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Short-Wave Ocean Wave Slope Models for
Use in Remote Sensing Data Analysis
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Abstract—Recent developments in the directionality of sea waves
are reviewed and adapted into a working model for radiometric
remote sensing. There is a weight of evidence, both theoretical
and observational, that a bimodality exists in the directional wave
spectrum for sea surface gravity waves at wavenumbers greater
than the value at the peak of the spectrum. We develop a model for
the directional splitting which is consistent with observations but
which extrapolates in a credible manner to the omnidirectionality
observed at wavelengths around 0.3 m. At shorter wavelengths
the directional spectrum becomes unimodal and has an approximately constant shape across the gravity–capillary wave regime.
A working model is suggested for the directionality of the wave
spectrum to improve the analysis of radiometric sea surface data.
The model will also be useful for other analyses including active
radar techniques which use Bragg scatter.
Index Terms—Bimodal wave spectra, directional wave spectra,
gravity–capillary waves, wave slopes.

I. INTRODUCTION

R

EMOTE sensing of the marine environment has matured
considerably over the last decade, and there now exists
a wide range of instruments and techniques to measure and
monitor the sea surface. Some of the techniques, and in particular radiometry, depend on integrated wave slope distributions
rather than spectral amplitudes at specific (Bragg) wavelengths.
All wavelengths of the electromagnetic spectrum entering a radiometer from the ocean are reflected or refracted by the sea
surface. These effects are dominated by the local angle of incidence of the ray at the sea surface, and the electromagnetic
wavelength is a secondary consideration. The angle of incidence
is determined by two variables, the zenith angle from the observing instrument to the sea surface, and the slope of the water
surface over the scale length of the wavelength, at the point of
contact with the water. There is a need for a working model for
directionality as well as the mean sea surface slopes in order to
interpret data from radiometric remote sensing experiments.
Over the last decade, the changes in sea surface monitoring techniques have been paralleled by changes in our
understanding of sea surface directional wave spectra at the
high wavenumbers which are relevant to remote sensing with
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short-wavelength electromagnetic waves. The pioneering
work of Cox and Munk [8] produced a simple model with
mean-square surface slope (MSS) linear with wind speed in
both the along-wind and cross-wind directions, and this has
stood the tests of time with many people using the model. In the
last decade, however, it has become clear that there is a bimodal
feature in the gravity wave directional spectrum at wavenum, where
is the wavenumber at
bers greater than about
the spectral peak (e.g., [4], [12], [18], [33], [37]). The question
arises as to what effect the bimodality might have on directional
spectrum models for mean-square wave slope.
There is an associated question which arises from the need for
a directional spectral model to use as the basis of data analysis
for short-wave remote sensing. The Cox and Munk data give
mean-square wave slopes in the along-wind and cross-wind directions and the ratio gives one parameter to describe the directional spreading. This was discussed by Elfouhaily et al., [11],
and they adopted a simple ratio of along-wind to cross-wind energy as the spreading parameter. Other spreading models that
have been used are the
[28], [31], and the
[2], [10] forms, where and , respectively, are the single parameters for the spreading. These models do carry more information than the single parameter and are used to estimate
mean-square wave slopes in directions other than parallel and
normal to the wind. For example, the Donelan model makes allowance for waves propagating into the wind, and in some applications this is preferable to the Mitsuyasu model.
This paper undertakes a close examination of the Cox and
Munk data in the light of recent understanding of the directional
wave spectrum and seeks a practical directional spectrum model
which can be used with a degree of confidence in the interpretation of remote sensing data. Elfouhaily et al., [11] treated the
directional wave spectrum in two sections, guided mainly by the
wavenumber dependence, as the long wave section and the short
wave section. We are more concerned with the angular spreading,
and in the light of recent results on bimodality, we find it convenient to discuss three sections of the ocean wave spectrum.
II. LONG-WAVE PART OF THE SPECTRUM
Most of the wave energy is contained in the wavenumber
band near to the peak. For coastal and marine engineering, this
is the band of most concern, and that is why the early models
were validated with wave buoy data near to the peak. This longwave part of the spectrum, however, contributes very little to the
mean-square wave slope. This is illustrated in Fig. 1, where we
show mean square wave slope for a JONSWAP spectrum over
wavelengths down to 4 m which is about the limit of validity
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Fig. 1. Root mean square wave slope as a function of wind speed from the
JONSWAP model integrating over wavelengths greater than 4 m for (a) infinite
fetch (X) and (b) a fetch of 22 km (O).

for this model [29]. The mean square wave slopes are generally an order of magnitude less than those for the whole spectrum [8]. Furthermore, Fig. 1 shows the characteristic feature,
for both fetches, that the mean square slope is almost independent of wind speed, except at the very low wind speeds.
All of the early models assume a unimodal distribution of
[28], [31], and
wave energy with direction. The
[2], [10] forms are explicitly unimodal with
the
the single parameter and , respectively, defining the shape.
Elfouhaily et al., [11] used the more general parameter of the
, relating the
ratio,
cross-wind energy to the along-wind energy. However, to be
useful in remote sensing applications, we require the adoption
of an angular shape function, and Elfouhaily et al. settled on the
. The delta ratio parameter
form
per se is the only one of these parameters which transfers to
bimodal spectra, because the ratio is still a measurable parameter.
However, it has to be pointed out that any of these models would
show broadening if they were fitted to data from a bimodal sea.
In recent years, it has become clear that bimodality in the
spreading is a feature of the gravity wave spectrum. This feature was discussed by Banner and Young [4] on the basis of
the nonlinear dissipation of wave energy by wave breaking and
wave-turbulence interactions of Hasselmann [14]. Young et al.,
[37] found that the directional spectrum becomes bimodal at
, and Ewans [12] put the transition between
and
, where
is the wavenumber at the peak of the
for a fully developed sea,
wind wave spectrum, where
and Elfouhaily et al., [11] suggest values for a growing sea.
Ewans’ data show an angular separation of the bimodal peaks
commencing at
–2.0 and then reaching a value
, which is the upper limit of his
of about 126 at
observed frequency band. Ewans fitted an exponential form
for

(1)

which gives an asymptotic value of
for very large
frequencies. For the purpose of extrapolation for
,
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Fig. 2. Elfouhaily et al.’s delta ratio of with-wind to cross-wind elevations
for wind speeds from 3 to 21 in steps of 2 m/s. The abscissa is normalized
wavenumber and shows the control of normalized wavenumber at the
gravity wave peak. The gravity-capillary peak is at constant wavenumber,
k = 370 rad/m.

we would caution the use of this expression and observe that
values for
appear to have already
Ewans’
reached a maximum of about 126 . The results of Hwang et al.
[18] also show
reaching a maximum at around
.
Elfouhaily et al., [11] adopted the delta ratio as the spreading
parameter, which is still of interest in a bimodal distribution
because it is an observable parameter. Their delta ratio is plotted
in Fig. 2 using normalized wavenumber on the abscissa. This
model captures the spreading—which we now know is due
and approaches a constant
largely to bimodality—for
. This is generally consistent with
level at about
Ewans’ data at the low-frequency end of the data set, but for
higher wave numbers, we need to have a model which includes
bimodality and which takes account of the fact that the peak
separation approaches a constant level at high wavenumbers.
It is with some trepidation that we divert from Ewans’ best
fit form, but we are seeking the best representation of the
values. This may be a better basis for
observations at high
and is consistent with Elfouhaily
extrapolation for
et al. [11] and the previous work that they took into account in
their synthesis. Using Ewans’ style of model we suggest that
needs to be constrained to an
the exponential expression for
asymptotic value of 126 . The model needs to accommodate
the observation that the bimodality commences at
–4,
and the shape is fitted to the data of Hwang et al., [18] by
to its
using the cube of the normalized frequency to bring
asymptotic value more quickly. The three fitted parameters are
included in the suggested form
(2)
and is shown in Fig. 3(a) as a frequency-dependent function
along with Ewans’ model. In Fig. 3(b), we show the bimodal
peak separation as a wine glass-shaped function of normalized
wavenumber. The data points are from Hwang et al., [18] we
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1( )

Fig. 4. Spreading parameter
k for the new bimodal spreading model
(solid line) and that for Ewans’ model (dashed line).
k is negative when
the cross-wind spectral magnitude exceeds the along-wind value.

Fig. 3. New model (solid line) for the separation of lobe peaks in the bimodal
directional spectrum compared with Ewans’ model (dashed line) (a) As a
function of normalized frequency. (b) With normalized wavenumber. The data
points (x) are scaled from Hwang et al., [18, Fig. 10(a)].

chose not to use their fitted form because their best fit was
a second-order polynomial which is not optimal at the high
wavenumber end of the data set and, unlike the exponential,
does not extrapolate to an asymptote.
Also of interest is the delta ratio parameter for spreading of
the spectrum, and this is shown in Fig. 4, where the new model
(solid line) is compared with that from Ewans’ model (dashed
line). Our immediate interest is to examine the way bimodality
manifests itself in the high wavenumber part of the saturation
spectrum.
III. INTERMEDIATE PART OF THE SPECTRUM
There is a dearth of experimental observations between the
in Ewans’ data) and the
upper limit of wave buoys (
lower limit of microwave results at wavelengths of about 0.3
m. High-frequency radar results (e.g., [15]) have shown that the
spreading is greater than that given by the JONSWAP model.
There is evidence that the spectrum is very broad, almost

1( )

omnidirectional, at wavelengths around 0.3 m. Keller and Plant
[22] observed scatter cross sections from the sea surface during
the Tower Ocean Wave and Radar Dependence Experiment
and found that at L-band (Bragg wavelengths about 0.28 m),
the cross sections were nearly isotropic with no dependence on
wind speed except at very low wind speeds. This contrasted
with the Ku-band cross sections (Bragg wavelengths about
0.03 m) which showed wind dependence and increased energy
in the along-wind direction. These authors remark that cross
sections at most microwave frequencies (X-band and above)
are like their Ku-band observations, and that the L-band result
represents a quite abrupt change in the scattering process.
Banner [2] reported a continued increase in spreading from
, with a spreading
a theoretical model beyond
cutoff at much shorter scales consistent with photogrammetric
data presented by Banner et al. [3]. These photogrammetric data
showed nearly omnidirectional spectra at wavelengths of 0.3 m.
A classic illustration of a transition between the long-wave
spectrum and the short-wave spectrum comes from the data of
Cox and Munk [8]. Fig. 5 shows their data for mean square
slope as a function of wind speed, replotted as suggested by
Hwang and Wang [19], to separate the two cases of slick and
no-slick. The artificial slick has nulled the waves with wavelengths smaller than about 30 cm, so the crosses represent the
mean square slope integrated over all wavelengths greater than
about 0.30 m. This mean square wave slope integral is almost
independent of wind speed as long as the wind speed is greater
than about 3 m s . The value of mean square slope is low,
below 0.02 m and consistent with the integral for the JONSWAP spectrum as shown in Fig. 1 for wavelengths greater than
4 m. In contrast, the circles are for no-slick conditions with all
wavelengths contributing, and the mean square wave slope is
linear with wind speed. Two important results come from these
considerations. One is that it is the short waves which dominate in the mean square wave slope phenomena, and the other is
that there is a clear demarcation between the processes of short
waves and long waves at some transition wavelength near 0.3 m.
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Fig. 5. Magnitudes of mean-square-slope from Cox and Munk’s data for clean
sea (o) and oil-slick sea (x) with derived wind speeds at 10-m altitude. The best
straight line for clean sea is fitted to all the points, while for the oil-slick sea we
used points at U10 > 3 m s (after [19]).

Fig. 6. Bimodal shape for the model spreading function as it approaches its
asymptotic form at large k=k values. The unimodal shape is the best-fitting
cos (=2) form, which is the representation previous models would use. (S =
0:65).

The reports of omnidirectional spectra at wavelengths in the
0.3–1.0 m wavelength band are not inconsistent with the bimodal spectrum at longer wavelengths. Fig. 4 showed that the
model for a bimodal spectrum has the delta ratio for along-wind
, and the
to cross-wind directions at about 0.3 at
unilobe shape is shown in Fig. 6. The best-fitting
and delta
modal shape is also shown in Fig. 6, with
ratio of 0.22 which is consistent with values for the model of
Elfouhaily et al., [11]. There appears to be a fairly abrupt change
rad/m, where the biin the spectrum somewhere above
modal spectrum of gravity waves is overtaken by a gravity–capillary wave regime with different characteristics.
In the model of Elfouhaily et al. [11], there is a natural transition point between the long-wave and the short-wave parts of

Fig. 7. Transition point between long waves (gravity waves) and short waves
(gravity–capillary waves) is also the transition between bimodel and unimodel
spreading. (a) Transition given by Elfouhaily et al. [11] in terms of wavenumber,
k . (b) Transition is more precisely specified by normalized wavenumber. [Note
the expanded scale in (b).]

the spectrum in the expression for spreading when the contributions are equal from the equilibrium gravity wave processes
and the gravity–capillary wave regime. This transition point is
defined when the contributions from each term are equal

(3)
where is the wave celerity, is the wave celerity at the gravity
wave peak,
is the celerity at the gravity–capillary wave peak,
is a constant, and
.
Fig. 7 shows how the transition wavenumber varies with wind
speed in the Elfouhaily et al. model. The lower panel shows
that the variability is reduced when the transition wavenumber
is scaled by the wavenumber of the gravity wave peak, with
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TABLE I
TRANSITION WAVENUMBER, WIND SPEED, NORMALIZED TRANSITION
WAVENUMBER; USING DATA FROM JAHNE AND RIEMER, [20]
(J & R), AND ELFOUHAILY et al. [11] (ELF)

norcontrolled by the wind wave spectrum because the
malization works so well. Note that the wind wave control continues across the transition zone and influences the first part of
the capillary wave band.
IV. SHORT-WAVE PART OF THE SPECTRUM

Fig. 8. Spreading parameter delta ratio from the model of Elfouhaily et al.
[11] plotted with the normalized wavenumber to remove wind dependence in the
long wave (gravity wave) part of the spectrum. The circles mark the transition
between the long wave and the gravity–capillary wave parts of the spectrum.

an asymptotic approach to 178 at high wind speeds. Thus, the
, is in the range
normalized transition wavenumber,
(4)
for windspeeds above 3 m s . Fig. 8 shows the delta ratio
spreading parameter with normalized wavenumber, with the
transition wavenumber, , marked for each windspeed. The
values are sufficiently well bunched that we could take a single
value for the transition wavenumber in a model.
This transition is also shown in the data of Jahne and Riemer
[20] taken in the large Delft wind wave facility with optical sampling. The three-dimensional spectra shown in their paper for
different wind speeds often show the bimodal spectral shape
merging into a unimodal distribution at short wavelengths. A
steady progression can be seen with the bimodal peaks decaying
and the central unimodal peak dominating as the wavenumber
increases. We scaled the ratio of degree of saturation at 30 , 60 ,
and 90 to that at 0 for each wind speed, and these are shown in
Fig. 9. At higher wind speeds, the effect is clearer where a near
omnidirectional spread (with ratios nearly equal to, and usually
greater than 1) at lower wavenumbers changes to a separation of
the ratios, representing a central lobe. The transition wavenumrad/m at
m s to
bers range from about
about
rad/m at
m s . We extended this analysis by fitting -values to each of Jahne and Riemer’s curves.
These are shown in Fig. 10, plotted on a normalized
abscissa. The transition wavenumbers are summarized in Table I
and compared with those derived from the Elfouhaily transition.
The transition wavenumbers in the middle of the transition zone
are greater from the Jahne and Reimer [20] data, but still lie
in the flat region of the curves shown in Fig. 8. To be consistent with these data, our model will take the Elfouhaily et al.
transition wavenumbers to designate the beginning of the tranfor the Jahne and
sition which occurs at
Riemer data. It is clear from Fig. 10 that the transition zone is

Wave slope studies for short-wavelength waves can be
grouped into five categories according to the techniques used.
The earliest systems involved the measurement of sun glint
using photographs (e.g., [8] and [32]). Since then, systems
based on reflected light beams (e.g., [35]), refracted light
beams (e.g., [7], [13], and [26]) fast-response-elevation probes
(e.g., [30]), and radar (e.g., [6], [21], [34], and [38]) have been
applied to the measurement of short-wave statistics.
Although there have been many studies published on the relationship between wind speed and wave slopes, it is not straightforward to make direct comparisons of the results. Fig. 11 shows
selected experimental results from studies representing the various techniques used to measure wave slopes. To enable a comparison, the wind speeds have been normalized to a 10-m level.
In Fig. 11, the points for Cox and Munk [8] (open ocean measurements) and those from the JONSWAP model, have been
plotted with different symbols from the remainder of the studies,
which are based on tank experiments. Also, note that Cox [7]
collected three sets of data with different fetches, as did Long
and Huang [26].
From Fig. 11, it can be seen that there is a self-consistency
among the results derived in wind-wave tanks. This relationship between MSS and wind speed is roughly linear with a larger
slope than the relationship exhibited by the Cox and Munk data,
which is itself considerably steeper than relationship from the
JONSWAP model. The JONSWAP data do not include the effect of the steeper short wavelength waves, and therefore underestimate the actual slope distribution of the open ocean. The
tank data do not include long wavelength waves. The open ocean
observations of Cox and Munk include the contribution of both
long wavelength gravity waves and short wavelength waves to
the slope distribution.
The tank experiments exhibit slopes significantly larger than
those recorded by Cox and Munk, and this difference is likely
to be a combination of factors. First, the waves in a wind-wave
tank do not all move along the axis of the flume. A significant
percentage of them move in other directions, some even at right
angles to the direction of the wind [9], [25], [29]. The waves,
which do not move along the axis of the flume, eventually hit the
side walls and reflect. This has been modeled by Heron and Bold
[16] and shows that there is increased wave amplitude at the
sides of the tank, and a small enhancement in the middle. If the
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Fig. 9. Jahne and Riemer [20] data replotted to show the ratio of spectral energy at angles 30 (solid), 60 (dotted), and 90 (dashed), normalized to the 0 value
for windspeeds 2.7 to 17.2 m s as marked. The vertical bars designate regions of change discussed in the text.

reflections off parallel side walls are perfectly lossless, and the
wind is directed along the axis of the flume, then the directional
spreading of the wave spectrum is not changed by the reflection
process. Second, the wind waves in tank experiments are usually

steeper than equilibrium waves by virtue of their early stage of
development.
In addition to this effect, the tank experiments present a water
surface with a more uniform distribution of short wavelength
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Fig. 10. Spectral spreading parameter S derived from the data of Jahne and
Riemer [20] for wind speeds 2.7 m/s (x), 3.9 m/s (+), 5.4 m/s (o), 7.3 m/s ( ),
8.9 m/s ( ), 12.2 m/s (), and 17.2 m/s ( ). The dashed line is the model form
for Log10(k=k ) > 2:65 and is chosen to merge with the value S = 0:68
from Cox and Munk [8] over the capillary wave range.

gravity waves than in the troughs. Zhang [38] observed the generation of parasitic capillary waves from the breaking of short
gravity waves at wavelengths less than about 30 cm.
The results of Wu are applicable to Cox and Munk’s measurements in a fully developed open-sea environment, but they do
not apply to wind-wave tank experiments, in which wind over
a very short fetch was employed to generate waves. The lack
of larger wavelength gravity waves in the tank experiments is
likely to result in a higher density of gravity–capillary waves
(more capillary waves per unit area), and produce larger MSS
than over a fully developed sea at the same wind speed, as observed in Fig. 11.
It is clear from this discussion of Fig. 11 that an operational
model for mean square slopes will need to rely heavily on the
Cox and Munk data set. Fundamentally, the contribution of the
long wavelength gravity waves to the MSS is very small and independent of wind speed. The MSS is so dominated by the short
wavelength waves that, for practical purposes, it is impossible
to ignore the Cox and Munk linear fit for any application which
is based on the integrated effect over all wavelengths.

V. COX AND MUNK’S EXPERIMENTS
A. Observations

Fig. 11. Relationship between wind speed and MSS derived from a variety of
wave slope studies.

waves than exists in the open ocean. Wu [36] measured the
distribution and steepness of short-wavelength waves on underlying long-wavelength gravity waves under a range of wind
conditions. He found that at low wind speeds there were more
short-wavelength waves on the leeward face of the long wavelength gravity waves, but at higher wind speeds the short-wavelength waves were more evenly distributed across the windward and leeward faces. Under all conditions, short-wavelength
waves were more common on the crests of the long wavelength

Between 25th August and 25th September, 1951, Charles Cox
and Walter Munk conducted a series of experiments designed to
determine the MSS of the ocean over a variety of wind conditions. All measurements were taken near Maui in the Hawaiian
Islands. Their technique was based on aerial photographs of
sun glitter taken from a B-17G (a modified Flying Fortress).
The conditions at the sea surface were monitored from a 58-ft
schooner, The Reverie [8], which had two masts, each similar in
height. Bendix Freiz Aerovane anemometers were installed on
the fore masthead (41 ft above sea level) and bowsprit (9 ft above
sea level) of the schooner. During each aerial photo, the ship
would “heave to, with the wind abeam, and be steadied by sails”
[8]. This means that the ship would be positioned side on to the
wind, with the bow pointing slightly with the wind by between
20 and 30 . The forward of the two masts would have its sail
pushed fully to port, and the rear of the two masts would have its
sail pushed fully to starboard. If this is done correctly, the ship
would lean over slightly with the wind, the sails would be both
full and the ship would “crab” toward an angle approximately
halfway between the wind direction and the direction the ship is
facing. If the skipper is skilled and the boat is set up well, then
there should be little or no turbulence affecting the anemometers, although they would be measuring slightly under the actual
wind speed. It is hard to see how this could be corrected since
there would have been no way of accurately tracking the ship’s
position in real time. Although not mentioned in their paper, we
must assume that no correction was made for this, or for the effect of ocean currents which would cause the ship to drift.
Other measurements made at the time of each aerial photo
were, location, wind direction, sea surface temperature, air temperature, humidity, significant wave period, height, and direction. Notes were made on the state of the ocean (clean or oil
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Fig. 12. Roughness length versus wind speed, from the data of Cox and Munk
[8]. Two data points at low wind speeds are eliminated from the set on the
grounds that they do not belong to the statistical ensemble.
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Fig. 13. Along-wind MSS versus wind speed, using modified data from Cox
and Munk [8].

slick), and times and dates were recorded. Later on, the sun’s azimuth angles were calculated, based on time and location data.
B. Cox and Munk Wind Speed Data
Under neutral atmospheric conditions and constant eddy diffusivity, the wind profile near the water’s surface can be expressed as
(5)
where
is the mean wind speed at a distance
above
is the frictional velocity, is the von Karman
the surface,
constant (0.41), is the height above the surface, and is the
roughness length.
As explained above, Cox and Munk collected wind speed data
from anemometers located at heights of 41 and 9 ft above the sea
surface. We are using the simple form of (5) to interpolate for
wind speeds at an elevation of 10 m, and with less justification
we are using the stable atmosphere conditions to estimate
values. Ten meters is an accepted reference height for meteorological measurements of wind speed, and the estimates of will
allow us to identify the data points which are influenced by low
wind speed and high friction effects. We are ignoring considerations of heat and water vapor fluxes in order to do this analysis
and our only real justification is that the resulting straight-line
fits to the data (refer to Figs. 13 and 14) are of good quality.
Fig. 12 presents the roughness length, , plotted against the
wind speed at an elevation of 9 ft. Clearly, the values for some
low wind speeds do not belong to the same statistical group as
the higher wind values for the purpose of establishing a characteristic roughness. High values of roughness length are typical for very low wind speed when the action of friction is more
significant. For wind speeds greater than 0.6 ms , the mean
and variance of the 23 values are 0.0059 and 0.0199, respectively (we use variance rather than standard deviation because
the distribution is folded about zero and clearly not Gaussian).

Fig. 14. Cross-wind MSS versus wind speed, using modified data from Cox
and Munk [8].

We have excluded values which lie outside two variance intervals from the mean leaving 21 values which have a mean of
0.0013 m and a variance of 0.0012. Hence, for the purposes of
this study, a value of 0.0013 m will be used for the roughness
length . Large and Pond [24] also reported that the roughness
length of the ocean was relatively constant for wind speeds less
than about 10 ms . The complication of increased friction at
very low wind speeds is one that has yet to be addressed for
microwave remote sensing. Wind speeds at a height of 10 m are
calculated via this estimated roughness length for the wind measurements made by Cox and Munk and are presented in column
14 of Table II. Column 15 of this table is the wind fetch, calculated by plotting each data position on a chart and measuring
the distance to land in the direction of the origin of the wind.
Since the short-wavelength waves are generated from local
wind, it is also reasonable to assume that they are not significantly affected by fetch, unless the fetches are very small.
Table II shows that the minimum fetch for these data is 10 km,
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TABLE II
RESULTS FROM COX AND MUNK [8]. AIR AND SEA TEMPERATURE, HUMIDITY, AND SUN AZIMUTH HAVE BEEN OMITTED FROM THIS TABLE BECAUSE THEY ARE
NOT RELEVANT TO THIS PAPER. THE LAST TWO COLUMNS HAVE BEEN DERIVED FROM THE COX AND MUNK RESULTS (SEE THE TEXT FOR
AN EXPLANATION). WIND FETCH HAS BEEN PRESENTED ONLY FOR CLEAN SEAS

so this assumption should hold. Since we have found that the
MSSs of long-wavelength gravity waves are also insensitive to
fetch, the open sea wave slope measurements made by Cox and
Munk can be assumed to be free of any fetch limitations.
There is one point missing from this wind-wave cross check,
and that is the set of measurements labeled “3 Sept. t” in Table II.
This point was omitted because it has no associated wave data.
From Table II, it can be seen that this set of data has a corresponding 10-m wind speed of 0.84 ms at a direction of 180 .
The previous set of data to this was taken only 27 min earlier and
in exactly the same location. This earlier set of measurements
has a corresponding 10-m wind speed of 8.36 ms with a direction of 120 . Clearly the data associated with “3 Sept. t” represents a confused sea with several cross-components of waves.
As a result, we have chosen to omit this point from the analysis.
In this analysis, Cox and Munk’s remaining 21 data points of
MSS versus wind speed (Figs. 13 and 14) for clean seas form a
self-consistent set. Hwang [17] used a different self-consistency
argument to adjust some of the low wind speed data points in
Cox and Munk’s table of data.
Figs. 13 and 14 are the plots of Cox and Munk’s remaining
21 values for the along-wind and cross-wind MSS data, respectively. The figures also show the results of a least squares straight
line fit of each of the data sets. The -intercepts at zero wind
speed presumably represent MSS slopes from swell propagating
into the study region. If we assume that the -intercepts represent a background swell MSS and that this is indicative of the
effect of swell throughout the study, then this will represent an
offset in MSS rather than a change in slope. Therefore, in for-

mulating a wind-driven model, we consider only the slopes of
these least square lines
cross-wind
along-wind

(6)
(7)

represents the MSS. These wave slopes are an order
where
of magnitude larger than those calculated above for the JONSWAP spectrum. This confirms that MSS are dominated by
short gravity waves and capillaries.
C. Directional Spreading of Short Waves
The data for directional spreading of the short gravity–capillary waves are quite varied. Efouhaily et al., [11] presented a
summary of five options and presented them as graphs of delta
ratio versus wavenumber. Two of the models had a constant
delta ratio over the relevant wavenumber band with values at
[31] and
[1]. The other three had a maxat the gravity–capillary wave peak and the
imum of
at the gravity–capmodel adopted by Elfouhaily et al. has
illary wave peak almost linearly dependent on wind speed.
The relationship between and the orthogonal MSS observations is
(8)
and on substitution of the values from the Cox and Munk
data set
, which is independent of wind speed
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and wavenumber, but represents a weighted average over all
wavenumbers.
As in previous literature, we have only one parameter to
specify the directional spreading, but for the short-wavelength
part of the spectrum (wavenumbers greater than the transition
), we will assume a unimodal shape. Anyone wanting to
use the spectral model for the interpretation of remote sensing
data may need to assume a form for the wave energy as a
function of angle to the wind direction. Since the directional
spectrum for gravity–capillary waves is unimodal, we could
adopt any of several which are in common use. The delta ratio
parameter adopted by Elfouhaily et al., [11] is useful as the
single parameter, but their spreading shape function is
(9)
which is folded about
. This is directly applicable
in analysis of data when the scattering cross section depends
on wavenumber spectra, with no Doppler shifts to resolve directional ambiguity. A more fundamental specification of directional spreading for a unimodal shape is the parameter of Mitsuyasu et al. [31] and Longuet–Higgins et al. [28], and the
parameter of Donelan et al. [10]. There is an analytical conversion between the parameter and the delta ratio. We prefer to
avoid the complication of waves travelling directly up-wind included in the Donelan et al. model, because this is thought to be
predominantly due to an interaction with longer waves. If this is
happening, then it could be explicitly included in any analysis
in a way which is specific to the situation. For the gravity–capillary wave band, we retain the shape function of Mitsuyasu et
al. [31] and Longuet-Higgins et al. [28]
(10)
which can be folded if the application is insensitive to
against-wind and along-wind differentiation. This is consistent because the bimodal shape for the longer gravity waves
is also unfolded—it is based on Ewans’ [12] time series data.
The equivalence between the spreading parameters and
is analytical, given by
(11)
In this section on short waves, we have used Cox and Munk’s
MSS data to determine the spreading parameter. In many cases,
the required application is for the spectral energy density for
, where the variance is
water elevation
(12)
and the variance of the distribution of wave slopes is
(13)
This means that for a limited bandwidth, like the gravity–capillary waves, the directionality applies to both the elevation and
the slope distributions.

1971

VI. NEW SYNTHESISED MODEL FOR THE SPREADING OF
GRAVITY AND CAPILLARY WAVES
In this paper, we have not considered spectral amplitude and
we will adopt the model of Elfouhaily et al. [11] for spectral amplitudes. In doing so we are adopting their transition from the
long-wave spectral form to the short-wave form according to
the condition given in (3) and illustrated by the circles plotted
in Fig. 8. The wavenumber for the transition lies in the range
and is almost independent of wind speed
as shown in Fig. 8. The main hard data we have for this transition comes from the work of Jahne and Riemer [20] shown
in Table I and the data plotted in Fig. 10 where the transition
. While the data are in broad agreezone is
ment with the estimate of Elfouhaily et al. [11], we do not have
(and
much precision, and our model will simply require
) in the transition zone. The specification of the spreading
is therefore in three sections.
the form is bimodal with peak separaFor
tion given by
(14)
with each peak having a Gaussian shape with
(15)
For

, the -value goes linearly (with
to zero at
. The -value remains at zero until
.
the spectrum is unimodal and becomes
For
dominated by capillary waves. The data from Jahne and Riemer
shown in Fig. 10 indicate that the spreading parameter increases from zero at the end of the transition region in a manner
normalization. Recent approaches
consistent with the
to modeling the generation of capillary waves in the ocean
have shown that within a specific wavenumber band, breaking
gravity waves can generate capillaries. The generation of
parasitic capillary waves from the breaking of steep gravity
waves was introduced by Longuet–Higgins, [27] and developed
by Belcher and Vassilicos, [5] to investigate energy balance
in the short gravity wave–capillary wave spectra. The idea
is that gravity waves with wavelength less than about 0.3 m
have phase velocities which map across to the capillary wave
band. When one of these gravity waves breaks, the energy
can transfer to the capillary wave with the phase velocity
which matches the momentary surge velocity of the breaker.
Kudryavtsev et al. [23] have developed a spectral model for
capillary waves based on this energy source and ignoring all
others including wave–wave interactions. The spectral broadening of the Kudryavtsev et al. model in the capillary range is
weakly dependent on wind speed, and in this respect differs
from the Elfouhaily et al. model. The Elfouhaily et al. model
includes a spreading parameter which, in the capillary range,
has a strong approximately linear dependence on wind speed.
This is not strongly based on data, and the authors acknowledge
it to be a point for further development. One complication with
from
a strongly wind dependent -value is that the ratio
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Cox and Munk’s [8] data is independent of wind speed. While it
is possible for the weighted integral to be independent of wind
speed when the wavenumber spectrum itself shows wind speed
dependence, it would require a complexity which we cannot
support with data or theory. The calculations of Kudryavtsev et
al. show (their Fig. 6) that the weakly wind dependent angular
width has a mean value of
, compared with the
value 0.625 from the data of Cox and Munk, [8].
On the basis of this, we will adopt a constant value of
for the capillary range. For
, we
suggest an empirical form based on Fig. 10 for the emergence
normalization is imfrom the transition band, where the
portant, and the asymptotic -value of 0.68 for the capillaries
normalization is not relevant. It has the form
where the

(16)

This model shape is shown in Fig. 10 as the dashed line.
VII. CONCLUSION
We have reconsidered the shape of the wind wave spectrum
for all wavenumbers greater than that at the gravity wave peak.
The directional spreading was perhaps the least accurate of all
the parameters in the unified spectrum suggested by Elfouhaily
et al. [11], and this reflects the recent changes in the descriptions
of the fundamental processes which shape the wind wave spectrum. We have adopted the theoretical results of Kudryavtsev et
al. [23] for the spectral spreading in the capillary range because
they are more consistent with the data of Cox and Munk [8] for
the weighted average of the spreading.
In our model, we have included bimodality of the directional
spectrum for gravity wave wavenumbers above the peak, and
the transition back to unimodality in the gravity–capillary wave
part of the spectrum. In the transition range, the spectrum is
effectively omnidirectional. This transition range is not the
same as that discussed by Kudryavtsev et al. [23] because it
occurs at a longer wavelength at about 0.3–1 m. We suggest that
this transition is controlled by the wind wave spectrum because
the normalization of the wavenumber to the gravity wave peak
value. The best theoretical and observational evidence is for a
spreading parameter which is independent of wind speed and
wavenumber over the capillary wave band.
The resulting description of the directional spreading parameter is simple and elegant, with no dependence on wind speed
when the wavenumbers are normalized to .
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