ρ + σ

5Here, lower case indices run over the five dimensions of the bulk spacetime.
6Note that this definition of M5 includes a factor of 8π and can therefore be considered as the reduced

five dimensional Planck mass. This should be compared with our definition of the four dimensional
Planck mass which does not include this factor and is defined as MPl = G−1/2 = 1.22× 1019 GeV.
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into (5.5) gives

H2 =

(
κ4

5

36
σ2 +

Λ5

6

)
+
κ4

5

18
σρ+

κ4
5

36
ρ2 − k

a2
+
C

a4
. (5.6)

In the widely studied Randall-Sundrum type II (RSII) model [150], the brane tension is

fine-tuned so that General Relativity is recovered on the brane surface. Choosing

κ2
5σ =

√
−6Λ5 (5.7)

and introducing the Anti-de Sitter length scale, `, via Λ5 = −6/`2, then the terms in

the brackets cancel and the σρ term in (5.6) becomes the canonical term 8πρ/(3M2
Pl) if

we identify
8π

M2
Pl

=
κ2

5

`
. (5.8)

The expansion rate in the Randall-Sundrum model is then

H2
RS =

8π

3M2
Pl

ρ
(

1 +
ρ

2σ

)
, (5.9)

where the dark radiation term ∝ a−4, which is severely constrained by BBN considera-

tions [276], has been omitted. Besides, the contribution from this term during the era

of dark matter decoupling is negligible compared to that from the ρ2 term.

A novel feature of (5.9) is the presence of the term quadratic in ρ. At high energies (ρ�
2σ) this term dominates the expansion and HRS ∝ ρ. Comparing this to the standard

scenario where HGR ∝ ρ1/2 we see that the early time expansion rate is enhanced in

the RSII braneworld model. As the energy density drops (ρ � 2σ) the quadratic term

becomes negligible and the standard expansion law is recovered.

Writing the modified Friedmann equation (5.9) in terms of the standard cosmology

expression, we have

H2
RS = H2

GR [1 + ZRS(T )] (5.10)

where

ZRS(T ) ≡ ρ

2σ
= g∗ρ(T )

π

2880

M2
Pl

M6
5

T 4 (5.11)

and we have used the Randall-Sundrum tuning to get σ = 48πM6
5 /M

2
Pl and have as-

sumed that ρ ' ρr = π2g∗ρ(T )T 4/30. In the following, we choose to use the five

dimensional Planck mass, M5, as the free parameter that characterizes the departure

from the standard expansion law.

In the RSII braneworld scenario, the modification to the Hubble factor, ZRS(T ), grows as

T 4. Therefore, we expect larger deviations from the standard expansion history at early

times in this model compared to the quintessence and scalar-tensor models considered
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so far. To ensure the modified expansion rate in the RSII braneworld scenario does not

disturb the successful predictions of Big Bang Nucleosynthesis we require ZRS(TB) . 1,

which corresponds to M5 & 1.1× 104 GeV.7

We can also find the relevant upper limit to the five dimensional Planck mass required

to modify particle decoupling which we will denote here as Mmax
5 . Assuming freeze-

out occurs at roughly Tf ≈ mχ/23, the condition ZRS(Tf ) & 1 implies M5 . Mmax
5 =

2×105m
2/3
χ . Again we see that the modification will be amplified for heavier dark matter

particles, since these particles freeze-out at higher temperatures, when the deviation from

the standard expansion history is greater.

5.3 Symmetric dark matter

To begin, we compare the evolution of the comoving dark matter density Y ≡ nχ/s in

the RSII braneworld scenario to the corresponding result in the standard cosmology for

both s− (figure 5.1) and p− (figure 5.2) wave domination and varying M5.8
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Figure 5.1: Evolution of the comoving density Y for varying M5 as a function of
x ≡ mχ/T in the s−wave case. The results have been calculated for a dark matter
particle with mχ = 100 GeV, gχ = 2 and 〈σv〉 = 10−22 cm3s−1. We have also plotted
the density evolution in the standard GR scenario (red) for comparison as well as the
equilibrium density (black).

7More stringent constraints have been placed on M5 from sub-millimeter measurements of the gravita-
tional force [277, 278] and the requirement of a vanishing cosmological constant, however these constraints
are sensitive to the presence of a bulk scalar field [279] and will not be considered here.

8We have chosen a considerably larger dark matter annihilation cross section (compared to the
quintessence case) in figures 5.1 and 5.2 to compensate for the much faster expansion rate in the RSII
model.
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Figure 5.2: Same as figure 5.1 but for a p−wave dominated annihilation cross section,
〈σv〉 = 10−20/x cm3s−1.

Immediately we notice that the enhanced expansion rate in the Randall-Sundrum

braneworld scenario leads to earlier particle freeze-out and an enhanced relic abun-

dance, as expected. Interestingly, however, the post freeze-out evolution of the comov-

ing density in the braneworld scenario is drastically modified compared to the standard

behaviour (red curve) when the dark matter annihilation cross section is predominantly

s−wave (figure 5.1). In this case, the comoving density, Y (x), decays without saturation

between particle freeze-out and freeze-in. This is because the dark matter annihilation

rate Γ = nχ〈σv〉, which, when the dark matter particles have decoupled, usually scales as

Γ ∼ T 3 , struggles to ’overtake’ the enhanced expansion rate in the braneworld scenario,

HRS ∼ T 4. As such, particle annihilations persist and the comoving density can decay

by up to five orders of magnitude (depending on the value of M5) before the standard

expansion rate is restored and freeze-in occurs. This effect is absent for the p−wave case

because, in this instance, the annihilation rate scales as Γ ∼ T 4 and post freeze-out an-

nihilations are damped.9 Consequently, for fixed M5, the relic abundance increases by a

larger factor in the p−wave case than for the s−wave case. This behaviour is illustrated

in figure 5.3 where we compare Γ (solid and dashed curves) with the expansion rate H

(dot-dashed curves).

The trends observed in figures 5.1 and 5.2 can be predicted using the approximate

solution (2.26),

Y (x) '

[∫ x

xf

s〈σv〉
xH

dx

]−1

, (5.12)

9Similarly, this effect was not observed in the kination scenario considered in chapter 3 for either the
s− or p−wave cases because the scaling of the kination expansion rate, HQ ∼ T 3, was not fast enough.
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Figure 5.3: Comparison of the dark matter annihilation rate Γ = n〈σv〉 for both the
s− (blue curve) and p−wave (red curve) annihilation cases compared to the braneworld
expansion rate HRS (dashed-dot purple curve). The results have been calculated as-
suming that 〈σv〉 = 10−22 cm3s−1 for the s−wave case and 〈σv〉 = 10−20 cm3s−1

p−wave case. We have also shown the equilibrium annihilation rates Γeq = neq〈σv〉
(dashed curves) and the standard cosmology expansion rate HGR (dot-dashed black).

where, for now, we have replaced the upper limit in the integral by the variable x to

study the post freeze-out behaviour in the RSII cosmology, leaving our discussion of the

asymptotic solution for later. To evaluate (5.12) we first rewrite the RSII Hubble factor

in terms of x:

H2
RS = H2

GR

[
1 +

(xt
x

)4
]
. (5.13)

Here, xt ≡ mχ/Tt denotes the transition point from the brane expansion era (ρ � 2σ)

to the standard expansion era (ρ� 2σ) and is defined as

x4
t = g∗ρ

π

2880

m4
χ

M6
5

M2
Pl. (5.14)

We note that smaller values of M5 give a larger xt and a greater departure from the stan-

dard expansion history as mentioned in section 5.2. Substituting the expression (5.14)

into (5.12) along with s ' 0.439g∗sm
3
χ/x

3, and taking 〈σv〉 = σnx
−n, the integral be-

comes [155]

Y (x) '

[
λσn

∫ x

xRSf

x−n√
x4 + x4

t

dx

]−1

, (5.15)

where λ ' 0.264(g∗s/
√
g∗ρ)mχMPl. In the limit x� xt, this yields [155]

Y (x) ' x2
t

λσ0
(x− xf )−1 ; n = 0 (s− wave), (5.16)
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and

Y (x) ' x2
t

λσ1

[
ln

(
x

xf

)]−1

; n = 1 (p− wave). (5.17)

The expressions (5.16) and (5.17) show that the comoving density Y (x) continues to

decay without saturation for xf < x < xt. This behaviour was originally observed

in [155] and is a characteristic feature of braneworld cosmology.

Given the post freeze-out evolution in the braneworld scenario, we stress the importance

of maintaining the full temperature dependence of g∗(T ) when integrating the Boltzmann

equation (2.6). This term varies by more than an order of magnitude between T ∼ 103

GeV and T ∼ 10−5 GeV (see figure B.1) and neglecting this effect can lead to significant

errors (see figure 5.7).

Next, we show the enhancement factor ΩRS
DM/Ω

GR
DM for the relic density in the braneworld

scenario, ΩRS
DM, compared to the corresponding standard cosmology result, ΩGR

DM, for both

the s− and p−wave cases in figure 5.4. These results match (despite one key conclusion,

see below) those contained in figure 1 of [280], which considers the p−wave case only.
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Figure 5.4: Ratio of the relic abundance in the braneworld scenario and the corre-
sponding abundance in the standard scenario as a function of M5 for varying WIMP
mass. The results have been calculated for both s− (solid) and p−wave (dashed) cases
with 〈σv〉 = 10−22 cm3s−1 and 〈σv〉 = 10−20/x cm3s−1, respectively for the two cases.

At large M5 the deviation from the standard expansion history at the time of dark

matter decoupling is negligible and the brane world relic abundance saturates to the

standard result. However, for smaller M5, dark matter decoupling is modified and the

relic density can be enhanced by more than several orders of magnitude. In fact, for the

smallest value of M5 permitted by BBN constraints (namely, M5 ≈ 1.1 × 104 GeV) we
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find that in the s−wave case, the ratio ΩRS
DM/Ω

GR
DM can be as large as 400, 5000 and 5×104

for WIMP masses of mχ = 10 GeV, 100 GeV and 1 TeV respectively. The amplification

is even larger in the p−wave case, with ΩRS
DM/Ω

GR
DM greater than 2×104, 1.5×106 and 108

for mχ = 10, 100 and 1000 GeV respectively. The difference in amplification between

the two cases follows from the different post freeze-out evolution in the s− and p−wave

cases.

Lastly, we note that the scale at which the modification parameter M5 becomes effective

matches well the estimate given in the previous section, Mmax
5 ∼ 2 × 105m

2/3
χ , and is

the same for both the s− and p−wave cases.

The authors [280] reported a slight suppression in the braneworld relic abundance for

M5 & 5×106 GeV when the annihilation cross section is dominated by p−wave processes.

However, we find that the ratio ΩRS
DM/Ω

GR
DM is strictly greater than or equal to 1 for all

values of M5, in contradiction to this claim.

We have also checked the sensitivity of ΩRS
DM/Ω

GR
DM to the dark matter annihilation cross

section and found that when 〈σv〉 is changed by an order of magnitude, this ratio changes

by only 10 − 15%, indicating that the results in figure 5.4 are relatively insensitive to

〈σv〉.

The asymptotic density can be estimated using (5.15) by taking the limit x → ∞, in

which case we get [155]

Y (∞) ' 0.54
xt
λσ0

; n = 0 (s− wave), (5.18)

and

Y (∞) ' x2
t

λσ1 ln (xt)
; n = 1 (p− wave). (5.19)

In deriving (5.18) and (5.19) we have also assumed that xt � xRSf where xRSf is the

freeze-out point in the Randall-Sundrum scenario given by

xRSf ' ln
[
(2 + c)λσnac/x

2
t

]
−
(
n− 3

2

)
ln
{

ln
[
(2 + c)λσnac/x

2
t

]}
. (5.20)

Therefore, these expressions are only valid if particle decoupling occurs deep in the

braneworld expansion era. Interestingly, the asymptotic densities in both the s− and

p− wave cases depend on the transition point, xt, between the braneworld and standard

expansion eras instead of the freeze-out point xf . Inserting the expression for the tran-

sition point (5.14), we see that the asymptotic density scales as Y (∞) ∼ M
−3/2
5 and

Y (∞) ∼M−3
5 / lnM5 in the s− and p−wave cases respectively.
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Comparing these results with the standard approximation (2.28), we see that for the

s−wave (n = 0) case, the relic density in the Randall-Sundrum braneworld model is

boosted by a factor of [155]
ΩRS

DM

ΩGR
DM

' 0.54
xt

xGRf
(5.21)

and for the p−wave (n = 1) case, by a factor of

ΩRS
DM

ΩGR
DM

' x2
t

2
(
xGRf

)2
lnxt

. (5.22)

These two approximate expressions, which are frequently quoted in the literature (in

particular the s−wave result), are compared to the numerical results in figures 5.5 and 5.6

for the s− and p−wave cases respectively.
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Figure 5.5: Comparison of the numerical results (solid) and the approximate ex-
pression (5.21) (dashed with crosses) and (5.23) (dot-dashed with open circles) for the
braneworld enhancement ratio ΩRSDM/Ω

GR
DM for the s−wave case using the same param-

eter values as figure 5.4.

In general, we find that both approximations give predictions below the numerical result.

Even in the limit xt � xRSf the difference can be as large as 70%, indicating that the

expressions (5.21) and (5.22) should only be used as a rough estimate.

However, we can improve our approximate results by abandoning the assumption xt �
xRSf , and by evaluating the integral (5.15) for the general case. This gives [155]

Y (∞) '
xRSf
λσ0

2F1

1

4
,
1

2
;

5

4
; −

(
xt

xRSf

)4


−1

; s− wave (5.23)
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Figure 5.6: Comparison of the numerical results (solid) and the approximate ex-
pression (5.22) (dashed with crosses) and (5.24) (dot-dashed with open circles) for the
braneworld enhancement ratio ΩRSDM/Ω

GR
DM for the p−wave case using the same param-

eter values as figure 5.4.

and

Y (∞) ' 2x2
t

sinh−1
(
xt/xRSf

)2
σ1

; p− wave, (5.24)

where 2F1 [a, b; c;x] is the hypergeometric function.

In figures 5.5 and 5.6 we have also shown the approximations (5.23) and (5.24) (dot-

dashed curves with open circles). In the s−wave case, the generalized approxima-

tion (5.23) performs almost as poorly as the simplified approximation (5.21). The

reason neither expression can accurately reproduce the numerical results is because in

the s−wave case, the comoving density continues to decay without saturation follow-

ing particle freeze-out and the variation in g∗(T ), which we have assumed is fixed when

evaluating the integral (5.15) for Y (∞), can modify the asymptotic value (see figure 5.7).

In contrast, for the p−wave case there is excellent agreement between the approximate

solution (5.24) and the numerical results for M5 . 2 × 105m
2/3
χ , or, equivalently, xt &

xRSf . This is because in the p−wave case the comoving density Y (x) varies much less

after particle freeze-out and the variation in g∗(T ) is less significant (see figure 5.8).

Following [224], we use the observed dark matter relic density, ΩDMh
2 = 0.1188, to

constrain the dark matter annihilation cross section 〈σv〉 as a function of the WIMP

mass mχ for varying M5. The results are shown in figures 5.7 and 5.8 for the s− and

p−wave cases respectively. In each figure we have calculated the required annihilation

cross section by first assuming that the number of relativistic degrees of freedom g∗(T )
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is fixed (dashed curves), as in [224] where the authors set g∗(T ) = 106.75 (and hence

ζ(x) = 1), and, then, by maintaining the full temperature dependence of g∗(T ) (solid

curves).
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Figure 5.7: Required annihilation cross section (s−wave) in the braneworld scenario
as a function WIMP mass for varying M5. The solid curves correspond to the varying
g∗ = g∗(T ) results, whereas the dashed curves have been calculated for fixed g∗ =
106.75. The black curves correspond to the standard cosmology result.
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Figure 5.8: Same as figure 5.7 but for p−wave annihilation.

In the s−wave case (figure 5.7), the results show that neglecting the temperature depen-

dence of g∗(T ) can produce large errors, reaching up to a factor of nearly two for small

values of M5; the error increases with decreasing M5 because reducing M5 extends the
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gap between freeze-out and freeze-in and the change in g∗(T ) becomes more important.

The p−wave results are much less sensitive to the variation in g∗(T ) and only differ for

small WIMP masses, mχ . 10 GeV. Therefore, the results in [224], where they consider

s−wave processes for fixed g∗, are inaccurate.

Variation in g∗(T ) aside, figures 5.7 and 5.8 show that the required annihilation cross

section 〈σv〉, much like the dark matter relic abundance, can be amplified by many orders

of magnitude. For s−wave annihilation, 〈σv〉 can be as large as ∼ 10−20 cm3s−1 when

the five dimensional Planck mass assumes its minimum allowed value M5 = 1.1 × 104

GeV and mχ = 10 TeV; and for p−wave annihilation, the cross section can be as large

as ∼ 10−14 cm3s−1. These two values are some four and ten orders of magnitude larger

than their respective canonical values.

To estimate the required annihilation cross section, we can invert the approximate so-

lutions (5.18) and (5.19), in which case we find that, for s−wave,

σ0 ' 1.5× 108 mχxt
λΩDMh2

GeV−2, (5.25)

and, for p−wave

σ1 ' 2.75× 108 mχxt
λΩDMh2 ln(xt)

GeV−2. (5.26)

Finally, in figure 5.9, we compare the s−wave results from figure 5.7 with the latest data

from the Fermi-LAT satellite to constrain the five dimensional Planck mass, M5. This

figure shows that values of M5 . 105 GeV are mostly excluded (except in the low WIMP

mass region where Fermi-LAT data is unavailable) for all annihilation channels studied.

That said, values of the five dimensional Planck mass as small as M5 ' 106 GeV are

certainly permitted and even satisfy the most stringent constraints arising from the uū

and bb̄ annihilation channels.

5.4 Asymmetric dark matter

To complete our discussion, we extend the findings from the previous section to asym-

metric dark matter models and use the observed dark matter abundance to constrain

M5 and the asymmetry parameter C ≡ Yχ − Yχ̄. The results, which are presented in

figures 5.10 and 5.11, have been extracted from our publication [178].

In figures 5.10 (s−wave) and 5.11 (p−wave) we plot the contours in the (〈σv〉, C) plane

that give the correct relic abundance for varying M5 for mχ = 10 GeV (left) and mχ =

100 GeV (right). The red and yellow curves correspond to M5 = 106 GeV and M5 = 105

GeV respectively and the blue curve gives the standard cosmology result.
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Figure 5.9: Required s−wave annihilation cross section in the braneworld scenario as
a function WIMP mass for varying M5. We have also included the standard cosmology
result (dashed black) for reference as well as the Fermi-LAT constraints for the e+e−

(dashed purple), µ+µ− (dashed green), τ+τ− (dashed light blue), uū (dashed maroon),
bb̄ (dashed blue) and W+W− (dashed red) annihilation channels.
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Figure 5.10: Iso-abundance contours in the (〈σv〉, C) plane for s−wave annihilation
corresponding to the observed dark matter abundance ΩDMh

2 = 0.1188 for mχ = 10
GeV (left) and mχ = 100 GeV (right). The contours shown are for M5 = 106 GeV
(solid red curve) and M5 = 105 GeV (solid yellow curve). Also shown is the standard
cosmology result (solid blue curve). We have superimposed the constraints derived
from the Fermi-LAT gamma ray data [125] with the regions below the dark purple
and magenta (dot-dashed) curves excluded for the µ+µ− and bb̄ annihilation channels
respectively. We have also indicated the region (below the dot-dashed blue curve) for
which the asymmetric detection signal in the Randall-Sundrum scenario exceeds the
symmetric signal in the standard scenario.
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Figure 5.11: Same as figure 5.10 but for p−wave annihilation.

The faster expansion rate in the braneworld scenario shifts the required annihilation

cross section towards higher values (to the right in figures 5.10 and 5.11), and in the

limit xt � xf , the relationship between the annihilation cross section and the asymmetry

can be derived using (2.53) and (5.18),

σ0 '
1.08xt
λC

coth−1
(ω
C

)
; s− wave (5.27)

and (5.19)

σ1 '
2x2

t

λC lnxt
coth−1

(ω
C

)
; p− wave (5.28)

where ω = ΩDMh
2/(2.75× 108mχ).

Just as we saw in the quintessence model (chapter 3), the enhanced annihilation cross

section in the braneworld scenario indicates that the asymmetric annihilation rate can

produce a detectable signal that is even stronger than the symmetric signal predicted in

the standard scenario. From section 2.4.6 this situation is realized if,

〈σv〉GR < γ〈σv〉RS (5.29)

where 〈σv〉GR and 〈σv〉RS are the symmetric and asymmetric annihilation cross sec-

tions in the standard and braneworld cosmological scenarios respectively, and γ ≡
2YχYχ̄/ (Yχ + Yχ̄)2 is a damping factor induced by the asymmetry between the particles,

χ, and antiparticles, χ̄. The dashed-dot blue line in figure 5.10 indicates the boundary

〈σv〉GR = γ〈σv〉RS with the region below this curve satisfying the condition (5.29).

In figure 5.10 we have also indicated the upper limit to the annihilation cross section

derived from the Fermi-LAT data for the µ+µ− (dot-dashed magenta) and bb̄ (dot dashed

purple) for illustration only, with the allowed region lying to the left of these curves.

Combining the Fermi-LAT constraints with the condition (5.29), we see that the allowed
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region capable of producing an enhanced asymmetric detection signal is given by

〈σv〉GR < γ〈σv〉RS < 〈σv〉Fermi, (5.30)

where 〈σv〉Fermi is the annihilation cross section derived from the Fermi-LAT data, and

lies between the dot-dashed blue and dot-dashed magenta(purple) curves in figure 5.10.

Although this region is smaller for the mχ = 10 GeV case, owing to the more stringent

Fermi-LAT constraints, figure 5.10 shows that an enhanced asymmetric annihilation

signal is certainly possible.

5.5 Summary

In this chapter we have investigated the relic abundance of dark matter in the Randall-

Sundrum type II braneworld model and numerically verified the analytical results de-

rived in [155]. Specifically, we have shown that the dark matter relic abundance can be

enhanced by up to a factor of ∼ 40mχ and ∼ 100m2
χ for the s− and p−wave cases respec-

tively when the five dimensional Planck mass assumes the minimum value permitted by

BBN constraints, namely M5 = 1.1× 104 GeV. These results should be compared with

the corresponding enhancement factors found in the kination scenario (see chapter 3)

where the maximum enhancement only reached O(10mχ) for both the s− and p−wave

cases. The larger enhancements factors produced here derive from the faster expansion

rate in the braneworld scenario which scales as HRS ∼ T 4 compared with the kination

scenario where HQ ∼ T 3.

Notably, we have disputed the claim made by [273] that for M5 & 5 × 106 GeV the

relic abundance in the braneworld scenario is suppressed. Instead, we find that the ratio

ΩRS
DM/Ω

GR
DM is strictly greater than or equal to 1 for all values of M5. This result follows

naturally from the fact that the braneworld expansion rate HRS is greater than (or equal

to) the standard expansion rate HGR at all times.

We also used the observed dark matter density to constrain the annihilation cross section

as a function of WIMP mass for varying M5 in both the s− and p−wave dominated

cases. We found that neglecting the temperature dependence of the number of degrees

of freedom g∗(T ), as done in [224], can incur errors by up to a factor of two. Then,

comparing these results to Fermi-LAT data we were able to place model-independent

constraints on the five dimensional Planck mass M5 and found that values of M5 . 105

GeV are excluded for all annihilation channels considered, however, values as small as

M5 & 106 GeV are still permitted.
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Finally, within the context of asymmetric dark matter models, we found that the en-

hanced annihilation cross section required by the faster braneworld expansion rate leads

to an enhanced asymmetric detection signal. In particular, we showed that the asymmet-

ric detection signal in the RSII braneworld model can be even larger than the symmetric

signal in the standard cosmological scenario, whilst still respecting the Fermi-LAT ob-

servations.

The Randall-Sundrum type II model represents a first attempt to phenomenologically

realize some of the complex ideas arising from string theory and M-theory. In the next

chapter we consider a more complete example in this direction; an extended version of

the RSII model that incorporates a higher order curvature correction in the bulk action

integral, known as the Gauss-Bonnet term.



Chapter 6

Gauss-Bonnet Braneworlds

6.1 Introduction

In this chapter we consider an extension of the RSII model which incorporates a Gauss-

Bonnet (GB) higher order curvature term in the bulk action integral, thus modifying

the braneworld dynamics at high energies.1 The relic density of dark matter in the

Gauss-Bonnet braneworld scenario has been studied by Okada and Okada in [158] for

the case of symmetric dark matter. The GB braneworld effect is treated approximately

through the use of a simple multiplicatively modified Hubble expansion which can be

interpreted as a multiplicatively modified annihilation cross section in the Boltzmann

rate equation and allows the development of an approximate analytic expression for the

asymptotic relic abundance. They found that the expansion rate was reduced in the GB

model, delaying particle freeze-out and leading to a suppressed relic abundance. This

is in direct contrast to the behaviour observed in the RSII braneworld model. This

finding, however, is based upon a highly contrived situation in which the Gauss-Bonnet

expansion era evolves directly into a standard General Relativity expansion era, rather

than passing through a Randall-Sundrum expansion era as is the general case. This

collapse of the RS era requires equating the mass scale mα of the GB modification

and the mass scale mσ of the brane tension. However, if the GB contribution is to

be considered as the lowest order correction from string theory to the RS action, we

would expect mα > mσ. It is therefore important to investigate the effect upon the relic

abundance of choosing more realistic values for the ratio Rm ≡ mα/mσ of these two

mass scales.

1The inclusion of a GB term also affects early universe inflation and the magnitude of scalar and
tensor primordial perturbations. For recent studies see [267, 281–285].

113



Chapter 6. Gauss-Bonnet Braneworlds 114

In this chapter we revisit the calculation of the relic abundance of dark matter in the

GB scenario and study the effects of breaking the assumption Rm = 1 made by [158],

replacing it by more realistic values. We also extend the investigation to consider both

symmetric and asymmetric dark matter species and discuss the implications for dark

matter detection experiments and dark matter particle models.

In the next section we introduce the action integral for the braneworld bulk which

includes the Gauss-Bonnet higher order curvature term and discuss the modified Fried-

mann equation in this model. Then, in section 6.3, we calculate the dark matter relic

abundance in the Gauss-Bonnet braneworld scenario before deriving constraints on the

GB model parameters using the observed relic density. This is repeated for the case

of asymmetric dark matter in section 6.4 and, finally, in section 6.5 we summarize our

results.

6.2 Gauss-Bonnet Braneworlds

The Randall-Sundrum braneworld model derived from the five dimensional Einstein-

Hilbert action can be considered as a low energy effective model of some higher order

field theory such as string theory or M-theory [286]. Since our interest in the model lies

in the high energy regime where additional quantum corrections in the bulk action may

contribute to the braneworld dynamics, we include the leading order correction from

heterotic string theory, known as the Gauss-Bonnet term LGB [287], which is given by2

LGB = R2 − 4RabR
ab +RabcdRabcd. (6.1)

Inclusion of higher order curvature terms generally leads to fourth order equations of

motion. However, in five dimensions, the GB combination of invariants constructed from

the Riemann tensor Rabcd is of particular significance since it is the unique combination

that leads to second order gravitational field equations in the bulk metric which are

symmetric, divergenceless and ghost free [288].3

Inclusion of the Gauss-Bonnet term modifies the Randall-Sundrum action so that the

action integral for the GB braneworld model, taken over the five dimensional bulk space-

time M, is

SM =
1

2κ2
5

∫
M
d5x
√
−g [R− 2Λ5 + αLGB], (6.2)

2Here, lower case indices run over the five dimensions of the bulk spacetime.
3By ghosts we mean negative-norm ’tachyonic’ states that violate unitarity.
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where g is the determinant of the bulk metric gab, R is the five dimensional Ricci scalar

and Λ5(< 0) is the bulk cosmological constant. We have parameterized the GB con-

tribution through the coupling α which, if this contribution is to be considered as the

lowest order correction from string theory to the Randall-Sundrum action, must sat-

isfy [281, 282] α|R2| � |R|. Consequently, α � `2 where ` is the bulk curvature scale

|R| ∝ `−2. Introducing the associated energy scale µ ≡ `−1, we then require

β ≡ 4αµ2 � 1. (6.3)

The matter fields, which are localized on the brane surface ∂M, are included via

Smat = −
∫
∂M

d4x
√
−h [Lmat + σ], (6.4)

where h is the determinant of the induced metric hµν on the brane surface, Lmat is

the matter field Lagrangian and σ(> 0) is the brane tension. Varying the total action

Stot = SM + Smat (+ boundary terms) with respect to the metric field, and solving the

resulting field equations, yields the modified Friedmann equation for the GB braneworld

scenario [289, 290]

κ2
5 (ρ+ σ) = 2µ

√
1 +

H2

µ2

(
3− β + 2β

H2

µ2

)
, (6.5)

where ρ is the energy density of matter fields on the brane and β = 1−
√

1 + 4αΛ5/3.

The modified Friedmann equation (6.5) clearly predicts non-standard behaviour for the

expansion of the universe. However, in the low energy limit, equation (6.5) reduces to

the standard expansion law for a flat universe

H2 =
8π

3M2
Pl

ρ+
Λ4

3
, (6.6)

provided we identify [284]4

κ2
4 ≡

8π

M2
Pl

=
µ

1 + β
κ2

5. (6.7)

Additionally, requiring that the four dimensional cosmological constant Λ4 vanishes gives

κ2
5σ = 2µ (3− β) , (6.8)

which is equivalent to the familiar Randall-Sundrum tuning (5.7) in the limit α→ 0.

4For comparison with the previous chapter, we note that µ and β are related to the five dimensional
Planck mass M5 via

M3
5 =

µ

1 + β

M2
Pl

8π
.
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As shown in [291], it is possible to solve equation (6.5) to get an explicit expression for

the Hubble factor H;

H2 =
µ2

β

[
(1− β) cosh

(
2χ

3

)
− 1

]
, (6.9)

where χ is related to the energy density ρ via

ρ+m4
σ = m4

α sinhχ, (6.10)

and the two mass scales mα and mσ, which correspond to the GB correction and the

brane tension respectively, are given by

m4
α =

√
8µ2(1− β)3

βκ4
5

, m4
σ = σ. (6.11)

Substituting in the constraints (6.7) and (6.8), mα and mσ can be written in terms of

the two remaining free parameters µ and β as

m4
α = 2

µ2

κ2
4

√
2(1− β)3

β(1 + β)2
, m4

σ = 2
µ2

κ2
4

(
3− β
1 + β

)
. (6.12)

Since the Gauss-Bonnet term is a high energy correction to the regular Randall-Sundrum

action, we expect β � 1. This motivates us to introduce the quantity

Rm ≡
mα

mσ
=

[
2(1− β)3

β(3− β)2

]1/8

, (6.13)

which measures the ratio of the two mass scales and depends only on β. The two mass

scales are equal for β = 0.1509 but, as we expect β � 1, the general situation will be

Rm > 1.

Before choosing specific values of β, we first discuss the evolution of the modified ex-

pansion rate in the generalized Gauss-Bonnet scenario. By expanding (6.5) in the high,

intermediate, and low energy limits, we see that the Hubble factor evolves through three

distinct expansion regimes, characterized by the mass scales mα and mσ [158, 281]:

1. the GB regime: ρ� m4
α

H2 '
(

1 + β

4β
µκ2

4ρ

)2/3

, (6.14)
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Figure 6.1: Modified expansion rate in the Gauss-Bonnet scenario (solid blue curve)
for µ = 10−22 GeV and β = 10−15. We have assumed that the energy density is
radiation dominated for the period shown, taking ρ = ρr = π2 g∗(T )T 4/30. The various
expansion regimes through which the Hubble parameter evolves are indicated, together
with the standard expansion rate (dashed black curve) for reference.

2. the RS regime: m4
α � ρ� m4

σ

H2 ' κ2
4

6m4
σ

ρ2, (6.15)

3. the standard regime: m4
σ � ρ

H2 ' κ2
4

3
ρ. (6.16)

At early times, during the Gauss-Bonnet regime, the expansion rate of the universe H ∼
ρ1/3 falls more slowly than the standard expansion law H ∼ ρ1/2. Later, the universe

evolves into a Randall-Sundrum type era with an enhanced expansion H ∼ ρ, before

finally reducing to the standard expansion law in the low energy limit (see figure 6.1).

The duration of the Randall-Sundrum regime is determined by the magnitude of Rm ≡
mα/mσ: when Rm is small, the RS era is short and the expansion rate passes quickly

from the Gauss-Bonnet era to the standard era; when Rm is large, the duration of the

Randall-Sundrum era is extended. Using the expression for Rm (equation (6.13)) we see

that these two cases correspond to β . 0.1509 and β → 0, respectively.

The investigation by [158] chose to collapse the Randall-Sundrum era by equating mα =

mσ, setting β = 0.1509. In this case, the early time expansion rate is always slower than

(or equal to) the standard expansion rate. The slower expansion rate delays dark matter

particle freeze-out and suppresses the relic abundance. This is obviously a contrived
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scenario considering the Gauss-Bonnet term is a high energy correction to the Randall-

Sundrum action and we expect mα > mσ, corresponding to β � 1. In the next section

we will show that the unnatural choice of β = 0.1509 and the conclusions drawn in [158]

misrepresent the typical behaviour of the relic density in the Gauss-Bonnet braneworld

model and that, in fact, the dark matter abundance tends to be enhanced rather than

suppressed when realistic values of β are used.

To determine which parameter values sufficiently modify the early time expansion rate

so as to affect dark matter decoupling, we first rewrite equations (6.14) and (6.15) in

terms of the dimensionless parameter x ≡ mχ/T ,

HGB = HGR

(
x

xGBt

)2/3

, (6.17)

HRS = HGR

(
xRSt
x

)2

, (6.18)

where

(
xGBt

)4 ' 0.195 g∗(Tt)m
4
χ

(
β

1 + β

)2 κ2
4

µ2
, (6.19)

(
xRSt

)4 ' 0.082 g∗(Tt)m
4
χ

(
1 + β

3− β

)
κ2

4

µ2
, (6.20)

and we have assumed that the energy density at the time of decoupling is radiation

dominated with ρr = π2g∗ρ(T )T 4/30. The quantity xRSt effectively denotes the transition

point between the Randall-Sundrum expansion era and the standard expansion era.

Anticipating that particle freeze-out occurs at xf & 10, we can derive an upper limit

µ . 3 × 10−21m2
χ GeV on the relevant range of µ; for larger values, the standard

expansion rate is restored prior to particle freeze-out and decoupling is unaffected.

Finally, in order to preserve the successful predictions of BBN, the standard expansion

law HGR must be restored prior to T = 1 MeV. Thus we require xRSt . 103mχ, which,

using (6.20), gives the conservative bound

µ & 1× 10−25 GeV. (6.21)

6.3 Symmetric Dark Matter

Before solving the Boltzmann equation (2.6) numerically, we first derive approximate an-

alytic formulae for the asymptotic comoving density using the general expression (2.26)
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derived in chapter 2,

Y (∞) '

[∫ ∞
xf

s〈σv〉
xH

dx

]−1

(6.22)

remembering that, in the Gauss-Bonnet braneworld scenario, the universe first passes

through a Gauss-Bonnet and then a Randall-Sundrum type expansion era before relaxing

to the standard expansion law (see previous section). Then, taking H = HGB (equa-

tion (6.17)), we find that if decoupling occurs during a Gauss-Bonnet type expansion

regime [158],

Y GB
∞ ' 5

3

(xGBf )5/3

λGB〈σv〉
, (6.23)

where, in terms of λGR ' 0.264(g∗s/
√
g∗ρ)mχMPl,

λGB = λGR
(
xGBt

)2/3
'

[(
β

1 + β

)
g2
∗
m5
χ

µκ2
4

]1/3

. (6.24)

The GB freeze-out point is

xGBf ' ln [(2 + c)λGB〈σv〉ac]−
7

6
ln {ln [(2 + c)λGB〈σv〉ac]} (6.25)

where a ' 0.145(gχ/g∗s) and c ≈ 0.6 is a numerical constant. Similarly, if decoupling

occurs during the Randall-Sundrum era, we get [155]

Y RS
∞ ' 0.54xRSt

λGR〈σv〉
, (6.26)

which we note is independent of the freeze-out point xf (provided xRSt � xf ).

Comparing equations (6.23) and (6.26) with the standard expression (2.28)

Y GR
∞ '

xf
λGR〈σv〉

, (6.27)

we see that the asymptotic comoving density can be either suppressed or enhanced de-

pending on the relative magnitude of µ and β and the timing of particle decoupling.

More specifically, if decoupling occurs during the Gauss-Bonnet era, the comoving den-

sity may be either enhanced or suppressed, whereas, if decoupling occurs during the

Randall-Sundrum era, the comoving density is always enhanced.

In this chapter we consider only the s−wave annihilation case since our general conclu-

sions relating to whether (rather than by how much) the relic density is enhanced or

suppressed will be independent of whether 〈σv〉 is s−wave or p−wave.
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Figure 6.2: Ratio of the relic abundance in the GB scenario to the standard result
for 〈σv〉 = 2× 10−26 cm3s−1 as a function of µ for β = 10−15 (blue curve), β = 10−10

(red curve), β = 10−5 (yellow curve) and β = 0.151 (purple curve). The left and right
panels correspond to WIMP masses mχ = 10 GeV and 100 GeV respectively.

To determine which parameter combinations lead to suppression, and which lead to

enhancement, we can equate equations (6.23) and (6.26) with the standard cosmology

result (6.27). Rearranging for µ, we find that the relic abundance is enhanced for the

interval5

7× 10−22m2
χ

(
β

1 + β

)
. µ . 3× 10−21m2

χ, (6.28)

and suppressed for

µ . 7× 10−22m2
χ

(
β

1 + β

)
. (6.29)

For µ & 3×10−21m2
χ, the standard expansion rate is restored prior to particle decoupling

and the predicted value of ΩDMh
2 reduces to the canonical result.

In figure 6.2 we plot the ratio of the predicted relic abundance in the general Gauss-

Bonnet scenario to the standard cosmology result as a function of µ for varying β.

Immediately we see that the ratio ΩGB
DM/Ω

GR
DM (much like the expansion rate H) can be

split up into three distinct regions: for small µ (and large β), the relic density increases

with increasing µ (and decreasing β), reaching a maximum that is approximately given

by6

Ωmax
DM h2 ∼ 9× 10−11

(
β1/5〈σv〉

)−1
; µmax ∼ 5× 10−22 (mχβ

1/5)2 GeV. (6.30)

In this region, decoupling occurs during the Gauss-Bonnet expansion era and the relic

density can be estimated using (6.23). Next, for µ & µmax, the relic density decreases

with increasing µ and is relatively independent of β. Here, decoupling occurs during

5To derive (6.28) and (6.29) we have assumed that the freeze-out point is roughly constant. In doing
so we have neglected a logarithmic dependence on the annihilation cross section 〈σv〉.

6The parameter dependence of the maximum can be derived by equating (6.23) with (6.26). Note,
however, that the numerical constants are only approximate because we have not taken into account the
variation in xf .
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the Randall-Sundrum era and each curve approaches the Randall-Sundrum result [155].

Finally, when µ & 3 × 10−21m2
χ, each curve reduces to the standard cosmology result.

Hence, for the purpose of estimating the relic density, three approximate regimes can be

identified:

µ . 5× 10−22m2
χβ

2/5 : GB regime (6.31)

5× 10−22m2
χβ

2/5 . µ . 3× 10−21m2
χ : RS regime (6.32)

µ & 3× 10−21m2
χ : GR regime (6.33)

within which equations (6.23), (6.26) and (6.27) for Y∞ would be appropriately used.

Figure 6.2 shows that the dark matter relic abundance may be either enhanced or sup-

pressed by up to two or more orders of magnitude, depending on the values of µ and

β. We must stress, however, that as the value of β is reduced, the predicted relic den-

sity tends towards the Randall-Sundrum result, and is therefore enhanced. Also, since

µ & 10−25 GeV is bounded from below by BBN constraints, suppression is only possible

if β & 1.4 × 10−4/m2
χ, corresponding to the condition Rm . 3.3m

1/4
χ . Furthermore, it

is only for the particular case considered in [158], that is β = 0.1509 (Rm = 1) (purple

curve), that ΩDMh
2 is exclusively suppressed. In fact, for the parameter values consid-

ered in [158], we find that the authors underestimate the value of ΩDMh
2 by 15%. In

any case, for reasonable values of β (and Rm) the relic density is typically enhanced.

We can invert these results to find the annihilation cross section required to produce

the observed relic density ΩDMh
2 = 0.1188. In figure 6.3 we plot this cross section as

a function of µ for varying β along with the Fermi-LAT constraints [125]. The cross

section, which is inversely proportional to ΩDMh
2, exhibits similar behaviour to the

relic density curves presented in figure 6.2 in that the three regimes — Gauss-Bonnet,

Randall-Sundrum and standard — are immediately apparent.

The required cross section in each regime can be estimated by rearranging the approxi-

mate expressions (6.23), (6.26) and (6.27) and substituting in the observed relic density

ΩDMh
2. Thus, if decoupling occurs deep in the Gauss-Bonnet era, the required annihi-

lation cross section is given by

〈σv〉 ' 2.0× 10−22

(
1 + β

β

µ

m2
χ

)1/3

(
xGBf

)5/3

ΩDMh2
cm3s−1. (6.34)

Similarly, if decoupling occurs during the Randall-Sundrum era,

〈σv〉 ' 9.4× 10−38

[(
1 + β

3− β

)
1

µ2

]1/4 mχ

ΩDMh2
cm3s−1, (6.35)
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Figure 6.3: Required annihilation cross section 〈σv〉 for a symmetric WIMP as a
function of µ for β = 10−15 (blue curve), β = 10−10 (red curve), β = 10−5 (yellow curve)
and β = 0.151 (purple curve). Also shown is the corresponding result for a pure Randall-
Sundrum scenario (dot-dashed black curve) as well as the Fermi-LAT constraints [125]
for the bb̄ (dot-dashed purple) and µ−µ+ (dot-dashed magenta) channels. The left and
right panels correspond to WIMP masses mχ = 10 GeV and 100 GeV respectively.

which is relatively independent of β. For µ & 3 × 10−21m2
χ, the transition point xRSt

precedes the freeze-out point and we recover the canonical result 〈σv〉 ' 〈σv〉GR '
2.03× 10−26 cm3s−1 and 〈σv〉 ' 〈σv〉GR ' 2.21× 10−26 cm3s−1 for mχ = 100 GeV and

mχ = 10 GeV respectively.

6.4 Asymmetric Dark Matter

Since both suppression and enhancement of the dark matter relic density are possible

in the Gauss-Bonnet braneworld scenario, these models are capable of driving an asym-

metric dark matter model towards both the weakly and strongly asymmetric regimes

discussed in section 2.4. To determine which parameter values correspond to each, we

use the results derived in the previous section for symmetric dark matter where we saw

that the relic density was enhanced for the interval (6.28),

7× 10−22m2
χ

(
β

1 + β

)
. µ . 3× 10−21m2

χ, (6.36)

and suppressed for the interval (6.29)

µ . 7× 10−22m2
χ

(
β

1 + β

)
. (6.37)

Therefore, for a fixed value of the asymmetry C, these two cases would drive the dark

matter species towards the weakly or strongly asymmetric regimes respectively.
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Then, depending on the timing of freeze-out (see equations (6.31)-(6.33)), the cross sec-

tion and asymmetry can be related by substituting (6.23), (6.26) and (6.27) into (2.53),

〈σv〉 ' A

C
coth−1

(ω
C

)
×


10
(
xGBf

)5/3
/(3λGB) ; (GB regime)

1.1xRSt /λGR ; (RS regime)

2
(
xGBf

)
/λGR ; (GR regime)

(6.38)

where ω = ΩDMh
2/(2.75× 108mχ) and A = 1.167× 10−17cm3s−1.

The numerical results for the required annihilation cross section are plotted in figures 6.4

and 6.5 (solid curves) for mχ = 100 GeV and mχ = 10 GeV respectively. The different

curves within each panel correspond to different values of µ and we have reduced the

magnitude of β in the successive panels. In each figure we plot the standard cosmology

result (black curve) for reference.

Since the vertical section of each curve corresponds to the weakly asymmetric regime,

the position of the vertical asymptotes can be deduced from figure 6.3 (with allowance

for the additional factor of two due to the χ and χ̄ contributions). When the annihilation

cross section is enhanced in figure 6.3, the curves in figures 6.4 and 6.5 will be shifted

to the right of the standard cosmology result. Similarly, when the symmetric cross

section is suppressed, the asymmetric curves will be shifted towards the left. Thus the

symmetric cross section determines the vertical asymptote of the required asymmetric

cross section.

Consequently, just like the symmetric case, the required annihilation cross section is

reduced for all values of µ when β = 0.1509 (panel 1), getting smaller with decreasing µ.

Then, as the magnitude of β is decreased (in successive panels), the curves are shifted

towards larger cross sections. There is a limit however, to how much each curve is shifted

for a fixed value of µ. For example, in figure 6.4, the µ = 10−19 GeV case (solid blue

curve) is shifted to higher cross sections when β is reduced from β = 0.1509 to β = 10−5

(i.e. going from panel 1 to panel 2). But, as the value of β is reduced further in the

successive panels, the curve does not move. The same thing happens for the µ = 10−22

GeV case (solid red curve) once β . 10−10 (panels 3 and 4). We understand this by

noting that once the value of β has dropped below the threshold given in (6.32), the

behaviour of each curve is given by the Randall-Sundrum result (see (6.38)), and is

therefore independent of β.

Finally, using the formalism developed in chapter 2, we indicate in figures 6.4 and 6.5

the regions in the (〈σv〉, C) plane that produce an amplified asymmetric dark matter

detection signal (dot-dashed blue curve) whilst still respecting the Fermi-LAT bounds,
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Figure 6.4: Iso-abundance contours in the (〈σv〉, C) plane corresponding to the
observed dark matter abundance ΩDMh

2 = 0.1188 for a 100 GeV WIMP. The contours
shown are for µ = 10−19 GeV (solid blue curve), µ = 10−22 GeV (solid red curve) and
µ = 10−25 GeV (solid yellow curve). Also shown is the standard cosmology result (solid
black curve). The panels correspond to β = 0.1509 (top left), β = 10−5 (top right),
β = 10−10 (bottom left) and β = 10−15 (bottom right). Note that, for β = 10−15, the
contours for µ = 10−22 GeV and µ = 10−25 GeV (almost) coincide. In each panel we
have superimposed the constraints derived from the Fermi-LAT gamma ray data [125]
with the regions below the dark purple and magenta (dot-dashed) curves excluded for
the µ+µ− and bb̄ annihilation channels respectively. We have also indicated the region
(below the dot-dashed blue curve) for which the asymmetric detection signal in the
Gauss-Bonnet scenario exceeds the symmetric signal in the standard scenario.

namely

〈σv〉GR < 〈σv〉γ < 〈σv〉Fermi, (6.39)

where 〈σv〉GR is the required annihilation cross section for symmetric dark matter in

the standard cosmological scenario, 〈σv〉Fermi is the upper limit on 〈σv〉 derived from

the Fermi-LAT data and the damping factor γ is given by

γ ≡ 2YχYχ̄

(Yχ + Yχ̄)2 =
ω2 − C2

2ω2
. (6.40)

Figures 6.4 and 6.5 show that it is possible to produce an amplified asymmetric detection
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Figure 6.5: Same as figure 6.4 but for mχ = 10 GeV. In each panel the contour for
µ = 10−19 GeV (almost) overlaps the standard cosmology result.

signal in the Gauss-Bonnet braneworld model, however, the allowed region decreases as

the dark matter particle mass drops from mχ = 100 GeV to mχ = 10 GeV due to the

more stringent Fermi-LAT constraints.

6.5 Summary

In this chapter we have investigated the relic abundance in the Gauss-Bonnet braneworld

scenario in which a Gauss-Bonnet curvature invariant is added to the Randall-Sundrum

braneworld action. A previous investigation by [158] found that the dark matter density

is suppressed in the GB braneworld model, however, this conclusion is based on a highly

contrived assumption that collapses the Randall-Sundrum expansion era, leading to a

slower early time expansion law. We find that when this assumption is relaxed, the

early time expansion rate can be either faster or slower than the standard expansion

law, depending on the model parameters. In turn, the dark matter relic abundance

is either enhanced or suppressed by up to several orders of magnitude with respect
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to the standard cosmology result, respectively. Importantly, when realistic parameter

values are chosen, the early time expansion rate is typically faster than the standard

expansion law during the era of dark matter decoupling and the resulting relic abundance

is enhanced. Moreover, in the limit β ≪ 1 (corresponding to Rm � 1) the usual

Randall-Sundrum type behaviour is recovered [155, 224].

Note that we have not considered the p−wave annihilation case since this would not

alter our conclusions about whether the dark matter relic density is enhanced or sup-

pressed, it would simply modify the magnitude of the deviation (which has already been

investigated in the previous chapter).

We have also investigated the GB braneworld effect on asymmetric dark matter species

and found that the enhanced annihilation cross section required to provide the ob-

served relic density is capable of producing an amplified annihilation signal with re-

spect to the symmetric signal in the standard cosmological scenario. This effect has also

been demonstrated in quintessence, scalar-tensor [173] and Randall-Sundrum braneworld

models [178].

The implications of the latest Fermi-LAT constraints on the dark matter annihilation

cross section have been considered for both the symmetric and asymmetric models. For

small β, corresponding to realistic values for the mass ratio Rm, larger values of µ are

favoured, suggesting that the Gauss-Bonnet braneworld expansion rate has reduced to

the standard expansion law before dark matter decoupling.



Chapter 7

Discussion and Outlook

7.1 Context of project and investigations undertaken

Despite the overwhelming observational evidence for the existence of dark matter [67],

very little is known about its particle nature. Many theoretical candidates capable of

explaining the observational data have been proposed, however, in the absence of a

positive detection signal, the experimental status of each candidate remains far from

conclusive.

The present dark matter density, ΩDMh
2 = 0.1188±0.0010 [2], can be well explained by

the thermal relic scenario in which the dark matter particles are initially in thermody-

namic equilibrium with the background cosmic bath. Here, the dark matter particles are

created and annihilated in ample numbers so that their number density is comparable

to that of photons. However, as the universe expands and cools, the dark matter inter-

action rate drops below the expansion rate of the universe and the particles fall out of

equilibrium. At this point, known as particle freeze-out, both creation and annihilation

processes cease and the number density redshifts with expansion. The remaining ’relic’

particles constitute the dark matter density we observe today.

Since, for T . mχ (where T is the temperature of the universe and mχ is the dark

matter particle mass), the number density in equilibrium is decaying exponentially, the

present dark matter density depends sensitively on the timing of particle freeze-out.

Indeed, species with larger interaction cross sections that maintain thermal contact

longer, freeze-out with diminished abundances. In a radiation dominated universe with

Hubble expansion rate H ∼ T 2, a dark matter species with a weak scale annihilation

cross section, 〈σv〉 ∼ 10−26 cm3s−1, freezes out with an abundance that matches the

127
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observed value. This result provides strong motivation for thermal WIMP1 dark matter

and is routinely used to guide dark matter theory and experiments.

That said, it is important to realize that the conditions in the universe at the time of

dark matter decoupling (T ∼ O(GeV)) are relatively unconstrained with current ob-

servational datasets only advocating the standard cosmological model back to the time

of Big Bang Nucleosynthesis (BBN) (T ∼ O(MeV)). Indeed, several alternative cos-

mological scenarios that predict modified behaviour in the pre-BBN era are perfectly

compatible with the various observational bounds. Therefore, the customary assump-

tions used in generic relic abundance calculations may not be valid, making it important

to consider how variations in the cosmological conditions in the early universe affect

dark matter decoupling and the inferred properties of the dark matter particles.

The aim of the present investigation was to calculate the relic abundance of both symmet-

ric (where the particle χ and antiparticle χ̄ are identical and therefore self-annihilating)

and asymmetric (where χ 6= χ̄) dark matter particles in non-standard cosmological sce-

narios that predict a modified expansion rate in the pre-BBN era. Specifically, using the

precise numerical considerations outlined in the recent paper by Steigman et al [170], in

conjunction with the analytical scheme introduced in [123] (see also [80]), we set out to

accurately quantify the level of enhancement (or suppression) of the dark matter relic

abundance in each of these models with respect to the standard cosmology result.

Furthermore, knowing the present dark matter density is a precisely measured quan-

tity, another goal was to invert the relic abundance calculations to determine the an-

nihilation cross section, 〈σv〉, required to provide the observed density in each of the

scenarios considered. Comparing these results with observational bounds on 〈σv〉 (e.g.

Fermi-LAT [125]) we would then be able to constrain any deviations from the standard

expansion history in the pre-BBN era. Finally, where possible, we wanted to compare

and contrast our findings with existing results in the literature.

For the purposes of this investigation we considered several prominent classes of non-

standard cosmological scenarios that are known to predict modified behaviour in the

early universe. These classes fall within two categories: gravity supplemented with a

scalar field; and gravity in higher dimensional universes. We began, in chapter 3, with

quintessential kination scenarios in which the energy density of the universe in the pre-

BBN era is dominated by the kinetic energy of a non-interacting quintessence-type scalar

field [213–215] such as that introduced to describe dark energy. This simple model, which

had been the subject of several previous relic abundance investigations [142, 157, 167,

168], was used as an illustrative example of how modifying the early time expansion rate

can influence dark matter decoupling and the present dark matter density.

1Weakly Interacting Massive Particle.
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We then considered in chapter 4 an extension of the quintessence scenario known as

scalar-tensor gravity [143–145, 229–232] in which the scalar field couples directly to the

gravitational metric. These extensively studied alternative theories of gravity are a well

motivated extension of General Relativity and are capable of producing large deviations

from the standard expansion law at early times. Several previous investigations of

dark matter relic abundances in scalar-tensor cosmology [173–175] relied on a simple

parametric form for the modified expansion rate suggested by the seminal paper by

Catena et al [156]. However, this form for the modified expansion rate is derived from a

specific coupling, A(ϕ∗) = 1+Be−βϕ∗ , for the scalar field ϕ∗ which is seldom encountered

elsewhere in the literature and for which detailed BBN constraints are unavailable.

In our study we considered the prototypical coupling A(ϕ∗) = e
1
2
βϕ2
∗ which appears in

numerous investigations of scalar-tensor gravity and was recently the subject of the de-

tailed study by Coc et al [176] who used BBN calculations to place stringent constraints

on the various model parameters. By solving the modified expansion rate explicitly, we

calculated the dark matter relic abundance for this more widely investigated coupling

and determined if the results reported in Catena et al [156] (and its descendants) are

representative of scalar-tensor models in general.

As a contrast to the scalar field models just mentioned, we also studied extra-dimensional

braneworld scenarios in which our universe is modeled as a 3(+1) dimensional surface

(i.e. the brane) embedded in a higher dimensional spacetime known as the bulk. In

particular we considered in chapter 5 the Randall-Sundrum type II (RSII) model [150]

in which standard General Relativity is recovered on the surface of a four dimensional

Minkowski brane located at the ultraviolet boundary of a five dimensional anti-de Sitter

bulk. The modified gravitational effects induced by the presence of the extra dimension

manifest at high energies so that these models predict a non-standard expansion law

in the pre-BBN era. We extended previous investigations by also calculating the relic

abundance of asymmetric dark matter in these models [178].

We then considered in chapter 6 the Gauss-Bonnet (GB) braneworld model [289] that

incorporates a Gauss-Bonnet curvature invariant in the standard Randall-Sundrum bulk

action integral [287]. This correction term modifies the braneworld dynamics at high

energies leading to three distinct expansion regimes: the GB expansion era, the RS

expansion era and the standard expansion era. The existing investigation of symmetric

dark matter in GB braneworld models by Okada and Okada [158] chose to collapse

the RS expansion era by equating the energy scales associated with the GB correction,

mα, and the brane tension, mσ. This ensures that the early time expansion rate is

always slower than that predicted by the standard model so that the dark matter relic

abundance is suppressed by up to O(10−2). However, if the GB contribution is to be
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considered as the lowest order correction from string theory to the RS action, we would

expect mα > mσ. Therefore, in our work [179] we relaxed the assumption made by

Okada and Okada [158] and considered more realistic values of the ratio Rm ≡ mα/mσ.

7.2 Overview of methods used

The relic abundance in each of the non-standard cosmological scenarios was calculated

from the Boltzmann rate equation,

dY

dx
= −s〈σv〉

xH
ζ(x)

[
Y 2 − Y 2

eq

]
, (7.1)

that describes the evolution of the (symmetric) comoving number density Y ≡ n/s

(where n and s are the dark matter number density and the entropy density of the uni-

verse respectively) as a function of x ≡ mχ/T . This equation assumes that at sufficiently

high temperatures the dark matter particles are in thermodynamic equilibrium with the

background cosmic bath and that particle-antiparticle pairs are produced through ther-

mal interactions. Additionally, the dark matter particles are assumed to maintain kinetic

equilibrium throughout chemical decoupling and have negligible chemical potentials, and

the annihilation products are expected to rapidly reach thermal equilibrium with the

cosmic background. Further information on the underlying assumptions used to derive

the Boltzmann rate equation including the form of the dark matter distribution function

can be found in Chapter 2 and Appendices C and B.

The calculations required as input the thermally averaged annihilation cross section

(times relative velocity), 〈σv〉, the expansion rate of the universe H, and the temperature

dependent function, ζ(x), related to the change in the number of entropic degrees of

freedom g∗s(T ),

ζ(x) = 1− 1

3

d ln g∗s
d lnx

. (7.2)

The dark matter particles were assumed non-relativistic at decoupling so that the equi-

librium comoving density, Yeq ≡ neq/s, is given by Yeq ' 0.145 (gχ/g∗s)x
3/2e−x where

gχ is the number of degrees of freedom of the dark matter particle.

The present dark matter density (or relic abundance) was determined from the asymp-

totic solution Y (∞) of the Boltzmann equation using

ΩDMh
2 = 2.75× 108mχY (∞). (7.3)
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For asymmetric dark matter species (χ 6= χ̄) the Boltzmann rate equation is generalized

to the coupled system

dYχ
dx

= −s〈σv〉
xH

ζ(x)
[
Y 2
χ − CYχ − P

]
,

dYχ̄
dx

= −s〈σv〉
xH

ζ(x)
[
Y 2
χ̄ + CYχ̄ − P

]
, (7.4)

where P ≡ Y eq
χ Y eq

χ̄ ' (0.145gχ/g∗s)
2x3e−2x and the constant C ≡ Yχ − Yχ̄ defines

the asymmetry between the particles and antiparticles. In this case the total dark

matter density is given by the sum of the particle and antiparticle contributions, i.e.

ΩDMh
2 = Ωχh

2 + Ωχ̄h
2.

The two major inputs in the Boltzmann equation are the expansion rate of the universe

H, which we derived directly from the action integral defining each of the cosmological

models, and the annihilation cross section 〈σv〉. In general, the form of the annihilation

cross section depends on the particular dark matter particle model and the nature and

strength of its interactions. However, given the lack of observational data and the

nebulous state of dark matter particle theory (in particular Supersymmetry and its

status in light of recent and upcoming collider experiments), we decided to use a generic

form for the annihilation cross section,

〈σv〉 = σnx
−n, (7.5)

where n labels the different powers in the partial wave expansion so that n = 0 corre-

sponds to s−wave, n = 1 corresponds to p−wave, etc. This form allowed us to draw

model-independent conclusions about how the early time expansion rate affects the dark

matter relic abundance, which, after all, was the primary focus of the investigation.

The Boltzmann equation was solved using the numerical techniques outlined in

Steigman et al [170] where, in addition to emphasizing the importance of maintain-

ing the temperature dependence of the number of (entropic) degrees of freedom g∗s(T ),

they provide useful recommendations for handling the ’stiffness’ of the differential equa-

tion (7.1). Moreover, the precise calculations presented in their paper were used to

benchmark our numerical scheme.

Additionally, to gain insight into our numerical results, we have also adopted the semi-

analytical scheme outlined in [80, 123] which allows the development of a general approx-

imate solution for the asymptotic comoving density applicable to various non-standard

cosmological scenarios (2.26):

Y (∞) '

[∫ ∞
xf

s〈σv〉
xH

dx

]−1

(7.6)
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where xf = mχ/Tf is the freeze-out point introduced in section 2.2.2. This result can

be derived from (7.1) by noting that the contribution from the creation term ∝ Y 2
eq is

negligible following particle freeze-out, i.e. Yeq(x) � Y (x) for x > xf , allowing the

Boltzmann equation to be integrated directly. Further, to derive (7.6) we have assumed

that ζ(x) ' 1 and Y (xf )� Y (∞). Note that the full temperature dependence of g∗(T )

was maintained in the numerical solution in accordance with the recommendations made

by Steigman et al [170].

The generalization of this approximate solution to asymmetric dark matter models is

given by (2.46) and (2.47) [207],

Yχ(∞) ' C

1− exp
{
−C/Y(s)(∞)

} , (7.7)

Yχ̄(∞) ' C

exp
{
C/Y(s)(∞)

}
− 1

, (7.8)

where Y(s)(∞) is the asymptotic solution for the symmetric case (7.6).

7.3 Results of investigation

The investigations of non-standard cosmological scenarios have shown that those models

that predicted a faster expansion rate in the early universe led to earlier dark matter

decoupling and an enhanced dark matter relic abundance. Conversely, if the expansion

rate during this era was slower than that predicted by the standard cosmological model,

freeze-out was delayed and the relic abundance was suppressed. Of the four models

considered, three predicted faster expansion rates at early times with only the Gauss-

Bonnet braneworld model admitting both faster and slower pre-BBN expansion rates.

Hence, the quintessential kination, scalar-tensor gravity and Randall-Sundrum type II

braneworld models all predicted an enhanced dark matter relic abundance whilst the

Gauss-Bonnet braneworld model allowed for either enhanced or suppressed relic abun-

dances.

The level of enhancement (or suppression) for scenario i, as measured by the ratio

Ωi
DM/Ω

GR
DM, depended on the level of deviation from the standard expansion law at the

time of dark matter decoupling. Since the braneworld scenarios predicted the greatest

deviation, these models provided the greatest enhancements of the relic abundance. Con-

versely, scalar-tensor gravity models, when constrained by detailed BBN studies [176],

are relatively degenerate with the standard cosmological scenario at the time of dark
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matter decoupling and only lead to modest enhancements (of the order of a few). Im-

portantly, if the standard expansion law was restored prior to dark matter decoupling,

freeze-out was unaffected and the canonical relic abundance was recovered.

Moreover, since the freeze-out temperature Tf = mχ/xf (where xf ∼ 10 − 30 for the

non-standard scenarios considered) is mass dependent, the level of enhancement or sup-

pression also increases with increasing WIMP mass. This is because, for each of the

non-standard cosmological scenarios considered, the deviation from the standard expan-

sion rate increases with increasing temperature. Therefore, heavier mass particles, that

freeze-out at higher temperatures, will experience greater deviations during the decou-

pling process. This should be compared with the standard cosmology result where the

relic abundance is roughly independent of the particle mass (varying by only a factor of

2 as mχ varies from 100 MeV up to 1 TeV). The maximum level of enhancement/sup-

pression for each of the cosmological models is illustrated in figure 7.1 as a function of

WIMP mass.
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Figure 7.1: Ratio of the relic density in non-standard cosmological scenarios to that
in the standard cosmological model, ΩiDM/Ω

GR
DM, as a function of WIMP mass mχ. The

results are shown for the Quintessential Kination Scenario (QKS) (red), Scalar-Tensor
gravity models (ST gravity) (yellow), the Randall-Sundrum type II braneworld model
(RSII braneworld) (blue) and the Gauss-Bonnet braneworld model (GB braneworld)
(blue and purple) for both the s− (solid) and p−wave (dashed) annihilation cases. Since
the Randall-Sundrum type II model is a sub-class of the more general Gauss-Bonnet
braneworld model, the upper blue curves are obtained in both of these models.

In table 7.1 we summarize the maximum and minimum values of the ratio Ωi
DM/Ω

GR
DM for

each of the cosmological scenarios considered for both the s− and p−wave annihilation

cases. As the level of enhancement is mass dependent, the values given in table 7.1
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Dark matter relic density

s−wave p−wave

Model min(Ωi
DM/Ω

GR
DM) max(Ωi

DM/Ω
GR
DM) min(Ωi

DM/Ω
GR
DM) max(Ωi

DM/Ω
GR
DM)

QKS 1 102 1 103

ST gravity 1 2− 3 1 2− 3
RSII braneworld 1 103 1 106

GB braneworld 10−3 103 10−3 106

Table 7.1: Ratio of the dark matter relic abundance in each of the non-standard
cosmological scenarios, ΩiDM, compared to the standard cosmology result, ΩGRDM, for a
mχ = 100 GeV WIMP. The results are shown for the Quintessential Kination Sce-
nario (QKS), Scalar-Tensor gravity models (ST gravity), the Randall-Sundrum type
II braneworld model (RSII braneworld) and the Gauss-Bonnet braneworld model (GB
braneworld).

have all been calculated for a fixed WIMP mass of mχ = 100 GeV. Additionally, since

the ratio Ωi
DM/Ω

GR
DM depends slightly on the magnitude of 〈σv〉, we only report order of

magnitude estimates for the enhancement/suppression factors. The detailed numerical

results for each scenario are given in the respective chapters of this thesis.

Aside from the level of enhancement/suppression found for each of the non-standard

cosmological scenarios, an interesting feature of figure 7.1 (and table 7.1) is the dif-

ference in the maximum value of Ωi
DM/Ω

GR
DM between the s− and p−wave annihilation

cases. Since the freeze-out process occurs more rapidly in the p−wave annihilation case,

the comoving density is allowed less time to decay following particle freeze-out, which

therefore results in greater enhancements of the dark matter relic abundance.2 We have

not considered the cases of mixed s− and p−wave annihilation but the results of such

cases are expected to be similar to those presented here.

In general, our results for the quintessential kination and the symmetric RSII braneworld

scenario were in agreement with existing results in the literature. However, we did find

that previous calculations that failed to properly account for the variation in the number

of degrees of freedom g∗(T ) incurred errors of up to a factor of two, with the larger errors

arising for smaller WIMP masses mχ . 10 GeV and for those models in which the freeze-

out process took longer to occur (e.g. braneworld models).

Conversely, for the scalar-tensor gravity and Gauss-Bonnet models, our findings differed

significantly from those presented in previous investigations. In scalar-tensor models we

2See section 2.2.1 for a discussion on the distinction between freeze-out, the time at which the comov-
ing density initially deviates from its equilibrium value, and freeze-in, the time at which the comoving
density is conserved.
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found that, although large deviations from the standard expansion history at the time

of dark matter decoupling were possible, the stringent constraints imposed by BBN

calculations excluded these regions of parameter space, ensuring the modified expansion

rate was nearly coincident with the standard expansion law. Accordingly, the relic

abundance in these models only increased by a factor of 2−3 which is in stark contrast to

the several orders of magnitude enhancement factors reported in Catena et al [156, 159].

Moreover, in the Gauss-Bonnet braneworld model we found that, for values of the ratio

Rm = mα/mσ > 1, the dark matter relic density was typically enhanced with respect

to the standard cosmology result. In particular, in the limit Rm � 1 the familiar RSII

(enhancement) type behaviour was recovered. The finding by Okada and Okada [158]

for Rm = 1 that the relic abundances are suppressed in the GB braneworld model only

applies for a small subset of possible parameter values and is atypical of the general

behaviour.

In addition to calculating the relic density in each of the non-standard cosmological sce-

narios we also determined the annihilation cross section required to provide the observed

dark matter density. Since the relic density is inversely proportional to the annihilation

cross section, the enhanced (suppressed) relic density induced by a faster (slower) pre-

BBN expansion rate must be compensated by an enhanced (suppressed) annihilation

cross section in order to recover the observed dark matter density. In particular, we

found that the levels of enhancement (suppression) of the required annihilation cross

section with respect to the canonical result 〈σv〉GR ∼ 10−26 cm3s−1 roughly matched

the levels of enhancement (suppression) of the relic density.

As an illustration of how dark matter observations can constrain non-standard cosmolog-

ical models we also compared our results for the required annihilation cross section with

the latest bounds derived from the Fermi-LAT gamma ray data [125]. These bounds

already probe the weak scale annihilation region predicted by generic relic abundance

calculations and are comparable to those from other indirect detection experiments

(e.g. [126]). We found that the Fermi-LAT bounds on 〈σv〉 can already exclude large

regions of parameter space, particularly for the quintessential kination and braneworld

models. However, we must emphasize that this interpretation relies on the assumption

that the dark matter particle annihilates primarily through one of the (Standard Model)

annihilation channels considered. In the general case, the dark matter particle will an-

nihilate through multiple (possibly non-Standard Model) annihilation channels and the

upper bound imposed by the Fermi-LAT gamma ray data can be evaded.

Finally, we calculated for each of cosmological scenario the relic abundance of asymmetric

dark matter for which the particle χ and anti-particle χ̄ are distinct. These models are

a natural extension of symmetric, or self-conjugate (χ = χ̄) dark matter models and are
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motivated by the fact that most of the known particles are not self-conjugate. Moreover,

since the relic abundance in asymmetric models is typically fixed by the asymmetry

C ≡ Yχ − Yχ̄, with the density of the minority component exponentially suppressed,

a shared asymmetry between the dark and baryonic sectors could explain the relative

proximity of their respective densities, ΩDM/Ωb ∼ 5. If the asymmetry in the dark

sector is related to the baryonic asymmetry,

ηb =
nB
nγ

=
nb − nb̄

nγ
≈ 6× 10−10, (7.9)

where nb and nγ are the present baryon and photon number densities respectively, then

the parameter C ∼ O(10−11).

We found that the modified decoupling predicted in non-standard cosmological models

can either ’wash out’ or amplify the asymmetry between the majority and minority dark

matter components depending on whether the early time expansion rate is faster or

slower than the standard expansion law respectively. Interestingly, in the former case,

the relic density of the asymmetric dark matter species depends on the annihilation

cross section, 〈σv〉, rather than the asymmetry parameter, C, so that it behaves like

symmetric dark matter in this sense. This leads to the intriguing prospect [173] that the

enhanced annihilation cross section required to provide the observed dark matter density

can compensate for the suppressed abundance of the minority dark matter component

and produce an observable detection signal. This result, which is contrary to the usual

expectation that the asymmetric annihilation rate is negligible due to the exponentially

suppressed abundance of the minority component, can be achieved for a wide range of

parameter values within the quintessential kination and braneworld scenarios (and even

for particular parameter values within the scalar-tensor gravity scenario).

7.4 Outlook

This is an exciting time for dark matter research as both present and near future as-

tronomical and laboratory detection experiments are beginning to probe the weak scale

interaction region expected from generic dark matter calculations. Therefore, it is impor-

tant to contemplate the possible outcomes of these experiments and their interpretation

in light of the findings presented in the previous section.

Broadly speaking, there are two possible outcomes: either a dark matter signal is de-

tected, thus allowing a lower bound to be placed on the dark matter interaction cross

section; or, no such signal is found. The latter case, which is a continuation of the

present situation, would instead impose an upper bound on the strength of dark matter
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interactions. Assuming that these bounds can be related to a bound on the annihilation

cross section, which we will denote respectively as 〈σv〉lower and 〈σv〉upper,
3 we can then

use these results to gain insight into the conditions in the early universe.

For instance, if the lower bound on the annihilation cross section inferred from a positive

dark matter signal, 〈σv〉lower, was greater than the annihilation cross section required to

produce the observed dark matter density in the standard cosmological model, 〈σv〉GR ∼
10−26 cm3s−1, this would imply that the dark matter particles are under-produced in the

standard model, i.e. 〈σv〉lower > 〈σv〉GR ⇒ ΩGR
DM < Ωobs

DM since the relic abundance of a

particular species χ is inversely related to its annihilation cross section 〈σv〉 so that an

upper (lower) bound on 〈σv〉 corresponds to a lower (upper) bound on its contribution

to ΩDM. To resolve this discrepancy we would either need to introduce additional dark

matter species to make up the balance of the observed dark matter density, or the relic

density must be enhanced due to a faster pre-BBN expansion rate.

Alternatively, null results from detection experiments could place an upper bound on the

annihilation cross section that is less than 〈σv〉GR. In this case the dark matter particles

are overproduced in the standard cosmological model, i.e. 〈σv〉upper < 〈σv〉GR ⇒
ΩGR

DM > Ωobs
DM, and some mechanism is required to suppress the dark matter density. This

scenario is more conclusive and indicates either a slower pre-BBN expansion rate or some

dilution mechanism such as entropy production. The other two scenarios, 〈σv〉lower >

〈σv〉GR and 〈σv〉upper < 〈σv〉GR, can be accommodated within the standard cosmological

model and do not require the introduction of any new physics.4,5

Although dark matter experiments can indicate whether the expansion rate in the pre-

BBN era is different from that predicted by the standard cosmological scenario, the

results from relic abundance calculations alone are not enough to discriminate amongst

the various non-standard alternatives. This is because there is a large degeneracy be-

tween each of the models with the same level of enhancement or suppression achievable

within several different cosmological scenarios. Of course, if the annihilation cross section

inferred from detection experiments is such that the dark matter particles are overpro-

duced in the standard cosmological scenario, then this would indicate a cosmology with

a slower pre-BBN expansion rate (e.g. Gauss-Bonnet braneworlds, non-universal scalar-

tensor theories [172]). However, we would still require further information to determine

3It is important to remember that different detection experiments probe different types of dark matter
interactions so that if, for example, a dark matter particle is detected scattering off the nucleus of a
particle inside a laboratory (i.e. direct detection), this only places a lower bound on the scattering cross
section σχN↔χN which can be related to the annihilation cross section via a crossing symmetry.

4As discussed in [219], there are several caveats to each of the interpretations just mentioned. For
instance, if the dark matter candidate annihilates into non-Standard Model final states this would
invalidate the upper bound 〈σv〉upper because such states cannot be probed by Standard Model detectors.

5For further discussion on how dark matter experiments can be used to probe the physics of the
pre-BBN era see [160].
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which of the alternative cosmologies is responsible. Similarly, if the annihilation cross

section was such that the dark matter particles are under-produced in the standard

cosmological scenario, there are most likely many non-standard models capable of pro-

viding the appropriate level of enhancement (e.g. Quintessential kination, braneworld

models). Even in this case, cosmological models with a slower early time expansion rate

cannot be ruled out — they would simply require the introduction of additional dark

matter species. Therefore, unless some additional information is provided, such as the

temperature at which the modified expansion rate reduces to the standard expansion law

(often referred to as the transition temperature, see for example [173]), the underlying

cosmological scenario cannot be ascertained.

7.5 Future work

One possible approach to breaking the degeneracy amongst the various cosmological

scenarios considered here would be to consider higher order moments of the Boltzmann

equation. Indeed, a straightforward extension of the present work would be to consider

the kinetic decoupling of dark matter in non-standard cosmological scenarios. Kinetic

decoupling, as opposed to chemical decoupling (which has been the sole focus of the

present investigation), occurs when the dark matter particles cease to efficiently exchange

momentum with the other background particles in the cosmic bath (see e.g. [180]).

Subsequently the temperature (or velocity distribution) of the dark matter particles,

defined as the second moment of the dark matter distribution function f(~p)

Tχ ≡
2

3

∫
|~p|2

2mχ
f(~p) d~p, (7.10)

evolves separately from the cosmic background. Significantly, the decoupling tempera-

ture sets the size of the smallest dark matter protohalos and therefore has important

implications for the evolution of primordial structures [292, 293].

In a general cosmological scenario the decoupling temperature can be determined by

solving the Boltzmann equation [294, 295]

a
dTχ
da

+ 2Tχ = −2γ(a)

H
(Tχ − T ) (7.11)

where a is the cosmic scale factor, T is the temperature of the background and

γ is the momentum relaxation rate defined in terms of the scattering cross section

σχX↔χX . Although kinetic decoupling in quintessential kination models has been con-

sidered [295, 296], similar studies for scalar-tensor and braneworld models are lacking.
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It’s possible that a combined analysis of kinetic and chemical decoupling in non-standard

cosmological scenarios could help break the degeneracy between these models.

Additionally, during the course of our investigation, several interesting issues were raised

that have not been fully explored. This is because they were either beyond the scope of

the present study or because they could not be properly addressed within the allotted

time period.

Firstly, it would be interesting to apply our results for the enhancement (suppression) of

the dark matter relic abundance in non-standard cosmological scenarios to specific dark

matter particle models (see e.g. [168, 219, 223, 270, 271]). In the present investigation

we have remained agnostic about the identity of the dark matter particle and worked

with a generic form for the annihilation cross section 〈σv〉 = σnx
−n. This allowed

us to draw model independent conclusions about the effects of a modified early time

expansion rate on the dark matter relic abundance from which we simply inferred the

implications for the different dark matter particle candidates. However, if we were to

repeat our calculations using detailed forms for the annihilation cross section derived

from a particular particle physics model, we would be able to draw specific conclusions

about the viability of different dark matter candidates, and, possibly particle physics

models (e.g. Supersymmetry) more generally.

We also mention the topic of dark matter decoupling in non-universal scalar-tensor

models, i.e. scalar-tensor models in which the coupling of the scalar field ϕ∗ with the

visible and dark matter sectors is distinct (see section 4.9). In these models interactions

of the type χχ̄ ↔ XX̄ (where the X’s are Standard Model particles) occur between

particles that experience different couplings with the scalar field. Consequently, there is

no (Jordan) frame in which all particles have their normal ϕ∗-independent properties and

for which the standard Boltzmann equation is applicable. In this case the appropriate

form of the Boltzmann equation collision term is not immediately clear, indicating that

the relic abundance of dark matter in non-universal scalar-tensor models could represent

a substantial research investigation in its own right.

Finally, we point out that the formalism and techniques developed in this thesis can be

readily applied to general cosmological scenarios. It would be interesting then to con-

sider other prominent non-standard cosmological models (e.g. decaying vacuum energy

models [297, 298]) and determine if similar levels of enhancement or suppression of the

dark matter relic abundance can be realized in these scenarios as well.



Bibliography

[1] Planck Collaboration, R. Adam et al., Planck 2015 results. I. Overview of

products and scientific results (2015), arXiv:1502.01582.

[2] Planck Collaboration, P. Ade et al., Planck 2015 results. XIII. Cosmological

parameters (2015), arXiv:1502.01589.

[3] S. Capozziello and G. Lambiase, A comprehensive view of cosmological dark side

(2013), arXiv:1304.5640.

[4] S. Weinberg, Ultraviolet divergences in quantum theories of gravitation, in General

Relativity: an Einstein centenary survey, edited by S. W. Hawking and W. Israel

(Cambridge University Press, Cambridge, 1979), pp. 790–831.

[5] R. P. Woodard, How far are we from the quantum theory of gravity?, Rep. Prog.

Phys. 72 (2009), 126002.

[6] J. Polchinski, String Theory: Volume 1, An introduction to the bosonic string

(Cambridge University Press, Cambridge, 1998).

[7] J. Polchinski, String theory: Volume 2, Superstring theory and beyond (Cambridge

University Press, Cambridge, 1998).

[8] N. Arkani-Hamed and J. Maldacena, Cosmological collider physics (2015),

arXiv:1503.08043.

[9] A. H. Guth, Inflationary universe: a possible solution to the horizon and flatness

problems, Phys. Rev. D 23 (1981), 347.

[10] A. Linde, A new inflationary universe scenario: a possible solution of the horizon,

flatness, homogeneity, isotropy and primordial monopole problems, Phys. Lett. B

108 (1982), 389.

[11] A. Linde, Chaotic inflation, Phys. Lett. B 129 (1983), 177.

[12] D. Baumann, TASI Lectures on inflation (2009), arXiv:0907.5424.

140



Bibliography 141

[13] A. Linde, Inflationary cosmology after Planck 2013 (2014), arXiv:1402.0526.

[14] B. D. Fields and K. A. Olive, Big bang nucleosynthesis, Nucl. Phys. A 777 (2006),

208.

[15] A. Einstein, Die Grundlage der allgemeinen Relativitätstheorie, Ann. Phys. 354

(1916), 769.
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Appendix A

Review of General Relativity

A.1 Geodesics

In General Relativity test particles follow geodesics in curved spacetime. In essence, a

geodesic is the generalization of a straight line in Euclidean space and is given by the

”shortest” path between two points in curved spacetime. Formally, a geodesic is a curve

C, such that, for any two points on C, P and P ′, with coordinates xα and xα + dxα

respectively, the unit tangent vector evaluated at P , when parallel transported to P ′, is

identical to the unit tangent vector at P ′.

The interval between two points xα and xα + dxα is given by

ds2 = gµνdx
µdxν (A.1)

where gµν is the metric tensor and the interval is related to the proper time, τ , via

dτ2 = −ds2. (A.2)

Here, and throughout the text, we use the Lorentzian signature (−,+,+,+).

The geodesic equation can be derived by extremizing the functional

D =

∫ B

A
dτ =

∫ B

A

dτ

dλ
dλ =

∫ B

A

√
−gµν

dxµ

dλ

dxν

dλ
dλ (A.3)

where D is the length of a curve parameterized by λ (i.e. xα ≡ xα(λ)) between the points

A and B. Using the formalism developed in Appendix D (see also, for example [299]),

we find that
d2xρ

dλ2
+ Γρµν

dxµ

dλ

dxν

dλ
= 0 (A.4)
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where the field Γρµν is the affine connection given by1

Γρµν =
1

2
gρσ (∂µgνσ + ∂νgσµ − ∂σgµν) , (A.6)

which is used to define the covariant derivative ∇µ,

∇µV ν = ∂µV
ν + ΓνµλV

λ ; ∇µων = ∂µων − Γλµνωλ. (A.7)

If we convert from the affine parameter λ to the proper time τ and introduce the four-

velocity uµ ≡ dxµ/dτ ,2 the geodesic equation can be written

duρ

dτ
+ Γρµνu

µuν = 0. (A.9)

Multiplying through by m2 we see that

mF ρ = −Γρµνp
µpν (A.10)

where the four-momentum pµ ≡ muµ and

F ρ = m
d2xρ

dτ2
. (A.11)

The influence of gravity on test particles therefore manifests itself through the affine

connection Γρµν .

A.2 Cosmology

The field equations of General Relativity relate the curvature of spacetime to its matter-

energy content and are given by3

Rµν −
1

2
gµνR+ gµνΛ = 8πGTµν . (A.13)

1We adopt the notation

∂µ ≡
∂

∂xµ
. (A.5)

2According to the definition of the proper time,

dτ2 = −ds2 = −gµνdxµdxν , (A.8)

the four-velocity uµ satisfies the normalization condition gµνu
µuν = −1.

3Einstein’s field equations (A.13) can be derived from a variational principle applied to the action

SGR =
1

16πG

∫
M

(R− 2Λ) d4x+ Smat, (A.12)

as we show in section D.3.



Appendix A. Review of General Relativity 163

Here Rµν is the Ricci tensor

Rµν = ∂λΓλµν − ∂νΓλµλ + ΓρµνΓλλρ − ΓρµλΓλνρ (A.14)

and R the Ricci scalar, R = gµνRµν , Λ is the cosmological constant, G is Newton’s

gravitational constant and Tµν is the energy-momentum tensor. The field equations can

be solved in a homogeneous and isotropic spacetime for which the invariant line element

is given by the Robertson-Walker metric

ds2 = −dt2 + a2(t)

[
dξ2

1− kξ2
+ ξ2dθ2 + ξ2 sin2 θdφ2

]
(A.15)

where k = −1, 0,+1 for hyperbolic, flat and spheroidal curvature respectively.

It is convenient to write the spatial components gij in terms of the 3−space metric γij

where

gij = a2(t)γij . (A.16)

The non-vanishing components of the affine connections (A.6) are

Γkij =
1

2
gkl (∂igjl + ∂jgli − ∂lgij)

=
1

2
γkl (∂iγjl + ∂jγli − ∂lγij) , (A.17)

Γk0j =
1

2
gkl (∂jg0l + ∂0glj − ∂lg0j)

=
1

2
gkl∂0gjl

=
γkl

2a2

∂

∂t

(
a2γjl

)
=
ȧ

a
δkj , (A.18)

and

Γ0
ij =

1

2
g0l (∂igjl + ∂jgli − ∂lgij)

=
1

2
g00 (∂igj0 + ∂jg0i − ∂0gij)

= −1

2
g00∂0gij

=
1

2

∂

∂t

(
a2γij

)
= aȧγij . (A.19)
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Using (A.17)-(A.19), the components of the Ricci tensor can now be evaluated. The

purely spatial components can be written

Rij =(3) Rij + γij
(
aä+ 2ȧ2

)
(A.20)

where, for a maximally symmteric 3−space, the Ricci tensor is [299]

(3)Rij = 2kγij , (A.21)

so that,

Rij = γij
(
2k + aä+ 2ȧ2

)
. (A.22)

Similarly, the (0, 0) component is given by

R00 = −3
ä

a
, (A.23)

and R0j = 0. The Ricci scalar, R = gµνRµν , is then

R = 6

(
ä

a
+
ȧ2

a2
+

k

a2

)
. (A.24)

Combining (A.24) with (A.22) and (A.23) we can evaluate the various components of

the Einstein tensor,

Gµν = Rµν −
1

2
gµνR. (A.25)

The non-zero components are

G00 = 3

(
ȧ2

a2
+

k

a2

)
, (A.26)

and

Gij = −γij
(
2aä+ ȧ2 + k

)
. (A.27)

Assuming the energy momentum tensor takes the perfect fluid form,

Tµν = (ρ+ p)uµuν + pgµν , (A.28)

we can obtain the first Friedmann equation from the (0, 0) component of the field equa-

tions,
ȧ2

a2
+

k

a2
=

8πG

3
ρ+

Λ

3
. (A.29)

Similarly the second Friedmann equation is derived using the (i, j) components:

ä

a
= −4πG

3
(ρ+ 3p) +

Λ

3
(A.30)
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where we have used the first Friedmann equation (A.29) to eliminate the (ȧ/a)2 term.

Finally, if we differentiate the first Friedmann equation (A.29) and use the second Fried-

mann equation (A.30) to eliminate the ä term, we obtain the continuity equation

ρ̇+ 3
ȧ

a
(ρ+ p) = 0. (A.31)

This equation can also be derived from the Bianchi identity ∇µGµν = 0, which, from the

Einstein field equations (A.13), implies the conservation of energy-momentum condition

∇µTµν = 0.

-



Appendix B

Thermodynamics of the Early

Universe

B.1 Equilibrium

The extremely hot and dense conditions in the early universe ensure that the exotic par-

ticles present are frequently colliding and interacting such that we can safely assume that

thermal equilibrium is established. The phase-space distribution function for a particle

in kinetic equilibrium is given by the usual Fermi-Dirac or Bose-Einstein distribution

(see for example [80]),

f(~p) = {exp [(E(~p)− µ)/T ]± 1}−1 , (B.1)

where ~p and m are the particle’s momentum and rest mass respectively, E(~p) =√
|~p|2 +m2 is the energy and µ is the chemical potential. The +1 and −1 correspond

to fermions and bosons respectively. The number density is obtained by integrating the

distribution function over momentum space,

n(T ) =
g

(2π)3

∫
f(~p) d3p, (B.2)

where g is the number of internal degrees of freedom of the particle. Similarly, the energy

density, ρ, and pressure, P , are given respectively by

ρ(T ) =
g

(2π)3

∫
E(~p)f(~p) d3p, (B.3)

P (T ) =
g

(2π)3

∫
|~p|2

3E(~p)
f(~p) d3p. (B.4)
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In this appendix, we use a capital P to denote the pressure in order to distinguish it

from the momentum ~p. Substituting in the equilibrium distribution (B.1) we then have

neq(T ) =
g

2π2

∫ ∞
m

(
E2 −m2

)1/2
exp (E − µ)/T ± 1

E dE, (B.5)

ρeq(T ) =
g

2π2

∫ ∞
m

(
E2 −m2

)1/2
exp (E − µ)/T ± 1

E2 dE, (B.6)

Peq(T ) =
g

6π2

∫ ∞
m

(
E2 −m2

)3/2
exp (E − µ)/T ± 1

dE. (B.7)

Assuming the species is non-degenerate (T � µ) then, in the relativistic limit (T � m),

the expressions for neq, ρeq and Peq simplify to

neq(T � m) ' g

2π2
T 3

∫ ∞
0

x2

ex ± 1
dx,

ρeq(T � m) ' g

2π2
T 4

∫ ∞
0

x3

ex ± 1
dx,

Peq(T � m) ' ρeq/3, (B.8)

where x = E/T . The integrals

I(±)
n ≡

∫ ∞
0

xn

ex ± 1
dx (B.9)

are evaluated in terms of the standard integral∫ ∞
0

xn

eµx − 1
dx =

1

µn+1
Γ(n+ 1)ζ(n+ 1) (B.10)

where ζ(n) is the Riemann Zeta function. Using

I
(−)
3 =

∫ ∞
0

x3dx

ex − 1
= Γ(4)ζ(4) =

π4

15
(B.11)

and

I
(+)
3 =

7

8
I(−) =

7

8

π4

15
, (B.12)

we then have,

neq(T � m) =

 g
(
ζ(3)/π2

)
T 3, Boson,

g (3/4)
(
ζ(3)/π2

)
T 3, Fermion.

(B.13)

ρeq(T � m) =

 g
(
π2/30

)
T 4, Boson,

g (7/8)
(
π2/30

)
T 4, Fermion

(B.14)

Peq(T � m) = ρeq/3 (B.15)
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where ζ(3) = 1.2020. Similarly, in the non-relativistic limit (T � m), we have for both

fermions and bosons

neq(T � m) = g

(
mT

2π

)3/2

e−(m−µ)/T , (B.16)

ρeq(T � m) = mn, (B.17)

Peq(T � m) = nT � ρ. (B.18)

The total energy density at early times is determined by summing the energy from each

of the particle species i,

ρtot(T ) =
∑
i

ρi(T ). (B.19)

Since the energy and pressure of non-relativistic particles is exponentially suppressed,

we need only consider the contribution from relativistic particles to the total energy

density. Thus

ρtot =

(∑
B

gB +
7

8

∑
F

gF

)
π2

30
T 4

≡ g∗ρ(T )
π2

30
T 4 (B.20)

where

g∗ρ(T ) ≡
∑
B

gB +
7

8

∑
F

gF (B.21)

is the effective effective number of relativistic degrees of freedom. Note that if the

various bosons and fermions are not in thermal equilibrium at the same temperature,

then (B.21) is generalized to

g∗ρ(T ) =
∑
B

gB

(
TB
T

)4

+
7

8

∑
F

gF

(
TF
T

)4

. (B.22)

For a given temperature T , the particles which contribute to g∗ρ(T ) are those for which

m < T .

B.2 Entropy

From the first and second law of thermodynamics we have,

TdS(V, T ) = dQ = dU + PdV = d(ρeq(T )V ) + Peq(T )dV (B.23)
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where S(V, T ) is the entropy of particles in equilibrium at temperature T within a volume

V . The integrability condition ∂2S/∂V ∂T = ∂2S/∂T∂V then gives

dPeq(T )

dT
=

1

T
[Peq(T ) + ρeq(T )] . (B.24)

Provided the particles in thermal equilibrium only interact with each other, their total

energy and pressure satisfy the Einstein energy conservation relation (A.31) which can

be written

a3(t)
dPeq(t)

dt
=

d

dt

{
a3(t) [Peq(t) + ρeq(t)]

}
. (B.25)

Substituting in (B.24) we obtain

d

dt

{
a3

T
[Peq(T ) + ρeq(T )]

}
= 0. (B.26)

The conservation law (B.26) has a simple interpretation in terms of entropy since,

from (B.23),

dS(V, T ) =
1

T
[d(ρeq(T )V + Peq(T )V )− dPeq(T )V ]

= d

[
1

T
{Peq(T ) + ρeq(T )}V

]
. (B.27)

Hence up to an additive constant, the entropy is

S(V, T ) =
V

T
[ρeq(T ) + Peq(T )] (B.28)

and therefore (B.26) indicates that the entropy in the volume V = a3(t) is conserved.

Thus standard cosmology assumes that the universe expanded adiabatically. In this

case, it is convenient to introduce the entropy density

s ≡ S(a3, T )

a3
=

1

T
[ρeq(T ) + Peq(T )] . (B.29)

Recalling (B.14) and (B.15) for relativistic particles, then (B.29) gives

s =
4

3

ρeq

T
=

2π2

45
g∗s(T )T 3 (B.30)

where g∗s(T ) is the number of entropic degrees of freedom. For bosons and fermions in

thermal equilibrium at different temperatures, g∗s(T ) is given by

g∗s(T ) =
∑
B

gB

(
TB
T

)3

+
7

8

∑
F

gF

(
TF
T

)3

. (B.31)
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Standard Model Particle Spectrum

Particle Mass (GeV) gi

Fermions

t 173.07 12
b 4.18 12
τ± 1.78 4
c 1.28 12
µ± 0.106 4
s 0.095 12
d 4.8× 10−3 12
u 2.3× 10−3 12
e± 5.11× 10−4 4
ν - 6

Bosons

H 125.00 1
Z 91.19 3
W± 80.39 6
∗π0 0.140 1
∗π± 0.135 2
γ - 2
g - 16

Table B.1: Properties of the Standard Model particle spectrum including mass (GeV)
and number of spin degrees of freedom gi. Composite particles are marked with an
asterisk.

The number of degrees of freedom is tabulated in B.2 for the Standard Model particle

spectrum whose properties are listed in table B.1. We also show, in figure B.1, the

functions g∗s(T ) (solid blue curve) and g∗ρ(T ) (dashed red curve) which have been

extracted directly from the DarkSUSY package [54] which uses the results from [300].

It is clear from figure B.1 that, for T & 10−3 GeV, g∗s(T ) = g∗ρ(T ).

In terms of the entropy density, the conservation law (B.26) becomes

d

dt
(a3s) = 0. (B.32)

which, using (B.30), gives

g∗s(T )T 3a3 = const. (B.33)

The temperature and scale factor are therefore related by

[
g∗s(T )

g∗s(T0)

]1/3 T

T0
=
a0

a
. (B.34)
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Degrees of freedom

Temperature range New Particles gB gF g∗(T )

T < me γ, ν 2 6 -
me < T < mµ e± 4 10.75
mµ < T < mπ µ± 4 14.25
mπ < T < T ∗c π±,0 3 17.25
T ∗c < T < ms u, d, g 16 24 51.25∗∗

ms < T < mc s 12 61.75
mc < T < mτ c 12 72.25
mτ < T < mb τ± 4 75.75
mb < T < mW,Z b 12 86.25
mW,Z < T < mH W±, Z 9 95.25
mH < T < mt H 1 96.25

T > mt t 12 106.75

Table B.2: Total number of Standard Model degrees of freedom for varying temper-
ature. Note that the fermionic contributions are weighted by a factor 7/8 as in (B.22)
and (B.31) and we have omitted the value of g∗(T ) for T < me since g∗ρ and g∗s differ in
this range. T ∗

c is the confinement transition temperature between quarks and hadrons.
**Subtract π±,0 contributions for T > T ∗

c .

T [GeV]
10

-4
10

-3
10

-2
10

-1
10

0
10

1
10

2
10

3

10
1

10
2 g∗s

g∗ρ

Figure B.1: Evolution of the number of entropic degrees of freedom g∗s(T ) (solid blue
curve) and the number of relativistic degrees of freedom g∗ρ(T ) (dashed red curve) as
a function of temperature T for the Standard Model particle spectrum.
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When g∗s(T ) is constant the temperature falls as the inverse of the scale factor, T ∝
a−1. However, as particles decouple from the thermal plasma and g∗s(T ) decreases, the

temperature falls less slowly than a−1.



Appendix C

Rate Equation for Relic

Abundance

C.1 Relativistic Boltzmann equation

The relic abundance of Dark Matter particles is determined from the Relativistic Boltz-

mann Equation which describes the evolution of the particles. For a system with phase

space density f(xµ, pµ) (where xµ and pµ = (E, ~p) are the position and momentum

4−vectors respectively) this equation is given by [80];

L̂[f(xµ, pµ)] = Ĉ[f(xµ, pµ)] (C.1)

where L̂ is the relativistic Liouville operator

L̂ ≡ pα ∂

∂xα
− Γαβγp

βpγ
∂

∂pα
(C.2)

and Ĉ is the collision operator (to be discussed in section C.2). We can show that

the relativistic Liouville operator reduces to the regular non-relativistic form by noting

that, for a Robertson-Walker metric, the only non-vanishing affine connections, Γ0
βγ , are

(see (A.19))

Γ0
ij =

ȧ

a
gij . (C.3)

Hence

L̂ = pi
∂

∂xi
+ E

∂

∂t
− Γiβγp

βpγ
∂

∂pi
− ȧ

a
gijp

ipj
∂

∂E
. (C.4)
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Noting that |~p|2 = gijp
ipj and that, from the geodesic equation (A.10), the connection

between path curvature and the force acting is mF i = −Γiβγp
βpγ , then

L̂ = pi
∂

∂xi
+ E

∂

∂t
+mF i

∂

∂pi
− ȧ

a
|~p|2 ∂

∂E
,

= ~p · ∇x + E
∂

∂t
+m~F · ∇p −

ȧ

a
|~p|2 ∂

∂E
. (C.5)

We are interested in the case of a homogeneous and isotropic distribution function

f(xµ, pµ) = f(E, t) for which

L̂[f(E, t)] = ~p · ~∇f(E, t) + E
∂

∂t
f(E, t)− Γiβγp

βpγ
∂

∂pi
f(E, t)− ȧ

a
|~p|2 ∂

∂E
f(E, t)

= E
∂f

∂t
− ȧ

a
|~p|2 ∂f

∂E
. (C.6)

The evolution of the number density n(t), given by (B.2),

n(t) =
g

(2π)3

∫
d~p f(E, t), (C.7)

where g is the number of internal degrees of freedom, can be obtained by taking the

zeroth moment of the Boltzmann equation (C.1):

g

(2π)3

∫
d~p
L̂[f(E, t)]

E
=

g

(2π)3

∫
d~p
Ĉ[f(E, t)]

E
. (C.8)

The left hand side of this equation can be evaluated using (C.6). We then have

g

(2π)3

∫
d~p
L̂[f(E, t)]

E
=

g

(2π)3

∫
d~p
∂f

∂t
− ȧ

a

g

(2π)3

∫
d~p
|~p|2

E

∂f

∂E

=
dn

dt
− ȧ

a

g

(2π)3

∫
dΩp

∫
d |~p| |~p|

4

E

∂f

∂E
(C.9)

where we have inserted the definition (C.7) for the number density. We can simplify the

integral in (C.9) by using the relation

E2 − |~p|2 = m2 ⇒ EdE = |~p| d |~p| (C.10)

so that
ȧ

a

g

(2π)3

∫
dΩp

∫
d |~p| |~p|

4

E

∂f

∂E
=
ȧ

a

g

(2π)3

∫
dΩp

∫
dE |~p|3 ∂f

∂E
. (C.11)
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Integration by parts gives

ȧ

a

g

(2π)3

∫
dΩp

{[
|~p|3 f(E, t)

]∞
0
− 3

∫
dE |~p|2 d |~p|

dE
f(E, t)

}
= −3

ȧ

a

g

(2π)3

∫
dΩp

∫
d |~p| |~p|2 f(E, t)

= −3
ȧ

a

g

(2π)3

∫
d~p f(E, t)

= −3Hn(t). (C.12)

The Boltzmann equation then becomes

dn

dt
+ 3Hn =

g

(2π)3

∫
Ĉ(f)

d~p

E
. (C.13)

C.2 Collision term

The derivation of the collision term presented here is based on Kolb and Turner [80] and

Gondolo and Gelmini [199].

The collision term for the process χ+ a+ b+ . . .↔ i+ j + . . . is given by [80]

g

(2π)3

∫
Ĉ(f)

d~pχ
Eχ

= −
∫
dΠχdΠadΠb . . . dΠidΠj . . .× (2π)4δ4(pχ + pa + pb . . .− pi − pj . . .)

× [|M|2χ+a+b+...→i+j+... fafb . . . fχ(1± fi)(1± fj) . . .

− |M|2i+j+...→χ+a+b+... fifj . . . (1± fa)(1± fb) . . . (1± fχ)]

(C.14)

where fi, fj , fa, fb, . . . are the phase space densities of species i, j, . . . , a, b, . . . ; fχ is the

phase space density of the dark matter species χ; the sign (+) applies to bosons; and

(−) to fermions; and

dΠ ≡ g 1

(2π)3

d~p

2E
(C.15)

is the invariant phase space element. The four dimensional delta function enforces energy

and momentum conservation, and the matrix element squared, |M|2i+j+...→χ+a+b+..., for

the process i + j + . . . → χ + a + b + . . ., is averaged over initial and final spins, and

includes the appropriate symmetry factors for identical particles in the initial or final

states.

The collision integral (C.14) simplifies considerably if we assume CP invariance, in which

case the matrix element satisfies

|M|2i+j+...→χ+a+b+... = |M|2χ+a+b+...→i+j+... ≡ |M|
2 , (C.16)
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and if we neglect the Fermi-Dirac blocking or Bose-Einstein stimulated emission factors

and use Maxwell-Boltzmann statistics for all species so that 1± fi ' 1, where fi(E) =

exp [−(E − µ)/T ].

We will consider the case where only annihilation and inverse annihilation processes are

possible,

χχ̄↔ XX̄ (C.17)

and assume that all the species X, X̄ into which χ, χ̄ annihilate have thermal distribu-

tions with zero chemical potential. Because these particles are lighter and will usually

have additional interactions which are ”stronger” than their interaction with the χ’s,

the assumption of equilibrium for X’s is almost always a good one.

The factor [. . .] in (C.14) then reduces to |M|2 [fχfχ̄ − fXfX̄ ]. Since X, X̄ are in thermal

equilibrium and have zero chemical potential, their distribution functions are

fX = exp(−EX/T ), fX̄ = exp(−EX̄/T ). (C.18)

The energy part of the δ-function enforces Eχ + Eχ̄ = EX + EX̄ , so that

fXfX̄ = exp [−(EX + EX̄)/T ] = exp [−(Eχ + Eχ̄)/T ] = f eq
χ f

eq
χ̄ (C.19)

since f eq
χ ≡ exp(−Eχ/T ) and f eq

χ̄ ≡ exp(−Eχ̄/T ). Therefore, it follows that

[fχfχ̄ − fXfX̄ ] =
[
fχfχ̄ − f eq

χ f
eq
χ̄

]
. (C.20)

The collision term now becomes

−
∫
dΠχdΠχ̄dΠXdΠX̄(2π)4δ4(pχ + pχ̄ − pX − pX̄) |M|2 [fχfχ̄ − fXfX̄ ]

= −4

∫
dΠχdΠχ̄ vMølEχEχ̄ σχχ̄→XX̄

[
fχfχ̄ − f eq

χ f
eq
χ̄

]
(C.21)

where the collision cross section σχχ̄→XX̄ and the Møller relative velocity v = vMøl =[
|~vχ − ~vχ̄|2 − |~vχ × ~vχ̄|2

]1/2
have been introduced using [199]

∫
dΠXdΠX̄ |M|

2 δ4(pχ + pχ̄ − pX − pX̄) = 4vMøl EχEχ̄ σχχ̄→XX̄ . (C.22)

The RHS of (C.21) is then

RHS = −4

∫
d~pχ

g

(2π)3

1

2Eχ
d~pχ̄

g

(2π)3

1

2Eχ̄
σχχ̄→XX̄v Eχ Eχ̄

[
fχfχ̄ − f eq

χ f
eq
χ̄

]
= −

∫
σχχ̄→XX̄v

[
dnχdnχ̄ − dneq

χ dn
eq
χ̄

]
(C.23)
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where

dnχ =
g

(2π)3
fχd~pχ. (C.24)

To find the total annihilation cross-section we must sum over all possible annihilation

channels such that σχχ̄→XX̄ is replaced by [199]

σa =
∑

σχχ̄→XX̄ . (C.25)

The integrals over neq
χ and neq

χ̄ are just the thermally averaged annihilation cross section

times relative velocity 〈σav〉 [199]

〈σav〉 =

∫
σav dn

eq
χ dn

eq
χ̄∫

dneq
χ dn

eq
χ̄

. (C.26)

However, the evaluation of the integrals over nχ and nχ̄ in (C.23) is not a trivial task and

warrants some discussion. The species χ and χ̄ are maintained in kinetic equilibrium

through their scattering with other numerous particles in the thermal bath during all of

their evolution, even after their decoupling when they are out of chemical equilibrium.

This scattering rate is much faster than their annihilation rate. It is then argued [199]

that, from symmetry considerations, the distributions in kinetic equilibrium are pro-

portional to those in chemical equilibrium, with a proportionality factor independant of

momentum, that is nχ = Dneq
χ and nχ̄ = D′neq

χ̄ . Thus (C.23) becomes

g

(2π)3

∫
Ĉ(f)

d~pχ
Eχ

= −
[
nχnχ̄
neq
χ n

eq
χ̄

− 1

] ∫
σav dn

eq
χ dn

eq
χ̄

= −
(
nχnχ̄ − neq

χ n
eq
χ̄

)
〈σav〉, (C.27)

where in the last line we have used the definition for the thermally averaged annihilation

cross section times relative velocity (C.26). Finally, combining (C.27) with (C.13), we

obtain the Boltzmann equation describing the time evolution of the dark matter number

density,
dnχ
dt

+ 3Hnχ = −〈σav〉
[
nχnχ̄ − neq

χ n
eq
χ̄

]
. (C.28)

If the species χ is symmetric, then nχ = nχ̄, and the Boltzmann equation reduces to

dnχ
dt

+ 3Hnχ = −〈σav〉
[
n2
χ − (neq

χ )2
]
. (C.29)
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Lagrangian Field Theory

D.1 Euler-Lagrange equations

In the Lagrangian formalism, the evolution of a dynamical system is derived from the

principal of least action (see for example [301]).

Consider a system described by a set of continuous fields
{

Φi
}

, where the Φi ≡ Φi(xρ)

are a function of the spacetime coordinate xρ. Note that because the manifold M (and

its coordinates) upon which the field theory is defined is arbitrary, the metric gµν of the

manifold must be included in the set
{

Φi
}

.1

The covariant action integral is defined as

S =

∫
M
d4x
√
−g L

(
Φi, ∂µΦi, . . .

)
, (D.1)

where L ≡ L
(
Φi, ∂µΦi, . . .

)
is the field Lagrangian, which in general will be a function

of the fields Φi and their first (and possibly higher order) derivatives. The integral is

taken over the spacetime manifoldM and the covariant volume element dV =
√
−g d4x,

where g, the determinant of the metric gµν , has been introduced so that S is a scalar

under general coordinate transformations.

Introducing the arbitrary variation in the field(s) and their derivatives

Φi(xρ)→ Φ
′i(xρ) = Φi(xρ) + δΦi(xρ),

∂µΦi(xρ)→ ∂µΦi′(xρ) = ∂µΦi(xρ) + δ(∂µΦi(xρ)), (D.2)

1Here, i labels the different fields in the set and should not be treated as a tensorial index.

178



Appendix D. Lagrangian field theory 179

where we have used the fact that the variation δ and the partial derivative ∂µ commute,

∂µ(δΦi) = ∂µ(Φ
′i − Φi) = ∂µΦ

′i − ∂µΦi = δ(∂µΦi), (D.3)

then the variation in the action integral becomes

δS =

∫
M
d4x δ(

√
−gL) =

∫
M
d4x

[
∂(
√
−gL)

∂Φi
δΦi +

∂(
√
−gL)

∂(∂µΦi)
δ(∂µΦi)

]
. (D.4)

To simplify the second term in (D.4), we first write it as∫
M
d4x

∂(
√
−gL)

∂(∂µΦi)
δ(∂µΦi) =

∫
M
d4x ∂µ

[
∂(
√
−gL)

∂(∂µΦi)
δΦi

]
−
∫
M
d4x ∂µ

[
∂(
√
−gL)

∂(∂µΦi)

]
δΦi.

(D.5)

Using Stokes’ theorem, the first term on the right hand side can be converted to an

integral over the boundary, ∂M, of the spacetime manifold M, upon which we assume

that δΦi vanishes. Therefore, this term will vanish. In general, this result implies that

any term that can be written as a total divergence can be removed upon integration by

parts and will not contribute to the resulting field equations.

Finally, substituting (D.5) back into (D.4) and setting δS = 0 for arbitrary δΦi, we get

the Euler-Lagrange (E-L) equations

∂(
√
−gL)

∂Φi
− ∂µ

[
∂(
√
−gL)

∂(∂µΦi)

]
= 0. (D.6)

Repeating this procedure, it is straightforward to generalize (D.6) to the case where

the Lagrangian density contains higher order derivatives of the fields Φi, i.e. L ≡
L(Φi, ∂µΦi, ∂µ∂νΦi, . . .),

∂(
√
−gL)

∂Φi
− ∂µ

[
∂(
√
−gL)

∂(∂µΦi)

]
+ ∂µ∂ν

[
∂(
√
−gL)

∂(∂µ∂νΦi)

]
− ∂µ∂ν∂ρ

[
∂(
√
−gL)

∂(∂µ∂ν∂ρΦi)

]
+ . . . = 0.

(D.7)

D.2 Lagrangian formalism for a scalar field

As a simple illustration of the Lagrangian formalism we derive the field equations for a

non-interacting scalar field φ(xρ) for which the Lagrangian density is given by

Lφ = −1

2
gµν∂µφ∂νφ− V (φ). (D.8)
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The first term is a generalized ’kinetic’ term and the second term is the self-interaction

potential V . The equation of motion for the scalar field is derived using the Euler-

Lagrange equations (D.6) derived in the previous section,

∂(
√
−gLφ)

∂φ
− ∂µ

[
∂(
√
−gLφ)

∂(∂µφ)

]
= 0, (D.9)

where we treat φ as the independent field. Substituting in the Lagrangian (D.8), the

first term in the E-L equations is simply

∂(
√
−gLφ)

∂φ
= −
√
−g ∂V (φ)

∂φ
, (D.10)

where the kinetic term in (D.8) does not contribute because it is a function of the field

derivative only. Next we evaluate the second term in (D.9) to get

∂µ

[
∂(
√
−gLφ)

∂(∂µφ)

]
= ∂µ

(
−
√
−ggαµ∂αφ

)
= −
√
−g�φ (D.11)

where we have used the identity

�φ ≡ ∇µ∇µφ =
1√
−g

∂µ(
√
−ggµα∂αφ) (D.12)

with the covariant derivative ∇µ defined in (A.7). Combining (D.10) and (D.11) yields

the equation of motion for the scalar field

�φ =
∂V

∂φ
. (D.13)

If φ is homogeneous such that φ ≡ φ(t), the left hand side of the equation of motion

reduces to

�φ = gµν∇µ∇νφ = g00∂0∂0φ− gijΓ0
ij∂0φ = −φ̈− 3

ȧ

a
φ̇ (D.14)

where we have used gijΓ0
ij = 3ȧ/a (see Appendix A). The equation of motion becomes

φ̈+ 3Hφ̇+
∂V

∂φ
= 0. (D.15)

The energy-momentum tensor of the scalar field φ(xρ) is defined as

T φµν = − 2√
−g

δ(
√
−gLφ)

δgµν
. (D.16)

The variation term is

δ(
√
−gLφ)

δgµν
= −1

2

δ(
√
−ggρσ)

δgµν
∂ρφ∂σφ−

δ
√
−g

δgµν
V (φ), (D.17)
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which can be simplified using the identities

δgρσ =
1

2

(
δρµδ

σ
ν + δρνδ

σ
µ

)
δgµν ,

δ(
√
−g) = −1

2

√
−ggµνδgµν . (D.18)

Substituting back into (D.16) yields

T φµν = ∂µ φ∂νφ− gµν
[

1

2
gρσ∂ρφ∂σφ+ V (φ)

]
. (D.19)

Lastly, we can write the energy-momentum tensor (D.19) in the perfect fluid form

T φµν = (ρφ + pφ)uφµu
φ
ν + pφgµν (D.20)

where [299]

ρφ = −1

2
gµν∂µφ∂νφ+ V (ϕ), (D.21)

pφ = −1

2
gµν∂µφ∂νφ− V (φ), (D.22)

uφµ = − [−gρσ∂ρφ∂σφ]−1/2 ∂µφ. (D.23)

D.3 Einstein’s field equations from a variational principle

The field equations of General Relativity can also be derived from the principle of least

action using the Einstein-Hilbert (EH) action,

SEH =
1

2κ2

∫
M
d4x
√
−gR, (D.24)

where R = gµνRµν is the Ricci scalar and the constant κ2 = 8πG will be required when

we introduce matter fields. Varying this action with respect to the metric field gµν ,

yields

δSEH =

∫
M
d4x

[
δ(
√
−g)R+

√
−gRµνδgµν +

√
−ggµνδRµν

]
. (D.25)

The first term can be evaluated using (D.18) and the second term already contains

the variation δgµν , so we turn our attention to the final term
√
−ggµνδRµν . After a

considerable amount of algebra, we find that

gµνδRµν = ∇µ∇ν (gµνgρσδg
ρσ − δgµν) . (D.26)
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Hence, the final term in (D.25) is a total divergence and will not contribute to the field

equations.2 Therefore, substituting in the identity (D.18) and setting δSEH = 0, we

obtain Einstein’s field equations in a vacuum,

Gµν ≡ Rµν −
1

2
gµνR = 0. (D.27)

We extend this result by including matter fields and a cosmological constant Λ so that

the total action becomes

SGR =
1

2κ2

∫
M
d4x
√
−g (R− 2Λ) + Smat. (D.28)

Variation with respect to the metric field then yields the Einstein equations of General

Relativity

Rµν −
1

2
gµνR+ gµνΛ = κ2Tµν (D.29)

where the energy-momentum tensor of the matter fields Tµν is defined as

Tµν = − 2√
−g

δSmat

δgµν
. (D.30)

2We could have arrived at the same result if we had instead considered the variation in Rµν in a
locally geodesic coordinate system and then transformed to an arbitrary reference frame.



Appendix E

Equations of Scalar-tensor gravity

E.1 Jordan frame field equations

In this appendix we derive the cosmological equations in scalar-tensor gravity models,

i.e. the modified Friedmann equation (4.22) and the scalar field time evolution equa-

tion (4.24).

To begin we write the Jordan frame action integral (4.4) as

Stot = Sg + Sϕ + Smat

where

Sg =
1

16πG∗

∫
d4x
√
−gF (ϕ)R,

Sϕ = − 1

16πG∗

∫
d4x
√
−g [gµνZ(ϕ)∂µϕ∂νϕ+ 2U(ϕ)] ,

and Smat ≡ Smat[gµν ; Ψmat]. The gravitational field equations in this frame can be

derived by varying each term with respect to the Jordan frame metric gµν . Beginning

with the gravitational action Sg we have

δSg =
1

16πG∗

∫
d4xF (ϕ)

[
δ(
√
−g)R+

√
−gδR

]
,

=
1

16πG∗

∫
d4xF (ϕ)

[
−1

2

√
−ggµνδgµνR+

√
−g (Rµνδg

µν + gµνδRµν)

]
,

=
1

16πG∗

∫
d4x
√
−gF (ϕ)

[(
Rµν −

1

2
gµνR

)
δgµν +∇µ∇ν

(
gµνgαβδg

αβ − δgµν
)]
,
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where we have used the identities (D.18) and (D.26) given in Appendix D. Integrating

the second term by parts twice and neglecting boundary terms, we finally get

δSg =
1

16πG∗

∫ √
−g
[
F (ϕ)

(
Rµν −

1

2
gµνR

)
− (∇µ∇ν − gµν�)F (ϕ)

]
δgµν

where the D’Alembertian � is defined in (D.12). Combining this result with the vari-

ations δSϕ and δSmat, which we can determine straightforwardly using the formalism

developed in sections D.2 and D.3 respectively, we get

F (ϕ)Gµν − (∇µ∇ν − gµν�)F (ϕ) = 8πG∗
(
Tµν + Tϕµν

)
(E.1)

where the scalar field energy momentum tensor is given by (cf. (D.19))

Tϕµν = − 2√
−g

δSϕ
δgµν

,

=
1

8πG∗

{
Z(ϕ)∂µϕ∂νϕ− gµν

[
1

2
gαβZ(ϕ)∂αϕ∂βϕ+ U(ϕ)

]}
, (E.2)

and the matter energy momentum tensor is

Tµν = − 2√
−g

δSmat

δgµν
.

E.2 Conformal transformation to the Einstein frame

To simplify the gravitational field equations we transform to the Einstein conformal

frame by applying a conformal transformation of the form

g∗µν = Ω2(x)gµν , (E.3)

where Ω(x) is an arbitrary function of the spacetime coordinates, and we use the notation

Ω2 to preserve the sign of the line element ds2
∗ = Ω2ds2. In this case, the relevant

quantities transform according to

√
−g∗ = Ω4√−g,

R = Ω2R∗ + 6�∗(log Ω)− 6gµν∗ ∇µ(log Ω)∇ν(log Ω), (E.4)

where R is the Ricci scalar and an asterisk denotes quantities defined using the metric

g∗µν . Taking Ω(x) = F 1/2(ϕ) so that

g∗µν = F (ϕ)gµν , (E.5)
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the Jordan frame action integral (4.4) can be written

Stot =
1

16πG∗

∫
d4x
√
−g∗

{
R∗ − g∗µν

[
3

2F 2

(
dF

dϕ

)2

+
Z

F

]
∂µϕ∂νϕ−

2U

F 2

}
+ Smat[F

−1(ϕ)g∗µν ; Ψmat]

where we have omitted the divergence term from (E.4) since it will not contribute to

the resulting field equations (see Appendix D).

We can simplify this expression by introducing the field redefinitions(
dϕ∗
dϕ

)2

=
3

4

(
d logF

dϕ

)2

+
Z

2F
,

2V (ϕ∗) =
U(ϕ)

F 2(ϕ)
,

A(ϕ∗) = F−1/2(ϕ),

so that the Einstein frame action integral becomes

Stot =
1

16πG∗

∫
d4x
√
−g∗ [R∗ − 2gµν∗ ∂µϕ∗∂νϕ∗ − 4V (ϕ∗)] + Smat[A

2(ϕ∗)g
∗
µν ; Ψmat],

= S∗g + Sϕ∗ + Smat[A
2(ϕ∗)g

∗
µν ; Ψmat]. (E.6)

Before deriving the field equations in the Einstein conformal frame we first determine the

relationship between the Einstein frame energy momentum tensor T ∗µν and the Jordan

frame energy momentum tensor Tµν ,

T ∗µν = − 2√
−g∗

δSmat[A
2(ϕ∗)g

∗
µν ; Ψmat]

δgµν∗
, (E.7)

= − 2

A−4(ϕ∗)
√
−g

δSmat[gµν ; Ψmat]

A2(ϕ∗)δgµν
,

= A2(ϕ∗)Tµν . (E.8)

Contracting both sides with gµν∗ = A−2(ϕ∗)gµν , we see that the Einstein frame energy

density and pressure are related to their Jordan frame counterparts via

ρ∗ = A4(ϕ∗)ρ , p∗ = A4(ϕ∗)p. (E.9)
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E.3 Einstein frame field equations

Varying the Einstein frame action integral (E.6) with respect to the Einstein frame

metric gµν∗ we obtain the gravitational field equations1

G∗µν = 8πG∗
(
T ∗µν + Tϕ∗µν

)
(E.10)

where the scalar field energy momentum tensor is now given by (cf. (D.19) and (E.2))

Tϕ∗µν = − 2√
−g∗

δSϕ∗
δgµν∗

,

=
1

4πG∗

{
∂µϕ∗∂νϕ∗ − g∗µν

[
1

2
gαβ∗ ∂αϕ∗∂βϕ∗ + V

]}
.

and the Einstein frame matter energy momentum tensor is defined in (E.7).

Assuming a Robertson-Walker line element,

ds2
∗ = −dt2∗ + a2

∗(t∗)γ
∗
ijdx

∗
i dx
∗
j , (E.11)

the (0, 0) component of (E.10) gives (using (A.26))

3

(
ȧ2
∗
a2
∗

+
k

a2
∗

)
= 8πG∗ρ∗ + ϕ̇2

∗ + 2V (ϕ∗), (E.12)

and the (i, j) components gives (using (A.27)),

− 3
ä∗
a∗

= 4πG∗ (ρ∗ + 3p∗) + 2ϕ̇2
∗ − 2V (ϕ∗). (E.13)

Additionally, the scalar field equation of motion can be derived using the results pre-

sented in section D.2. Defining

Lϕ∗ = − 1

4πG∗

[
1

2
gµν∗ ∂µϕ∗∂νϕ∗ + V (ϕ∗)

]
, (E.14)

we then have
δLϕ∗
δϕ∗

= − 1

4πG∗

[
dV

dϕ∗
−�ϕ∗

]
. (E.15)

1See section D.3 for more details.
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Moreover, the variation of the matter action with respect to ϕ∗ is given by

δSmat

δϕ∗
=
δSmat[A

2(ϕ∗)g
∗
µν ; Ψmat]

δ(A2(ϕ∗)g∗µν)

∂(A2(ϕ∗)g
∗
µν)

∂ϕ∗
,

=

(
1

A2(ϕ∗)

δSmat

δg∗µν

)(
2A(ϕ∗)g

∗
µν

dA(ϕ∗)

dϕ∗

)
,

= −
√
−g∗α(ϕ∗)g

∗
µνT

µν
∗ , (E.16)

where α(ϕ∗) is defined as

α(ϕ∗) =
d logA(ϕ∗)

dϕ∗
. (E.17)

Assuming the scalar field ϕ∗ is a function of time of only, the D’Alembertian becomes

(see (D.14)) �ϕ∗ = −ϕ̈∗ − 3H∗ϕ̇∗, and the equation of motion can be written

ϕ̈∗ + 3H∗ϕ̇∗ +
∂V

∂ϕ∗
= −4πG∗α(ϕ∗) (ρ∗ − 3p∗) , (E.18)

where we have also used g∗µνT
µν
∗ = (ρ∗ − 3p∗).

Finally, the Einstein frame energy conservation equation can be determined by differen-

tiating the first Friedmann equation and substituting in the second Friedmann equation

to get

4πG∗ [ρ̇∗ + 3H∗ (ρ∗ + p∗)] =

[
ϕ̈∗ + 3H∗ϕ̇∗ +

∂V

∂ϕ∗

]
ϕ̇∗. (E.19)

Using the scalar field equation of motion we finally have

ρ̇∗ + 3H∗ (ρ∗ + p∗) = α(ϕ∗) (ρ∗ − 3p∗) ϕ̇∗. (E.20)



Appendix F

Braneworld Field Equations

F.1 Field equations

The derivation of the Randall-Sundrum braneworld field equation presented here is based

on Binetruy et al [275] and Langlois [302].

The total action for the five dimensional braneworld scenario can be written

Stot = SM + Smat + SΣ (F.1)

where SM is the bulk action integral taken over the five dimensional manifold M given

by

SM =
1

2κ2
5

∫
M
d5x
√
−g (R− 2Λ5), (F.2)

Smat is the action integral incorporating the matter fields on the brane,

Smat = −
∫
∂M

d4x
√
−hLmat (F.3)

and SΣ contains the boundary terms required to compensate those generated by the

presence of the brane. We have used g and h to denote the determinants of the bulk

and brane metrics, gAB and hµν , respectively. The quantity R is the five dimensional

Ricci scalar constructed from the bulk metric gAB, i.e. R = gABRAB. Note that in this

appendix we use capital Latin indices for the five bulk spacetime coordinates, Greek

indices for the four brane spacetime coordinates and lower case Latin indices for the

three braneworld spatial coordinates. This is in contrast to chapters 5 and 6 where

lower case Latin indices are used to span the bulk spacetime coordinates.
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In five dimensional spacetime, the general metric which guarantees homogeneity and

isotropy on a four dimensional slice of spacetime is given by

ds2 = −n(t, y)2dt2 + a(t, y)2γijdx
idxj + dy2 (F.4)

where γij is the familiar spatial 3-metric (A.16) and y is a new coordinate spanning the

additional bulk spatial dimension.

We will model the brane (our universe) as an infinitely thin surface located at the origin

of the fifth dimension (y = 0), in which case the induced metric on the surface of the

brane satisfies

ds2
brane = −n(t, 0)2dt2 + a(t, 0)2γijdx

idxj . (F.5)

If t is the proper time on the brane then n(t, 0) = 1 and a(t, 0) is the braneworld scale

factor. The brane metric hµν is therefore related to the bulk metric gAB via

hµν(xµ) = gAB(xµ, 0). (F.6)

The braneworld field equations are derived by varying the total action (F.1) with respect

to the bulk metric gAB. In order to do so we first rewrite the matter action (F.3) as

Smat = −
∫
M
d5x
√
−hLmat δ(y), (F.7)

where the distributional factor signifies the discontinuity introduced by the brane at

y = 0. Varying the bulk and brane actions with respect to the bulk metric gAB gives

δSM =
1

2κ2
5

∫
M
d5x
√
−g
(
RAB −

1

2
gABR+ gABΛ5

)
δgAB

and

δSmat = −
∫
M
d5x
√
−h δLmat

δhµν
δµAδ

ν
B δ(y) δgAB (F.8)

where we have used

δhµν = δgABδµAδ
ν
B. (F.9)

Setting δStot = 0, and noting that, for the metric (F.4), det(gAB) = det(hµν), yields

GAB ≡ RAB −
1

2
gABR = κ2

5TAB − gABΛ5, (F.10)

where the five dimensional energy-momentum tensor TAB is given by

TAB = Tµν δ
µ
Aδ

ν
B δ(y) (F.11)
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and

Tµν = − 2√
−g

δSmat

δhµν
. (F.12)

F.2 Cosmological solution

The presence of the brane introduces a discontinuity in the Einstein field equa-

tions (F.10). To solve the field equations we could invoke the formalism developed

by Israel [303] to derive the so-called junction conditions. Instead, we follow the method

outlined in [275].

Firstly, we note that we require the bulk metric and its components to be continuous

across the brane surface located at y = 0, i.e gAB(xµ, y = 0−) = gAB(xµ, y = 0+).

Therefore, the first derivative of the metric g′AB(x),1 can contain at most a Heaviside

step function and that the second derivative will contain a Dirac delta (distribution)

function. Thus any quantity containing second derivatives of the bulk metric (including

the Einstein tensor) can be expanded as the sum of its non-distributional and distribu-

tional components [275],

a′′ = â′′ + [a′]δ(y) (F.13)

where â′′ denotes the non-distributional component and the square brackets denote the

’jump’ in a quantity at the location of the brane, defined as

[a′] = a′(y = 0+)− a′(y = 0−). (F.14)

The junction conditions needed to solve the five dimensional field equations can then be

determined by equating the distributional components of the Einstein tensor GAB with

the brane energy momentum tensor, which is expressed as

Tµν = (ρb + pb)uµuν + pbhµν , (F.15)

where ρb and pb are the energy density and pressure of the braneworld matter fields.

1We use a dash to denote differentiation with respect to the y coordinate and overdots denote differ-
entiation with respect to t.
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From the bulk metric gAB defined in (F.4) the various components of the five dimensional

Einstein tensor are given by

G00 = 3
ȧ2

a2
− 3n2

(
a′′

a
+
a′2

a2

)
+ 3k

n2

a2
, (F.16)

Gij = a2γij

(
2
a′′

a
+
n′′

n
+
a′2

a2
+ 2

a′n′

an

)
+
a2

n2
γij

(
−2

ä

a
− ȧ2

a2
+ 2

ȧṅ

an

)
− kγij , (F.17)

G04 = 3

(
n′

n

ȧ

a
− ȧ′

a

)
, (F.18)

G44 = 3

(
a′2

a2
+
a′n′

an

)
− 3

n2

(
ä

a
+
ȧ2

a2
− ȧ

a

ṅ

n

)
− 3

k

a2
. (F.19)

Splitting GAB up into

GAB = ĜAB + G̃AB, (F.20)

where G̃AB and ĜAB denote the distributional and non-distributional components, we

can read off the (0, 0) and (i, j) components of G̃AB from Eqs. (F.16) and (F.17),

G̃00 = −3
n2

a
[a′]δ(y), G̃ij = a2γij

(
2

[a′]

a
+

[n′]

n

)
δ(y). (F.21)

Equating these two expressions with the distributional part of the right hand side of the

field equations then gives the junction conditions

[a′]

a
= −κ

2
5

3
ρb,

[n′]

n
=
κ2

5

3
(3pb + 2ρb) . (F.22)

Motivated by the Horava-Witten model [304], a Z2 symmetry is imposed across the

brane, so that we identify y → −y and gAB(xµ,−y) = gAB(xµ, y). The ’jump’ in a

quantity can then be replaced by twice the function evaluated at the location of the

brane, i.e.

[a′] = 2a′|y=0+ . (F.23)

The junction conditions (F.22) then become

a′

a

∣∣∣∣
y=0+

= −κ
2
5

6
ρb,

n′

n

∣∣∣∣
y=0+

= −κ
2
5

6
(3pb + 2ρb) . (F.24)

The junction conditions can now be used to solve the Einstein field equations. Firstly,

we look at the (0, 4) component of the field equations which reads

G04 = Ĝ04 = 3

(
n′

n

ȧ

a
− ȧ′

a

)
= 0. (F.25)
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Integrating this equation with respect to y gives

ȧ(t, y) = ν(t)n(t, y). (F.26)

We can also evaluate the equation (F.25) directly by inserting the junction condi-

tions (F.24), which gives

(3pb + 2ρb)
ȧ0

a0
+ ρ̇b + ρb

ȧ0

a0
= 0 (F.27)

where we have used a subscript 0 to denote quantities evaluated on the brane, i.e. a0(t) =

a(t, 0). Defining the Hubble factor as H ≡ ȧ0/a0, the standard energy conservation law

is recovered on the brane,

ρ̇b + 3H(ρb + pb) = 0. (F.28)

Finally, we can equate the non-distributional part of the (0, 0) component of the field

equations

Ĝ00 = −g00Λ5, (F.29)

to get

3
ȧ2

a2
− 3n2

(
a′′

a
+
a′2

a2

)
+ 3k

n

a2
= n2Λ5. (F.30)

Substituting in the result (F.26), we can rewrite this equation as

ν2 + k − (aa′)′ =
Λ5

3
a2. (F.31)

Integrating with respect to a2 and substituting in the junction condition (F.24) yields

H2 ≡ ȧ2
0

a2
0

=
κ4

5

36
ρ2
b +

Λ5

6
− k

a2
+
C

a4
. (F.32)

This is the modified Friedmann equation in the braneworld scenario.
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