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Abstract. Analysis of enzyme kinetic data requires more than just
comparisons of Kms and Vmaxs using the corresponding error estimates of the
parameters. This approach is often employed, but it can prompt contradictory
and misleading inferences that might be avoided using a confidence band. We
derive expressions for the confidence band for the Michaelis-Menten rate
equation that rely on estimates and variances of Km and Vmax. These can be
expressed in terms of the substrate concentration or the rate of reaction. While
these equations are simple, they are nonlinear, which reinforces the need to
consider both parameters simultaneously. The equations show that the
amplitude of the confidence interval () passes through a maximum if the
variance of the Km is sufficently large compared with the variance of Vmax.
We illustrate the value of the expressions by applying them to comparisons of
the kinetics of enzymes involved in nitrogen metabolism in parasites. These
examples confirm that (i) the variance of the estimate of the Km has a
particularly significant effect on  and (ii) comparisons among Kms and among
Vmaxs are not necessarily sufficient to determine the significance of differences
in activity.
Keywords: confidence band, glutamate dehydrogenase, glutamate synthase,
Michaelis-Menten kinetics, parasite..

1.

INTRODUCTION

One of the most common mathematical function in use by biologists is the
Michaelis-Menten equation [1] which relates enzyme activity (v) to substrate
concentration (s)

v

Vmax s
,
Km  s

(1)

where Vmax and Km are kinetic constants [2]. Equation (1) is also employed in
empirical models of a great variety of biological and physical processes [3, 4].
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In reporting experimental data analysed using (1), it is usual to plot v, with
some indication of error, against s and report Vmax and Km with their error estimates.
Unfortunately, the data are often omitted and only Vmax and Km with their error
estimates are reported (something we have done ourselves [5]) and sometimes even
the latter are omitted. We have even seen reports in which several replicate
estimates of Vmax and Km are provided without any attempt to merge them,
prompting us to wonder which values should be taken to be reliable and just how
similar they might be.
This has prompted us to consider how to use the error of the Vmax ( V) and Km
(K) to construct a confidence band for (1). Here we provide very simple
expressions for the confidence band, examine some of the implications that arise
from them and use them to analyse the kinetics of some enzymes involved in
parasite nitrogen metabolism.

2.

THEORY

The error of v () can be estimated using

 v
  
 Vmax
[6], where

2

2

 2  v  2
  V  
  K ,

K
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(2)
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v
v
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2
K m K m  s 
Km  s
Vmax K m  s Vmax

Substituting these into (2) yields

 V2

 v

2
Vmax



 K2

K m  s 2

,

(3)

which can also be written as



v
Vmax

v
s

2

 V2     K2

(4)

or, equivalently, as either



v
Vmax

 V2 

v  Vmax 2  2

K

K m2

(5)

or
2

 V

s

 V2   max   K2 .
Km  s
 Km  s 
Equations (3-6) are equivalent expressions for the estimated error of v (1).
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3.

RESULTS AND DISCUSSION

The confidence band obtained using (5) or (6) is illustrated in Figure 1A. It is
apparent from Figure 1B (and (5-6)) that as v approaches Vmax or s increases, the
contribution of K declines and  approaches V. However, at small s, where v is
low,  is also small (Figure 1A). At s = Km, where v = 0.5Vmax,

1 2 1  Vmax

 V  
2
4  Km

2

 2
  K ,


and at large s, where v  Vmax,  might (or might not) decline slightly (Figure 2, A
and B). An obvious dimensionless generalisation of this can be obtained from (6)
by setting s = Km
2

2

    1   K 
 ,
(7)
  V   
 
v
 Vmax   1     K m 
in which case v = (/(1+))Vmax (1). The contributions of K and V reported in



Figure 1B are estimated using

K 

2

v K
v V
and V 
,
K m 1   
Vmax 

respectively.
A maximum in the error (max) occurs if

d

 K2
K m2

8

V2
2
Vmax

 0,

in which case max occurs at positive values of s given by a root of a quadratic in s

Figure 1. The Michaelis-Menten function (1) and the estimated confidence band (the grey zone
around the solid line is ± , which is also shown) calculated using (5) (A) and the contribution of
V (V) and K (K) to  (B). It was assumed that Vmax = 1, Km = 0.1, V = 0.01 and K = 0.05.
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Figure 2. The estimated error of v () as a function of (A) v (5) and (B) s (6). The three curves
correspond to d < 0 (dashed curve, K = 0.001), d = 0 (solid curve, K = 0.002828427) and d > 0
(dotted curve, K = 0.0039). It was assumed that Vmax = 1, Km = 0.01 and V = 0.01.
2
K m  s  K2  0
K m K m  s   V2  Vmax
2

or
2
1   2 2V

 1   

 K2

Vmax
K m2
from which it can be inferred that  > 1 because
2
1   2   K2 Vmax
,
 1
K m2 V2

0

(8)

which must be positive, so any maximum can only occur at s > Km. Writing the
RHS of (8) as , then the relevant root of (8) is









1

  2     8  :   1,   8 .
2



  min 

Equivalently, but less usefully, positive values of v given by a root of the quadratic
in v
2
2 K2 v 2  3 K2 Vmax v   K2 Vmax
 V2 K m2  0
also provide estimates of the value of v at which max occurs. This can be written as
V2 K m2
2
2  3  1   2
0
Vmax  K2
so  < 1, which is trivial if only because  = v/Vmax = /(1 + ) < 1. The value of
max can be determined by substituting the root obtained into (5) or (6). However,
even where a maximum does not occur (as in the lower two curves in Figure 2A), 

is not linearly related to v.
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4.

RELATED WORK

Considerable effort has been expended in estimating the variances of the parameters
of (1) [7-11], but none of these authors calculated the corresponding confidence
band (5-6). The variation in the parameter estimates arises from experimental error
and from the inherent heterogeneity of enzymes [12, 13]. Heterogeneity may arise
from the distribution of the enzymes among different chemical states [13, 14] and
from variation in the kinetic properties of the molecules [12], perhaps because of the
distribution of molecular age, molecular crowding [14] or environment [15].
In most instances, replication can account for the experimental error involved in
determinations of Km and Vmax, which then prompts one to ask how to analyse the
replicates [16, 17]. For example, where the parameters are measured for different
enzyme preparations or in different reaction conditions it may be necessary to
determine whether the parameter estimates are statistically different and, if
appropriate, whether the estimates may be combined. These parameters are often
estimated from linearised versions of (1), of which

1 Km 1
1


v Vmax s Vmax

(9)

[18] is in most common use, although there are several alternatives [19].
Unfortunately, linearising (1) introduces bias in the parameter estimates which are
disproportionately influenced by the experimental error in data obtained at high and
low substrate concentrations [20-22]. As nonlinear regression overcomes these
difficulties and the necessary software is readily available, it is better to fit (1)
directly to the data rather than employ (9) or other linearised forms [21]. The
expression for the confidence band of any linear function, such as (9), is well known
[6], but the corresponding expression for (1), given above (5-6), is not. One
corollary of this is that the expression for the confidence band must be derived for
each of the many variants of (1).
An important part of any regression analysis is the examination of the residuals
[23] from which signs of systematic deviation may become apparent. While this
analysis cannot be replaced by a confidence band, the latter does provide a
convenient indication of the range of variation and it facilitates comparison of the
results of regression analysis. Moreover, it is not possible to analyse the residuals
where the raw data are not available, but expressions such as (5) and (6) can be
applied using only available estimates of Vmax,  V, Km and K, as we show below.

5.

APPLICATION TO EXPERIMENTAL DATA

As an example of the application of the analysis described above, we consider data
relating to our long-standing interest in the nitrogen metabolism of parasites [5, 24,
25]. For clarity, we have summarised four examples in Table 1 (we refer interested
readers to the original references for experimental conditions) and analyses of these
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data are shown in Figure 3. These examples illustrate the value of (5) and (6) in the
assessment of the significance of comparisons of estimates of the parameters in (1).
Table 1. Estimates of Km and Vmax obtained with the glutamate dehydrogenases (GDHs) of
Trichomonas vaginalis [26], Dirofilaria immitis [27] and Teladorsagia circumcincta [25, 28],
and the glutamate synthase (GS) of T. circumcincta [29].

Conditions

T. vaginalis/GDHa

reductive (KG) 0.6

± 0.3

144 ±

72

3A

oxidative (glu)

1.2

± 0.4

50

±

27

3A

0 mM ATP
0.25 mM ATP

0.4
2.1

± 0.2
± 0.9

6.8 ±
13.5 ±

0.6
2.6

3B
3B

D. immitis/mGDHb

Km
(mM)

Vmax (nmol min-1 Figure
mg-1 protein)

Species/Enzyme

T. circumcincta/GDHb recombinant
homogenate

0.05 ± 0.01
0.025 ± 0.004

1280±
327 ±

34
8

3C
3C

T. circumcincta/GSb

0.6 ± 0.05
1.5±0.15

37 ±
65 ±

4.5
9.5

3D
3D

larval
adult
a
Errors are ± SD (n = 15)
b
Errors are ± SEM

Figure 3. Activities of GDH (A-C) and GS (D) as a function of substrate concentration based on
the Km and Vmaxs, and their associated errors, summarised in Table 1. In each panel the ‘control’
(solid curve) and ‘test’ (dashed curve) curved are calculated using (1) and the values in Table 1.
The 95% confidence intervals (‘control’: grey band; ‘test’: delimited by dotted lines) were
calculated using (6).
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Glutamate dehydrogenase (GDH, E.C. 1.4.1.3) catalyses the reversible
oxidative deamination of glutamate (glu) to -ketoglutarate (KG). Turner and
Lushbaugh [26] suggested that the rate of oxidative deamination differed from the
rate of reductive amination in the protozoan parasite Trichomonas vaginalis. Their
suggestion was based on significant differences between (i) the Kms for glu and
KG and (ii) the Vmaxs of the reactions (Table 1). It is clear from Figure 3A that the
authors were correct in their assertion.
Some parasite GDHs, like the mammalian enzymes, are allosterically modified
by nucleotides [30]. Turner et al. [27] suggested that Dirofilaria immitis has two
isozymes, a mitochondrial GDH (mGDH) and a cytoplasmic form. Without any
specific statistical test they argued that the presence of 0.25 mM ATP increased the
Km and the Vmax of the mGDH (Table 1). This prompts the question as to whether
there is a significant effect on the activity of the enzyme. It is apparent from Figure
3B that there is little evidence for any significant effect of ATP on the enzyme
activity.
We have characterised the GDH from Teldorsagia circumcincta [25], a
nematode parasite, and the kinetic properties of the recombinant enzyme have also
been characterised [28]. Unsurprisingly, the Vmax of the recombinant enzyme is
greater than that of the crude enzyme, but the reported Kms are not different (Table
1). Naturally, we wish to know whether there is a significant difference in the
activities of the two enzymes. It is clear from Figure 3C that there is significantly
different activity between the homogenate and recombinant GDH, as one would
have anticipated. The most surprising feature of the recombinant enzyme is that the
Vmax is so low. Skuce et al. [31] reported a Vmax of 718 mol min-1 mg-1 protein for
the purified enzyme from the closely related nematode Haemonchus contortus, and
Rhodes and Ferguson [32] reported a Vmax of 3.38 mol min-1 mg-1 protein for a
partially purified H. contortus GDH. It is remarkable that the Vmax of the
recombinant T. circumcincta GDH is only about four times that of the unpurified
enzyme (Table 1) and is no more than a third of that of partially purified H.
contortus GDH [31, 32]. The inference we draw from this observation is that the
reported Vmax is an underestimate (by a factor of about 100) or that the addition of
the six-his tag, the expression of the enzyme in Escherichia coli or the purification
somehow inactivated the enzyme.
Glutamate synthase (GS, E. C. 1.4.1.14) catalyses the formation of glutamate
from glutamine and -ketoglutarate. Kinetic characteristics of GS from the larval
and adult stages of T. circumcincta have been reported [29]. The data prompted us
to ask whether the kinetic properties of the enzyme differ between lifecycle stages.
A simple comparison of the Vmaxs and Kms for glutamine (Table 1) might prompt the
tentative conclusion that the Vmaxs might not be different, but the Kms might differ.
However, the 95% confidence band prompts the conclusion that there is no
evidence for a significant difference in the activity of the enzyme between the two
stages (Figure 3D).
These four examples (Table 1 and Figure 3) illustrate two important results.
First, the K/Km ratio makes an especially significant contribution to  (Figure 1B)
and if this ratio is large its influence may be apparent even when s is many times Km
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(Figure 3B). The corollary of this, well known to practising enzymologists, is that a
small K/Km ratio is, generally, more desirable than a small V/Vmax ratio (compare
Figures 3A and 3B), as is clear from (7). Of course it is desirable that both ratios
are small (as in Figure 3C), but there is cause for concern where both are large
(Figure 3D). Second, comparisons among Kms and among Vmaxs are not necessarily
sufficient to determine the significance of differences in activity. Large differences
in Vmax (Figure 3C) can moderate the effects of a large K/Km ratio.

6.

CONCLUSIONS

Successful comparisons of the kinetic properties of enzymes requires more than a
statistical test of the difference between the reported Kms and Vmaxs. The simple
expressions for a confidence band (3-7) for the Michaelis-Menten expression
provide a basis for making such comparisons.
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