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Abstract 

 

Transient natural convection in a differentially heated cavity is a typical model of 

many flow processes in the ocean and atmosphere, and has extensive applications in 

industrial systems for which it is of significance to enhance or depress the heat transfer 

through the cavity. Therefore, transient natural convection with and without a fin on the 

sidewall of a differentially heated cavity is experimentally and numerically investigated 

in this thesis. One of the main objectives of this study is to investigate the effectiveness 

of the fin for the purpose of enhancing the heat transfer through the heated sidewall.  

The shadowgraph technique is employed to visualize transient natural convection 

in a rectangular cavity, and thermistors are used to measure the time series of the 

temperatures at different locations adjacent to the hot sidewall. The numerical 

simulations in this thesis focus on the above experimental model. The SIMPLE scheme 

based on the finite volume method is adopted to solve the two dimensional governing 

equations using the commercial FLUENT software package.  

The present flow visualizations demonstrate that the transition of the natural 

convection flow in the cavity from the start-up may be classified into three stages: an 

initial stage, a transitional stage and a quasi-steady stage. The initial stage includes the 

growth of the thermal boundary layer and the Leading Edge Effect. The correlation of 

the thickness of the thermal boundary layer with time obtained from the present 

experiments is consistent with that of a previous scaling analysis. In the transitional 

stage, the separation and trailing waves of the horizontal intrusion are observed and 

eventually a double-layer structure of the thermal boundary layer is visualized in 

shadowgraph images. The traveling waves of the inner layer in shadowgraph images 

become clear in the quasi-steady stage, and temperature measurements indicate that this 

is because the amplitude of the traveling waves in the thermal boundary layer increases 

as the stratification of the fluid in the cavity is enforced.  

The corresponding numerical simulations validated by the experiments show that 

the bright strips of the double-layer structure in shadowgraph images correspond to the 

extrema of the second derivative of the temperature. In fact, the stratification of the fluid 

in the cavity results in a temperature distribution adjacent to the sidewall with a 
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maximum and a minimum of the second derivative of the temperature, which in turn 

leads to an opposing thermal diffusion directing to the temperature minimum.  

The flow visualizations on transient natural convection with a fin on the sidewall 

of the cavity show that the transition from the start-up is likewise classified into three 

stages with variations from those without the fin, which also depend on the dimension 

of the fin. Two fins of different geometric parameters, one small square fin and the 

other large thin fin, are considered in the experiments. In the initial stage, a lower 

intrusion front appears underneath the fin and later bypasses the fin. The lower intrusion 

front bypassing the small square fin reattaches to the downstream thermal boundary 

layer, but the one bypassing the large thin fin moves upwards and strikes the intrusion 

under the ceiling. Although there are some variations of the transition of the thermal 

boundary layer flows between the cases with and without a fin, the double-layer 

structure of the thermal boundary layer appears in all cases in the quasi-steady stage. In 

particular, the presence of the large thin fin may cause the separation and vortex 

shedding of the thermal flow around the fin, which trigger the instability of the 

downstream thermal boundary layer.  

The numerical simulations of transient natural convection with a fin on the 

sidewall of the cavity are consistent with the above-mentioned experimental results. The 

numerical results confirm that the transient strong convection flows such as the lower 

intrusion front and the oscillations of the thermal flow around the fin may enhance the 

heat transfer through the sidewall. Furthermore, the numerical results demonstrate that 

the enhancement of the heat transfer is dependent on the parameters of the fin, such as 

the dimension and position of the fin and the number of fins, with a maximum 

enhancement of 33% observed in the present simulations.  

In summary, both numerical and experimental results show that the fin may 

significantly change the transient natural convection flows and improve the heat transfer 

through the cavity if properly configured. This research has great potential for industrial 

applications in which the enhancement of heat transfer is desirable.  
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1 Introduction 
1.1 Problem description 
In warm summers, strong radiation from the sun heats the surface of a bitumen road so 

that the surface temperature is much higher than that of the air above. If we gaze at the 

far end of the road, it is often possible to see dark pixilated strips. This is actually a 

result of heated air moving away from the heated surface, and is an example of natural 

convection. Natural convection is defined as a flow driven by a density difference (or 

buoyancy), in contrast to other forced flows where a pressure difference or other body 

forces drive the flow. Such a density difference may result from a temperature 

difference, a concentration difference of chemical species in fluid or multiple phases of 

fluid.  

Natural convection is present everywhere in nature. Present knowledge indicates 

that a large temperature difference between the polar and equatorial oceans may drive a 

global ocean circulation. Similarly, a density difference between the fresh and oceanic 

waters at an estuary, due to a salinity difference of water, may also result in a large-

scale natural convection mixing. In fact, such thermohaline flows exist almost 

everywhere in the oceans.  

Although temperature, concentration or phase can all cause a density variation of 

fluid and in turn drive natural convection, a temperature difference is apparently the 

most common factor. In particular for the fluid adjacent to a thermal boundary, which 

has a temperature difference from the ambient fluid, natural convection is easily 

induced. For instance, in contrast to the above-mentioned heated road surface, an icy 

stone cooled for a whole night may also drive the ambient air downwards along its 

surface. Likewise, natural convection often occurs around an iceberg, due to a 

temperature difference between the ice surface and the ambient oceanic water. For cases 

in which the external flow in an open environment is concerned, instead of natural 

convection the synonymous term, ‘free convection’, is often employed in some studies.  

Natural convection adjacent to a thermal boundary is often idealized as a thermal 

infinite or semi-infinite flat plate flow. If the heated flat plate is horizontally placed, a 

typical natural convection, Rayleigh-Benard convection (see Bodenschatz et al. 2000), 

may arise. Idealized natural convection models adjacent to a horizontal or vertical 

thermal flat plate can represent many natural flow phenomena in some sense, and also 
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are extensively applied in industry. For example, as the performance of the electronic 

chip is significantly improved, its power is largely increased and thus a greater amount 

of heat dissipation is generated. The heat output results in a temperature difference 

between the ambient fluid (usually air) and the chip, which can likewise drive natural 

convection. 

Since boundaries are finite in both nature and industry, the application of the 

assumption of infinite and semi-infinite flat plates is limited. One needs to consider the 

presence of other boundaries in many real situations. Therefore, another natural 

convection model has been developed in which natural convection is completely 

enclosed by all boundaries − a cavity. Such a model is called the interior problem, in 

contrast to the exterior problem of the semi-infinite or infinite flat plate flow. Natural 

convection in a cavity, likewise, may be classified into two categories: the below-

heating and side-heating. Both categories of natural convection are commonly present in 

industry, such as solar collectors, double glass windows, nuclear reactors and many 

other applications. 

In studies of natural convection in a cavity, heat transfer is an essential 

component. Enhancing or depressing the heat transfer through the cavity is of 

significance in many industrial applications, and thus so far a variety of active and 

passive approaches have been employed in order to achieve different objectives. For 

example, a fin, placed on a thermal sidewall, a typical passive way, may be used to 

enhance or depress the heat transfer through the thermal sidewall by changing its shape 

or material. For the purpose of examining the effect of the fin on natural convection in a 

cavity, in this thesis experiments and simulations of transient natural convection in a 

rectangular differentially heated cavity with and without a fin on the sidewall are 

performed.  

Figure 1.1 sketches a cavity with an aspect ratio (A height/length) of 0.24 and a 

thin fin on the sidewall. In the cavity (unless specified in this thesis, cavity hereinafter 

denotes a rectangular differentially heated cavity), one sidewall (on the left) is cooled to 

a lower temperature Tc and the other (with a fin) heated to a higher temperature Th. The 

temperature difference between the heated wall and the average temperature of the fluid 

is equal to that between the cooled wall and the average temperature. In the 

corresponding numerical simulations, the top, bottom and fin are assumed insulated, 

and the initial fluid is treated as motionless and isothermal. However, these assumptions 
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Figure 1.1 Schematic of the model cavity 

are only an approximation of the experiment. A more detailed description of the 

experimental model will be discussed in Chapter 2. 

It is worth noting that the emphasis in this thesis is placed on the transition from a 

stationary, isothermal ambient fluid following sudden heating and cooling of the 

sidewalls to the quasi-steady state, irrespective of the presence or otherwise of a fin on 

the sidewall.  

 
1.2 Literature review 
Natural convection adjacent to a thermal boundary is one of the major features of the 

dynamics of the oceans and the atmosphere and is also important in many industrial 

processes, as described in section 1.1. For over half a century the quest for the 

understanding of natural convection has motivated numerous experimental, numerical 

and theoretical studies. Naturally, the studies of natural convection in a differentially 

heated cavity, due to its simple geometrical shape and extensive applications, became 

the initial impetus for simulating the previously mentioned flow phenomena. 

Considerable attention in the last few decades has been paid to the transient flows 

following the sudden heating and cooling of the sidewalls. These studies have revealed 

important mechanisms of the complex transient flows and have provided insights into 

understanding similar flows adjacent to thermal boundaries in nature. Since these 

complex flows are determined by both linear and nonlinear effects, the elucidation of 

the flow processes becomes a challenging problem in physics and fluid mechanics. 

An important aspect of studies of natural convection in the cavity is on heat 

transfer, and enhancement and depression of the heat transfer through the cavity may be 

relevant to a variety of industrial systems. Accordingly, the focus of this thesis is put on 

the impact of a fin on the sidewall on the flow and heat transfer, and the following 
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literature review is organized in the following sequence: natural convection without a 

fin, natural convection with a single and multiple fins, and summaries. 

In the following subsections, unless specified, the review of transient natural 

convection is basically based on those in the shallow cavity (i.e. A ≤ 1) at Rayleigh 

numbers not larger than the critical value at which turbulence is present. Furthermore, 

since the working fluid in this investigation is water, those previous investigations, 

which are aimed at transient natural convection with the larger Prandtl number (e.g. >1), 

are mainly reviewed in the following sections. However, some of the others based on 

the smaller Prandtl number (<1, e.g. transient natural convection in an air-filled cavity) 

are also involved in the following subsections since they have transient features similar 

to those with the larger Prandtl number. 

 
1.2.1 Natural convection without a fin 
Studies of natural convection in a differentially heated cavity date back to 1950s, and a 

few reviews relevant to natural convection in a differentially heated cavity (see e.g. 

Catton 1978; Ostrach 1988; Hyun 1994) were reported. The focus of this review is 

placed on the more recent development of studies of transient natural convection in a 

cavity, and a few earlier representative studies are also involved. Furthermore, although 

this study is on transient natural convection in a differentially heated cavity, a few 

representative studies of natural convection adjacent to a vertical semi-infinite flat plate, 

due to the inherent relationship between the two types of natural convection problems, 

are also reviewed. 

It is well known that, in spatially extended systems, convection occurs when a 

sidewall of a cavity containing an initially homogenous motionless fluid is suddenly 

heated. The spatial and temporal variations of the convection structures are often 

referred to as a variety of physical processes. Previous studies (see e.g. Batchelor 1954) 

demonstrated that these flows can be characterized by three important dimensionless 

parameters, the Rayleigh number (Ra), the Prandtl number (Pr), and the aspect ratio of 

the cavity (A), defined as follows,  

,
3

νκ
β THg

Ra
∆

=  (1.1)
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κ
ν

=  (1.2)
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In some studies, the Grashof number (Gr) is also employed instead of the Rayleigh 

number, defined by  

.2

3

ν
β THg

Gr
∆

=  (1.4)

A scale analysis by Patterson and Imberger (1980) indicated that, following the 

sudden heating of the sidewall, the simplest flow which may occur in a cavity is 

characterized by the natural convection boundary layer flow adjacent to the vertical 

sidewall, the intrusion flow near the horizontal wall and the complex flow developed 

subsequently. This section will summarize the features and formation mechanisms of 

these flows, including the leading edge effect (LEE) and instability of the vertical 

boundary layer flow, the horizontal intrusion and subsequent development, the steady 

flow, and turbulent natural convection when the Rayleigh number is larger than the 

critical value.  

 
1.2.1.1 LEE of the vertical boundary layer flow  
For a suddenly heated vertical surface (which could be either a flat plate or a sidewall of 

a cavity), the early transient response was considered as one-dimensional (1D) by 

Illingworth (1950), and the heat transfer from the surface to the fluid is dominated by 

conduction. This implies that a transient temperature field adjacent to the surface is 

invariant along the streamwise direction, thus generating a corresponding buoyancy 

force and velocity distribution. A closed-form solution for such transient velocity and 

temperature distributions was obtained by Illingworth (1950).  

In the initial stage, under the dominance of conduction, the following scales for 

the thickness and velocity of the vertical thermal boundary layer may be employed to 

represent the transient flow (refer to Patterson & Imberger 1980), 

,~ tT κδ  (1.5)

.~
Pr

Ttg
v

∆β
 (1.6)

The thickness and velocity increase with the passage of time. When the heat 

conducted into this layer from the heated wall balances that convected away, a time 

scale for the steady state of the vertical thermal boundary layer flow can be obtained, as 

follows, 
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Figure 1.2 Temperature vs time at the point (0.498 m, 0.09 m) at Ra = 3.8 × 109
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At the steady state, the thickness and velocity scales are given by 

,~ 4/1Ra
H

Tδ  (1.8)

.~
2/1

H
Rav κ  (1.9)

It is worth noting that the term “steady state” here means a balance between conduction 

and convection in the initial stage. This set of scales (refer to Patterson and Imberger 

1980 for details) portrays the initial growth of the transient flow.  

The vertical thermal boundary layer flow approaches a steady state, with an 

overshoot of its thickness (see e.g. Xu et al. 2005c) and temperature (see e.g. Patterson 

et al. 2002) followed by a sequence of disturbances (also see Figure 1.2). The overshoot 

and disturbances (traveling waves) comprise the LEE, which originates from the leading 

edge of the sidewall or semi-infinite flat plate, and propagates downstream (refer to 

Gebhart 1988). The studies (see e.g. Gebhart 1988; Patterson et al.,2002) indicated that 

the passage of the LEE at a particular point was the mechanism by which the boundary 

layer was converted approximately from the unsteady one dimensional form to a steady 

two dimensional form. When the disturbances (traveling waves) of the LEE propagate 

and amplify far downstream, they become more complicated and thus also more 

interesting. Gebhart (1988) indicated that the LEE region was a combination of a 

transient and entrained upstream 2D flow and a 1D downstream flow. The LEE is one 
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of the noticeable features in the initial development of the vertical thermal boundary 

layer flow.  

An important aspect of describing the LEE propagation is to predict accurately its 

arrival time at a particular location. In order to obtain an analytical solution for the 

arrival time, Goldstein and Briggs (1964) simplified the momentum and energy 

equations, and kept only the unsteady, viscous, and horizontal conduction terms. By 

using the Laplace transform, a 1D analytical solution for the vertical velocity was 

obtained, as follows (for Pr ≠1) 

),
22

(
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4
),( 22
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t
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β

−
−

∆
=

Pr
 (1.10)

where i2erfc is the second integral of the complementary error function (see Appendix).  

Based on Equation (1.10), the LEE propagation distance at a particular time may 

be estimated by adopting the maximum value of the velocity integration with respective 

to time (see Goldstein & Briggs 1964). However, this prediction lags behind the 

experimental measurements (see e.g. Mahajan & Gebhart 1978; Joshi & Gebhart 1987). 

Therefore, Brown and Riley (1973) adopted another method of estimating the LEE 

propagation distance; that is, they replaced the maximum value of the velocity 

integration with the integration of the maximum velocity. Although the latter method 

improves the estimation of the LEE propagation speed in comparison with the former 

by Goldstein and Briggs (1964), the deviation from the experimental measurements is 

still significant (see Patterson et al. 2002). Mahajan and Gebhart (1978) suspected that 

such a big discrepancy between the prediction and the experimental measurement could 

be caused by the neglected pressure and convection terms in the analytical solution. In 

general, the 1D analytical solution cannot accurately represent the LEE. 

Armfield and Patterson (1992) demonstrated that the speed of the unstable 

traveling waves in the vertical natural convection boundary layer, based on a linear 

stability analysis, is consistent with that of the LEE propagation. Therefore, the 

accuracy of predicting the LEE propagation is significantly improved, and this 

theoretical prediction is also supported by the experiments (refer to Patterson et al. 

2002). This implies that the traveling waves present in the LEE region are a result of the 

thermal boundary layer instability. Further discussion, based on the numerical 

simulation by Armfield and Patterson (2000), suggests that the LEE propagation could 

be based on two speeds, a faster speed and a slower speed (the traveling wave speed). 
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Evidently, this speculation of the LEE propagation, based on two speeds, needs further 

validation, in particular on the mechanism.  

 
1.2.1.2 Instability of the vertical thermal boundary layer flow 
It is a typical unstable behavior that the traveling waves, associated with the LEE, 

amplify when they propagate downstream. Previous studies (see e.g. Gebhart 1988; 

Armfield & Patterson 1992) demonstrated that such an unstable behavior is dependent 

on the Rayleigh number and the Prantdl number. Since the unstable growth may 

ultimately result in turbulence (see e.g. Elder 1965b), the analysis of the unstable flow is 

an important aspect of studies of natural convection.  

Although it is not straightforward to investigate experimentally the initial unstable 

growth, experimental observations can provide us with a clear description for the 

subsequent development of the instability, and in particular the transition to turbulence. 

Experimental results by Jaluria and Benjamin (1973) demonstrated that an initially 

small perturbation (e.g. a controlled 2D perturbation introduced into the thermal 

boundary layer by using a vibrating ribbon) may be amplified, initially as a sinusoidal 

disturbance, and then the amplified disturbance propagates along a plate heated with a 

uniform heat flux. A side view of the thermal boundary layer flow (see e.g. Szewczyk 

1962) indicates that a double-row vortex is present in such an unstable boundary layer 

flow. Spanwise flow patterns visualized by Inagaki and Komori (1995) showed W-

shaped 3D unstable structures and horseshoe-shaped low-temperature patterns. More 

detailed velocity and temperature fields were also measured by Jaluria and Benjamin 

(1974). It is worth noting that the vertical heated plate in the above-mentioned 

experiments is isoflux. 

Since the experimental observation of the initial growth of small perturbations is 

difficult (primarily because of their small amplitudes), numerous earlier studies of 

instability were based on theoretical analyses (see e.g. Plapp 1957). For the purpose of 

understanding the instability of the vertical thermal boundary layer, three stability 

analysis methods (i.e. solving Orr-Sommerfeld equations or parabolized stability 

equations as well as direct stability analysis), which are extensively applied in studies of 

natural convection, are discussed in the following section together with the review of 

their results.  

A linear stability theory was first presented by Plapp (1957); that is, small 

amplitude perturbation functions (stream function and temperature perturbations) are 
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introduced into the Navier-Stokes equations which are then linearised, and thus a 

coupled set of stability equations (eigenvalue equations for the wavenumber and the 

phase speed of perturbations), similar to the Orr-Sommerfeld equations, are derived. 

There are two regular methods to numerically solve the eigenvalue equations. The first 

method is based on outward integration of the equations using a first-order Euler 

scheme along with an orthonormalization procedure (see Davey 1973; Daniels & 

Patterson 1997) to maintain accuracy. The asymptotic form of the outer boundary 

conditions is used to speed up convergence. The second method uses a fourth-order 

Runge-Kutta scheme to integrate the equations inwards from the wall to the outer 

boundary (Daniels & Patterson 1997, 2001). Results from these two procedures are 

found to be in excellent agreement for the primary mode of instability.  

Based on the results of a linear stability analysis, Szewczyk (1962) suggested that 

the outer vortices in a double-row vortex control the thermal boundary layer flow 

development and transfer their effect into the more stable inner layer near the surface, 

provoking its instability. The results of the linear stability analysis also demonstrated 

that the amplitude distributions of the triple independent eigenmodes are present (see 

e.g. Hieber & Gebhart 1971). These have been experimentally supported by Yan and 

Zhang (2002). The basic characteristics of instability, such as its spectral components, 

wavelength and velocity, the location of its critical layer, and the growth rates of its 

temperature and velocity fluctuations, were also discussed by Yan and Zhang (2003).  

In fact, a principal task of the linear stability analysis is to seek the neutral stability 

curves in the plane of the Rayleigh number (or Grashof number in some studies) and the 

wave frequency (see e.g. Knowles & Gebhart 1968). The previous results (see e.g. 

Gebhart 1973) showed that the neutral stability curve of the velocity fluctuation for the 

case of an isoflux vertical plate has a nose shape, but, for the temperature fluctuation, a 

ring-like region appears at a lower Rayleigh number before the nose-shaped main 

portion of the neutral stability curve. A detailed discussion of the neutral stability curves 

may be found in Gebhart (1973) and Gebhart and Mahajan (1982). Furthermore, the 

achievements of the linear stability analysis of general boundary layers were 

summarized by Mack (1984). His work, covering almost all aspects of the boundary-

layer stability theory, is of significance for studying the natural convection boundary 

layer flow, although it has broader applications.  

Linear stability analysis for the vertical natural convection boundary layer by 

Plapp (1957) is based on the approximation of parallel base-flow, and thus neglects the 
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actual non-parallel properties of the boundary layer. For the purpose of overcoming the 

limitation of the parallel base-flow assumption, a non-parallel formulation by Bertolotti 

et al. (1992) has been applied to general boundary layers. This stability analysis method 

formulates parabolized stability equations (hereinafter referred to as PSE), assuming 

that the perturbation eigenfunctions have the same slow variation in the downstream 

direction as the base flow (see e.g. Herbert 1997). The PSE method, in some sense, may 

model the non-parallel effects and can be extended to nonlinear and three-dimensional 

effects (Brooker et al. 1997). The PSE equations may be solved by a marching 

procedure, and are valid for convectively unstable flows. Brooker et al. (1997) used the 

PSE method to analyze the stability of natural convection boundary layers, based on a 

non-parallel base flow. Their solutions, likewise, demonstrated that the spatial growth 

rate and wavenumber are highly dependent on the transverse location for a 2D thermal 

boundary layer flow and the flow parameters under consideration. The local solution of 

the PSE may accurately predict wave properties observed in direct numerical 

simulations. However, the conventional parallel stability analysis overpredicts the 

spatial amplification and the wavenumber. Moreover, discrepancies between the 

predictions by a linear stability analysis based on a quasi-stationary assumption and 

those by the PSE method based on non-stationary assumptions have been revealed by 

Brooker et al. (2000). Severin and Herwig (2001) discussed the variation between the 

parallel and nonparallel stability analyses using the PSE method and also developed an 

extended version of the Orr-Sommerfeld equation (EOSE) in order to deal with the 

effects of variable fluid properties.  

Numerical integration of the momentum and energy equations may be used to 

validate various stability analyses by introducing perturbations at the upstream end of 

the boundary layer flow or in the boundary conditions. This analysis method, the so-

called direct stability analysis (DSA) developed by Fasel and Konzelmann (1990), can 

reveal instability properties by examining the evolution of numerical solutions (which 

removes the need to solve the stability equations separately). Direct stability analysis 

has been applied to natural convection in a cavity (see e.g. Armfield & Janssen 1996; 

Janssen & Armfield 1996; Lei & Patterson 2003). In the DSA, two categories of 

perturbations are usually employed: perturbations of a uniform amplitude and randomly 

distributed wavenumbers, and those of a single wavenumber. In the first case, the 

amplitude spectrum of the resulting signal may describe the amplification properties of 

the flow as a function of wavenumber. In the second case, the amplitude of the 
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surviving signals at the input wavenumber gives the amplification at that particular 

wavenumber, and a spectrum may be constructed from a range of input wavenumbers. 

The critical condition, at which the growth rate is greater than zero, may be determined 

by examining the amplitudes of the signals as a function of wavenumber. As natural 

convection in a cavity exhibits much more complex features than those adjacent to the 

semi-infinite flat plate, the DSA method is evidently more suitable for studying the 

stability of natural convection in a cavity.  

It has been demonstrated by DSA that small perturbations to the wall boundary 

conditions can trigger an instability, and oscillatory behaviour in the boundary layer can 

be observed well before the transition to a steady 2D flow begins (see e.g. Brooker et al. 

2000; Patterson et al 2002). Janssen and Armfield (1996) demonstrated that the initial 

evolution of artificial disturbances in a square differentially heated cavity is governed 

by linear effects, and may be used to accurately predict the frequency of bifurcation. 

They also found that the convective instability sets in at a much smaller Rayleigh 

number than those at which the absolute instability occurs. For small Prandtl numbers 

(<2), the unstable waves could be shear-driven, and a single frequency dominates in the 

flow after the bifurcation. For larger Prandtl numbers, the unstable waves are buoyancy-

driven and no dominant single frequency is observed in the flow after the bifurcation. 

 
1.2.1.3 Horizontal intrusion and subsequent development 
The foregoing review of the development of the vertical natural convection boundary 

layer in the initial stage does not distinguish the natural convection flow adjacent to a 

vertical flat plate and a sidewall of a cavity. This is because the initial flow exhibits 

similar features (see e.g. Armfield & Patterson 1992) for the two categories of flows. 

However, as the flow develops further, the presence of other boundaries can make the 

subsequent flow in a cavity evidently different from that adjacent to the flat plate.  

For natural convection in a differentially heated cavity, the presence of a 

horizontal ceiling forces a horizontal intrusion into the cavity (Patterson & Imberger 

1980). The horizontal intrusion is an important physical process in a differentially 

heated cavity with a noticeable behavior − separation; that is, the intrusion may detach 

from the ceiling rather than moving smoothly across the cavity. This flow structure was 

initially regarded as a result of an internal hydraulic jump (Ivey 1984; Paolucci & 

Chenoweth 1989). However, this speculation was questioned by Patterson and Armfield 

(1990) on the basis that the densimetric Froude number for the intrusion flow was small. 
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A detailed discussion of the corner flow field by Ravi et al. (1994) also refuted the 

occurrence of the internal hydraulic jump, and suggested that the separation originated 

from thermal effects; that is, the relatively colder fluid detached from the ceiling under 

the action of gravity when it reached the top corner. However, the attribution of the flow 

separation to thermal effects is also questionable. As indicated by Schöpf and Patterson 

(1995), the fluid in the cavity is not stratified in the early intrusion stage, and thus there 

is no colder part of the intrusion fluid near the hot top corner.  

From shadowgraph observations, Xu et al. (2005c) suggested that the entrainment 

development of the vertical boundary layer could be a mechanism to produce 

separation; that is, since the fluid beneath the intrusion is entrained by the vertical 

thermal boundary layer, the local pressure there becomes lower, compared with the 

pressure in the intrusion layer. If the vertical pressure gradient is sufficiently large to 

overcome the upward buoyancy force, the horizontal intrusion will separate from the 

ceiling. This was also supported by numerical results by Xu et al. (2005a).  

Separation is usually followed by a series of trailing waves (see e.g. Ivey, 1984; 

Patterson & Armfield, 1990). Once the separated intrusion driven by the vertical 

pressure gradient deviates far from the ceiling, the vertical pressure gradient effect 

becomes weaker, and the buoyancy force forces the intrusion flow to reattach to the 

ceiling. The interaction between these two competing forces results in a set of trailing 

waves, which are clearly visible in shadowgraph images (see e.g. Schöpf & Patterson 

1995, 1996; Xu et al. 2005c).  

The horizontal intrusion is actually a gravity flow. Besides trailing waves, 

convection rolls in the spanwise cross section have been experimentally observed by 

Schöpf and Stiller (1997). This thermal instability is typical of Rayleigh-Benard 

convection. Stiller and Schöpf (1997) indicated that this is a result of a nonlinear 

velocity profile closer to the top or bottom walls, due to the viscosity. This nonlinear 

velocity profile (the closer to the wall, the smaller the velocity) of the horizontal 

intrusion may result in a nonlinear temperature profile in which the higher temperature 

is below and the lower temperature closer to the top wall. As a result, if this temperature 

difference of the fluid in the vicinity of the top or bottom wall exceeds a certain critical 

value, Rayleigh-Benard convection occurs (also refer to Stiller et al. 1998). 

A scaling analysis by Patterson and Imberger (1980) indicated that, if the 

Rayleigh number is large enough (Ra > Pr16/A12), the inertial intrusion may reach 

another end wall and is not viscously damped. The striking of the intrusion can cause 
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distortion and instability of the vertical thermal boundary layer at the opposite side (see 

e.g. Schladow 1990). Following the LEE perturbations, such instabilities, induced by 

the striking of the intrusion, are usually called the second set of the traveling waves of 

the vertical thermal boundary layer (see e.g. Armfield & Patterson 1991).  

Since entrainment at the opposite wall cannot fully carry away the intrusion fluid, 

‘piling up’ commences in the corner (see e.g. Patterson & Imberger 1980). A reverse 

flow, relative to the vertical thermal boundary layer flow adjacent to the opposite wall, 

arises, and induces a circulation in the corner. When the reverse flow moves away from 

the opposite corner, it may split the intrusion into two streams; that is, an upper warmer 

fluid layer moves along the horizontal wall and a lower fluid layer colder than the upper 

one discharges into the core region (see e.g. Patterson & Armfield 1990; Xu et al. 

2004). As time increases, the split appoint moves back towards the emergent corner, 

which may be observed by showing a time series of a central Nusselt number (on the 

vertical centerline of the cavity), defined as follows (Schladow 1990), 
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The time series of a central Nusselt number is oscillatory, and the amplitude of 

oscillation significantly reduces with the passage of time. Armfield and Patterson 

(1991) speculated that it could result from a single perturbation rather than a continuous 

energy input. As there are no distinct oscillatory signals in the temperature time series, 

the oscillation of the Nusselt number is considered as primarily an oscillating advection 

effect. This has been validated by the presence of oscillatory signals in the horizontal 

velocity time series (Armfield & Patterson 1991).  

The numerical simulation of a shallow cavity (usually A ≤ 1; here A = 0.24) by Xu 

et al. (2004) gives consistent results with those for the square cavity. In the first period 

of the oscillation, the reverse flow moves across the whole cavity but the oscillation 

decays more rapidly (also see Chapter 5). At this time, the fluid in the cavity was 

considered as a three-layer system, i.e. an isothermal core with hot and cold intrusions 

(see e.g. Armfield & Patterson 1991). Evidently, this description is not sufficiently 

accurate. Due to the presence of the reverse flow, the horizontal intrusion is split into 

two streams, and thus the fluid should be considered as a seven-layer system, i.e. an 

isothermal core with a three-layer hot intrusion and a three-layer cold intrusion 

including a reverse flow and two split streams of each intrusion (refer to Chapter 5 for 

more details).  
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The transition of the vertical thermal boundary layer flow from the impact of the 

incoming intrusion to the steady state (or the quasi-steady state for sufficiently high 

Rayleigh numbers) has been visualized by Schöpf and Patterson (1996) and Xu et al. 

(2005c), using shadowgraph methods. A double-layer structure of the vertical thermal 

boundary layer was found if the Rayleigh number is large enough (Xu et al. 2005c). The 

corresponding numerical simulation by Xu et al. (2005a) demonstrated that the heat 

transfer in the double-layer structure is complex. In fact, there are few studies 

concerning the development of the flow after the intrusion strikes the far end wall. 

However, the transition from the impact of the incoming intrusion to the steady state is 

important because this process is associated with the stratification of the fluid in the 

core region. Accordingly, the study of the flow development during this stage will be a 

focus of this thesis.  

 
1.2.1.4 Steady flow 
As time elapses, the flow in a suddenly differentially heated cavity gradually 

approaches a steady state. Since the steady natural convection is of significance for 

extensive applications, most of the earlier studies were devoted to it. For the purpose of 

reviewing those relevant achievements, it is useful to date back to the earlier time of 

research on this topic.  

One of the earliest studies of steady natural convection in a cavity was performed 

by Bachelor (1954) based on a prototype of a double-glass window. Bachelor (1954) 

found that, for a small Rayleigh number, conduction dominated the heat transfer 

through the cavity, and suggested the fluid in the core was isothermal. Evidently, the 

suggestion of an isothermal core is inappropriate. A later interferometer observation by 

Eckert and Carlson (1961) demonstrated that a stratified fluid is present in the core but 

there is an isothermal core only for a small distance between two sidewalls of the cavity. 

Based on the stratified core, the boundary layer and core solutions of natural convection 

dominated by convection were obtained by Gill (1966). The entrainment into the lower 

part of the warmer layer brings fluid from the cooler layer opposite to the warmer layer; 

that is, the flow across the core brings colder fluid into the lower half and warmer fluid 

into the upper half, thus leading to a stable vertical temperature gradient in the core. 

This vertical temperature gradient is also an important factor in determining the 

structure of the vertical thermal boundary layers (see Xu et al. 2005a).  
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The experimental observations of a slender cavity (with a large aspect ratio; that 

is, H is much larger than L) demonstrated that, for the case of Ra ≈ 109 and Pr ≈ 1000, if 

A > 50, a weak stable unicellular circulation is generated (Elder 1965a). As the aspect 

ratio decreases but A > 20, a uniform vertical temperature gradient is established in the 

core, and the vertical boundary layer flow is similar to that near an isolated, heated, 

vertical plate; If A < 20 but A > 10, a steady secondary flow is generated in the core, in 

which a so-called ‘cats-eye’ i.e. multi cellular, pattern of streamlines may be observed.  

Most of the earlier studies were devoted to natural convection in such a slender 

cavity. However, since flows in an enclosed shallow cavity can provide some insights 

into the dispersion of pollutants and heat waste in estuaries, air flows in a room and 

buoyancy flows in other industrial applications, the steady flow in a shallow cavity has 

been increasingly investigated using asymptotic, numerical and experimental methods 

(see e.g. Cormack et al. 1974a, b; Imberger 1974). A benchmark numerical solution for 

the air natural convection in a square cavity (103 ≤ Ra ≤ 106) was reported by De Vahl 

Davis (1983). It has been found that, as Ra increases, the isotherms in the core changes 

from vertical to horizontal, and the flow field also changes from one cell in the core to 

multiple cells with two distinct vertical boundary layers.  

Studies demonstrated that, if Ra becomes sufficiently large at Pr < 1 (e.g. air), 

natural convection displays a transitional flow (from laminar to turbulent flows, see e.g. 

Paolucci & Chenoweth 1989; Le Quere 1990; Henkes 1990). In such a transitional 

regime, a temperature time series taken in the vertical thermal boundary layer flow 

displays oscillations in the quasi-steady stage (here replacing the steady stage because 

the flow is periodic). The numerical results by Le Quere and Masud (1998) indicated 

that, for an air-filled square cavity, the critical Rayleigh number from the steady laminar 

flow to the oscillation flow is approximately 1.82 × 108. As Ra further increases, the 

oscillations become much more complex. Unfortunately, similar numerical results for a 

water-filled square cavity (Pr ≈ 7) have not been obtained.  

Shadowgraph observations by Schöpf and Patterson (1996) and Xu et al. (2005c) 

showed the presence of unstable traveling waves (which have higher frequencies than 

those of the air-filled cavity) in the vertical thermal boundary layer flow in the water-

filled shallow cavity. Those traveling waves are considered as a result of convective 

instability of the vertical thermal boundary layer triggered by perturbations in the 

experiments.  
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In summary, for the laminar or transitional regime, the transition of natural 

convection in a suddenly differentially heated cavity to the quasi-steady stage usually 

involves multiple sets of waves, such as the LEE perturbations in the initial stage, 

trailing waves on the intrusion flows, unstable waves on the boundary layers triggered 

by the impact of the intrusions, horizontal oscillations, and traveling waves in the quasi-

steady stage (refer to Xu et al. 2005c). These unstable waves, occurring at different 

stages of the transition, have different formation mechanisms and behaviors (e.g. in 

amplitude and frequency), and thus further discussion is of significance (refer to 

Chapter 5).  

 
1.2.2 Natural convection with a single or multiple fins 
Enhancement and depression of the heat transfer through a differentially heated cavity 

are of significance in industrial applications, such as solar collectors and nuclear 

reactors, and thus a considerable number of studies have been devoted to the problems 

of this aspect. The techniques of enhancing or depressing heat transfer are usually 

classified into two categories, i.e. the so-called ‘active’ and ‘passive’ approaches. The 

active approach denotes that some artificial perturbations are introduced into the natural 

convection flow in order to enforce convection or even trigger turbulence. For example, 

sound excitation, a typical active approach, may be used to perturb flows, induce flow 

instabilities and enhance heat transfer (see e.g. Kim et al. 2004). Perturbing temperature 

signals is also a useful active approach, which may destabilize flows and improve heat 

transfer, as described by Kwak and Hyun (1996) and Kwak et al. (1998).  

Although the active approach is easier to ‘control’ the heat transfer through a 

cavity, its applications, in some sense, are limited since artificial perturbations need to 

be applied. In contrast, the passive approach may overcome this limitation, and thus 

extensive studies of the passive approach have also been reported. An easily 

implemented passive approach is to put a single or multiple fins in the cavity, which 

may enhance or depress heat transfer. In some studies, a fin could be called a roughness 

element, baffle, obstruction, partition, divider or even plate. For uniformity, the term 

‘fin’ is adopted in this thesis. The review in this section is arranged as follows: natural 

convection induced by a single fin on the sidewall, multiple fins on the sidewall, and a 

single or multiple fins in locations in the cavity other than on the sidewall. 
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1.2.2.1 Single fin on the sidewall 
One of the earliest studies of natural convection induced by a fin attached to a heated 

surface was reported by Eckert et al. (1960) who visualized transitional natural 

convection to turbulence, using smoke. It was found that a fin on a heated surface could 

reduce the critical Rayleigh number of transition to turbulence in comparison with those 

free-convection flows adjacent to a heated surface without a fin. A recent study of 

laminar natural convection adjacent to a heated plate with a square fin by Ichimiya 

(2000) indicated that the heat transfer through the heated surface is depressed in the 

region around the fin. If the fin is taken a small distance from the wall, the heat transfer 

may be slightly enhanced in the region of the heated surface opposite to the fin. 

Studies of the natural convection flow in a cavity with a fin on an active wall (a 

heated or cooled sidewall) have also been extensively reported in the literature. An early 

study by Bejan (1983), based on the model of porous insulations heated from the side, 

indicated that the heat transfer dominated by convection decreases steadily and that 

dominated by conduction increases slightly, as the fin length increases. An adiabatic fin 

can generate the greater heat transfer through the cavity than that with a diathermal fin. 

Another early study by Ooshuizen and Paul (1985), who discussed the spatial 

distribution of the heat transfer for relatively higher Rayleigh numbers (105 ~ 106), 

showed that a fin on the cold wall enhances the local heat transfer rate on the upper 

portion of the hot wall and depresses it near the center, in comparison with those results 

without a fin. The overall effect is that the fin on the cold wall enhances the heat 

transfer at the hot wall if the ratio of the fin length to the cavity width is fairly small. 

Shakerin et al. (1988) experimentally and numerically investigated the thermal 

boundary layer flow along a sidewall with one and two square fins. Their results 

showed that there is no clear separation around a square fin attached at a low position on 

the hot wall in the laminar regime.  

Besides these earlier results, a comprehensive discussion of the natural convection 

flow in a cavity with a fin on the sidewall has been reported in the recent literature. The 

effect of the shape, size, material, and position of the fin on the natural convection flow 

in the cavity has been the primary focus. In most studies, the fin is rectangular. A study 

of the thickness of the conducting fin varying from 0.5% to 10% (relative to the cavity 

height) by Nag et al. (1994) demonstrated that, as the thickness is reduced, the heat 

transfer through the cavity initially decreases until a critical thickness value is reached. 
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When the thickness is smaller than this critical value, the heat transfer increases as the 

thickness is further reduced. Clearly, such a large variation in thickness impacts on 

natural convection flows in the cavity. However, in most studies, for the purpose of 

examining other effects of the fin on heat transfer, thickness is usually considered to be 

small in comparison with the fin length, and thus may be neglected (a so-called  thin 

fin).  

The fin length is an important factor in controlling the natural convection flow in 

a cavity. If the length of a poorly conducting fin is sufficiently large, secondary 

circulations arise (see Frederick 1989). The heat transfer through the sidewall with a fin 

is reduced as the fin length increases. This is because the natural convection flow 

adjacent to the sidewall is depressed. However, since a long fin results in secondary 

circulations of the natural convection flow, secondary circulations, in some sense, 

increase the convective flow adjacent to the opposite sidewall and thus enhance the heat 

transfer through the opposite sidewall (see Frederick 1989). A long fin may also 

stimulate the appearance of multiple circulations, which arise at the upper and lower 

corner base of the fin respectively (refer to Nag et al. 1993). 

The fin position, likewise, may change the natural convection flow in a cavity and 

heat transfer. It was confirmed by Nag et al. (1993) that the heat transfer through the 

opposite sidewall is dramatically reduced when the fin rises from a lower to an upper 

position. A more comprehensive discussion of the effect of the position of a highly 

conductive fin on natural convection has been performed by Shi and Khodadadi (2003) 

and Tasnim and Collins (2004). As the fin height increases, a significant separated 

region (a low velocity zone) appears between the fin and the top wall, and the varying 

local heat transfer is relevant to those flow patterns.  

The Rayleigh number plays an important role in the natural convection flow in a 

cavity with a fin, similar to the case without a fin reviewed in section 1.2.1. When Ra 

increases, the natural convection flow in the cavity with a fin is enforced, and thus the 

heat transfer through the finned sidewall is enhanced (see e.g. Shi & Khodadadi 2003). 

It is clear that a fin on the active sidewall depresses the convective flow in a 

cavity, trending to reduce the heat transfer through the finned sidewall (see e.g. 

Frederick & Valencia 1989). However, if the fin on a heated or cooled surface is 

perfectly conducting, it apparently increases the area of the heating or cooling surface 

(that is, increases conduction) and thus tends to enhance the total heat transfer through 

the cavity. Two counter-acting mechanisms (conduction and convection) determine the 
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overall heat transfer through the cavity. Accordingly, depending on different 

applications (either maximizing or minimizing heat transfer), different fin parameters 

may be chosen to increase the conduction surface or depress the natural convection 

flow.  

Most of the above-mentioned studies of the effect of a fin on natural convection 

and heat transfer focused on steady flows at low Rayleigh numbers (e.g. Ra < 107). 

However, for high Rayleigh numbers (e.g. Ra > 107) at which the natural convection 

flow in a cavity becomes an unsteady process (and a converged steady numerical 

solution cannot be obtained, see Shi & Khodadadi 2003), the conclusions from the 

steady laminar flow evidently need to be re-examined. Previous studies (see e.g. 

Patterson & Imberger 1980) demonstrated that the transition of the natural convection 

flow in the cavity without a fin is a complex flow process in which a vertical thermal 

boundary layer flow, a horizontal intrusion and core flows interact with each other. 

Therefore, it is of significance to investigate transient natural convection in a cavity 

with a fin on a sidewall at higher Rayleigh numbers. 

Recently, a shadowgraph observation of the natural convection flow in a suddenly 

differentially heated cavity with a square fin was performed by Xu et al. (2005b, 2006), 

in which the transition of the natural convection flow from the start-up was classified 

into three stages: an initial stage, a transitional stage and a quasi-steady stage. It has 

been found that a fin, in the initial stage, blocks the upstream boundary layer flow and 

forces it to detach from the hot sidewall and eventually form a lower intrusion front 

(hereinafter referred to as front). The lower intrusion front reattaches to the downstream 

hot sidewall after it bypasses the fin. There are evidently quantitative differences in the 

flow structures and the wave properties between two cases with and without a fin in the 

transitional stage. A double-layer structure of the vertical thermal boundary layer with 

more circulations forms in the quasi-steady stage, in comparison with that without a fin. 

These results from shadowgraph observations were supported by the numerical 

simulations (see Xu et al. 2005d).  

 
1.2.2.2 Multiple fins on the sidewall 
Many studies have been devoted to the natural convection flow in a cavity with multiple 

fins on the active sidewall for over two decades. It has been demonstrated that flow 

patterns at the steady state are dependent on the Rayleigh number, the angle of 

inclination of the cavity, the aspect ratio, and the size and interval of fins (see e.g. 
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Scozia & Frederick 1991; Lakhal et al. 1997). For a slender cavity at low Rayleigh 

numbers (e.g. Ra < 105), a small cell may form in a ‘small side-opened cavity’, which 

consists of a sidewall and two adjoining fins (see e.g. Scozia & Frederick 1991; Facas 

1993). As the number of fins increases, the flow pattern shows that a primary 

circulation is gradually restricted to the unfinned side (Scozia & Frederick 1991).  

For the conduction regime (e.g. Ra < 103), if the fins are perfectly conducting, the 

heat transfer through the cavity increases with the increasing length and number of fins 

due to the increasing conducting surface area. For the convection regime, the heat 

transfer through the cavity exhibits a complex dependence on the length and number of 

fins. Yucel & Turkoglu (1998) indicated that with an increasing number of fins, the heat 

transfer first reaches a maximum and then approaches to a constant value, which is not 

affected by the number of fins. The numerical simulations by Lakhal et al. (1997) also 

showed that, if the cavity is inclined at 45o, the heat transfer generally decreases 

considerably with the increasing fin length.  

 
1.2.2.3 Single or multiple fins in locations other than on the sidewall 
An emphasis in earlier studies was natural convection with one or multiple fins on the 

inactive wall (e.g. the horizontal adiabatic wall). An interferometer experiment by 

Bajorek and Lloyd (1982) showed that the core flow with one fin attached to the top 

wall and another symmetrically attached to the bottom wall is unsteady at Rayleigh 

numbers greater than 105. Bilgen (2002) indicated that two clear cells are separated by 

the two fins at low Rayleigh numbers (104 < Ra < 106). As the Rayleigh number 

increases up to 1011, the two cells become indistinct and eventually evolve into a single 

cell, and the horizontal stratification of the fluid in the cavity is strengthened. Lin and 

Bejan (1983) indicated that if one of the two fins is removed (i.e. only a single fin on 

the top or bottom horizontal wall), the heat transfer through the cavity increases. The 

flow and heat transfer are strongly dependent on the fin length. As the fin length 

increases, the flow may be characterized by boundary layer flows along the heated or 

cooled wall and horizontally reverse flows through the aperture between the horizontal 

wall and the fin, and the heat transfer become smaller (Lin & Bejan 1983). 

In order to depress the natural convection flow and heat transfer through the cavity 

as much as possible, the fin length may increase until it completely partitions one cavity 

into two cavities. Such a vertical fin (or a so-called partition), although conducting, may 

reduce by more than 60% of the heat transfer cross a cavity for the laminar regime (3.8 
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× 104 < Ra < 3.7 × 105, see Cuckovic-Dzodzo et al. 1999). For the turbulent regime, a 

complete vertical conducting fin, likewise, significantly reduces the heat transfer, which 

also decreases with the increasing number of complete fins (see e.g. Said et al. 1997). 

Besides these wall-attached fins, a fin may be placed in the center of the cavity in 

order to dominate the natural convection flow. A study of natural convection with an 

arc-shaped adiabatic fin in the center of the cavity by Tasnim and Collins (2005) 

showed that the flow and temperature fields are dependent on the fin parameters, 

including the fin length and radius, and the heat transfer is reduced.  

Considerable studies of other aspects of fins have also been reported. For example, 

weakly turbulent natural convection in a differentially heated side-finned cavity with 

two horizontal conducting walls has been experimentally investigated by Ampofo 

(2004, 2005), and velocity and temperature fields have been obtained. Bae et al. (2001) 

discussed the natural convection flow in a side-periodic-heated cavity with a horizontal 

fin in the center of the cavity, and indicated that the presence of the fin, likewise, 

depresses the fluctuating heat transfer through the cavity. Furthermore, the natural 

convection flow induced by an array of hot fins in a cavity has been paid considerable 

attention (see e.g. Heindel et al. 1996; Guvenc & Yuncu 2001; Yu & Joshi 2002), and 

the instability of the natural convection flow induced by hot fins has been discussed by 

Gadoin et al. (2001).  

 
1.2.3 Summary 
Although the focus of this thesis is on transient natural convection in a suddenly 

differentially heated cavity with and without a fin on the sidewall, more extensive 

studies of natural convection are reviewed so that the present study may be compared 

with a greater range of literature. Unfortunately, the present review is by no means 

exhaustive, and many other studies have not been covered here. Clearly, this review has 

shown some important aspects and significant achievements in the field. A few 

progresses may also be briefly summarized as follows. 

Natural convection in a cavity without a fin:  

• Major scales of flows in a suddenly differentially heated cavity were obtained; 

• The critical Rayleigh number of the transition from laminar to period flows at 

certain Prandtl numbers was numerically gained; 

• Some analytical solutions of the thermal boundary layer flow have been derived.  
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Natural convection in a cavity with a single or multiple fins:  

• It has been found that fins on the sidewall depress the natural convection flow 

adjacent to the finned sidewall and the heat transfer for the laminar regime. 

Similarly, fins on the horizontal wall also significantly depress the heat transfer 

across the cavity. 

Although these achievements have provided insights into natural convection and 

careful experiments and companion accurate computations have also shown very 

promising results toward a full understanding of natural convection in a differentially 

heated cavity, many important issues concerning the transient natural convection flow 

are not completely understood. Accordingly, the transient process and issues in this 

regard will be a long-term research topic in this field. For example, understanding the 

overall transition of the natural convection flow in a differentially heated cavity at the 

transitional regime from a stationary, isothermal ambient fluid following sudden heating 

to the quasi-steady state is still an unfinished task, and many mechanisms, responsible 

for transient features, need to be further discussed. Moreover, it is of significance to 

investigate the transient natural convection induced by a fin on the sidewall at higher 

Rayleigh numbers. This could lead to research in the direction of controlling the 

transition of the natural convection in the cavity, and thus a feasible method of the 

enhancement of the heat transfer through the cavity by employing a fin on the sidewall 

could be developed. 

In summary, there are still a number of unexploited areas relevant to natural 

convection in a differentially heated cavity with and without a fin on the wall. In this 

section, only a few particularly interesting problems, due to their unique and significant 

aspects, are discussed briefly. 

 
1.3 Thesis outline 
Some fundamental problems of transient natural convection in a suddenly differentially 

heated cavity with and without a fin on the sidewall are the focus of this thesis. 

Experimental, numerical and analytical methods are employed here. The layout of this 

thesis containing eight chapters is as follows. 

The basic descriptions of this thesis consist of Chapter 1 through Chapter 3. 

Chapter 1 presents the background and literature review. In Chapter 2, the experimental 
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model system is described, and the methods by which the flow field is visualized and 

temperature measured are briefly introduced. The shadowgraph optical setup is 

illustrated and implications of shadowgraph patterns are discussed. The principle and 

accuracy of the thermistors used in temperature measurement are also given in this 

chapter. The physical problem of this thesis is formulated in Chapter 3, including 

simplification of the governing equations. The numerical procedures are introduced, and 

the testing results of the grid and time step dependences are discussed in this chapter. 

The results of transient natural convection in a cavity without a fin are showed in 

Chapter 4 and Chapter 5. Chapter 4 presents shadowgraph observations and thermistor 

measurements of the transition of the natural convection flow from the start-up to the 

quasi-steady state. The mechanisms, responsible for the formation and evolution of the 

double-layer structure of the vertical thermal boundary layer, are discussed in Chapter 5 

based on comparisons between numerical and experimental results. The heat transfer of 

the double-layer structure is analyzed.  

Numerical simulations and experimental measurements of transient natural 

convection in a cavity with a fin on the sidewall are showed in Chapter 6 and Chapter 7 

respectively. The experimental results of transient natural convection with a square and 

thin fin on a sidewall are presented in Chapter 6. Transient natural convection flows, 

such as the development of the lower intrusion front in the initial stage, is visualized. In 

addition, the oscillations of the thermal flow around a thin fin are observed and 

measured. The corresponding numerical simulations and comparisons with the 

experimental results are presented in Chapter 7. The effects of the lower intrusion front 

and the oscillations of the thermal flow around the fin on the heat transfer are discussed. 

Numerical simulations are also extended to transient natural convection flows for 

different fin parameters (e.g. dimension, position and number), and the effects of the fin 

parameters on the heat transfer through the finned sidewall is assessed in this chapter. 

Discussion and conclusions comprises Chapter 8, where major conclusions are 

summarized, and the future research is also suggested. 
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2 Experimental apparatus and 
approaches 
Due to the  high relative cost in comparison to numerical investigations, fewer 

experimental studies of transient natural convection in a differentially heated cavity 

have been performed. However, experimental studies are still an important part of this 

thesis as a validation of numerical work. In the following sections, the experimental 

model and measurement techniques (the shadowgraph method and thermistors) are 

described before discussing the experimental results in later chapters. 

 
2.1 Experimental apparatus 
The laboratory study of natural convection in a suddenly differentially heated cavity is 

an important approach. However, there are considerable difficulties in modeling sudden 

heating of the walls to an isothermal state, since a step increase of temperature is only 

an idealized process. In an experiment, what one can do is to make the initial 

experimental heating process as short as possible in order to approximate the step 

increase of temperature. The regular heating approach, such as embedding electrical 

heaters in the hot wall (see e.g. Yewell et al. 1982), does not achieve this result since it 

takes a relatively long time for the wall to reach a specified temperature. The 

experiment by Yewell et al. (1982) showed that this process needed about 15 minutes. 

Although the time to reach a specified temperature varies for different electrical heaters 

and is shorter than the timescale of the overall flow development, it is long in 

comparison with the timescale of the growth of the vertical thermal boundary layer (e.g. 

the timescale of the thickness growth, see Equation (1.7)). Accordingly, the regular 

heating approach has been rarely applied to the suddenly heated isothermal boundary 

experiment.  

For the purpose of investigating the transient response for the sudden heating 

problem, Ivey (1984) initiated the experiment by pouring pre-heated and pre-cooled 

water into water baths adjacent to the hot and cold sidewalls respectively. Such an 

initial heating process may be completed in a time of 5s and is much shorter than the 
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Figure 2.1 Schematic of the experimental configuration 

procedure adopted by Yewell et al. (1982). Therefore, some transient effects may be 

better visualized.  

Although the time of the initial sudden heating process was significantly reduced 

by Ivey (1984), it is still comparable with the timescale of the transient response 

following sudden heating, such as the set up time for the vertical thermal boundary layer 

(Patterson & Imberger, 1980). In order to minimize the effect of a relatively slow 

initiation, Patterson and Armfield (1990) employed a pneumatically operated apparatus, 

and their experiments showed that the step increase of temperature may be well 

approximated. The apparatus employed in Patterson and Armfield (1990) is the basis of 

the present experimental model system in this thesis, which will be thus introduced in 

the following section. 

Figure 2.1 shows a schematic of the experimental system. The main parts are 

fixed on a steel frame, which may be moved and adjusted so that the cavity can be set 

up at a horizontal level. The movability of the apparatus is also convenient for 

measurements, such as shadowgraph observations (refer to Section 2.2). 

The experimental cavity shown in Figure 2.2, except for the cooled and heated 

sidewalls, is made of 20 mm thick perspex with internal dimensions of 1 m (width, L) 

by 0.24 m (height, H) by 0.5 m (depth, D). Since perspex is transparent, the flow 

visualization may be performed both vertically and horizontally across the cavity. The 

two horizontal end sidewalls are made of gold-coated copper plates of 1.13 mm 

thickness. Since the gold-coated copper sidewalls are excellent conductors, they may be 

considered as isothermal. In contrast, the perspex walls are poor conductors in 
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Figure 2.2 Three dimensional sketch of the model cavity  

comparison with the copper walls, and thus may be regarded as adiabatic in the 

corresponding numerical simulations. In order to fill the cavity with the working fluid 

(here water) and provide a means of mounting thermistors, two rectangular holes of 0.3 

m × 0.12 m are opened on the top wall. In the experimental process, two precisely 

matched perspex inserts are placed in the two holes so as to seal the cavity. For those 

experiments with a fin, a perspex fin is attached at the middle height of the hot sidewall. 

Two cross sections of fin are employed in the experiments; one square (10 × 10 mm2) 

and the other rectangular (40 × 2 mm2). 

The model cavity is separated from two synchronously pneumatically operated 

gates by air gaps (see Figure 2.1) whose width is 30 mm, with a drainpipe under the air 

gap in order to drain the water there after the experiment finishes. The gate and gap are 

employed to minimize the heat transfer between the model cavity and the water bath 

before the experiment starts. However, it is impossible to completely insulate the cavity 

and the water bath, and effort is devoted to reducing the heat transfer as much as 

possible.  

The synchronously pneumatically operated gates are used to produce a suddenly 

side-heated or side-cooled condition; that is, the copper sidewalls suddenly rises or falls 

to a constant temperature when water from the water bath flushes against them after the 

gates are rapidly lifted by the pneumatic actuators. Figure 2.3 shows a schematic of a 

gate. The gate is made of a PVC plate of 0.54 m (width) × 0.42 m (height) × 0.015 m 

(thickness), which is joined to the actuator shaft of the pneumatic actuator with a fixed 

joint. The pneumatic actuators are designed and manufactured by Festo Pty Ltd. The 

gates are constrained by fixed guides to minimize transverse vibrations. A piece of 15-

 26



 

0.42 m 
Soft hose 

Valve 

Stand 

Pneumatic actuator 

Actuator shaft 
Fixed joint 

0.54 m
 

Figure 2.3 Sketch of the pneumatically operated gate  

mm-thick polystyrene foam is attached to the air gap side of the gate to minimize the 

heat loss from the water in the water bath. 

The pneumatically operated gate system comprises actuator shafts, actuator bodies 

(whose diameters are 26 mm and height 0.4 m), stands, inlet valves and outlet valves, as 

shown in Figure 2.3 (also see Patterson & Armfield 1990). The bottom end of the shaft 

is an airtight piston, which separates the actuator body into two air chambers. When the 

pneumatic switch is turned on, high-pressure air with a pressure range of 400~800 k Pa 

is allowed into the lower chamber via the bottom hoses. The high-pressure rapidly 

drives the piston and shaft upwards, lifting the gate. The time for the gate to be raised 

may be controlled by the pneumatic system, typically no more than 1 second. To avoid 

vibrations at the completion of the gate lifting, the final stage of the gate lifting is slow 

down by controlling the exit of the air from the upper air chamber. 

The water baths, used to contain the hot or cold water, are at the other side of the 

gates. Each bath is made of perspex plates of 10 mm thickness with an open top, and is 

0.53 m (length) × 0.64 m (width) × 0.35 m (depth).  Each bath can contain up to 0.119 

m3 water. In order to prevent the heat loss from the water baths, the entire baths 

including the top are enclosed by polystyrene foam of 30 mm thickness. The gate and 

the water bath on either side of the model cavity are identical. 

 

Table 2.1 Output power of JULABO circulators  

Circulator model F10 F33-HD F33-MW FP35 
Output power (W) 170 2700 2700 2700 
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Four circulators (JULABO models listed in Table 2.1) are used to cool or heat 

water in two water baths respectively. Four circulators rather than two are employed in 

order to provide greater output power than two circulators, and thus a specified 

temperature is more quickly achieved. The circulators are also able to rapidly restore the 

water baths back to the specified temperature even though a large temperature 

perturbation may be produced, such as the sudden start-up at which time a large heat 

transfer occurs from the hot water bath to the water in the model cavity, with a 

corresponding heat gain at the cold end. The circulator parameters are listed in Table 

2.1. The circulators maintain the temperature of the water in the water bath within a 

range of ±0.01 K at the specified temperature, which may also be controlled by an 

external digital input from a computer.  

 
2.2 Flow visualization with the shadowgraph 
method 
Because of its relative simplicity, the shadowgraph method has been extensively applied 

to the observation of buoyancy flows. Since it is very sensitive to a local density 

gradient, it is usually employed to visualize shock waves and turbulence; however the 

visualization of natural convection is also one of its important applications.  

The shadowgraph technique was employed to visualize transient natural 

convection in a differentially heated cavity by Schöpf and Patterson (1995), in which 

the early flow properties were described, such as the first group of traveling waves 

along the hot boundary layer immediately following start-up, the initial horizontal 

intrusions and the second group of traveling waves originating from the interaction 

between the incoming intrusion and the boundary layer. These shadowgraph 

observations are also supported by numerical predictions (see e.g. Schladow et al. 1989; 

Patterson & Armfield 1990). Therefore, based on these previous studies, the 

shadowgraph technique is employed to visualize transient natural convection with and 

without a fin on the sidewall in this thesis. 
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Figure 2.4 Schematic of the direct shadowgraph  
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Figure 2.5 Schematic of the focused shadowgraph  

 
2.2.1 Principle 
As described in the beginning of this thesis, those dark pixilated strips characterize 

natural convection of air on a bitumen road, where the density difference of air results in 

a varying refractive index and in turn visible bright or dark strips. In fact, this is also a 

simple shadowgraph.  

Various shadowgraph methods can be divided into two categories: direct and 

focused (see e.g. Settles 2001). The direct shadowgraph means that, in the simplest 

case, only a bright light, an object and a suitable surface on which to cast the 

shadowgraph image are required, as shown in Figure 2.4(a). The above-mentioned case 

of the patterns above a bitumen road is a direct shadowgraph. Figure 2.4(b) shows a 

schematic of the direct shadowgraph using a parallel light beam, which is superior to 

that in the divergent one (see Settles 2001 for details). 
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Figure 2.6 Shadowgraph light path through the object  

Figure 2.5 shows a schematic of the focused shadowgraph. It is easily seen that a 

set of lenses (which may be substituted by a spherical mirror), focusing lens (placed at 

the focal point of the lens) and screen in Figure 2.5 replaces the single screen in Figure 

2.4(b). The focusing lens and screen here may be a camera, and thus adjustment of the 

screen position may be replaced by camera focusing. Although the focused 

shadowgraph is more complex than the direct one, the focused shadowgraph can more 

easily adjust the imaging position by utilizing the camera focusing and thus has been 

extensively applied. For the purpose of obtaining the shadowgraph image close to the 

cavity, the focused shadowgraph is employed in this thesis. 

The shadowgraph technique is developed on the basis of the optical refraction 

principle; that is, the shadowgraph pattern with the non-uniform gray levels results from 

the object (here a flow field) with a non-uniform refractive index field, which is a 

function of the fluid density (see Merzkirch 1974). Therefore, it is possible to find the 

correlation between the light intensity of the shadowgraph image and the varying 

refractive index of the object. 

Figure 2.6 shows a schematic of the light path through the object, in which the 

light direction is the z-direction and thus the x-y plane is normal to the incident light 

direction. The point Pi (xin, yin) is the position in which the light ray enters the object, Pe 

(xex, yex) the exit position, Ps (xs, ys) the position in which the refracted light ray reaches 

on the screen, D the thickness of the object, and l the distance between the object and 

the screen. The screen is drawn using a dashed line because it is not a real screen but the 

imaging at that position for the focused shadowgraph. 

According to Fermat’s principle and the variational principle (refer to Schöpf et 

al. 1996), the differential equations of the light path parameterized by z may be 

expressed, as follows, 
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The x-y plane displacement of the parallel light from the entry point on one side of 

the object to the imaging point on the screen is  
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A direct numerical algorithm was first used to solve Equations (2.1) to (2.4) by 

Schöpf et al. (1996) and Brassington et al. (2002), and an artificial shadowgraph was 

obtained.  

Since the shadowgraph pattern is a light intensity distribution (Is), which is 

dependent on the illumination intensity I0, the resulting intensity at Ps (xs, ys) is 

expressed (Schöpf et al. 1996),  
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Under the assumption that the displacement in the x-y plane is small, the Jacobian 

function in Equation (2.5) can be linearized, as follows, 
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If the object is thin, the deviation of light within the object may be neglected. 

Therefore, according to Equations (2.3) and (2.4), the displacements ∆x and ∆y may be 

given by (refer to Merzkirch 1974) 
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 Equations (2.7) and (2.8) are substituted into Equation (2.6), and the relative 

intensity change becomes 
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Equation (2.9) demonstrates that the shadowgraph light intensity is roughly 

sensitive to the second derivative of the refractive index for the object; that is, the bright 

strips in a shadowgraph image corresponds to a maximum or minimum of the second 

derivative of the refractive index in the direction normal to the strip. However, the 

validation of Equation (2.9) relies on whether the above-mentioned conditions (the 

linear assumption) are satisfied; that is, the x-y plane displacement is much smaller than 

the path length through which the light passes. 

Considering the present experimental cavity with a depth of 0.5 m, the assumption 

of a thin objective is not satisfied here, and thus the application of the above 

conclusions is not immediately justified. 

Since the depth of the experimental cavity is large (0.5 m), it has been found that a 

clear shadowgraph pattern may be imaged at a position close to the cavity, such as on 

the wall of the cavity. If the shadowgraph pattern is imaged on the wall of the cavity, 

the distance l in Equations (2.3) and (2.4) is zero, and thus Equations (2.3) and (2.4) 

may be simplified to 

,inexsin xxxx −=  (2.10)

.inexsin yyyy −=  (2.11)

This implies that the exit position Pe (xex, yex) is the same as the position Ps (xs, ys), 

where the refracted light ray reaches on the screen. Evidently, Equation (2.9), based on 

an assumption of a thin objective, cannot be applied to a deep cavity. For a deep cavity 

with a depth D, the x-y plane displacement of the light ray within the objective can be 

expressed as follows (see e.g. Merzkirch 1974),  
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Similar to Equation (2.5), a resulting intensity distribution (Ie) at Pe (xex, yex), 

dependent on the illumination intensity I0, may be given by  
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Under the assumption that the displacement in the x-y plane is sufficiently small, 

the Jacobian function in Equation (2.14) may again be linearized as follows, 
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where the x-direction is assumed normal to the wall and the y-direction parallel to the 

wall.  

Since the temperature variation in the y-direction of the thermal boundary layer is 

very much less than that in the x-direction, the variation of the refractive index in the y-

direction, which depends on the temperature, may be neglected. Substituting Equations 

(2.12) and (2.13) into Equation (2.15) yields, 
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Since the variation in the z-direction may be considered as very small (or 

dependent only weakly on z), Equation (2.16) can be further simplified as follows, 
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Based on the linear (or weakly linear) dependence of the refractive index on 

temperature, an approximate relationship between the shadowgraph light intensity and 

the temperature of the thermal boundary layer flow is eventually given by 
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Equation (2.18) demonstrates that the shadowgraph light intensity is proportional 

to the squared depth of the cavity and the x-directional second derivative of the 

temperature of the thermal boundary layer flow; that is, the bright strips in the 

shadowgraph image correspond approximately to the maximum or minimum of the x-

direction second derivative of the temperature. However, it is again worth noting that 

this equation is subject to the above-mentioned; that is, the x-y plane displacement is 

sufficiently small in comparison with the path length through which the light passes. 
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Figure 2.7 Schematic of the optic setup of the focused shadowgraph  

 
2.2.2 Optical setup 
For the purpose of obtaining shadowgraph imaging close to the sidewall of the cavity, a 

Z-shaped focused shadowgraph is employed in this thesis. Figure 2.7 sketches a top 

view of the shadowgraph optical setup, in which a point light source (a 12-W bulb in a 

small black box with a pin hole covered by a piece of ground glass) is placed at the 

focal point of a silver-coated spherical mirror with a diameter of 0.3 m and a focal 

length of 2.4 m. Such an optical set up results in a parallel light beam. When the parallel 

light beam passes through the model cavity filled with the non-uniform temperature 

fluid, it is deflected by the fluid due to variations of the refractive index of the fluid 

(based on Equations (2.1) to (2.4)). In fact, the refractive index depends on the fluid 

density, and in turn on the temperature. Therefore, a non-uniform pattern with varying 

light intensity is formed after the originally parallel light beam exits from the cavity. 

The distance from the light source to the mirror here is 2.4 m, and that from the mirror 

to the light-entering sidewall of the cavity is 2.6 m. 

The exiting light beam is projected onto another identical spherical mirror, and 

refocused to a black-and-white CCD camera (Pulnix TM-6CN) at the focal point of this 

mirror. The distance from the light-exiting sidewall to the mirror is 1.8 m and that from 

the mirror to the camera is 2.4 m. The CCD camera is connected to a frame-grabber 

board (DT3120), which is implemented in a computer. The board digitizes the 

shadowgraph images received by the CCD camera into an array of 576 × 768 pixels 

with 256-bit grey-scale values. The shadowgraph images are stored on the hard disk of 

the computer at an adjustable sample rate of up to 5 frames per second. A time series of 
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                  (a) Before experiment                                            (b) t = 20 s 

Figure 2.8 Shadowgraph images in the vicinity of the hot sidewall at Ra = 3.9 × 109  

the recorded shadowgraph images will display the temporal evolution of the 

temperature field.  

In order to build a shadowgraph system, it is important to keep the light source, 

camera, and the center of each mirror in the same level plane, and make this plane 

normal to the sidewall of the cavity. Moreover, a parallel light beam, generated by 

adjusting the distance between the light source and the mirror, is also important in order 

to obtain a high-quality shadowgraph image. This means that the optical system must be 

carefully and accurately set up. 

It is worth noting that, since the diameter of the mirror is 0.3 m, the parallel light 

beam generated by the mirror cannot fully cover the whole cavity, as shown in Figure 

2.8. However, since the emphasis of this thesis is on flows adjacent to the sidewall with 

and without a fin, flows around the fin and adjacent to the hot sidewall are the primary 

interest. Figure 2.8(a) is taken before the experiment starts up, at which the fluid is 

motionless and isothermal. In fact, before each experiment, shadowgraph images need 

to be taken for later image processing. Figure 2.8(b) shows a shadowgraph image of the 

natural convection flow around a square fin on the hot sidewall at 20 s after the 
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experiment starts up. Two intrusion fronts, close to the top and around the square fin, 

are clear. These are the result of temperature variations of the fluid. Discussion 

regarding the shadowgraph results is conducted in Chapters 4 and 6. 

 
2.3 Temperature measurement with 
thermistors 
Since the natural convection flow in a differentially heated cavity is driven by 

temperature differences, acquiring temperature data is an important component of 

studying natural convection and consequently temperature measurement has been paid 

considerable attention. A widely used technique, which can depict the temperature field 

of flows, is the interferometer. It played a role in the earlier studies of natural 

convection in a differentially heated cavity. For example, stratification in the cavity was 

first visualized by interferometer (see Eckert & Carlson 1961). Another technique, 

which can reveal the temperature information of flows, is the liquid crystal technique 

(refer to Rhee et al. 1984). Although both of these techniques can be applied to the 

temperature field measurements and provide the full temperature field information, their 

accuracies are unsatisfactory and in the latter case, implementation is difficult, 

particularly for the local measurements such as the thermal boundary layer. 

Consequently, their applications are limited to determining a qualitative view of the 

temperature field. 

The most common method for the local temperature measurement is to employ a 

thermocouple, but it is poor in accuracy and sensitivity, in comparison with a resistance 

temperature detector (RTD) or a thermistor. Since a thermistor has a better sensitivity 

than a RTD, it has been extensively used to acquire a time series of the temperature of 

flows at fixed points (see Patterson & Armfield 1990; Patterson et al. 2002). Moreover, 

its high resistance can diminish the effect of inherent resistances in lead wires, which 

can cause significant errors in low resistance devices. In general, the thermistor is a 

good way for the temperature measurements at fixed locations with flows because of its 

high accuracy and sensitivity.  
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2.3.1 Description  
A thermistor is in fact an electrical resistor whose resistance changes with temperature. 

It is usually manufactured from the metal oxide semiconductor material, and 

encapsulated in a glass or epoxy bead with a small tip outside. In this thesis, 

temperature measurements were implemented with fast response thermistors 

(Thermometrics FP07). The body of the thermistor has a maximum diameter of 2.2 mm 

and length of 12.6 mm, though the thermistor is contained in a small thin glass bead of 

the maximum diameter less than 0.2 mm. The thermistor has a time constant of 0.007 s 

in water. In order to minimize thermal disturbances caused by the presence of 

thermistor, the thermistor body is mounted in an insulated tube. The main parameters of 

the FP07 thermistor are listed in Table 2.2. 

 

Table 2.2 FP07 thermistor parameters 

Body (mm) Lead-wires(mm) 
Diameter 

(max) 
Length Diameter Length

Time 
constant in 
water (sec) 

Dissipation 
constant in water 

(mW/K) 

Power 
rating in air 

(W) 
2.2 12.6 0.3 22 0.007 0.26 0.006 

 

The FP07 thermistor, since it is a resistive device, needs current excitation, which 

is supplied by the SCXI-1581 module (manufactured by National Instruments 

Corporation). The SCXI-1581 can provide 32 channels of 100 µA current excitation; 

that is, up to 32 thermistors may be synchronously implemented in the experiment. 

Furthermore, the National Instruments SCXI-1102C analogue input module is used to 

acquire the output voltage signals from each thermistor. 

Figure 2.9 shows a schematic of this temperature measurement system. The FP07 

thermistor, through cables and SCXI-1300 terminal blocks, is connected to the SCXI-

1581 current excitation and the SCXI-1102C amplifier modules respectively. The 

voltage signals are transferred to the PCI-6031E board plugged in the computer, which 

is used to perform the AD transformation. All of data acquisition devices of the 

temperature measurement and part of software are provided by National Instrument 

Corporation. 
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Figure 2.9 Schematic of the data acquisition system with FP07 thermistors  

 
2.3.2 Calibration of thermistors 
In section 2.3.1 the acquisition of the digital voltage time series using FP07 thermistors 

is described. In fact, the dependence of the thermistor resistance on temperature is 

usually prescribed by the specifications of the thermistor, and thus temperature may be 

calculated from the voltage value. Unfortunately, this correlation is approximate and has 

a poor accuracy for the full range of the sensor. Accordingly, calibration of each 

thermistor before it is used is important in order to acquire highly accurate measurement 

data.  

When calibration is implemented, the range of the fluid temperature in 

experiments should be first considered. Since the temperature difference between the 

two sidewalls in experiments is up to 32 K, thermistors are calibrated with a range of 

31K, from 283.05 to 314.05 K  (with an average relative error of 0.24%), which will 

cover almost the entire range of the temperature variation of the fluid in the vicinity of 

the hot sidewall. Figure 2.10 shows the result of the temperature calibration of a 

thermistor, in which a third order polynomial function is well fitted to the temperature 

data. 
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Figure 2.10 Calibration of a thermistor  

 
Figure 2.11 Thermistors mounted in the cavity  

 
2.3.3 Temperature measurements 
The first step of the temperature measurement is to fix a thermistor at a specified 

location. Since the thermal boundary layer flow is the focus of this study, thermistors 

are usually fixed in the vicinity of the hot sidewall or fin.  
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In order to minimize modifications to the cavity body due to thermistor mounting, 

thermistor tubes are fixed in the insert covering the opening of the cavity (see Figure 

2.2) at a certain angle with sufficient length to allow the thermistor tips to be at their 

specified locations along the sidewall. Figure 2.11 shows fixed thermistors in a 

shadowgraph image. In practice, the thermistor is first located at a specified position, 

which is then validated using the shadowgraph image (see e.g. Figure 2.11). The final 

positions of different thermistors under different conditions are shown in Chapters 4 and 

6. 

When the experiment starts up, the pre-amplified and digitized output voltage 

signal from each thermistor is converted into a temperature signal using the polynomial 

fitting formula obtained from calibration, and is then recorded on the computer hard 

disk. The record comprises a time series of temperature at each location, which 

describes the time-dependent temperature variation. 

 
2.4 Experimental procedures 
Through considerable experimental observations and measurements, this experimental 

system and shadowgraph optical setup as well as thermistors have been tested 

thoroughly.  

In practice, the present experiments indicate that it is necessary to carefully 

perform the experimental procedure in order to minimize external disturbances. For 

example, before an experiment starts, the measurement approaches need to be 

repeatedly tested, particularly the shadowgraph optical setup and the thermistor 

calibration. Since the quality of the shadowgraph image is significantly dependent on 

whether the shadowgraph optical setup is properly aligned, it is important to adjust the 

light source, camera, and the center of each mirror in the same level plane and make this 

plane normal to the sidewall of the cavity.  

Apart from aligning the shadowgraph optical setup, calibration and mounting of 

thermistors, likewise, must be implemented before temperature measurements. Since 

the temperature variation in the thermal boundary layer is large, small errors in the 

location of the thermistors impacts on the temperature measurement. Therefore, the 

mounting and positioning of the thermistors must be carefully performed.  
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In an experiment, it is very important to maintain an appropriate initial 

experimental condition, at which the fluid in the cavity is motionless and isothermal. 

For the purpose of obtaining an isothermal ambient, it is necessary to fully stir the fluid 

in the cavity after the last experiment finishes or before the next experiment starts. This 

is because the fluid in a differentially heated cavity is stratified in the quasi-steady stage 

(also see Gill 1966). Furthermore, in order to make the fully disturbed fluid motionless, 

the fluid in the cavity needs to settle down for a long period (usually one day here) after 

the last experiment finishes. Ideally, after the above-mentioned two stages, a motionless 

and isothermal fluid ambient in the cavity may be achieved. However, since there 

always exist some external disturbances (such as the temperature variation of the air in 

the laboratory) in experiments, which cannot be completely removed, an idealized 

motionless and isothermal fluid in the cavity is only approximately achieved. 

Once the above-mentioned initial experimental conditions are achieved, the water 

in the water bath may be heated or cooled to the specified temperature by the 

circulators. Two circulators are employed to heat the water in a water bath and the other 

two circulators in conjunction with an immersion chiller cool the water in the other 

water bath.  

After the specified water temperature in each water bath is achieved and all 

experimental facilities (e.g. the data or image acquisition system) are ready, the 

experiment may be started. When the switch of the pneumatic system is turned on, the 

two pneumatically operated gates rapidly and synchronously lift, and the water from 

each water bath flushes against the copper walls of the experimental cavity. This 

process is completed in a fraction of a second; the actual time is controlled by the 

pneumatic system. Usually, the transition of the natural convection flow from the start-

up to the quasi-steady state persists for more than one hour, depending on the Rayleigh 

number (e.g. experiments could persist for several hours at some Rayleigh numbers). 

After the experiment finishes, the switch of the pneumatic system is turned off and the 

gates shut down. Water remaining in the gap needs to be discharged through drainpipes 

for the next experiment. Therefore, the next experiment may be implemented in the 

above-mentioned procedures repeatedly.  

In summary, a great number of experiments have been successfully performed and 

useful results have been obtained based on careful experiments (chapters 4 and 6). 
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3 Formulation and numerical 
procedures 
In this chapter, the governing equations describing natural convection in a suddenly 

heated cavity are first presented and simplified. Numerical procedures for solving the 

governing equations by using the FLUENT package are introduced. A great number of 

tests of the grid and time step dependences for different cases with and without a fin on 

the sidewall have been performed and are described.  

 
3.1 Formulation  
3.1.1 Governing equations 
It is critical to establish some basic assumptions and accurate formulas for describing a 

problem before any numerical procedures are implemented. Although this is always a 

challenge for the analyses of fluid flow and heat transfer problems, a great deal of 

fruitful work has been achieved. Natural convection in a differentially heated cavity 

satisfies the conservation of mass, momentum, and energy under the assumption of 

continuous media. The mathematical expressions of these conservation equations may 

be written together with the equation of state in Cartesian tensor notation as follows. 

The continuity equation describing the conservation of mass: 

,0
)(

=
∂

∂
+

∂
∂

j

j

x
u

t
ρρ  (3.1)

The momentum equation expressing the conservation of momentum based on Newton’s 

second law: 
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The energy equation representing the transport of the energy: 
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The equation of state: 
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( ).,Tpρρ =  (3.4)

In the above equations, the body force Fi has three components: Fx, Fy and Fz in x-, y-, 

and z-directions. In addition, D/Dt is the material derivative operator defined as follows, 
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3.1.2 Simplifications of the governing equations 
The governing equations presented in the previous section are highly non-linear and 

coupled, and are difficult to solve. Therefore, it is of significance to simplify these 

equations based on particular features of flows so that numerical discretizations and 

analyses may be easily performed.  

For the present problem of transient natural convection in a differentially heated 

rectangular cavity (refer to Chapter 2 for more details about the model), it is understood 

that the fluid near the hot sidewall is heated and a temperature gradient forms. As 

discussed in Chapter 1, such a temperature gradient in turn results in a density gradient 

of the fluid in the vicinity of the hot sidewall, and with the presence of gravitational 

force, generates a buoyancy force. If the temperature difference between the two 

sidewalls in the cavity is not very large, the correlation between the density and 

temperature may be considered as a linear relation. As a result, the equation of state 

(3.4) may be given by 

)).(1( 00 TT −−= βρρ  (3.6)

The thermal expansion coefficient (β) is generally of an order of magnitude 

between 10-2 and 10-4 for different fluids (Ostrach 1964). In the present study, the 

thermal expansion coefficient of water as the working fluid is assumed constant 

(approximately 0.00023 K-1).  

For natural convection flows with a relatively small temperature difference and a 

low velocity, the incompressible flow assumption is appropriate (see e.g. Batchelor 

1954). Accordingly, the continuity equation (3.1) may be simplified as follows, 

.0=
∂

∂

j

j

x
u

 (3.7)

The Boussinesq approximation may be applied to natural convection in 

differentially heated cavities. Under the Boussinesq approximation, all fluid properties 
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such as the viscosity and thermal conductivity are treated as constants except the 

density, and the variation of density is only considered when calculating the buoyancy 

force. Since there is no other volume force, the body force in Equation (3.2) has only 

the component (Fy) in the y-direction due to the density variation and may be written as 

(the positive direction points upwards, opposite to the accelerate under the gravity) 

).()( 0 gFy −×−= ρρρ  (3.8)

Substitution of Equation (3.6) into Equation (3.8) leads to 

).( 0TTgFy −= β  (3.9)

Applying Equations (3.7) and (3.9) to Equation (3.2) yields a simplified 

momentum equation as follows 
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Here, the components of the body force (Fi) in the x- and z-directions are zero (i.e. Fx = 

Fy = 0) 

Since the velocity of the natural convection flow in a cavity is normally small, the 

viscous energy dissipation and the pressure work (due to the incompressible 

assumption) may be neglected. The energy equation (3.3) may be simplified as 

.
2

jj xx
T

Dt
DT

∂∂
∂

= κ  (3.11)

The simplified continuity, momentum and energy equations consist of Equations 

(3.7), (3.10) and (3.11). Previous studies (see e.g. Dol & Hanjalic 2001) have also 

demonstrated that 2D numerical simulations can characterize major features of natural 

convection in a differentially heated cavity. Accordingly, in this thesis only 2D 

numerical simulations are performed. The complete set of 2D simplified governing 

equations are expressed as follows, 
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The above set of governing equations have been successfully adopted in previous 

numerical simulations of natural convection in a differentially heated cavity (refer to 

Schladow et al. 1989). However, it is worth noting that, in the case with a large 

temperature difference, the fluid does not satisfy the Boussinesq approximation, and 

thus cautions must be taken when adopting the above equations.  

 
3.1.3 Initial and boundary conditions 
The momentum and energy equations (Equations (3.13) through (3.15)) for velocity and 

temperature are parabolic in time and elliptic in space. Therefore, initial values must be 

defined for all quantities (at t = 0) and boundary conditions are required at each 

boundary of the computation domain. 

Since a very weak stratification of the fluid and very weak flows are always 

unavoidable in the cavity before the start-up of experiments, as described in Chapter 2, 

the real initial fluid in the model cavity is neither motionless nor isothermal. Therefore, 

it is considerably difficult to specify the actual initial conditions of flows in the cavity. 

However, for the sudden heating problem considered in this study, the initial weak 

stratification and flows are unlikely to affect the development of natural convection and 

heat transfer, which is dominated by the thermal boundary layers adjacent to the 

sidewalls. Accordingly, an initially motionless and isothermal flow is adopted in all 

numerical simulations. These approximations of the initial conditions were also 

assumed by previous studies (see e.g. Patterson & Armfield 1990).  

Due to the poor conduction of the top and bottom perspex walls of the model 

cavity, the top and bottom boundaries are considered adiabatic in the numerical 

simulations. The two copper sidewalls, which are very thin (only 1.13 mm) and highly 

conductive, are considered isothermal. In addition, the rigid and non-slip wall condition 

is applied to all interior surfaces. Similarly, all the surfaces of the perspex fin are 

considered adiabatic and non-slip. Figure 3.1 shows all the above-mentioned boundary 

conditions. In numerical simulations of this thesis, the initial and average temperature of 

the fluid in the cavity is 295.55 K and the temperature difference between the hot and 

cold sidewalls 16 K so that numerical results may be compared each other and with the 

corresponding experimental results. 
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Figure 3.1 Schematic of the computational domain and boundary conditions

  
3.2 Numerical procedures  
As mentioned previously, despite significant simplifications Equations (3.12) through 

(3.15) are still coupled and nonlinear, and cannot be solved analytically. Therefore, 

numerical methods are usually applied to obtain approximate solutions. Over the last 

three decades, a considerable number of commercial CFD (computational fluid 

dynamics) packages such as PHOENICS, CFX, and FLUENT have been developed. 

These commercial CFD packages have also been improved continuously over the years. 

In this thesis, FLUENT was employed to perform all numerical simulations. 

 
3.2.1 Numerical Schemes 
A number of finite volume and finite difference based schemes have been developed 

and applied to simulations of natural convection in the cavity. Studies (see e.g. De Vahl 

Davis 1983; Schladow et al. 1989; Le Quere 1990) showed that there is no remarkable 

discrepancy among various numerical schemes. However, it is still necessary to 

carefully test each scheme before it is applied to any new computational cases. 

In the present study, the 2D finite volume scheme is used to discretize the 

governing equations, with a second order centre-difference scheme approximating the 

diffusion term, a second order upwind-difference scheme approximating the advection 

terms and a second order implicit time-marching scheme for the unsteady term; that is, 

the computational domain is divided into discrete control volumes (also called surfaces 

for 2D calculations) through a meshing process. The governing equations are integrated 

about each control volume to construct algebraic equations with respect to discrete 
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unknown quantities such as velocities, pressure, and temperature. The linearized and 

discretized algebraic equations are then solved to update values of dependent quantities 

using Semi-Implicit Method for Pressure-Linked Equation (SIMPLE, see Partankar 

1980; or FLUENT User’s Guide for details). 

The continuity, momentum and energy equations may be written as a united 

transport equation, which is then integrated over a control volume to yield the following 

integrated transport equation, 

.∫∫∫∫ +⋅∇Γ=⋅+
∂
∂

VeeV
dVSAdAdvdV

t φφ φφφ vvv  (3.16)

Since the numerical solutions are all 2D in this study, control volumes become control 

surfaces. Thus, the integration is implemented on control surfaces (V), and the 

integration

∫V

∫  is implemented along the edges of control surfaces. The definitions of the 

quantities φ, Γφ and Sφ in Equation (3.16) corresponding to different conservation 

equations are listed in Table 3.1.  

 

Table 3.1 Definitions of φ, Γφ and Sφ  in Equation (3.16) 

Equations φ Γφ Sφ
Continuity Eq. (3.12) 1 0 0 

x-Momentum Eq. (3.13) u ν -∂p/ρ∂x 
y-Momentum Eq. (3.14) v ν -∂p/ρ∂y + gβ(T-T0) 

Energy Eq. (3.15) T κ 0 
 

In order to illustrate the discretization of the governing equations, the steady state 

transport equation (with the inertia term ignored, see below) is first considered as 

follows,  

.∫∫∫ +⋅∇Γ=⋅
Vee dVSAdAdv φφ φφ

vvv  (3.17)
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Figure 3.2 Control surfaces used to discretize the governing equations  

To discretize Equation (3.17), the computational domain is meshed. Figure 3.2 

shows an example of control surfaces to illustrate the discretization of the transport 

equation. Discrete values of the scalar φ are stored at the surface centers. Equation 

(3.17) may be discretized on a given surface (s0) as follows, 

.)( VSAAv
nb

e
en

nb

e
eee φφ φφ +⋅∇Γ=⋅ ∑∑

vvv  (3.18)

The values on the surface edges φe are required for the convection terms in 

Equation (3.18). They are interpolated from the surface center values. It may be 

computed using a second-order upwind scheme as follows,  

.se
r

∆⋅∇+= φφφ  (3.19)

In Equation (3.19), the gradient ∇φ may be determined according to the divergence 

theorem, which in the discrete form is written as  

.1 ∑=∇
nb

e
ee A

V
v

φφ  (3.20)

Here eφ  on the edge is computed by averaging φ on the two surfaces adjacent to the 

edge. Therefore, the gradient ∇φ is in fact limited so that no new maxima or minima are 

introduced (refer to FLUENT User’s Guide for more details). 

It is worth noting that the momentum and continuity equations are solved 

sequentially, in which the continuity equation appears as an equation of pressure 

correction although pressure does not appear explicitly in the continuity equation for 

incompressible flows (i.e. the SIMPLE method). The numerical procedure of the 

SIMPLE method is shown in Figure 3.3.  
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Figure 3.3 Flow chart of the SIMPLE method 

The temporal discretization involves the integration of each term in the 

differential equations over a time step ∆t. The integration of the transient terms is 

straightforward, and a generic expression for the time evolution of a quantity φ is given 

below,  

).(φφ F
t

=
∂
∂  (3.21)

Here the function F(φ) incorporates any spatial discretization. The time derivative is 

discretized using backward difference, and a second-order scheme is written, as follows,  
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Here, the implicit time integration is employed in order to evaluate F(φ) at the future 

time instance due to an advantage of the implicit scheme that it is unconditionally stable 

with respect to the time step. This implies that φ (n+1) in a surface is related to φ (n+1) in 

neighboring surfaces through F(φ n+1). The implicit equation may be solved by iterating 

the following equation,  

),(
3
2

3
1

3
4 111 +−+ ∆+−= nnnn tF φφφφ  (3.23)

The iteration terminates until convergence criteria are met. The truncation error here is 

second-order with respect to the time step.  

Because of the nonlinearity of Equations (3.12) to (3.15), it is necessary to control 

the change of φ during the iterations (see e.g. Henkes 1990). This is usually achieved by 
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under-relaxation, which reduces the change of φ through an under-relaxation factor. In a 

simple form, the updated value of φ on a surface is calculated from the old value φold, 

the computed change ∆φ and an under-relaxation factor αr as follows,  

.φαφφ ∆+= rold  (3.24)

In the present study, the under-relaxation factor αr is set to 0.3 for pressure, 0.7 for 

velocities, ant 1 for all others quantities. 

 
3.2.2 Convergences 
As indicated in Section 3.2.1, convergence criteria, which determine the efficiency and 

success of iterations, control the iteration processes. Therefore, selecting an appropriate 

convergence criterion is crucial for an iteration process. The appropriateness of a 

convergence criterion is measured by two factors: the convergence accuracy and speed. 

The former factor plays an important role in the numerical computations of unsteady 

transition and turbulence. This is because the numerical errors from previous time steps 

could be accumulated in subsequent ones. If the convergence criterion is inappropriately 

set, the numerical solution could deviate from the real physical flow.   

In the present numerical solving using FLUENT 6.2.16, the sum of residuals of 

each equation is selected as the convergence criterion to control iterations; that is, at the 

end of each iteration, the sum of residuals of conserved variables is computed and 

compared with the set convergence criterion. The iterations will continue until the sum 

of residuals drops below the set convergence criterion.  

The conservation equation for a general quantity φ at a surface s0, after 

discretization (see Equations (3.18) to (3.20)), is written below,  

.baa
nb

nbnb += ∑ φφ
00 ss  (3.25)

Therefore, the residual Rφ may be defined as the imbalance in Equation (3.25) summed 

over all computational surfaces as (see FLUENT User’s Guide),  
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φ

φφ
φ  (3.26)

For the momentum equations and energy equation, φ is replaced by u, v or T 

respectively. For the continuity equation, the residual is defined by  
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Here, the denominator is the largest absolute value of the continuity residual in the first 

five iterations. A more detailed elucidation of Equations (3.26) and (3.27) may be found 

in FLUENT User’s Guide, in which Rφ in Equations (3.26) and (3.27) is referred to as a 

scaled residual.  

For double precision requirement, FLUENT permits residuals to drop down to 

twelve orders of magnitude (10-12). However, in most numerical simulations of the 

present study, 10-3 is adopted as the convergence criteria of the continuity, momentum 

and energy equations after a number of tests are performed. In fact, a smaller criterion, 

such as 10-6, is tested in some computational cases in which no distinction between the 

results obtained with two different residual criteria of 10-3 and 10-6 is identified. 

Therefore, a residual criterion of 10-3 is finally adopted in consideration of significant 

savings of computing time. 

 
3.3 Grid and time step 
3.3.1 Grid creation 
The quality of the grid plays a key role in the accuracy and stability of numerical 

simulations. Since a continuous physical domain is discretized in numerical simulations, 

the degree to which the salient features of the flow (such as boundary layers) are 

resolved depends on the density and distribution of grid nodes. Poor resolution in 

critical regions could dramatically alter the representation of the flow features. 

Unfortunately, it is considerably difficult to determine the locations of significance 

before the calculation is actually carried out. Moreover, the grid resolution in complex 

flow fields is also constrained by computing resources (memory, storage space and CPU 

time etc). Although the numerical accuracy in general increases with the grid resolution, 

the required computing resources for both calculation and post-processing also increase. 

Therefore, it is necessary to compromise between the numerical accuracy and 

computing efficiency when considering numerical grid. 

In regions with large gradients of flow variables the grid should be fine enough to 

minimize the change in flow variables from surface to surface. For example, the grid 
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resolution in a boundary layer (i.e. grid spacing near a wall) is important for computing 

the wall shear stress and heat transfer coefficient.  

Although it is difficult to predict the locations of large flow gradients, we can 

assume some regions of significance based on previous knowledge. Accordingly, a grid 

system may be constructed, which is then refined until the entire flow domain is 

properly meshed.  

For natural convection in a differentially heated cavity, strong flows are present in 

the vicinity of the sidewalls (see e.g. Patterson & Armfield 1990). Therefore, a non-

uniform grid is often adopted with concentrated grids in the boundary layer and 

relatively coarse grids in the interior region. For instance, the grid may expand at a rate 

from the wall until the interior edge of the boundary layer is reached. The expanding 

factor of the grid is usually limited in order to ensure that the solution is not degraded, 

and a factor of up to 10% may be used according to Patterson and Armfield (1990).  

Experimental results have demonstrated that, in the transition of natural 

convection in the present experimental cavity from sudden heating to the quasi-steady 

state, strong flows usually occur within a region of 0.05-m width adjacent to the walls in 

the dimension of the present cavity (Figure 3.1). This region is defined as the boundary 

layer zones in this study. A non-uniform grid system with an expansion factor from the 

wall surface to the interior is adopted in the boundary layer zones. The rest of the flow 

domain (the central region of the cavity) is uniformly meshed.  

Three grids are created for the case without a fin on the sidewall in order to test 

the grid dependence, and their parameters are listed in Table 3.2. 

 

Table 3.2 Grid parameters without a fin 

Note: Hereinafter, the number of the grid is referred to as GN; the expansion factor is 

referred to as EF. 

Boundary layer zone Centre zone Grid 
(H × L) GN EF Vertical GN Horizontal GN 

133 × 387 43 1.057 47 301 
199 × 563 66 1.040 67 431 
395 × 1155 127 1.018 141 901 

 

For the cases with a fin on the sidewall, different grids from those without a fin 

are created. Since the size of the fin is much smaller than that of the cavity, the grid 

distribution on the surfaces of the fin is uniform and finer than those in other zones, as 
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Figure 3.4 Grid distributions around a square fin  

shown in Table 3.3. In the horizontal direction, two boundary layer zones of 0.1-m 

width adjacent to the sidewalls are defined, to which non-uniform grids are applied (see 

Table 3.3). Similar to those without a fin, the centre zone between the two boundary 

layer zones is uniformly meshed, and the number of the grid is listed in Table 3.3. In the 

vertical direction, grid distributions on the upper and lower halves of the cavity are 

symmetric with the grid symmetrically expanding toward the middle of each half cavity 

at certain rate (see Table 3.3). For the grid dependence tests, two grids are created for 

each case, as listed in Table 3.3. 

 

Table 3.3 Grid parameters with a fin on the hot wall 

Grid distributions 
Horizontal Vertical  Surfaces 

normal 
to fin  

Zone near 
cold wall  

Zone near 
hot wall 

 
Fin’s 
cross 

section 
(mm2) 

 
 

Grid 
(H×L) 

GN GN EF 

Centre 
zone 
(GN) GN EF 

GN EF 

281 × 463 43 × 43 82 1.0334 231 73 1.0372 119 1.039 10 × 
10 425 × 671 63 × 63 119 1.023 331 107 1.0256 181 1.0258 

211 × 467 9 × 87 82 1.0334 231 67 1.0414 101 1.0565 20 × 2  
259 × 596 9 × 87 105 1.0233 319 84 1.0293 125 1.0398 
211 × 538 9 × 175 82 1.0334 231 50 1.056 101 1.0565 40 × 2  
259 × 743 9 × 175 105 1.0233 319 62 1.0395 125 1.0398 
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Figure 3.4 shows the grid distribution adjacent to a square fin. It is clear that a 

finer grid has been constructed around the fin. 

 
3.3.2 Grid dependence tests 
Selected results of the grid dependence tests for the case without a fin are listed in Table 

3.4, which includes the temperature and y-velocity calculated at the point (0.498 m, 0.09 

m) in the vertical boundary layer, the total heat transfer rate of the hot wall, and the 

normalized temperature gradient (S) in the center of the cavity at the quasi-steady state 

(see e.g. Janssen 1994 for definition). Except for the coarsest grid (133 × 387), the 

variations of the calculated results with different meshes are very small (less than 1%). 

This implies that either of the two finer grids may be used to resolve the quasi-steady 

state flow in the differentially heated cavity at a high Rayleigh number of 3.8 × 109. 

 

Table 3.4 Grid dependence tests without a fin (t = 6000 s) 

Grid 
(H × L) 

Temperature at 
point (0.498 m, 

0.09 m) (K)  

v at point (0.498 
m, 0.09 m) 
(mm/s) 

Hnofin  
(W) 

S  
= (H/∆T)∂T/∂y 

133 × 387 299.838 5.30007 706.368 0.40336 
199 × 563 299.735 5.66113 742.598 0.42065 
395 × 1155 299.731 5.67114 741.251 0.42264 

 

The unsteady results calculated using different grids are shown in Figure 3.5, 

which plots the calculated time series of the temperature at the point (0.498 m, 0.09 m) 

within the hot boundary layer in the early stage. It is seen in this figure that the two time 

series of the temperature calculated using the two finer grids vary slightly during the 

period when unstable waves are present (corresponding to the period with distinct peaks 

and troughs on the plots). At other times, these two plots overlap. However, the 

temperature time series calculated using the coarsest grid is evidently different from the 

others. Therefore, in consideration of computing time and accuracy, the medium fine 

grid (199 × 563) is adopted in subsequent calculations. 
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Figure 3.5 Temperature time series calculated by using different grids at the point 

(0.498 m, 0.09 m) 

The results of the grid dependence test for the case with a square fin are presented 

in Table 3.5. It is found that the variations of the calculated quantities using the two 

different grids are considerably small (less than 2%), suggesting that either of the two 

grids may be used for this case. 

 

Table 3.5 Grid dependence test with a square fin (t = 6000 s) 

Fin’s cross 
section  
(mm2) 

Grid 
(H × L) 

Temperature at 
point (0.498 m, 

0.09 m) (K) 

v at point 
(0.498 m, 0.09 

m) (mm/s) 

Hfin  
(W) 

S = 
(H/∆T)∂T/∂y 

281 × 463 299.608 5.53995 734.87 0.41927 10 × 10 
425 × 620 299.602 5.54749 734.75 0.41087 

 

Figure 3.6 shows the calculated time series of the temperature at the point (0.498 

m, 0.09 m) in the early stage. In spite of strong perturbations due to the presence of the 

fin on the sidewall, as can be seen from the comparison between Figures 3.5 and 3.6, 

the results calculated using the two grids are basically identical. This suggests that both 

grids can resolve the unsteady natural convection in the early stage. In consideration of 

the computing time, the coarser grid (281 × 463) is adopted in this thesis. 
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Figure 3.6 Temperature time series at the point (0.498 m, 0.09 m) calculated by using 

different grids for the case with a square fin of 10 × 10 mm2

In the case with large thin fins, instability of the vertical boundary layer is induced 

(refer to Chapter 7). Accordingly, a different set of flow parameters (from those 

presented in Tables 3.4 and 3.5) is examined in the grid dependence tests. These include 

the average amplitude and frequency of temperature waves and the total heat transfer 

rate of the hot wall (see Table 3.6). It is clear that the frequency of traveling waves in 

the vertical thermal boundary layer, the average temperature at the point (0.498 m, 0.09 

m) and the heat transfer rate of the hot wall are not sensitive to the present grid 

resolutions. Although the calculated amplitude changes slightly between different grids, 

these variations are unlikely to change the overall features of the unsteady natural 

convection induced by the thin fin.  

 

Table 3.6 Grid dependence test with thin fins (5900 s ~ 6000 s) 

Temperature at point (0.498 m, 0.09 m) Fin’s 
cross 

section  
(mm2) 

Grid 
(H × L) Average 

(K) 
Amplitude 

(K) 
Frequency 

(Hz) 

Hfin  
(W) 

211 × 467 299.520 2.3091 0.1563 729.40 20 × 2  
259 × 596 299.472 2.4154 0.1563 735.85 
211 × 538 299.449 1.2856 0.1172 746.39 40 × 2  
259 × 743 299.309 1.3825 0.1172 742.87 

 

In fact, the unsteady natural convection flows at t = 6000 s, with the presence of 

the thin fins, have not reached a quasi-steady state yet; that is, they are still in a 
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(a) For the case with a fin of 20 × 2 mm2  
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(b) For the case with a fin of 40 × 2 mm2  

Figure 3.7 Temperature time series at the point (0.498 m, 0.09 m) calculated by using 

different grids for the cases with different thin fins  

transition from the start-up flow to a periodic flow, and the traveling waves in the 

vertical thermal boundary layer continue to grow. Therefore, the grid dependence test 

results for the cases with thin fins do not characterize the differences between different 

grids at the quasi-steady state. However, since the computation of the unsteady natural 

convection with a thin fin is extremely time-consuming, it is not feasible to carry the 

mesh dependence tests further in order to examine the variations of the numerical 

results at the quasi-steady state. 

Figure 3.7 shows the time series of the temperature at the point (0.498 m, 0.09 m) 

in the early stage calculated using different grids for the cases with thin fins. The results 
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for the case with the smaller thin fin (20 × 2 mm2) are shown in Figure 3.7(a). It is clear 

that the calculated temperature in the early stage is not sensitive to the grid. Therefore, 

the coarser (211 × 467) of the two grids is adopted in this thesis. For the case with the 

larger thin fin (40 × 2 mm2), Figure 3.7(b) indicates that there are major differences in 

the calculated amplitude and phase of the traveling waves using the two grids. Since the 

emphasis of this study is not on the details of individual traveling wave but the 

statistical features of the traveling waves (refer to Table 3.6), the grid of 211 × 538 is 

used to simulate the flow for the case with the larger thin fin. 

 
3.3.3 Time step dependence tests 
The time step refinement is also important for accurately resolving the natural 

convection flow with and without a fin on the sidewall in a differentially heated cavity 

through numerical simulations; that is, tests of the time step are necessary in order to 

obtain reliable numerical solutions.  

Figure 3.8 shows the test results obtained using different time steps for various 

cases. It is clear that a time step of 0.1 second (significantly smaller than 0.7 s used by 

Patterson and Armfield 1990) is sufficiently small to capture various features of the 

natural convection flow in this study, and the stability of the scheme is guaranteed with 

this time-step. Except for the case with the larger thin fin (40 × 2 mm2), the time series 

of the calculated temperatures are not sensitive to the time step (see Figures 3.8b and c), 

and thus a time step of 0.1 s is adopted for these cases. For the case with the larger thin 

fin (40 × 2 mm2), although there are distinct variations between the results calculated 

using the two time steps (see Figure 3.8d), a time step of 0.1 s is also used in the present 

study due to the consideration of the computing time. 
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(a) For the case without a fin  
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(b) For the case with a fin of 10 × 10 mm2
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(c) For the case with a fin of 20 × 2 mm2
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(d) For the case with a fin of 40 × 2 mm2

Figure 3.8 Temperature series at the point (0.498 m, 0.09 m) calculated by using 

different time steps  

 
3.4 Summary 
In this Chapter, the 2D governing equations for numerical simulation of transient 

natural convection in a differentially heated cavity with and without a fin on the 

sidewall are presented. A finite volume method is used to discretize the governing 

equations. The linearized and discretized algebraic equations are then solved using the 

SIMPLE scheme. The above numerical procedures are performed using the FLUENT 

package. Since the FLUENT package has been validated in various flow simulations 

(see FLUENT User Guider), the further validation here has been neglected.    

For different computation cases with and without a fin on the sidewall, mesh and 

time step dependences are tested. It has been demonstrated that the meshes and time 

steps to be adopted for different computation cases in the following chapters are 

appropriate. 
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4 Experimental investigations of the 
thermal boundary layer without a fin 
Most of previous experimental studies focused on the early development of the flows, 

and the early transient features have been well characterized (see e.g. Patterson & 

Armfield 1990). For example, the LEE propagation in the vertical thermal boundary 

layer was visualized by Schöpf and Patterson (1995), and perturbations of temperature 

signals of the LEE were discussed by Patterson et al. (2002). These experiments 

validate and support the corresponding theories and numerical simulations (see e.g. 

Armfield & Patterson 1992; Schladow 1990). It is worth noting that many more 

experiments of the vertical thermal boundary layer were done by Gebhart and his co-

workers (refer to Gebhart 1988), as reviewed in Chapter 1. Although their studies are 

the focus of flows adjacent to an isoflux flat plate, due to similar early transient features 

between the two categories of thermal boundary layer flows adjacent to an isothermal 

sidewall of a differentially heated cavity and an isoflux flat plate (see Patterson et al. 

2002), some conclusions obtained from the case of the flat plate (e.g. the LEE) are 

likewise appropriate for those thermal boundary layer flows in the cavity. Furthermore, 

a representative transient natural convection experiment by Ivey (1984) also visualized 

the early horizontal intrusion flow, and the separation and trailing waves of the intrusion 

were discussed although the argument concerning the mechanism of separation remains 

unresolved (also refer to Patterson & Armfield 1990).  

The above-mentioned cavity experiments were all aimed at the early transient 

flows for a sudden heating problem. However, the subsequent development of natural 

convection in a cavity to a steady or quasi-steady state has not been well documented 

except the experimental observations by Schöpf and Patterson (1996) in which the 

features of the traveling waves in the quasi-steady state were visualized. Therefore, flow 

visualizations and temperature measurements aimed at a complete transition of natural 

convection from the start-up to the quasi-steady state, and particularly at the further 

development of the vertical thermal boundary layer, are motivated and naturally become 

the focus of this thesis. In this chapter, flow visualizations are described in Section 4.1, 

temperature measurements are shown in Section 4.2, and a summary is given in Section 

4.3. 
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4.1 Flow visualizations 
All experiments described in this section are all performed on the experimental rig 

described in Chapter 2. The mean temperature of the water in the cavity in the 

experiments ranges from 293.2 to 295.9 K, and the temperature difference between the 

heated and cooled sidewalls varies from 2 to 31.6 K. The corresponding ranges of the 

experimental Rayleigh and Prandtl numbers are 4.5 × 108 ~ 7.2 × 109 and 6.6 ~ 7.1, 

respectively. Unless specified otherwise, the images reported in this section are for the 

case with Ra = 3.8 × 109 and Pr = 6.6. The parameters of all experiments shown in this 

section are listed in Table 4.1. In the following experimental illustrations, the origin of 

coordinates is defined at the center of the cavity, and the same coordinate system as 

defined in Chapter 3 is used (the hot sidewall is on the right); that is, the vertical 

coordinate is measured from the middle of the hot sidewall with the positive direction 

pointing upwards.  

 

Table 4.1 Parameters of shadowgraph experiments in Section 4.1 

Number 
Initial temperature of 

water in the cavity 
(K) 

Temperature difference 
between sidewalls 

(K) 

Ra 
(×108) Pr 

1 295.55 4.0 9.4 6.6 
2 295.55 16.0 38 6.6 
3 295.50 20.0 47 6.7 
4 295.00 32.0 72 6.7 

 

The thermal boundary layer flow in a differentially heated cavity is an internal 

flow, and is, after the initial start up phase, strongly impacted by the top and bottom 

boundaries as well as the opposing wall. In the following context, the detailed transition 

from the start-up to the quasi-steady state and the corresponding kinematical properties 

of the thermal boundary layer are described. Three stages of the transition can be 

identified according to its dynamical and kinematical properties; these are an initial 

stage, a transitional stage and a quasi-steady stage.  
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Figure 4.1 Transient response of the thermal boundary layer in the initial stage (The 

vertical position, relative to the origin at mid height, is shown on the right hand side) 

(a) t = 4 s. (b) t = 8 s. (c) t = 12 s. (d) t = 16 s. (e) t = 20 s. (f) t = 24 s 

 
4.1.1 Initial stage 
The initial stage lasts only for a short time, and displays two important kinematical 

features: the boundary layer thickness growth and the LEE perturbation in the transient 

response of the thermal boundary layer flow. 

Figure 4.1 presents a series of shadowgraph images demonstrating the growth of 

the thermal boundary layer on the hot wall in this stage. In the shadowgraph images, the 

thermal boundary layer is approximately represented by the vertical dark regions, 
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Figure 4.2 Thickness growth of the thermal boundary layer at different heights  

bonded by a clear bright strip. In accordance with the discussion in Chapter 2, these 

bright strips are associated with the extremum of the second derivative of the 

temperature in approximately the horizontal direction. This position may be used as a 

measure of the boundary layer thickness. It is clear in Figure 4.1 that the thickness of 

the boundary layer increases from upstream to downstream, and also grows with time. 

The shadowgraph images in Figure 4.1 have been processed by subtracting a 

background image recorded immediately before the start of the experiments in order to 

display more clearly the thickness variations of the thermal boundary layer. 

A simple scaling relation (see Equation (1.5), also refer to Patterson & Imberger 

1980) may be used to describe the thickness growth with time in the initial stage. This 

scaling is appropriate if heat transfer is dominated by conduction, which is true for the 

initial development of the thermal boundary layer. Figure 4.2(a) plots time series of the 

thicknesses measured at three different locations along the vertical wall. The thickness 

is determined as the width of the dark strips, or the position of the inner edge of the 

bright strip, typically shown in Figure 4.1, although the measurements have been taken 

from the full time series of images. The thickness values in Figure 4.2 show step 

changes with time. This is because the resolution of the imaging system is 0.44 mm per 

pixel in the present experimental set-up, and any variations of less than 0.44 mm cannot 

be detected by the imaging system. The same method for estimating the boundary layer 

thickness has been employed in Lei and Patterson (2002). 

Figure 4.2(b) replots the measured thickness of the thermal boundary layer against 

the scaling prediction, and reveals that the experimental measurements fit well with the 
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theoretical prediction of (κt) 1/2 for the initial 10 seconds although the slopes of the 

fitting lines are not equal to unity. As time increases, the measurements deviate from the 

scaling (the deviating times at heights -0.052, 0.015 and 0.089 m are about 10 s, 14 s 

and 20 s, respectively), suggesting that convection effects become important. After 

approximately 20 seconds, the thickness at the height of 0.089 m starts to fluctuate and 

eventually approaches a constant value. The waves shown in Figure 4.2(a) are caused 

by the LEE.  

Following the evolution in the initial stage, the horizontal intrusion and 

entrainment of the thermal boundary layer dominate the subsequent transition of the 

thermal boundary layer flow to the quasi-steady state. Therefore, the flow enters into the 

second stage, the transitional stage. 

 
4.1.2 Transitional stage 
The horizontal intrusion, which emanates from the downstream end of the thermal 

boundary layer, is the means by which the convective heat transfer occurs across the 

cavity. Figure 4.3(a) shows the intrusion front and the initial separation of the intrusion 

flow, and Figure 4.3(b) displays some trailing waves located at the upstream end of the 

intrusion front. Ravi et al. (1994) suggested that such a flow structure was the result of 

the relatively colder fluid separating from the ceiling after it reaches the top corner. 

However, as shown in Figure 4.3(b), the entire hot intrusion detaches from the ceiling 

after it leaves the corner. In fact, since there does not exist a strong stratification of the 

fluid in the cavity in the early intrusion stage (also see numerical results in Chapter 5), 

there is no colder part of the intrusion relative to the fluid near the corner. 

Equations (3.13) and (3.14) indicate that the driving force for the intrusion flow 

may include the buoyancy force and the pressure gradient. In the early stage of the 

intrusion, the temperature of the intrusion is much higher than that of the fluid in the 

upper part of the cavity so that the buoyancy force is in the upward direction and against 

the separation of the intrusion from the ceiling. This implies that the driving force of the 

separation is not the buoyancy force but the pressure gradient. Detailed discussion 

concerning the mechanism of the separation, based on numerical simulations, is given 

in Chapter 5. 

Figures 4.3(b) and (c) show the evolution of the separation and trailing waves at 

the early time. It is seen from Figure 4.3(c) that the intrusion jets from the corner toward 
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Figure 4.3 Early evolution of the horizontal intrusion 

(a) t = 38 s. (b) t = 132 s. (c) t = 199 s. (d) t = 278 s 

the core. As time elapses, the jet flow gradually trends to the vertically downward 

direction, thus leading to larger amplitude trailing waves. The non-linear effect of the 

large amplitude waves (Drazin 2001) can cause the first trailing wave to form a close 

roll structure near the corner, as shown in Figure 4.3(d). As the jet flow from the corner 

further trends to the vertical downward direction, the roll structure starts to destabilize. 

The variations of the grey values of the shadowgraph image around the roll structure in 

Figure 4.3(d) indicate the presence of a secondary instability. 

In order to display the flow structures in the corner more clearly, Figure 4.4(a) 

shows a close roll structure at a smaller Rayleigh number of 9.4 × 108. About 80 

seconds later, the roll structure in the corner reshapes as an upright flow structure and is 

drawn closer to the thermal boundary layer under the action of the strong entrainment 
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Figure 4.4 Roll structure at the Rayleigh number of 9.4 × 108

(a) t = 413 s. (b) t = 496 s 

   
(a) t = 432 s            (b) t = 680 s                (c) t = 792 s 

Figure 4.5 Evolution of the corner roll 

(Figure 4.4b). This upright flow includes a downward jet (almost vertical) and an 

upward return flow. 

Following the flow structure shown in Figure 4.3, Figure 4.5 shows the further 

evolution of the corner flow. It is seen that the destabilizing roll firstly forms an upright 

return flow similar to that shown in Figure 4.4(b). With the passage of time, the 

intrusion flow is split into two streams by the horizontal oscillation flow (refer to 

numerical results in Chapter 5). One stream of the intrusion flow continues to travel 

across the cavity along the ceiling, and the other jets into the core region as indicated by 

the bright strip in Figure 4.5(b). After 792 seconds, the latter stream of the hot intrusion 

jets almost vertically downward (Figure 4.5c). 

While the flow in the top corner is developing, a different flow feature appears 

near the bottom corner after the cold intrusion front from the cold wall strikes the hot 
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Figure 4.6 Formation of the double-layer structure  

(a) t = 330 s. (b) t = 480 s. (c) t = 792 s. (d) t = 2509 s. (e) t =4961 s 

wall. This is shown in Figure 4.6 (The images in this figure are processed in the same 

way as those presented in Figure 4.1). 

Figure 4.6(a) shows that the cold intrusion, indicated by a black arrow and line, is 

approaching the thermal boundary layer. As the cold intrusion is entrained by the 

thermal boundary layer, another bright strip appears outside the thermal boundary layer 

near the bottom corner as shown in Figure 4.6(b). The additional bright strip outside the 

thermal boundary layer is related to the formation of the upward thermal tongue due to 

the cold incoming fluid being entrained by the thermal boundary layer (see Chapter 5). 

A similar temperature structure exists near the upper corner due to the downward jet of 

the hot intrusion flow, which results in two bright strips in the region (see Figure 4.6c 
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which shows the extended shadowgraph image of Figure 4.5c). As the thickness of both 

the hot intrusion discharged toward the core and the entrained cold intrusion increases, 

the upper bright strip extends downward and the lower bright strip extends upward. 

Since the structure of the developing bright strips is forming outside the normal thermal 

boundary layer, it is referred to as the outer layer hereinafter, whereas the normal 

thermal boundary layer is referred to as the inner layer. 

By 2509 seconds, the two bright strips of the outer layer meet at approximately 

the half height of the vertical wall as shown in Figure 4.6(d). However, the two bright 

strips do not align vertically; the one from the top is further out from the hot wall than 

the one from the bottom. Subsequently, there is some adjustment of the velocity and 

temperature fields around the middle section of the vertical wall. By 4691 seconds, the 

two bright strips align vertically, and a continuous outer layer is formed (Figure 4.6e). 

The structure shown in Figure 4.6(e) has the appearance of a double-layer structure. 

 

Table 4.2 Measured thicknesses of the double-layer at different heights 

Thicknesses of the inner layer 
(mm) 

 
Heights 

(m) Maximum at 
the initial stage 

Mean value at the 
quasi-steady state 

Distance between 
outer layer and 

sidewall at the quasi-
steady state 

(mm) 
0.089 6.5 3.2 8.8 
0.06 5.6 3.2 8.7 
0.015 5.1 3.2 8.3 
-0.06 4.6 2.3 6.9 

 

It is worth noting that the inner layer becomes thinner with time during this stage 

of the flow development, as shown in Figure 4.6. Table 4.2 lists the measured thickness 

of the inner layer at different heights and different stages. It is seen that the thickness 

decreases by about half from the maximum in the initial stage to the mean values in the 

quasi-steady stage. Meanwhile, the outer layer is gradually entrained closer to the 

sidewall as shown in Figure 4.6, and eventually trends to steady values at different 

heights. The measured distances between the bright strip of the outer layer and the 

sidewall at different heights in the quasi-steady stage are listed in the Table 4.2.  

In summary, the transition of the boundary layer flow to a quasi-steady structure 

may be described as a process during which the mass and heat transfer approaches a 

new balance. As discussed previously, one stream of the intrusion outflow near the top 
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Figure 4.7 Evolution of a traveling wave in the quasi-steady stage  

(a) to (h) start from t = 4806 s with an even time interval of 1 s 

corner is gradually compressed in the horizontal direction and elongated in the vertical 

direction so that an outer layer is formed close to the inner layer. Associated with the 

formation of the double-layer structure, some traveling waves are observed which will 

be discussed in the following section. 

 
4.1.3 Quasi-steady stage  
The major feature of the quasi-steady state flow shown in the shadowgraph images is 

the presence of traveling waves in the thermal boundary layer, which arise in 

association with the formation of the double-layer structure during the late transitional 
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            (a) Time series of the thickness            (b) Spectrum of the thickness time series 

Figure 4.8 Time series of the thickness at 0.089 m in the quasi-steady stage and the 

corresponding spectrum 

stage. The traveling waves can be identified clearly in Figure 4.6(e) (indicated by a 

white arrow) and weakly in Figure 4.6(d). However, in the early transitional stage, no 

distinct traveling wave is observed (e.g. Figures 4.6a and b). While the outer layer strip 

is extending toward the middle of the cavity, waves start to appear in the inner layer. As 

the outer layer strip extends further, those traveling waves also become more distinct 

(refer to Figures 4.6d and e), and some of them even break down near the top corner. 

Therefore, it is likely that the reverse flow in the outer layer may be responsible for the 

appearance of the traveling waves at the quasi-steady state in shadowgraph images. 

The set of shadowgraph images shown in Figure 4.7 exhibits the evolution of a 

traveling wave, as indicated by arrows. This wave is first sighted on the shadowgraph 

image at 4806 seconds (Figure 4.7a); its amplitude grows with time (Figures 4.7b to g); 

and eventually the wave breaks down near the corner (Figure 4.7h). 

Figure 4.8(a) displays a time series of the measured thickness of the inner layer at 

the height of 0.089 m at the quasi-steady stage. The corresponding power spectrum 

shown in Figure 4.8(b) shows a peak frequency of 0.22 Hz.  

Apart from the wave breaking in the corner as shown in Figure 4.7(h), another 

nonlinear process of the unstable traveling waves is also observed at higher Rayleigh 

numbers such as Ra = 4.68 × 109 shown in Figure 4.9. The arrows in Figure 4.9 indicate 

the crest of the unstable wave. The appearance and growth of this unstable wave can be 

seen in Figures 4.9(a) through (c). As the amplitude of the unstable wave increases, a 

breakpoint of the bright strip of the inner layer firstly appears at the wave crest in Figure 
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Figure 4.9 Breakdown of the wave at Ra = 4.7 × 109 in the quasi-steady stage  

(a) to (h) start from t = 4032 s with an even time interval of 1 s 

4.9(d), suggesting that the breakpoint originates from the non-linear effect of large 

amplitudes (Drazin 2001). After the breakpoint appears, the distance between the two 

separated parts of the wave split by the breakpoint rapidly increases as shown in Figure 

4.9(e). As a consequence, one wave eventually breaks into two new waves as seen in 

Figures 4.9(f) and (g). Figure 4.9(h) shows that the two waves eventually vanish in the 

corner. 

When the Rayleigh number is increased to 7.2 × 109, the thermal boundary layer 

exhibits certain different features from those at lower Rayleigh numbers (Figure 4.10 in 

comparisons with Figures 4.7 and 4.9). At this Rayleigh number, the wavy bright strip 

in Figure 4.10 is indistinct. The unstable waves of the inner layer display small dimmed 
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Figure 4.10 Traveling waves at Ra = 7.2 × 109 in the quasi-steady stage  

(a) to (d) start from t = 3126 s with an even time interval of 2 s 

patches (indicated by arrows) of plume-like structures toward the hot sidewall. This is 

likely the result of the rapid nonlinear growth of the unstable waves at such a high 

Rayleigh number; that is, the unstable wave breaks down after a very short growth time. 

Moreover, the outer layer flow with a reverse velocity starts to become unstable as seen 

in Figure 4.10. The instability of the outer layer flow originates near the upper corner 

and travels downward with the flow (Figures 4.10a through c). It eventually dissipates 

completely into the stratified fluid in the cavity as shown in Figure 4.10(d).  

For all the experiments conducted within the Rayleigh number range of 4.5 × 108 

~ 7.2 × 109 in this section, it is found that the traveling waves in the thermal boundary 

layer last as long as the experiments are continued. However, different kinematic 
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Figure 4.11 Velocity of the traveling waves at different Rayleigh numbers 

properties are observed at different Rayleigh numbers as shown in Figures 4.7 through 

4.10. 

Figure 4.11 presents the statistical results of the measured wave velocity for 

different Rayleigh numbers, which clearly indicate that the velocity of the traveling 

waves increases with the Rayleigh number. The smallest Rayleigh number plotted in 

Figure 4.11 is Ra = 1.8 × 109. For Rayleigh numbers below this value, observations 

demonstrate that the double-layer flow structure becomes very indistinct and the 

traveling waves become very weak. Therefore, it is difficult to measure the wave 

velocity accurately. Schöpf and Patterson (1996) reported a traveling wave velocity of 

4.7 mm/s for a Rayleigh number of 7.3 × 108 at the quasi-steady state, which is higher 

than the expected wave velocity for the same Rayleigh number from the present 

measurements. The discrepancy may be attributed to the aspect ratio effect. As 

mentioned previously, the present experiments are conducted on a long cavity model 

with a depth-to-length ratio of 0.24. It is expected that the traveling wave activities in 

such a long cavity are considerably weaker than those present in the square cavity 

adopted by Schöpf and Patterson (1996). 

 
4.2 Temperature measurements 
There have been many temperature measurements (refer to Gebhart 1988) concerning 

thermal flows adjacent to a vertical flat plate, some of which may be applied to the 

discussion of the transient natural convection flow in the cavity in the very early stage 

for the case of sudden heating. However, due to distinctions between the two categories 
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of thermal flows (exterior and interior flows), temperature measurements of the 

transient natural convection flows in the cavity cannot be replaced by those 

measurements of flows adjacent to the vertical flat plate of isoflux heating. 

Unfortunately, few experiments concerning the natural convection flow in the cavity 

with isothermally heated and cooled sidewalls were performed, and also they focused 

on the early transient natural convection (see e.g. Patterson & Armfield 1990; Patterson 

et al. 2002). Accordingly, temperature measurements in this section for the complete 

transition of natural convection from the start-up to the quasi-steady stage have been 

conducted in this thesis and are reported in this section. 

 

Table 4.3 Flow parameters for temperature measurements in Section 4.2 

Number 
Initial temperature 
of water in cavity 

(K) 

Temperature difference 
between sidewalls 

(K) 

Ra 
(×108) Pr 

5 294.50 4.0 8.8 6.8 
6 294.50 8.0 18 6.8 
7 295.55 16.0 38 6.6 
8 294.20 32.0 69 6.9 
 

The temperature measurements here are based on those flow visualization 

experiments described in Section 4.1 for comparisons the experimental results. 

Experiments with four temperature differences between the sidewalls ranging from 4 to 

32 K, corresponding to those in Section 4.1, are performed. The ranges of the Rayleigh 

number and Prandtl number are 8.8 × 108 ~ 6.9 × 109 and 6.7 ~ 6.9 respectively and the 

experimental parameters are listed in Table 4.3. Since it is difficult to repeat an 

experiment at the exactly same conditions, only Experiment 7 in Table 4.3 was 

conducted at the same experimental conditions as those of Experiment 2 in Table 4.1 

were performed; the others have approximately the same conditions as those of the 

corresponding flow visualization experiments. 

Since the thermal flow adjacent to the hot sidewall is the focus of this thesis, four 

thermistors are employed and located in the vicinity of the hot sidewall. Among them, 

three thermistors have a distance of 2 mm between the thermistor tip and the sidewall at 

different heights, and the fourth one is placed at a distance 10 mm from the sidewall. 

All positions of the thermistors are listed in Table 4.4.  
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Table 4.4 Thermistor locations (relative to the center of the cavity) 

Thermistor number x coordinate 
(m) 

y coordinate 
(m) 

1 0.498 0.06 
3 0.490 0.09 
4 0.498 -0.055 
5 0.498 0.09 

 

Figure 4.12 shows time series of the temperatures at four positions for four 

different Rayleigh numbers. The time series of the temperatures at different points 

adjacent to the hot sidewall are oscillatory, and the amplitude of oscillation increases 

with the passage of time. This implies that the traveling waves visualized in the quasi-

steady stage in the shadowgraph images in Section 4.1 result from the increasing 

amplitudes of traveling waves; that is, only if the amplitudes of traveling waves are 
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Figure 4.12 Time series of the temperatures measured at different positions and at 

different Rayleigh numbers 
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Figure 4.13 Vertical temperature differences (average from 5000 s to 5100 s) against 

Rayleigh numbers  

larger than some value can these waves be visualized in the shadowgraph images. 

Furthermore, the time series of the temperatures from the three thermistors closest to the 

hot sidewall show that the traveling waves in the thermal boundary layer grow 

significantly when they convect downstream. The spatial growth of traveling waves 

becomes clearer as the Rayleigh number increases, as seen in Figures 4.12(c) and (d). 

Apart from traveling waves of the thermal boundary layer, stratification of the 

core fluid in the cavity is another feature of the transition. The increasing temperature 

differences between the upper and lower sections in the cavity (see Thermistors 5 and 4) 

indicate that stratification of the fluid is significantly enforced. Such stratification, 

relevant to the Rayleigh number, is shown in Figure 4.13, in which a temperature 

difference between two series of temperatures recorded by Thermistors 5 and 4 denotes 

stratification. 

Figure 4.12 shows distinctive features of the complete transition. However, some 

details can not be clearly due to the large time scale. Therefore, in the following 

subsections, details of the temperature time series are redrawn for different stages in 

order to discuss these transient features. 

 
4.2.1 The Leading Edge Effect 
The time series of the temperatures from different thermistors for two Rayleigh 

numbers in the early stage are shown in Figure 4.14. The time series of the temperature 

recorded by Thermistor 4 displays features of the LEE, similar to those results given by 
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Patterson and Armfield (1990) and Patterson et al. (2002), including an overshoot and 

subsequent traveling waves. However, a complete overshoot of the temperature can not 

be found at higher locations (Thermistors 1 and 5) for Ra = 3.8 × 109 as seen in Figure 

4.14(a). Instead, a broken overshoot of temperatures at higher locations arises, and 

clearly unstable traveling waves follow (Figure 4.14a). Unfortunately, the early broken 

overshoot of the temperatures at higher locations is not predicted by corresponding 

numerical simulations (refer to e.g. Armfield & Patterson 1991). 

It is found from Figure 4.14(a) that the temperature at a lower position (e.g. 

Thermistor 4) increases more rapidly than that at higher positions. This is possibly 

because the temperature time series by thermistors is sensitive to the position relative to 

the hot wall and due to very small errors in locating the thermistors, Thermistor 4 could 

have been located closer to the sidewall compared with the others (also see Patterson et 

al. 2002). 

For the case with the Rayleigh number of Ra = 8.8 × 108, Figure 4.14(b) shows 

that an overshoot of the temperature (e.g. data recorded by Thermistor 4) may also be 

found, even at a higher position (see, for example, as recorded by Thermistor 5), which 

is followed by clearly unstable traveling waves.  

For the purpose of illustrating the dependence of the early transient flow features 

on the Rayleigh number, the time series of the temperatures recorded by Thermistor 4 (y 

= -0.055 m) at different Rayleigh numbers are replotted in Figure 4.15 for comparison. 

It is clear that, as the Rayleigh number increases, the peak value of the overshoot 

increases, and unstable traveling waves become clearer with distinctively different 
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(a) Ra = 3.8 × 109                                                (b) Ra = 8.8 × 108

Figure 4.14 Time series of the temperatures at different positions in the early stage 
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Figure 4.15 Time series of the temperatures at the point (0.498 m, -0.055 m) at 

different Rayleigh numbers 

frequencies (which are also discussed in the following section). This observation 

implies the dependence of the traveling waves in the thermal boundary layer flow on the 

Rayleigh number. 

 
4.2.2 Time series of temperatures in the transitional 
stage 
As seen in Figure 4.12, the transition of natural convection from the start-up to the 

quasi-steady state is always associated with the development of traveling waves in the 

thermal boundary layer.  

Figure 4.16(a) shows time series of temperatures recorded by different thermistors 

in the transitional stage. It is clear that, as the cold intrusion reaches the hot sidewall at 

approximately 330 s (also refer to Figure 4.6), the amplitude of the unstable traveling 

waves recorded by thermistors at higher positions (Thermistors 1, 3 and 5) increase 

significantly. In particular, the time series of the temperature recorded by Thermistor 3 

suddenly changes from the flat line at 300 s to an oscillation with large amplitudes. This 

is because the location of thermistor 3 (x = 0.49 m, y = 0.09 m) is outside the vertical 

thermal boundary layer, and thus the traveling waves in the thermal boundary layer does 

not impact on the temperature at this location before the arrival of the cold intrusion. 

However, when the cold intrusion approaches the hot sidewall, the discharged flow 

from the downstream end of the thermal boundary layer destabilizes, and the 

destabilizations are recorded by Thermistor 3, as seen in Figure 4.16(a). The instability 

of the discharged flow, which has a lower frequency of 0.06 Hz, is different from the 
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(a) Temperatures at different positions          (b) Spectrum of the temperature  

                                                                              from Thermistor 3 
Figure 4.16 Time series of the temperatures in the transitional stage at Ra = 3.8 × 109 

and a corresponding spectrum 

traveling waves (whose frequency is 0.23 Hz, referring to the next subsection) in the 

thermal boundary layer. The spectrum of the temperature time series recorded by 

Thermistor 3 is shown in Figure 4.16(b). 

Apart from the wave features, stratification of the core fluid is enforced after the 

arrival of the cold intrusion. For example, the time series of the temperatures at different 

heights (Thermistor 1, 4 and 5) diverge as time elapses (Figure 4.16a). It is worth noting 

that in Figure 4.16(a) the temperature recorded by Thermistor 3 is higher than others 

because the discharged flow from the downstream end of the thermal boundary layer is 

fully mixed and is passing through the location of Thermistor 3 in this stage (also refer 

to Figure 4.6a). 

 
4.2.3 Traveling waves in the quasi-steady stage 
According to the temperature time series shown in Figure 4.12, the temperatures at 

different positions still changes with time even though the experiments lasted for more 

than two hours. Therefore, only results which approximately represent those at quasi-

steady stage can be obtained. It is clear in Figure 4.12 that the transition approaches a 

quasi-steady state, which is supported by the earlier experiments of Schöpf and 

Patterson (1996). As a consequence, a time series of the temperature at some large time 

(e.g. 6000 s here) is considered representative of that at the quasi-steady state. 
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Figure 4.17 shows the time series of the temperatures in the quasi-steady stage, in 

which the amplitude of the traveling waves does not grow apparently with time (see 

Figure 4.17a). However, the spatial growth of the traveling waves with height is evident 

by comparing the time series of the temperatures recorded by Thermistors 1, 4 and 5. 

Figure 4.17(b) shows the time series of the temperature recorded by Thermistors 4 (at a 

lowest position). It is clear that even at such a low position there still exist high-

frequency traveling waves. 

The spectra of the traveling waves recorded by the thermistors at different heights 

are shown in Figure 4.18. Figure 4.18(a) indicates that the traveling waves at a higher 

position in the thermal boundary layer have a principal frequency of 0.23 Hz, which 

does not change in the transition and matches exactly with the shadowgraph observation 

4 

1 

5 
3 

4 

 
             (a) At different positions                           (b) At point (0.498 m, -0.055 m) 

Figure 4.17 Time series of the temperatures in the quasi-stage stage at Ra = 3.8 × 109
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        (a) At point (0.498 m, 0.09 m)                    (b) At point (0.498 m, -0.055 m) 

Figure 4.18 Spectra of the temperature time series at different positions at Ra = 3.8 × 109
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in Section 4.1 (refer to Figure 4.8b). However, apart from such high-frequency traveling 

waves, the spectrum of the temperature recorded by the thermistor at a low position 

(Figure 4.18b) shows that another spectrum peak is present; that is, there exist the low-

frequency waves (0.023 Hz) in the cavity. 

 
4.3 Summary 
In this chapter, the formation of the double-layer structure of the thermal boundary layer 

in a differentially heated cavity is described, and the transition of the thermal boundary 

layer from the start-up to the quasi-steady state is classified into three stages based on 

the different kinematic properties of the flow. The three stages are the initial stage, the 

transitional stage and the quasi-steady stage. For each of the three stages, the 

responsible dynamic mechanisms are briefly discussed based on flow visualizations and 

temperature measurements. The major flow features at each stage are summarized 

below. 

In the initial stage, there exist two distinct kinematic properties. One is the 

boundary layer growth, involving overshoots of thickness and temperature as shown in 

Figures 4.1 and 4.14 respectively; the other is the LEE perturbation as shown in Figures 

4.2 and 4.14, which induces high-frequency traveling waves in the laminar flow regime.  

In the transitional stage, there also exist two distinct flow properties: the 

horizontal intrusion and the entrainment of the vertical boundary layer as shown in 

Figures 4 through 7. This stage lasts for a relatively long time, depending on the 

Rayleigh number. Through the discussion of the dynamic mechanism of the horizontal 

intrusion and the vertical boundary layer entrainment, the evolution of a reverse flow 

outside the inner thermal boundary layer is described. Time series of temperatures at 

different heights show that the fluid in the cavity is continuously stratified (Figure 

4.16a). 

In the quasi-steady stage, one important flow property is a double-layer structure 

of the thermal boundary layer as shown in Figure 4.6(e). In addition, the traveling 

waves at the quasi-steady stage may be clearly visualized by the shadowgraph 

technique. The corresponding temperature time series indicate that the traveling waves 

at the quasi-steady stage have larger amplitudes than those at other stages (see Figure 
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4.12), and the reverse flow in the outer layer of the double-layer structure is likely to be 

responsible for the amplitude growth of the traveling waves.  

In summary, in order to unveil the full transition of the thermal boundary layer 

from the start-up to the quasi-steady state, flow visualizations and temperature 

measurements are performed in this chapter. Based on the present experimental results, 

it is found that the transition is very different from that of the natural convection flow 

near a semi-infinite plate immersed in an isothermal fluid. In particular, for the quasi-

steady stage flow, the suitability of the semi-infinite plate assumption for the stability 

analyses of the thermal boundary layer in a differentially heated cavity needs to be re-

examined. The experimental data here are extensive in comparison with those previous 

experiments, and may be used to validate corresponding numerical simulations.  
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5 Numerical simulations of transient 
natural convection without a fin 
Numerical simulations serve the purpose of proving insights into the transition of the 

natural convection flows in a differentially heated cavity from the start-up to the quasi-

steady state. Considerable transitional numerical results have been reported in the 

literature (see e.g. Schladow et al. 1989), and most of the previous numerical studies 

focused on the early part of the transitional flow. Similar to those experimental 

investigations, few of the existing numerical studies paid attention to the subsequent 

development of the transition to the steady or quasi-steady state. The lack of 

comprehensive numerical data and the need to understand the mechanisms responsible 

for some transient features of the early transitional flows motivate the present numerical 

investigation, which is aimed at simulating the overall transitional process from the 

start-up to the quasi-steady state as observed experimentally in Chapter 4. 

In this chapter, Experiment 2 described in Chapter 4 with Ra = 3.8 × 109 and Pr = 

6.6 is numerically simulated. A two-dimensional rectangular domain based on the 

experimental model, which is 0.24-m high and 1-m wide, is considered. The initial 

temperature of the fluid in the cavity is 295.55 K, and the temperature difference 

between two sidewalls 16 K (the temperature of the hot sidewall is 303.55 K). Details 

regarding the initial and boundary conditions as well as other basic flow parameters 

may be found in Chapter 3.  

 
5.1 Overview of the transient flow 
For the purpose of illustrating the overall transition of the thermal boundary layer flow 

in a suddenly differentially heated cavity, Figure 5.1(a) plots a time series of the 

calculated temperature at the point (0.498 m, 0.09 m), which is located at the 

downstream section of the thermal boundary layer adjacent to the heated sidewall. The 

same time series of the temperature is re-plotted on a logarithmic scale in Figure 5.1(b) 

in order to demonstrate more clearly the early-stage features of the transient thermal 

boundary layer flow. Although the time series of the temperature at a discrete location 

in the thermal boundary layer cannot fully describe the complex transition of the natural 
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(b) On a logarithmic time scale 

Figure 5.1 Time series of the temperature in the thermal boundary layer calculated at 

the point (0.498 m, 0.09m) 

convection flow in the cavity, it does demonstrate the major flow features of the 

transition (marked in Figure 5.1), particularly those pertinent to the vertical thermal 

boundary layer.  

In general, the overall transition of the natural convection flow may be 

characterized as follows: in the very early stage, the leading-edge effect (LEE) results in 

an instability of the thermal boundary layer, as indicated by the first group of traveling 

waves in Figure 5.1(b). After the LEE perturbations are convected away, the 

temperature time series in the thermal boundary layer flow becomes steady (This is 

different from the corresponding temperature measurements which clearly show 
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traveling waves, see Figure 4.14) until the arrival of the intrusion flow from the 

opposite sidewall. Separation of the horizontal intrusion also happens in this stage (see 

e.g. Ivey 1984). When the cold intrusion from the opposite sidewall strikes the hot 

sidewall, instability of the thermal boundary layer flow is triggered again, as indicated 

by the second group of traveling waves in Figure 5.1(b). At a certain stage after the 

arrival of the intrusion from the opposite sidewall, the intrusion flow oscillates and as a 

consequence, it induces instability of the discharged flow of the thermal boundary layer, 

which is represented by the third group of waves in Figure 5.1(b). Subsequently, the 

thermal boundary layer flow enters a slow evolution process toward a quasi-steady 

state, as described by the smooth curve of the temperature plot in Figure 5.1(a) (for t > 

2000 s). The expected traveling waves in the thermal boundary layer in the later 

transition, as indicated by those temperature time series recorded by thermistors in 

Chapter 4, are not observed in the present numerical simulations, as discussed below. 

Similar numerical results have been reported in Schladow et al. (1989) and Armfield 

and Patterson (1991). Previous stability analyses (e.g. Brooker et al. 2000; Tao and Le 

Quere 2003) indicate that the measured traveling waves in the thermal boundary layer 

are associated with a thermal convective instability. Due to the lack of appropriate 

perturbations in the numerical simulations in comparison with experiments, such 

convective instability does not normally manifest itself in the numerical simulations. 

Exceptions are expected in the events with the presence of strong perturbations such as 

at the times when the sudden heating is started and when the cold intrusion strikes the 

hot sidewall.  

Despite the above-mentioned discrepancies between the numerical and 

experimental results concerning the thermal convective instability, the numerical 

simulations characterize the major flow features of the transition well. In the following 

sections, the numerical results are discussed in comparison with the experimental 

observations and measurements. The discussion will be in the order of the flow 

development in the cavity which includes the LEE of the vertical thermal boundary 

layer in the initial stage, the horizontal intrusion, the formation of the double-layer 

structure of the vertical thermal boundary layer, and the flow and thermal features in the 

quasi-steady stage. 
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5.2 The Leading-Edge Effect 
For the natural convection flow in a suddenly differentially heated cavity, similar to the 

case with a semi-infinite plate, heat conduction through the wall results in the thickness 

growth of a vertical thermal boundary layer which dominates the initial flow 

development, as shown in Chapter 4. The scaling analysis by Patterson and Imberger 

(1980) (see Equation (1.7)) indicates that the time scale for the growth of the thermal 

boundary layer is small, which has been validated by the experimental measurements in 

Chapter 4. 

 Associated with the initial thickness growth, convection arises within the thermal 

boundary layer. Previous studies (see e.g. Gebhart 1988) indicated that convection was 

one-dimensional in the initial stage, and then became two-dimensional after the LEE 

passed. Although considerable studies concerning the LEE have been reported, the 

mechanisms responsible for the generation and propagation of the LEE still remain 

unclear. Accordingly, further discussion of the LEE is given in this section based on the 

present numerical simulations. 

 
5.2.1 Origin of the Leading-Edge Effect 
In a differentially heated cavity, the leading edge of the thermal boundary layer is the 

joint of the isothermal vertical sidewall and the adiabatic horizontal bottom wall at the 

upstream corner. In order to obtain some insights into the dynamic mechanisms 

responsible for the generation and propagation of the LEE, the discussion here starts 

from the origin of the LEE, i.e. the upstream corner. 

Figure 5.2 shows the pressure, velocity and temperature fields near the upstream 

corner of the thermal boundary layer in the initial stage. Although the times are very 

small (1 s and 3 s), it is evident that the flow near the corner is two-dimensional. This is 

a result of the mass transfer in the corner region; that is, following the sudden heating, 

the heated fluid in the upstream corner is convected upwards due to the buoyancy effect, 

and in the meantime the fluid outside the upstream corner, which is colder than that in 

the upstream corner, is entrained into the corner, as seen in Figure 5.2. Figure 5.2(a) 

indicates that the pressure minimum firstly arises in the upstream corner in the initial 

stage, resulting in a negative pressure gradient toward the corner. Figure 5.2(b) shows 
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                            (a) t = 1 s                                                       (b) t = 3 s 

Figure 5.2 Isotherms (dashed line), isobars (solid line), and velocity vectors near the 

bottom corner at two early times  

that the low pressure zone near the corner extends outwards and the entrainment into the 

corner becomes increasingly stronger (indicated by the relative length of the velocity 

vectors). The temperature contours at different times in Figures 5.2(a) and (b) indicate 

that the thickness of the vertical thermal boundary layer grows with time. Since the 

temperature of the fluid entrained into the upstream corner is lower than that of the 

heated fluid in the upstream corner and the viscous effect of the velocity field due to the 

adiabatic bottom boundary is present, a temperature contour (T = 295.56 K), convex to 

the hot sidewall, results as seen in Figure 5.2(b). Clearly, this temperature structure is 

different from that of a semi-infinite plate (see e.g. Wright & Gebhart 1994) since the 

entrainment from the interior here is confined by a bottom boundary. 

Since the pressure gradient is the only one force in the horizontal direction in the 

thermal boundary layer (see Equation (3.13)), it is necessary to observe the pressure 

distribution in the vicinity of the hot sidewall in the initial stage. Figure 5.3(a) shows the 

pressure contours at t = 5 s. It is clear that the pressure maximum and minimum are 

present in the downstream and upstream corners respectively, resulting in a non-

uniform pressure distribution in the cavity. Figure 5.3(b) shows a zoomed view of the 

pressure contours. It is seen from this figure that the pressure contours are not normal to 

the surface of the vertical sidewall and thus a horizontal pressure gradient is established. 

According to the horizontal momentum equation (3.13), the horizontal pressure gradient 
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(a) Pressure contours adjacent to the hot sidewall          (b) Zoom view of (a) 

Figure 5.3 Pressure contours at t = 5 s (Pa) 

may in turn drive a horizontal motion in the thermal boundary layer even in the initial 

stage.  

In order to illustrate the initial evolution of major physical variables in the thermal 

boundary layer, Figure 5.4 plots the profiles of the temperature, pressure and velocities 

at x = 0.499 m, very close to the hot sidewall. For the sudden heating case, the boundary 

condition of the temperature is in fact similar to a ‘step’ increase. Due to the leading 

edge effect (the horizontal entrainment), a large temperature gradient in the streamwise 

direction near the leading edge is produced at the early time, which is slightly larger 

than that at the time when thermal conduction balances thermal convection (comparing 

the earlier temperature profiles with that at t =150 s shown in Figure 5.4a). Figure 5.4(b) 

shows the pressure profiles at different times (see different colorful curves). The 

pressure fluctuations near the leading edge are evident. Furthermore, associated with the 

pressure fluctuations, the disturbances of the horizontal and vertical velocities are also 

clear, as shown in Figures 5.4(c) and (d).  

In summary, the sudden heating of the sidewall results in a temperature variation 

(distribution) of the fluid in the vicinity of the sidewall by conduction in the initial 

stage, which in turn produces a buoyancy force driving the heated fluid upwards 

adjacent to the sidewall. When the heated fluid near the leading edge is convected away, 

the mass balance induces a pressure distribution (that is, a pressure minimum arises near 

the leading edge) which drives the horizontal entrainment near the leading edge (see 
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Figure 5.4 Profiles of the temperature, pressure and velocities at x = 0.499 m at different 

times  

Figures 5.2 and 5.3). As a consequence, the pressure gradient as the only one horizontal 

force plays a key role in the origination of the LEE 

 
5.2.2 Propagation of the LEE 
The pressure minimum, induced by the vertical convection flow in the upstream corner, 

moves downstream, as indicated by the pressure profiles in Figure 5.4(b). For the 

purpose of illustrating the propagation of the pressure perturbations, Figure 5.5 shows 

the pressure contours and the corresponding streamlines at different times. As the 
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pressure minimum moves downstream, by comparing stream function values at 

different times, it is seen from Figure 5.5 that the convection at the upstream side of the 

pressure minimum is apparently enforced. In particular, the horizontal convection in 

which the pressure gradient is the only one driving force significantly increases with 

time. 
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Figure 5.5 Isobars (solid lines) and streamlines (dashed lines) adjacent to the hot 

sidewall (vectors in f: negative pressure gradients) 
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Figure 5.6 Time series of the temperatures at different heights (x = 0.498 m) 

Figure 5.5(f) shows the vectors of the negative pressure gradient at t = 6.2 s. 

Clearly, the horizontal entrainment is driven by the pressure gradient near the location 

of the pressure minimum. 

In order to observe further the temperature variation associated with the 

propagation of the LEE, Figure 5.6 plots time series of the temperatures at different 

heights. Distinct properties of the LEE propagation, such as the overshoot of the 

temperatures and the increasing amplitude of the traveling waves with the height 

following the overshoot, are consistent with those temperature measurements presented 

in Chapter 4. However, it is also seen that the variation of the temperatures between the 

numerical results and experimental measurements (refer to Figure 4.14) is significant; 

that is, the measured temperature is apparently smaller than the numerically calculated 

one. Two major factors in the experiments may have contributed to the significant 

variation between the numerical simulations and experimental measurements, as 

previously discussed in Chapters 2 and 4. One is that the measured temperature is 

sensitive to the location of the thermistor within the thermal boundary layer, and thus a 

slight variation of the thermistor position may cause a significant variation of the 

measured temperature (also see Patterson et al. 2002). The other is that a smaller 

temperature difference between the sidewalls is achieved in the experiments than the 

specified temperature difference in the numerical simulations due to the nature of the 

adopted heating method in the experiments, as discussed by Patterson and Armfield 

(1990). 
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Figure 5.7 Locations of the pressure minimum, the temperature maximum and the 

deviation of the numerical solution from the theoretical solution against t2

The times when the temperature achieves the first peak at different heights in 

Figure 5.6 correspond to those in Figure 5.5 at which the pressure contours and stream 

functions are shown. By comparing the location of the temperature peak (see the height 

of each curve in Figure 5.6) with that of the pressure minimum (see the pressure contour 

within the contour of -0.0035 Pa) at the same time, it is seen that the former location is 

higher than the latter one; that is, the temperature maximum first arises at a certain point 

in the thermal boundary layer, and then the pressure minimum arrives.  

It is worth noting that at each height the numerically calculated temperature 

apparently deviates from the theoretical solution given by Goldstein and Briggs (1964) 

after some time, as seen in Figure 5.6 (see Gebhart 1988; Armfield & Patterson 1992; 

Patterson et al. 2002). Such deviation is due to the fact that when the temperatures are 

analytically solved the convection terms in the energy equation is neglected (Goldstein 

& Briggs 1964, see the next subsection for details).  

For the purpose of measuring the propagation of the LEE, Figure 5.7 plots the 

locations of the pressure minimum, the temperature maximum and the deviation of the 

numerical solution from the theoretical solution against the time squared. Clearly, there 

is a very good linear correlation between the locations and the time squared for the three 

sets of data in the initial stage; that is, the propagation speeds of the pressure minimum, 

the temperature maximum and the deviation of the numerical solution from the 

theoretical solution are a linear function of time, which is also coincidently consistent 
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Figure 5.8 T, u, v, and p normalized against time at the point (0.498 m, 0 m) 

with the scaling prediction of the initial-stage flow velocity (i.e. v ~ t) in Patterson and 

Imberger (1980). 

For the purpose of illustrating the coupling of variables in the LEE propagation, 

Figure 5.8 plots the time series of normalized T, p, u and v (i.e. T = (T - T0)/(|T|max - T0), 

p = ( p - p0)/( |p|max - p0), u =(u - u0)/(|u|max - u0) and v =(v - v0)/(| v|max - v0)) at the point 

(0.498 m, 0 m). It is clear that the arrival of the pressure minimum coincides with the 

appearance of the overshoot of the vertical convection velocity but slightly lags behind 

that of the temperature maximum. 

In summary, the vertical mass transfer near the leading edge, due to the sudden 

heating, induces an initial pressure perturbation. When the pressure perturbation 

propagates downstream, it further induces the velocity perturbation and through the heat 

convection impacts on the temperature field (also see the local energy balance in the 

next subsection 5.2.3). Clearly, the LEE behaviors of the thermal boundary layer flow 

for the case of sudden heating are an interaction coupling the temperature, pressure and 

velocities. 

 
5.2.3 Heat balance in the initial stage 
In order to obtain insights into the deviation of the numerical solution from the 

theoretical solution (Goldstein & Briggs 1964), the components of the energy equation 

of the thermal boundary layer are discussed in the following section. This is because 
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Figure 5.9 Terms in the energy equation at x = 0.498 m at t = 10.6 s 

both the numerical and theoretical solutions for temperature are obtained by solving the 

energy equation.  

Figure 5.9 shows the vertical profile of each term in the energy equation at t = 

10.6 s. It is clear that the diffusion term (κ∂2T/∂x2) is approximately constant 

downstream, far from the location of the pressure minimum, and significantly increases 

upstream of the pressure minimum point. Similarly, the convection terms (u∂T/∂x 

+v∂T/∂y) are approximately zero downstream of the deviation point (y = 0.06 m, see 

Figure 5.9). However, upstream of y = 0.06 m, the convection terms increase as the 

distance from the deviation point increases. As a consequence, the unsteady temperature 

term (κ∂2T/∂x2-u∂T/∂x-v∂T/∂y) also deviates from the diffusion term. This observation 

indicates the reason why the numerical solution deviates from the theoretical solution 

(also see Figures 5.6 and 5.7); that is, the theoretical solution (Goldstein & Briggs 1964) 

neglects the convection terms in the theoretical solution of the energy equation, 

however these terms become important once the LEE has passed. 

As the convection term increases and eventually balances the diffusion term at y = 

-0.03 m, the unsteady temperature term becomes zero at this point (refer to Figure 5.9) 

and the temperature reaches a maximum (refer Figure 5.6). The pressure minimum point 

is upstream of the temperature maximum position and does not coincide with the 

maximum of the convection terms as seen in Figure 5.9. Upstream of the pressure 

minimum, perturbations of the LEE are clear. Armfield and Patterson (2000) indicated 
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that the propagation speed of the LEE perturbations is determined by the speed of the 

traveling waves based on a stability analysis.  

In summary, as indicated in Figures 5.2 to 5.5, the LEE is an interaction between 

the major flow quantities including the temperature, pressure and velocities. In 

particular, the pressure (i.e. the pressure gradient) plays a key role in the origination and 

propagation of the LEE. A good linear correlation of the locations of the pressure 

minimum, the temperature maximum and the deviation with the time squared illustrates 

that the different propagation speeds of these quantities describing the LEE linearly 

increase with time in the initial stage (Figure 5.7). Furthermore, by examining the 

individual components of the energy equation (Figure 5.9), it is demonstrated that the 

numerical solution significantly deviates from the theoretical solution due to the neglect 

of the convection terms in the theoretical solution.  

 
5.3 Intrusion 
5.3.1 Separation and trailing waves 
As previously described, the thermal boundary layer becomes stable following the 

passage of the LEE for a certain period of time (see Figure 5.1b), and in the meantime 

the horizontal intrusion separates from the ceiling of the cavity.  

Figure 5.10 shows comparisons between the shadowgraphs and the isotherms 

generated by the numerical simulation at the downstream end of the thermal boundary 

layer during that period of time. It is seen in Figure 5.10 that the numerical simulations 

are consistent with the experimental results in portraying the intrusion front structure, 

the separation position and the trailing waves, although the numerical results indicate 

that the numerical flow develops slightly faster than the experimental flow. This 

discrepancy in timing originates from a smaller actual Rayleigh number in the 

experiment than that in the numerical simulation, as indicated in the previous section 

(also refer to Patterson & Armfield 1990). Figure 5.10 also shows that, as the time 

increases, the angle of the intrusion separation becomes larger, resulting in a set of 

trailing waves with an increasing amplitude and a decreasing wavelength. Moreover, the 

isotherms in Figure 5.10 clearly indicate that the temperature of the intrusion is higher 

than that of the ambient fluid in the cavity. This generates an upward buoyancy force, 

which tends to resist the occurrence of the separation. 
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Figure 5.10 Shadowgraph images from the experiment and isotherms from the numerical 

simulation (contours between 295.77 and 300.77 K with an interval of 1 K) 

To examine the mechanism of the intrusion separation, Figure 5.11(a) shows the 

numerically generated streamlines adjacent to the hot wall at t = 8 seconds, and Figure 

5.11(b) gives a detailed view with a single isotherm overplotted near the top corner at 

the same time. It is clear that, although the time is small (8 s), separation of the intrusion 

front has already commenced, as shown by the isotherm in Figure 5.11(b). The 

streamlines in Figure 5.11(a) indicate that the flow outside the thermal boundary layer is 

an overall circulation in an anti-clockwise sense, in which the outflow from the upper 

end of the thermal boundary layer is entrained at the lower end, upstream of the LEE 

position. At t = 150 s (Figure 5.11c) the streamlines show that, although the anti-

clockwise circulation is convected away, a strong reverse flow towards the thermal 

boundary layer forms under the hot intrusion, occupying most of the core region. This 

reverse flow may generate a significant pressure gradient, as shown in Figure 5.11(d) in 

which detailed pressure contours near the upper corner are plotted. The pressure 

contours indicate that a low-pressure region arises under the separation. This pressure 
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Figure 5.11 Separation at the early stage.  

(a) Streamlines (contours between 2.00 × 10-6 and 2.79 × 10-5 m2/s with an interval of 

6.50 × 10-6 m2/s). (b) A zoomed view of (a) near the upper-right corner with an 

isotherm (dashed line) of T = 296 K. (c) Streamlines (contours between 1.66 × 10-5 

and 1.83 × 10-4 m2/s with an interval of 1.66 × 10-5 m2/s). (d) Isobars near the top 

corner (contours between -0.02 and 0.1 Pa with an interval of 0.02 Pa) 

gradient drives the hot intrusion to separate, as shown in Figure 5.11(c). As the intrusion 

travels further into the cavity, the pressure gradient becomes less significant, and 

buoyancy drives the flow back towards the ceiling, leading to reattachment. The 

competing buoyancy and pressure forces therefore result in a set of trailing waves, as 

shown in Figure 5.11(c). 
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                 (a) Isotherms at t = 80 s                               (b) Streamlines at t = 80 s 
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                 (c) Isotherms at t = 260 s                             (d) Streamlines at t = 260 s 

Figure 5.12 Development of the intrusion front before it strikes the opposite sidewall  

(Isotherm contours: 291.45, 293.45, 295.45 295.65, 297.65 and 299.65 K; Streamline 

contours between 1.35 × 10-5 and 1.35 × 10-4 m2/s with an interval of 1.35 × 10-5 m2/s) 

 
5.3.2 Oscillations of intrusion 
The subsequent development of the hot intrusion is shown in Figure 5.12 in which the 

temperature contours and stream functions at different times are plotted. It is seen in 

Figure 5.12(a) that the hot intrusion front moves to the mid cavity along the ceiling. In 

the meantime, the large anticlockwise circulation (hereinafter referred to as the front 

circulation, and see Figure 5.12a) under the intrusion front is horizontally extended, in 

comparison with that at the earlier time (see Figure 5.11a). With the passage of time, 

those trailing waves gradually regress to the hot top corner as shown in Figure 5.12(c), 

and the front circulation arrives at the cold sidewall in Figure 5.12(d). Symmetrically, 

the cold intrusion arrives at the hot sidewall (see the bottom-right corner). 

Due to the limitation of the dimensions of the spherical mirrors in the 

shadowgraph visualization, only the flow adjacent to the hot sidewall was visualized in 

the experiments. However, as seen in Figure 5.12, the flow in the cavity is symmetrical. 

Figure 5.13 shows a comparison between the experimental and numerical results in the 

vicinity of the hot sidewall at the time when the cold intrusion strikes the hot sidewall. It 

is noted previously that the development of the flow described by the numerical results 

is slightly faster than that observed in the experiment in the early stage. As time elapses, 

this timing difference accumulates. Therefore, the comparison between the experimental 

image and the numerical simulation in Figure 5.13, which depicts the event when the 
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        (a) t = 335 s                   (b) t = 235 s                                 (c) t = 235 s 

Figure 5.13 Cold intrusion strikes the hot wall  

(a) Shadowgraph image. (b) Isotherms (contours between 295.23 and 300.19 K with an 

interval of 0.31 K). (c) Streamlines (contours between 1.77 × 10-5 and 1.95 × 10-4 m2/s 

with an interval of 1.77 × 10-5 m2/s) 

cold intrusion from the far sidewall is about to impact the base of the hot boundary 

layer, is based on significantly different times. Since the kinematic properties are the 

same, it suffices to make comparisons based on the events rather than the actual times in 

this figure. 

Figure 5.13(a) is a processed shadowgraph image in which the background image 

recorded immediately before the start of the experiment is subtracted from the original 

shadowgraph image (also see Figure 4.1). At this time the LEE has passed, and the cold 

intrusion, marked by the solid line overdrawn at the bottom of the figure, is approaching 

the hot wall. The thermal boundary layer thickness, measured by the distance between 

the vertical bright strip and the sidewall on the shadowgraph image (the bright strip 

corresponds to the position of the maximum of the second derivative of the temperature, 

as discussed in Section 2.1), is approximately constant before the cold intrusion strikes 
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               (a) Isotherms at t = 272 s                                   (b) Streamlines at t = 272 s 
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               (c) Isotherms at t = 280 s                                   (d) Streamlines at t = 280 s 

Figure 5.14 Subsequent development of intrusion after striking the opposite sidewall 

(Isotherm contours: 291.45, 293.45, 295.45 295.65, 297.65 and 299.65 K; Streamline contours 

between 1.35 × 10-5 and 1.35 × 10-4 m2/s with an interval of 1.35 × 10-5 m2/s) 

the hot wall. Likewise, the time series of the temperature in the thermal boundary layer 

are also constant at this stage, as seen in Figure 5.1. However, once the cold intrusion 

strikes the hot wall, it triggers the convective instability of the thermal boundary layer, 

as described by those temperature waves in Figure 5.1, and the convective instability 

propagates and amplifies downstream. As a consequence, the outflow in the top corner 

becomes clearly unstable, and is no longer a simple discharge flow into the cavity, as 

shown in Figure 5.13(a). The complex roll structure in the top corner causes strong 

mixing in this region, which is believed to be responsible for the disappearance of the 

downstream trailing waves that are present in the intrusion before the arrival of the cold 

intrusion. Figure 5.13(b) plots the corresponding isotherms of the numerical simulation 

at the same time. However, the numerically generated corner flow structure remains 

stable, compared with the experimental flow. It is suggested that the presence of various 

perturbations in the experiment could lead to the destabilization of the roll structure in 

the top corner. Furthermore, the streamlines shown in Figure 5.13(c) imply that the 

entrainment of the thermal boundary layer is all from the cold intrusion at this time, 

opposing to the situation at earlier times when the entrainment is from the discharge at 

the top end of the thermal boundary layer, as shown in Figure 5.11(a).  

Following the discussion in Figure 5.12, Figure 5.14 shows the subsequent 

development of the hot intrusion. The front circulation moves downstream along the 

cold sidewall in Figure 5.14(b) and eventually dissipates into the core in Figure 5.14(d). 
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                  (c) Isotherms at t = 320 s                             (d) Streamlines at t = 320 s 
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                  (e) Isotherms at t = 480 s                             (f) Streamlines at t = 480 s 
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                   (g) Isotherms at t = 720 s                             (h) Streamlines at t = 720 s 

Figure 5.15 Formation and development of the reverse flow  

(Isotherm contours: 291.45, 293.45, 295.45 295.65, 297.65 and 299.65 K; Streamline 

contours between 1.35 × 10-5 and 1.35 × 10-4 m2/s with an interval of 1.35 × 10-5 m2/s) 

Since the cold sidewall cannot cool and entrain all the hot intrusion to the bottom, 

increasing hot fluid is accumulating in the cold top corner (the upper-left corner). As a 

consequence, a tilted flow field forms near the cold top corner as shown in Figure 

5.14(d). In addition, the intrusion front stretches gradually downward along the cold 

sidewall, as indicated by the temperature contours shown in Figures 5.14(a) and (c). As 

a consequence, the tilted temperature contours near the upper-left cold corner produce 

buoyancy forces. 

Figure 5.15 shows the further development of the intrusion. Due to the above-

mentioned buoyancy effect, a reverse flow near the cold sidewall is generated, as shown 

in Figure 5.15(b). At this time, the temperature contours exhibit an upward ‘thermal 

tongue’ near the upper-left corner of the cold sidewall in Figure 5.15(a). As the hot 
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intrusion further accumulates in the cold top corner, the increasing buoyancy effect 

forces the thermal tongue to rotate in the clockwise direction (see Figure 5.15c), and 

eventually, a clockwise circulation as shown in Figure 5.15(d) is formed in the region. 
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Figure 5.16 Velocity vectors in the cold top corner at 320s 

In order to observe the details of the flow near the cold top corner when the hot 

intrusion reaches the cold wall, Figure 5.16 shows the velocity vector field at the same 

time as of Figure 5.15(d). It is seen in this figure that the strong shear between the 

clockwise circulation and the hot intrusion underneath the ceiling induces some smaller 

scale circulations in the region as well as some waves in the coming hot intrusion. 

Figure 5.15(f) shows that this clockwise circulation is traveling toward the hot 

sidewall, although it has been weakened significantly. Moreover, the clockwise 

circulation splits the hot intrusion into two parts, one of which continues to run to the 

cold sidewall along the ceiling and the other jets into the core as seen in Figure 5.15(f). 

After about 720 seconds, the clockwise circulation is completely dissipated and forms a 

reverse flow relative to the hot intrusion as indicated by an arrow in Figure 5.15(h). This 

reverse flow then pushes the jet stream (into the core) closer to the hot sidewall (Figure 

5.15g), and causes it to be unstable. The instability of the jet stream into the core in turn 

impacts on the vertical thermal boundary layer flow, resulting in the waves of the 

temperature time series in the vertical thermal boundary layer, as seen in Figure 5.1. 

The corresponding frequency spectrum analyses are shown in Figure 5.17. Clearly, the 

instability of the jet stream induced by the reverse flow (with a principal frequency of 

0.07 Hz) is different from the thermal convective instability in the thermal boundary 
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Figure 5.17 Spectra of the temperature waves of the thermal boundary layer flow and jet 

stream 
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    (a) u versus time at point (x = 0, y = 0.07)       (b) Profiles of u at x = 0 at different times 

Figure 5.18 Oscillations of the intrusion 

layer induced by the cold intrusion striking the hot sidewall (with a higher frequency of 

0.2 Hz), which is consistent with the experimental measurements presented in Chapter 4 

(see Figures 4.16 and 4.18). 

It is worth noting that the temperature contours in the upper part of the cavity in 

Figure 5.15 move downward toward the core as the reverse flow moves back to the hot 

sidewall. This implies that the reverse flow speeds up the core stratification. 

As shown in Figure 5.15(h), the reverse flow has been significantly dissipated 

when it moves toward the hot sidewall. However, this flow does not disappear, and 

eventually it causes a cavity-scale oscillation in the upper part of the cavity (a back and 

forth flow between the hot and cold walls). Figure 5.18(a) shows this cavity-scale 

horizontal oscillation using a time series of the horizontal velocity obtained at the point 
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(x = 0 m, y = 0.07 m). It is seen that the amplitude of the oscillation reduces 

significantly after the first oscillation cycle as indicated by ‘I’ in Figure 5.18(a). The 

first two cycles (‘I’ and ‘II’ in figure 5.18a) are completed by 1400 seconds, but the 

oscillation actually lasts for a longer time with reduced amplitude. At the point shown, 

the time duration for which the velocity is positive (the reverse flow) is more than 200 

seconds. Despite the reduced intensity of the cavity-scale oscillation, it plays a key role 

in the stratification of the core, as shown in Figure 5.15.  

Similarly, there always exists a symmetric oscillation of the cold intrusion in the 

lower part of the cavity. Figure 5.18(b) shows the horizontal velocity profile at x = 0 at 

different times. Two symmetrical oscillations, one in the upper part and the other in 

lower part of the cavity respectively, can be clearly observed. 

In general, oscillations of the horizontal intrusion can play a key role in the 

transition of natural convection in a differentially heated cavity, particularly in the 

stratification of the fluid in the cavity and the development of the instability of the 

vertical boundary layer flow.  

 
5.4 Formation of the double-layer structure 
As indicated by the temperature plot in Figure 5.1, the subsequent development of the 

natural convection flow is a slow transition to the quasi-steady state. Therefore, the 

timing difference between the experiment and numerical simulation noted above 

becomes less significant. In the following figures the experimental and numerical 

results at the same times are compared. 

Figure 5.19 shows the subsequent development of the thermal boundary layer 

after the reverse flow moves back to the hot wall. In the bottom corner, a second bright 

strip in the shadowgraph image arises outside the thermal boundary layer (the inner 

layer) and is roughly parallel to the inner layer (Figure 5.19a). In the meantime, a 

similar bright strip is also noticeable in the top corner, although it is further out from the 

hot wall. These two outer bright strips correspond to the positions of the minima of the 

second derivative of the temperature (indicated by the dashed lines in Figure 5.19b). It 

is seen in Figure 5.19(b) that an upward thermal tongue (with fluid colder than that on 

both sides) of isotherms close to the sidewall near the lower corner is present, and the 

thermal tongue is fed by the incoming cold intrusion. Near the upper corner, due to the 
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                          (a)        (b)                                      (c) 

Figure 5.19 Formation of the double-layer structure at t = 695 s  

(a) Shadowgraph image. (b) Isotherms (solid lines showing contours between 294.1 

and 301.1 K with an interval of 1 K) and lines of the minimum second derivative of 

temperature (dashed lines). (c) Streamlines (contours between 6.70 × 10-6 and 6.70 × 

10-5 m2/s with an interval of 7.50 × 10-6 m2/s) 

separation of the intrusion flow, a thermal structure similar to that near the lower corner 

but at a much larger scale forms. 

The corresponding streamlines (Figure 5.19c) display further evolution of the 

flow adjacent to the hot wall. As described in Section 5.3, the resulted reverse flow 

(indicated by the arrow in Figure 5.19c) splits the hot intrusion into two parts, an upper 

part that moves to the cold wall under the ceiling and a lower part that discharges into 

the cavity and forms a circulation, trapping cold fluid between itself and the boundary 

layer. 

The two outer bright strips slowly extend toward the mid height of the cavity as 

the interior fluid in the cavity is further stratified. Figure 5.20 shows the shadowgraph 

image, isotherms and streamlines when the two outer bright strips eventually meet near 

the mid height. It is evident in this figure that the two bright strips do not align 
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                          (a)        (b)                                     (c) 

Figure 5.20 Formation of the double-layer structure with the misalignment of the two 

outer strips at t = 2500 s  

(a) Shadowgraph image. (b) Isotherms (solid lines showing contours between 292.55 

and 300.55 K with an interval of 1 K) and lines of the minimum second derivative of 

temperature (dashed lines). (c) Streamlines (contours between 3.30 × 10-6 and 3.33 × 

10-5 m2/s with an interval of 3.30 × 10-6 m2/s) 

vertically, with the descending strip further away from the hot wall than the ascending 

one. The upward thermal tongue in the upper part is much greater than that in the lower 

part (Figure 5.20b), and a clear circulation, driven by the misalignment of the two outer 

strips, is present near the meeting point (Figure 5.20c). 

Figure 5.21 shows the shadowgraph image, isotherms and streamlines of the flow 

adjacent to the hot wall at a much later time. Compared with those in Figure 5.20(a), the 

two outer strips have aligned vertically and a continuous outer layer has formed, as 

shown in Figure 5.21(a). The corresponding isotherms in Figure 5.21(b) indicate that 

the width of the upward thermal tongue decreases continuously from the top to the 

bottom. The fluid in the cavity has been further stratified, as shown in Figure 5.21(b). 

Figure 5.21(c) shows that the circulation at the mid height shown in Figure 5.20(c) has 
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                          (a)        (b)                                   (c) 

Figure 5.21 Double-layer structure at t = 4700 s 

(a) Shadowgraph image. (b) Isotherms (solid lines showing contours between 291.55 

and 301.55 K with an interval of 1 K) and lines of the minimum second derivative of 

temperature (dashed lines). (c) Streamlines (contours between 2.50 × 10-6 and 2.46 × 

10-5 m2/s with an interval of 2.80 × 10-6 m2/s) 

been split into two smaller circulations. The flow structure at this stage is referred to as 

a double-layer structure. 

 
5.5 Flow features in the quasi-steady stage 
In the previous sections, the transition of natural convection is described, and the 

formation and evolution of the double-layer structure of the vertical thermal boundary 

layer observed in shadowgraph images are represented through comparisons with the 

numerical simulation. It has been demonstrated that the numerical simulation is 

consistent with the experiment at all stages of the flow development. In order to gain 
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Figure 5.22 Details of the velocity vector adjacent to the hot wall at t = 4700 s  

The dashed lines indicate the minimum (left one) and maximum (right one) of the 

second derivative of the temperature 

further insight into the double-layer structure, this section discusses the velocity fields 

of the double-layer structure, based on the numerical results. 

It is clear from Figures 5.21(b) and (c) that there is a small dip on the interior side 

of the upward thermal tongue in both the isotherm and streamline contours. This 

indicates that a reverse flow is present in the outer layer (also see Tao & Le Quere 

2003). Figure 5.22 shows a detailed view of the velocity vectors of the thermal 

boundary layer, in which the reverse flow (flowing downwards) outside the inner layer 

is clear although it is much weaker than the upward flow of the inner layer. The 

locations of the maximum and minimum second derivatives of the temperature in the x-

direction, corresponding to the two bright strips in the shadowgraph images (refer to 

Section 5.6 for quantitative comparisons between the experimental and numerical 

results), are marked by the dashed lines in Figure 5.22. It is worth noting that the dashed 

lines do not match with the maximum and minimum of the velocity; that is, the bright 

strips in Figures 5.19(a), 5.20(a) and 5.21(a) do not correspond to the maximum and 

minimum of the velocity boundary layer, although they are a result of the flows.  

The flow structure in Figure 5.22 may be attributed to combined buoyancy and 

inertial effects. After the cold fluid is entrained from the lower part of the cavity, it is 

 109



0.498 0.5

-0.1

0

0.1

        

0.498 0.5

-0.1

0

0.1

0.024

 
                            (a) t = 150 s                                  (b) t = 4700 s 

Figure 5.23 Velocity magnitudes of the flow adjacent to the hot wall at different times 

(a) Contours between 0.0076 and 0.0166 m/s with an interval of 0.0011 m/s. (b) 

Contours between 0.002 and 0.009 m/s with an interval of 0.001 m/s 

heated by the hot sidewall and thus driven upwards by the buoyancy effect. The 

buoyancy force accelerates the fluid if the temperature of the fluid is higher than the 

locally ambient. As the fluid moves up, the temperature of the fluid approaches the 

locally ambient because the interior is stratified (i.e. the higher the position, the higher 

the local ambient temperature). However, the inertial effect drives the fluid upwards 

over its position of neutral buoyancy so that it reaches a position at which its 

temperature is lower than the locally ambient. Once the fluid passes its position of 

neutral buoyancy, gravity resists this upward motion until it stops, and the fluid is 

discharged from the boundary layer. The discharged fluid firstly falls, due to its lower 

temperature, until it reaches its position of neutral buoyancy in the stratified interior. 

Figures 5.23(a) and (b) compare the velocity magnitude in the vicinity of the hot 

wall at different times. Associated with the flow transition (see Figures 5.18 through 

21), the velocity maximum in the thermal boundary layer reduces as the outer reverse 

flow extends downwards, changing from approximately 0.0166 m/s in the initial stage 
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Figure 5.24 Velocity profiles and the x-direction derivatives of the upward velocity at 

y = 0.024 m at different times 

to 0.009 m/s in the quasi-steady stage. This is consistent with the scaling result vmax = 

0.089(gβ∆TH)1/2 reported by Henkes and Hoogendoorn (1993) with only a small 

variation between the scaling analysis and the present simulation, which may be 

attributed to the different aspect ratios (A = 0.24 here but 1 in Henkes & Hoogendoorn 

1993). The position of the velocity maximum also moves downwards from the top (y = 

0.1 m) to approximately the middle of the cavity (y = 0.024 m) and closer to the hot 

wall, as shown in Figures 5.23(a) and (b). 

Figure 5.24 shows the profiles of the upward velocity and its x-direction 

derivatives across the thermal boundary layer at y = 0.024 m (where the velocity 

magnitude peaks at t = 4700 s) at different stages. Compared with that at the earlier 

stage (e.g. t = 150 s), the occurrence of the reverse flow in the outer layer narrows the 

inner layer at the later stage (e.g. t = 4700 s). As a result, the position of the maximum 

velocity in the inner layer moves closer to the sidewall at the quasi-steady stage. This 

leads to an increase of the local shear (∂v/∂x) between the outer and inner layers, as seen 
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in Figure 5.24, in which the maximum of the velocity derivative with respect to the x-

direction at the quasi-steady stage is evidently greater than that at the earlier time. 

 
5.6 Heat transfer in the quasi-steady stage 
In the previous sections, the transition of the thermal boundary layer flow is portrayed 

by shadowgraph images and numerical results. The outer bright strips in the 

shadowgraph images (refer to Figures 5.19a, 5.20a, 5.21a) are considered to correspond 

to the position of the minima of the second derivatives of temperature (refer to Chapter 

2), the computed positions of which are shown with dash-dotted lines in Figures 

5.19(b), 5.20(b), 5.21(b) and 5.22. Quantitative comparisons between the computed 

positions of the maxima and minima of the second derivative of the temperature and the 

observed positions of the bright strips in the shadowgraph image (which corresponds to 

Figure 5.21) are given in Table 5.1. The positions shown in Table 5.1 are measured as 

the distance from the hot wall. It is seen that the predicted positions compare well with 

the observations, but are consistently slightly smaller than the observed positions. This 

is consistent with the experiments achieving a slightly smaller Ra value than intended.  

 

Table 5.1 Positions of the computed maxima and minima of the second derivative of the 

temperature and the observed bright strips on the shadowgraph image at t = 4700 s 

 Distance measured from the hot wall (mm) 

y (m) Computed 

max
2

2

x
T

∂
∂  

Inner bright 
strip 

Computed 

min
2

2

x
T

∂
∂  

Outer bright 
strip 

-0.06 1.4 2.3 5.4 6.9 
0.06 2 3.2 7.5 8.7 

 

The correspondence between the bright strips in the shadowgraph images (Figure 

5.21a) and the maxima and minima of the second derivative of the temperature in the 

direction normal to the strip implies that those bright strips also correspond to the 

positions of the maximum and minimum horizontal thermal diffusion. For the purpose 

of examining the horizontal thermal diffusion in the double-layer structure and its 

interaction with thermal convection, the energy equation (3.15), subject to the usual 
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boundary layer assumptions, is rewritten for the steady state thermal boundary layer 

flow as 

.02
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x
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Equation (5.1) describes, in a differential sense, the heat balance between thermal 

diffusion (κ∂2T/∂x2) and convection (horizontal component -u∂T/∂x and vertical 

component - v∂T/∂y) in a control element near the wall at a steady state. If the value of a 

certain term is positive, the term contributes heat to the control element, whereas a 

negative term means a loss of heat from the control element.  

Figure 5.25 plots the horizontal profiles of the temperature, velocity and the 

different terms of Equation (5.1) at t = 4700 s for two different locations along the 

heated sidewall (y = 0.06 m and -0.06 m, representing the upper and lower parts of the 

double layer structure respectively). In this figure, the vertical dashed lines indicate the 

positions of the minimum and maximum of the horizontal thermal diffusion, and the 

vertical solid lines indicate the positions of the temperature minimum. These vertical 

lines serve to delineate the inner boundary layer (from the wall to the maximum 

diffusion line) and the outer layer (from the maximum to the minimum diffusion line).  

It is seen in Figure 5.25 that, for both the upper and lower parts of the cavity, in 

the inner layer both thermal diffusion and convection increase with the distance from 

the wall. In the outer layer, all terms in Equation (5.1) reduce significantly with 

increasing distance.  

For the upper cavity, Figure 5.25(a) shows that in the inner layer vertical thermal 

convection carries away the heat transferred in by thermal diffusion and horizontal 

convection from the hot wall. Due to the stratification of the interior flow at this time, 

the thermal diffusion is relatively weak in the upper cavity, and the horizontal 

convection from the hot wall is comparable with the thermal diffusion. In the outer layer 

up to the point of the temperature minimum, heat balance is similar to that in the inner 

layer. Although the heat transfer beyond the point of the temperature minimum 

significantly reduces, it is worth noting a feature of interest regarding the direction of 

the thermal diffusion on either side of the temperature minimum. Clearly, thermal 

diffusion in the inner layer side of the temperature minimum is directed from the 

sidewall towards the interior, whereas on the interior side of the temperature minimum, 

thermal diffusion is directed from the interior towards the minimum. 
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(b) y = -0.06 m 

Figure 5.25 Thermal diffusion and convection at t = 4700s 

Compared to the flow in the upper cavity, thermal diffusion and vertical 

convection in the lower cavity are much stronger due to the stratification of the interior 
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flow. The horizontal convection remains at approximately the same order as in the 

upper cavity but with an opposite sign. Figure 5.25(b) shows that, in the lower cavity, 

the heat balance in the inner layer is mainly between the thermal diffusion from the hot 

wall and the vertical convection. This heat balance extends to the outer layer up to the 

point of the temperature minimum, beyond which heat transfer becomes very weak. The 

opposing thermal diffusion at the point of the temperature minimum is also present in 

the lower part of the cavity. 

In summary, the heat transfer in the upper and lower regions is governed by 

similar balances, with the role of horizontal convection changing between the two 

regions due to the change of the magnitudes of thermal diffusion and vertical 

convection. A transitional region is expected to be present near the mid height, where 

the horizontal velocity changes direction.  

 
5.7 Summary 
In this chapter, the transition of natural convection in a differentially heated cavity from 

the start-up to the quasi-steady state is numerically investigated, and the mechanisms 

responsible for certain important flow features during the transition are discussed. 

Numerical simulations are basically consistent with the corresponding experimental 

observations.  

For the case of sudden heating, the generation and propagation of the LEE are the 

important features of the transient thermal boundary layer flow in the initial stage. 

Based on the present numerical results, it is clear that the LEE phenomenon is an 

interaction between the temperature, pressure and velocities. When the sidewall is 

suddenly heated, thermal conduction through the wall surface generates a temperature 

distribution of the fluid in the vicinity of the sidewall, which in turn induces buoyancy. 

The buoyancy force drives the fluid in the vicinity of the sidewall upwards. However, 

since the fluid near the leading edge convected away cannot be complemented from the 

upstream due to the presence of the horizontal wall, a pressure gradient is induced; that 

is, a pressure minimum appears in the upstream corner. The pressure minimum may 

propagate downstream at the speed which is linearly dependent on time (Figure 5.7). 

The further discussion of the components of the energy equation demonstrates that the 

 115



deviation of the numerical solution from the theoretical solution is because the 

theoretical solution neglects the convection terms.  

The numerical results also demonstrate that a double-layer structure of the vertical 

thermal boundary layer simultaneously develops from the top and bottom, respectively. 

The stratification of the internal fluid in the cavity is a key dynamical mechanism 

supporting this transition. In the upper part of the cavity, the outer layer develops 

initially from the separation of the horizontal intrusion induced by the entrainment of 

the adjacent ambient fluid by the thermal boundary layer. In the meantime, in the lower 

part of the cavity a similar outer layer develops from the entrainment of the incoming 

cold intrusion. The two branches of the outer layer eventually meet at the mid height 

and align vertically, forming a double-layer structure with an approximately uniform 

thickness over the length of the vertical boundary. In the quasi-steady stage, the flow in 

the double-layer structure is complex, which includes an inner layer adjacent to the hot 

wall and an outer layer of a reverse flow with a strong shear between the two layers, as 

seen in Figure 5.23. Due to the presence of the strong shear, the double-layer structure 

is considered as a potential cause responsible for the appearance of the unstable 

traveling waves observed in shadowgraph images at the quasi-steady stage (see Chapter 

4). It is clear that the inner and outer bright strips observed in shadowgraph images 

approximately correspond to the maximum or minimum of the second derivative of the 

temperature as previously described (see e.g. Figures 5.19, 20, and 21). 

The present numerical results indicate that heat transfer near the wall is rather 

complex, and significantly depends on the development of the flow. After the formation 

of the double-layer structure, a dip of the temperature profile adjacent to the hot wall 

appears in the outer layer, resulting in the opposing horizontal thermal diffusion on the 

two sides of this dip. That is, thermal diffusion is directed toward the dip on both sides 

of the dip. 

Associated with the transition of the vertical thermal boundary layer flow, the 

physical properties of the intrusion and flows in the core are also described, and a back 

and forth flow between the hot and cold walls is observed. The numerical results show 

that the separation of the intrusion driven by the pressure gradient occurs, and a large 

anticlockwise circulation below the hot intrusion front forms. With the passage of time, 

this anticlockwise circulation moves horizontally to the cold sidewall and eventually 

dissipates. Subsequently, another clockwise circulation, close to the cold sidewall, is 

generated under the buoyancy effect. This clockwise circulation produces a strong shear 
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with the hot intrusion underneath the ceiling, inducing some smaller scale circulations 

and waves in the hot intrusion. The clockwise circulation moves back to the hot 

sidewall and forms an oscillation (a back and forth flow between the hot and cold 

walls). The oscillation is a typical internal gravity wave of natural convection in a side-

heated cavity, and can impact on both the vertical boundary layer flow and the 

stratification of the fluid in the core to some extent. This is because, on one hand, the 

oscillation flow pushes the trailing waves in the hot top corner closer to the hot wall, 

thus changing the properties and structure of the hot vertical thermal boundary layer 

flow; on the other hand, the hot intrusion into the core is split by the back and forth flow 

and speeds up the core stratification.  

In conclusion, although a great number of numerical simulations concerning the 

transient natural convection in a differentially heated cavity were reported and many 

flow features were described, the mechanisms responsible for certain major flow 

features during the transition remain uncovered until the present investigation. Apart 

from revealing a double-layer structure at the quasi-steady state, which has not been 

properly documented previously in the literature, the present study has also provide both 

numerical and experimental evidences for understanding the flow mechanisms behind 

the LEE propagation, the separation of the intrusion, and the formation of the double-

layer structure. 
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6 Experimental modelling of the 
thermal flow around a fin on the 
sidewall 
Studies (see e.g. Bilgen 2005) have demonstrated that a fin on the sidewall of a 

differentially heated cavity may change natural convection flows, which in turn impact 

on the heat transfer through the finned sidewall. Therefore, it is of interest and 

significance to visualize the flows induced by the fin and measure the corresponding 

temperatures. Unfortunately, as reviewed in Chapter 1, even fewer experiments of this 

aspect have been performed than those for the case without a fin (see e.g. Shakerin et al. 

1988). As a consequence, the need for flow visualizations and temperature 

measurements for the case with the fin on the sidewall is the motivation for this chapter.  

Based on the understanding of natural convection flows without a fin, transient 

thermal flows around the fin on the sidewall are the focus of this chapter. Since the 

geometric parameters of the fin, such as its shape and dimension, could be critical for 

the development of flows in the cavity, two sets of experiments are performed here. The 

first is the visualization of the thermal flow around a square fin, documented in Section 

6.1, and the second is that around a longer, thin fin, described in Section 6.2. 

Furthermore, temperature measurements of the thermal flow around the thin fin are 

given in Section 6.3. 

 
6.1 Visualizations of the thermal flow around a 
square fin 
In this section, the flow around a square fin with a cross-section of 10 mm × 10 mm is 

visualized, and the focus is placed on the Rayleigh number effects and the comparisons 

between the cases with and without the square fin. 

In order to obtain results at different Rayleigh numbers, temperature differences 

between the heated and cooled sidewalls are varied from 1 K to 32 K. The 

corresponding ranges of the experimental Rayleigh and Prandtl numbers are 2.6 × 108 to 

8.3 × 109 and 6.2 to 6.6 respectively, and are listed Table 6.1. Unless specified 
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otherwise, the results reported in this section are for the case with Ra = 4.0 × 109 and Pr 

= 6.5. Similar to the convention adopted in Chapters 3 and 4, the hot sidewall is on the 

right; the vertical coordinate is measured from the middle of the hot sidewall with the 

positive direction pointing upwards.  

 

Table 6.1 Parameters of flow visualization experiments with a square fin 

Number 
Initial temperature 
of water in cavity 

(K) 

Temperature difference 
between sidewalls 

(K) 

Ra 
(×108) Pr 

9 297.1 1.0 2.6 6.4 
10 297.1 2.0 5.2 6.4 
11 296.4 4.0 9.9 6.5 
12 298.4 8.0 22 6.2 
13 296.6 15.9 40 6.5 
14 295.55 16.0 38 6.6 
15 297.20 32 83 6.4 
 

The development of the thermal boundary layer flow adjacent to a heated wall 

without a fin has been described in Chapter 4. In this section, the experimental 

observations will focus on the effect of the square fin on the flow structures adjacent to 

the sidewall, in comparison with the case without a fin. The transition of the thermal 

boundary layer flow from the start-up to the quasi-steady state and the corresponding 

kinematic properties are described. Similar to the transition of the thermal boundary 

layer flow without a fin, three stages of the transition can be classified for the thermal 

boundary layer flow with a square fin. They are an initial stage, a transitional stage and 

a quasi-steady stage.  

 
6.1.1 Initial stage  
When a sidewall without a fin is heated suddenly, heat conduction through the sidewall 

results in a thermal boundary layer adjacent to the sidewall, which grows with both 

space and time, as described in Chapter 4. However, for the case with a square fin at the 

mid height of the heated sidewall, the thermal boundary layer is initially split into an 

upper and a lower section, as seen in Figure 6.1(a). Figure 6.1(b) shows a processed 

image similar to Figure 4.1. As can be seen in Figure 6.1(b), the processed image 

clearly displays the variation of the thickness of the thermal boundary layer along the 
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Figure 6.1 Formation of the lower intrusion front 

(a) t = 9s. (b) t = 9s. (c) t = 11s. (d) t = 13s. (e) t = 15s 

sidewall. The structure with clearly separated upper and lower sections of the thermal 

boundary layer persists only for a short time, which is dependent on the dimension of 

the square fin and the Rayleigh number (also refer to Section 6.2). 

In the present case, the horizontal dimension of the square fin attached to the 

heated sidewall is greater than the thickness of the thermal boundary layer, and thus the 

ascending hot fluid from the lower thermal boundary layer initially accumulates under 

the fin, and then discharges horizontally. Due to the relatively small dimension of the 

square fin, the discharging hot fluid overwhelms the fin (see Figures 6.1a and b). As a 

consequence, a clear intrusion front (hereinafter referred to as a lower intrusion front) 

forms next to the fin (see Figure 6.1c). Figure 6.1(d) shows that the continuous feeding 
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Figure 6.2 Reattachment of the lower intrusion front 

(a) t = 17s, each interval of 2s from (a) to (f) 

of the hot fluid from the lower thermal boundary layer leads to further growth of the 

lower intrusion front. Subsequently, the buoyancy effect drives the lower intrusion front 

upwards, and the front bypasses the fin, as shown in Figure 6.1(e). This process persists 

for approximately 15 seconds at the Rayleigh number of 4.0 × 109. In fact, the greater 

the Rayleigh number, the shorter the time it takes for the lower intrusion front to bypass 

the fin.  

The subsequent development of the thermal boundary layer flow displays more 

complex flow features. The lower intrusion front continues to rise due to the buoyancy 

effect. In the meantime, its size grows rapidly. These features of the lower intrusion 

front are similar to those of rising hot plumes. However, in the present situation, the 
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Figure 6.3 Measured positions of the lower intrusion front versus time 

growth of the ascending lower intrusion front is also strongly influenced by the 

entrainment of the upper thermal boundary layer, which is a significant feature of the 

thermal boundary layers. The entrainment causes the lower intrusion front to reattach to 

the wall, as shown in Figure 6.2(a). The reattachment is a rather complex process with 

associated mixing and heat transfer. When the lower intrusion front is drawn close to 

the thermal boundary layer, it causes firstly a local deformation of the thermal boundary 

layer, followed by mixing in the local region, as shown in Figure 6.2(a) and (b). With 

the further development of the reattachment, the region of mixing between the front and 

the thermal boundary layer extends downstream (Figure 6.2c).  

After part of the lower intrusion front merges into the upper thermal boundary 

layer, a large region with distinct interaction between the intrusion front and the thermal 

boundary layer results (see Figure 6.2d). This interaction eventually leads to the 

collapse of the original structure of the lower intrusion front, as shown in Figure 6.2(e). 

The strip pattern in Figure 6.2(f) indicates that the low intrusion front rotates while it is 

convected downstream. In fact, this is a result of the non-uniform velocity distribution 

of the thermal boundary layer (refer to Chapter 7 for a detailed discussion). 

Figure 6.3 plots the measured positions (heights) of the lower intrusion front 

against time, which are also indicated by the dark lines in Figure 6.2. The good linear 

correlation shown in Figure 6.3 implies that the lower intrusion front convects at an 

approximately constant velocity, which is obtained from Figure 6.3 as 7.8 mm/s. 
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Figure 6.4 Formation and evolution of the local circulation in the upper right corner 

(a) t = 29s. (b) t = 31s. (c) t = 40s. (d) t = 44s 

With the passage of time, the lower intrusion front is convected further away from 

the square fin, as shown in Figure 6.4(a), and the destabilization of the downstream 

thermal boundary layer is clear. The layered strip patterns in the vicinity of the wall 

indicate that the interaction between the lower intrusion front and the upper thermal 

boundary layer may have resulted in some temperature waves in the thermal boundary 

layer (also see Figure 7.1b). Due to the presence of the non-uniform velocity profile, the 

rotation of the lower intrusion front is further accelerated, and a large anticlockwise 
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Figure 6.5 Early development of the intrusion 

(a) t = 132 s. (b) t = 237 s 

circulation is formed near the top corner of the hot wall (see Figure 6.4b). Such a 

circulation eventually merges into the horizontal intrusion under the ceiling, and is 

convected away horizontally, as shown in Figures 6.4(c) and (d). 

The above flow visualizations suggest that the mass transfer associated with a 

series of complex flow processes is a distinct feature of the thermal boundary layer flow 

in the initial stage.  

 
6.1.2 Transitional stage  
As shown in Figure 6.4, the lower intrusion front provokes the early flow structure of 

the intrusion under the ceiling of the cavity, compared with the case without a fin (see 

Figure 4.3a), and even impacts on the development of the intrusion. Figure 6.5 shows 

the development of the hot intrusion after the lower intrusion front is convected away. 

Compared with the case without a fin (refer to Figures 4.3b to 4.3d), the separation and 

trailing waves of the intrusion becomes less distinct, as shown in Figure 6.5(a). Figure 

6.5(b) also indicates that the square fin destabilizes the flow structure of trailing waves 

earlier than that without a fin, before the cold intrusion arrives at the hot sidewall. 

After the lower intrusion front is convected away, the development of the thermal 

boundary layer enters into a slow transition period, as shown in Figure 6.6. Here the 
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Figure 6.6 Development of the thermal boundary layer at the transitional stage 

(a) t = 364s. (b) t = 769s. (c) t = 1,354s. (d) t = 4,308s. (e) t = 8,164s 

images are processed in the same way as that for the image shown in Figure 4.1. It will 

be demonstrated that the transition of the thermal boundary layer in the present case 

with a square fin exhibits certain kinematic properties similar to the case without a fin. 

Figure 6.6(a) shows that the cold intrusion front from the cold wall (indicated by 

the solid line overdrawn near the bottom) is approaching the hot wall at the time of 

364s, which is slightly longer than the arrival time in the case without the square fin 

(330s) at approximately the same Rayleigh number. In addition, the outflow in the top 

corner displays certain features marking the beginning of the transitional stage, in which 

the interaction between the intrusion and the thermal boundary layer flow results in a 

double layer structure. After the cold intrusion strikes the hot wall, a bright strip appears 
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in the vicinity of the bottom corner outside the thermal boundary layer (see Figure 

6.6b). In the meantime, a similar bright strip forms near the top corner.  

As time goes on, the upper and lower bright strips outside the thermal boundary 

layer extend towards the middle of the hot wall, as shown in Figure 6.6(c). This process 

is associated with the stratification of the interior fluid in the cavity, which is caused by 

the expansion of the hot and cold intrusion toward the middle of the cavity, as described 

in Chapter 4. Eventually, the two bright strips outside the thermal boundary layer reach 

the square fin (see Figure 6.6d). As a consequence, a double-layer flow structure forms 

although the outer layer is broken due to the presence of the fin, which is different from 

the double-layer structure observed without a fin in Chapter 4. As the thermal boundary 

layer flow approaches a quasi-steady state, the double-layer structure becomes more 

distinct, as seen in Figure 6.6(e). Certain flow patterns caused by the circulation (refer 

to numerical results in Figure 7.9c) under the square fin are also noticeable in Figure 

6.6(e). 

Similar to the case without a fin described in Chapter 4, the transition of the 

thermal boundary layer with the square fin displays a physical process in which one 

stream of the hot intrusion near the top corner extends downwards in the vertical 

direction so that an outer layer is eventually formed close to the inner layer above the 

square fin. In the meantime, another bright strip extends upwards from the bottom and 

eventually forms an outer layer below the fin while the interior fluid in cavity is 

stratified. However, variations between the thermal boundary layer flows with and 

without the square fin are also evident. For instance, the outer layer of the double-layer 

structure is broken with the presence of the square fin, as shown in Figure 6.6, but is 

continuous in the case without a fin (refer to Chapter 4), and as a consequence, the layer 

thicknesses of the thermal layers are different. 

 
6.1.3 Quasi-steady stage 
As shown in Figure 6.6, although the double-layer structure is still present, the square 

fin splits the outer layer into an upper and a lower section. Moreover, the strip pattern in 

Figure 6.6(e) implies that there exists a complex flow structure around the square fin in 

the quasi-steady stage (refers to Chapter 7 for details). 
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Figure 6.7 Traveling waves in the thermal boundary layer 

(a) t = 5,706s, each interval of 1 s from (a) to (h) 

In the quasi-steady stage, another important feature of the thermal boundary layer 

is the presence of the traveling waves. For the purpose of observing the traveling waves 

in the thermal boundary layer, a time series of shadowgraph images obtained for Ra = 

4.0 × 109 is shown in Figure 6.7. The triangle signs in Figure 6.7 indicate the positions 

of the wave peak. Compared with the case without a fin, the traveling waves in the 

present case with the square fin show a similar evolution, but may be observed at lower 

positions including the upstream side of the fin. These traveling waves grow more 

rapidly than those observed without a fin, and most of the traveling waves break in the 

top corner. In the case without a fin, the breaking of the traveling waves can be 

observed only for higher Rayleigh numbers. 
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Figure 6.8 Measured wave peak positions against time 

The positions of the traveling wave peak marked in Figure 6.7 are also plotted 

against time in Figure 6.8. It is clear that the correlation between the wave peak position 

and the time is not linear, which means that the velocity of the traveling wave is not 

constant. The mean velocity of the traveling wave is approximately 4.5 mm/s, which is 

smaller than that measured without a fin (5.7 mm/s). This may be attributed to the 

presence of the fin because, in some sense, the fin blocks the thermal boundary layer 

flow. 

The measured thicknesses of the double-layer structure at different heights and 

different stages with and without the square fin are listed in Table 6.2. It is seen from 

the table that, in the upper section of the heated wall, both the inner and outer layers 

with the fin are slightly thinner than those without the square fin. However, in the lower 

section of the heated wall, the inner layer with the fin is thicker than that without a fin, 

and the outer layer is slightly thinner than that without a fin. It is also clear from the 

table that, in both cases with and without the square fin, the inner thermal boundary 

layer at the quasi-steady state is remarkably thinner than that at the initial stage.  

 

Table 6.2 Thicknesses of the double layers at different heights and different stages 

Thickness of the inner layer (mm)  
Heights 

(m) Maximum in 
initial stage 

Mean value at 
quasi-steady state 

Distance between 
outer layer and 

sidewall at quasi-
steady state (mm) 

No fin 6.5 3.2 8.8 0.089 
Square fin 5.7 3.1 7.5 

No fin 4.2 2.3 7.4 -0.052 
Square fin 4.4 3.5 6.6 
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Figure 6.9 Double-layer structures at different Rayleigh numbers at t = 5100s 

(a) Ra = 8.3×109. (b) Ra = 4.0×109. (c) Ra = 2.2×109. (d) Ra = 9.9×108. (e) Ra = 

5.2×108

 

Figure 6.9 shows the double layer structures in the quasi-steady stage for different 

Rayleigh numbers. It is found that, in the case of high Rayleigh numbers such as Ra = 

8.3 × 109 (Figure 6.9a), the double-layer structure is clear; the traveling waves in the 

thermal boundary layer are evident; and even the local flow with layered strips around 

the square fin may be observed. However, within the present range of the Rayleigh 

numbers between 5.2×108 and 8.3×109, the double layer structure becomes less distinct 

as the Rayleigh number decreases (see Figures 6.9b to e). At the Rayleigh number of Ra 

= 9.9×108, the outer layer cannot be observed in the lower section (Figure 6.9d). As the 
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Figure 6.10 Normalized thickness of the inner layer against Ra-1/4 at the height of 

0.089 m at the quasi-steady state (t = 5100s) 

Rayleigh number decreases further to Ra = 5.2 × 108, almost the entire outer layer 

becomes indistinct, as shown in Figure 6.9(e). It is also difficult to observe traveling 

waves in the thermal boundary layer at low Rayleigh numbers.  

Another noticeable phenomenon of interest shown in Figure 6.9 is that a 

horizontal bright strip under the ceiling becomes more distinct as the Rayleigh number 

decreases. A possible explanation of this phenomenon is that the horizontal intrusion 

has a distinct extreme position of the second derivative of the temperature field for the 

lower Rayleigh numbers, which results in the bright strip on the shadowgraph images. 

However, the strong mixing in the region for the higher Rayleigh numbers (see e.g. 

Figure 6.9a) leads to a more uniform temperature structure, which has no distinct 

extreme position of the second derivative of the temperature field, and thus no bright 

strip is observed on the shadowgraph images. 

Figure 6.10 presents the thickness of the inner boundary layer measured at the 

height of 0.089 m at the quasi-steady state for a range of Rayleigh numbers. In this 

figure, the thickness of the inner layer, normalized by the height of the cavity, is plotted 

against the predicted scale for the dimensionless thickness of the thermal boundary 

layer, Ra–1/4 (Patterson & Imberger 1980). Since the outer layers are indistinct and 

difficult to measure at low Rayleigh numbers, the results of the outer layer are not 

presented here. It is evident in Figure 6.10 that the thickness of the inner layer decreases 

as the Rayleigh number increases. The approximately linear correlation between the 

dimensionless thickness of the inner layer and Ra-1/4 confirms the scale analyses of 

Patterson and Imberger (1980). 
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6.2 Visualizations of the thermal flow around a 
thin fin  
For the purpose of testing the effect of the fin dimension on the thermal boundary layer 

flow, the thermal flow around a thin fin with a cross-section of 40 mm × 2 mm, attached 

to the mid height of the hot sidewall, is visualized using shadowgraph techniques. 

Experiments with temperature differences between the sidewalls varying from 4 K to 32 

K were performed. The corresponding ranges of the experimental Rayleigh and Prandtl 

numbers are 9.5 × 108 to 7.7 × 109 and 6.6 to 6.8, respectively (refer to Table 6.3). The 

results shown in this section are for the case with Ra = 3.8 × 109 and Pr = 6.6 unless 

specified otherwise. 

 

 Table 6.3 Parameters of visualization experiments with a thin fin 

Number 
Initial temperature 
of water in cavity 

(K) 

Temperature difference 
between sidewalls 

(K) 

Ra 
(×108) Pr 

16 295.8 4.0 9.5 6.6 
17 294.9 8.0 18 6.8 
18 295.55 16.0 38 6.6 
19 295.70 32.0 77 6.6 
 

Similar to the case with a square fin on the sidewall, the thermal boundary layer 

flow around a larger thin fin also displays the formation and dissipation of the lower 

intrusion front in the initial stage, the development of the double-layer structure in the 

transitional stage and traveling waves in the quasi-steady stage. However, the 

development of the thermal flow around the thin fin is clearly different from that around 

the square fin described previously in Section 6.1.  

 
6.2.1 Initial stage  
Similar to the case with a square fin, the thermal boundary layer flow initially 

accumulates under the thin fin and forms a lower intrusion front after the sidewall is 

suddenly heated, as shown in Figure 6.11(a). As time goes on, the lower intrusion front 

convects horizontally toward the tip of the thin fin due to further accumulation of the 
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Figure 6.11 Formation of the lower intrusion front 

(a) t = 14 s. (b) t = 16 s. (c) t = 18 s. (d) t = 20 s 

heated fluid (see Figures 6.11b and c). It is clear that the motion of the lower intrusion 

front is almost synchronized with that under the ceiling, and the flow structures of the 

two fronts are also similar. After approximately 20 s, the lower intrusion front arrives at 

the tip of the thin fin, as seen in Figure 6.11(d). Since the length of the thin fin is much 

larger than that of the square fin, the development of the lower intrusion front under the 

thin fin lasts longer (also refer to Figure 6.1). 

After the lower intrusion front arrives at the tip of the thin fin, it overwhelms the 

thin fin due to buoyancy. Figure 6.12 shows the subsequent development of the lower 

intrusion front bypassing the thin fin. Figure 6.12(a) exhibits the curling up of the lower 

intrusion front driven by the buoyancy force. As a consequence, a new front, similar to a 
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Figure 6.12 Lower intrusion front bypassing the thin fin 

(a) t = 24 s. (b) t = 30 s. (c) t = 33 s. (d) t = 36 s. (e) t = 41 s 

buoyant plume directing upwards, forms after the lower intrusion bypasses the thin fin, 

as shown in Figure 6.12(b).  

Subsequently, the plume is driven upwards by buoyancy and becomes 

increasingly unstable, as indicated in Figure 6.12(c) by the strip-like patterns near the 

front. When the front moves upwards, the strip-like patterns become more complex, as 
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seen in Figure 6.12(d). The chaotic strip patterns in Figure 6.12(e) indicate that the front 

breaks up before it strikes the intrusion under the ceiling. 

It is worth noting that, in the case of a square fin, the lower intrusion front 

bypassing the fin is immediately entrained by the downstream thermal boundary layer. 

However, the lower intrusion front bypassing the larger thin fin here moves vertically 

due to the increased length of the fin and thus the distance of the bypassing front from 

the downstream thermal boundary layer. In addition, since the speed of the flow closer 

to the sidewall except for the viscous inner layer in the thermal boundary layer is larger 

than those further from the sidewall, the front entrained into the thermal boundary layer 

for the case of the square fin moves upwards more quickly (at a speed of 7.8 mm/s, see 

Figure 6.3) than the front bypassing the thin fin further from the sidewall (at 

approximately 7.3 mm/s here). 

Figure 6.13 shows the interaction between the lower intrusion and the thermal 

boundary layer flow at a much later stage. Figure 6.13(a) indicates that the entrainment 

by the upper thermal boundary layer eventually draws the lower intrusion front and its 

trailing flow closer to the hot sidewall. As a consequence, the broken lower intrusion 

front spreads all over the top corner as seen in Figure 6.13(a), and the trailing flow 

behind the lower intrusion front retains strip-like patterns. During this stage, the mixing 

in the top corner is thorough and displays some features of turbulence, which 

significantly impacts on the heat transfer through the hot sidewall (also refer to Chapter 

7 for details based on numerical simulations). 

As time elapses, this trailing flow is drawn further toward the hot sidewall by 

entrainment, and a distinct clockwise circulation forms in the lower corner of the 

downstream section of the hot sidewall (i.e. above the thin fin, see Figure 6.13b). 

Figures 6.13(c) and (d) show that, after the perturbations induced by the lower intrusion 

front are convected away, the trailing flow exhibits distinct strip-like patterns, and is 

drawn closer to the hot sidewall. The above observations clearly indicate that 

reattachment of the lower intrusion front to the downstream thermal boundary layer, as 

observed in the case of a small square fin in Section 6.1, does not occur for the present 

case of a large thin fin. However, the trailing flow of the lower intrusion front 

eventually reattaches to the hot sidewall (Figures 6.13c and d). 
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Figure 6.13 Interaction between the lower intrusion and the thermal boundary layer 

(a) t = 48 s. (b) t = 56 s. (c) t = 78 s. (d) t = 88 s 

 
6.2.2 Transitional stage  
After the perturbations of the lower intrusion front are convected away, the subsequent 

development of the thermal boundary layer enters a slow transition process, and exhibits 

distinct variations from the case of a square fin.  
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Figure 6.14 Development of the thermal flow around the thin fin 

(a) t = 140 s. (b) t = 193 s. (c) t = 232 s 

Figure 6.14 shows the development of the thermal flow around the thin fin before 

the cold intrusion front from the cold wall strikes the bottom of the hot sidewall. It is 

worth noting that the images shown in this figure have been processed by subtracting a 

background image recorded immediately before the experiment starts, similar to that in 

Figure 6.1(b). As a consequence of the image processing, the shape of the thin fin is 

clearly displayed in Figure 6.14. It is evident that the bypassing flow around the thin fin 

is drawn closer to the thin fin, compared with that in Figure 6.13(d). Furthermore, it is 

also seen in Figures 6.14(a) and (b) that the chaotic flow structure observed previously 

under the ceiling (refer to Figure 6.13) has disappeared. However, as the cold intrusion 

is approaching the hot sidewall, a distinct unstable flow structure of chaotic strip-like 

patters in the top corner shown in Figure 6.14(c) reappears. In fact, this is a result of 

amplified perturbations from the cold intrusion; that is, the instability of the thermal 

boundary layer, triggered by the cold intrusion approaching the sidewall, significantly 

amplifies when it propagates downstream (also see temperature measurements in Figure 

6.25 and numerical results in Figure 7.25). 

After the cold intrusion strikes the hot wall, a double-layer structure of the thermal 

boundary layer, similar to those observed for other cases with and without a square fin 

on the sidewall (see Figures 4.6 and 6.6), eventually forms. Figure 6.15 shows the 

subsequent development of the thermal boundary layer, to which the same image 
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Figure 6.15 Development of the thermal boundary layer after the cold intrusion strikes 

the hot sidewall 

(a) t = 405 s. (b) t = 741 s. (c) t = 2139 s. (d) t = 3247 s. (e) t = 11786 s 

processing used in Figure 6.14 has been applied. The cold intrusion front is overdrawn 

in the bottom corner in the Figure 6.15(a) by a dark solid line. After the strike of the 

cold intrusion, a bright strip appears in the vicinity of the bottom corner outside the 

thermal boundary layer, as seen Figure 6.15(b). The flow in the top corner is 

characterized by a completely destabilized structure (also see temperature time series in 

Figure 6.24), which is different from the case of a small square fin in which the flow 

structure in the top corner is less unstable. 

As time increases, the lower bright strip outside the thermal boundary layer 

extends toward the thin fin, as shown in Figure 6.15(c). In the meantime, the chaotic 
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strip-like pattern in the top corner becomes weaker, but the horizontal strip-like pattern 

occurs in the upper thermal boundary layer (Figure 6.15c). Figure 6.15(d) shows that 

another short bright strip, which originates from the top corner, extends downwards, and 

a horizontal indistinct bright strip arises above the flow around the thin fin. The 

subsequent development of the flow indicates that the two bright strips outside the inner 

layer above the thin fin become clearer, as seen in Figure 6.15(e), and the bright strip 

from the top corner continuously extends downwards. However, the upper bright strip 

from the top corner does not extend to the fin as that in the case with a smaller square 

fin (see Figure 6.6), even though the experiment is extended for a long period. As a 

consequence, the outer bright strip is distinct below the thin fin, but is broken above the 

fin. Based on the discussion concerning the outer bright strip in Chapter 5, the outer 

bright strip in the shadowgraph images denotes the minimum of the second derivative of 

the temperature, as indicated in Chapter 2, 4 and 5. This means that the stratification of 

the fluid in the core leads to a stable temperature distribution below the fin in which 

there is a minimum of the second derivative of the temperature outside the inner layer, 

and in turn results in a clear outer bright strip. However, strong perturbations of the 

thermal flow around the thin fin provoke the stratification on the downstream side of the 

fin and thus break the outer bright strip above the fin (also refer to Figure 7.18 for more 

details). 

In summary, the transition of the thermal boundary layer flow with the thin fin 

displays certain different features from that in the case with a smaller square fin at this 

stage, particularly for the flow on the downstream side of the fin.  

 
6.2.3 Quasi-steady stage 
As shown in Figure 6.15(e), a double-layer structure of the thermal boundary layer is 

formed at the upstream side of the thin fin. However, at the downstream side of the fin, 

strong perturbations have resulted in an indistinct inner layer and a broken outer layer.  

For the purpose of observing the thermal flow around the thin fin, a time series of 

shadowgraph images obtained for Ra = 3.8 × 109 is shown in Figure 6.16, in which the 

white arrows indicate the separation of the flow from the thin fin. In contrast to the 

present case, separation of the thermal flow around the smaller square fin was not 

observed (see Figure 6.6). This implies that the flow separation above the thin fin is 
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Figure 6.16 Oscillations of the thermal flow around the fin at the quasi-steady state 

(a) t = 11840 s, each interval of 2 s from (a) to (e) 

sensitive to the geometric parameters of the fin. Further discussion of the effects of the 

geometric parameters based on numerical simulations will be given in Chapter 7. 

In the quasi-steady stage, a noticeable feature of the flow is the presence of 

oscillations after the thermal flow separates from the thin fin. This flow feature is 

qualitatively similar to a vortex shedding flow but is more complex. This is because 

there are combined effects of the entrainment by the thermal boundary layer and an 

adverse temperature gradient in which the fluid temperature of the thermal flow around 

the fin is higher than that of the fluid above it. A series of broken inner bright strips 

between the outer bright strip and the sidewall, as indicated by a triangle sign in Figure 

6.16(a), implies that oscillations destabilize the flow of the inner layer at the 

downstream side of the fin, which is different from those with and without a smaller 

square fin (also see Figures 4.9 and 6.6). 

The frequency of oscillations of the thermal flow around the thin fin is dependent 

on the Rayleigh number and the dimension of the fin. By recording the time within 

which the certain number of consecutive oscillations pass, the frequency of oscillations 

may be calculated, which is equal to the ratio of the number to time (also refer to 

temperature measurements in Section 6.3). Figure 6.17 shows the dependence of the 

frequency of oscillations on the Rayleigh number. It is clear that the correlation between 
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Figure 6.17 Frequency of oscillations against Rayleigh numbers 

the frequency and Rayleigh number is approximately linear in the range of the present 

Rayleigh numbers. For the case of Ra = 3.8×109, the frequency of oscillations is 0.1 Hz, 

which is approximately half of the frequency of traveling waves observed in the case 

without a fin (also see Figure 4.8). 

In order to observe the effect of the Rayleigh number on the quasi-steady state 

flow structure, Figure 6.18 shows the thermal boundary layers in the quasi-steady stage 

at different Rayleigh numbers. It is clear from this figure that, as the Rayleigh number 

increases, both the double-layer structure under the thin fin and the instability of the 

thermal boundary layer become more distinct. At a Rayleigh number of Ra = 9.54×108, 

the bright strip in the upper section is hardly identifiable (see Figure 6.18a), and the 

lower outer bright strip is also indistinct. However, in the case of Ra = 1.8 × 109, the 

upper outer bright strip may be clearly identified; the instability of the upper thermal 

boundary layer is distinct; and the local flow with layered strips around the thin fin is 

also evident (see Figure 6.18b). When the Rayleigh number increases to 7.7×109, the 

instability of the thermal boundary layer flow at the downstream side of the thin fin 

becomes more easily identifiable (see Figure 6.18d), and the mixing of the lower inner 

layer, indicated by the thickening of the inner bright strip, may be observed. 

It is worth noting that in Figure 6.18(d) the outer bright strip above the thin fin 

horizontally extends toward the core (also see Figure 6.18c, although it is less distinct 

there). This is because, at high Rayleigh numbers, there is a larger temperature gradient 

in the middle between the horizontal outflow discharged from the upper thermal 

boundary layer and the thermal flow bypassing the fin from the lower thermal boundary 

layer. Such a temperature distribution yields the extrema of the second derivative of the 
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Figure 6.18 Thermal boundary layer flows at different Rayleigh numbers at t = 7200s 

(a) Ra = 9.5×108. (b) Ra = 1.8×109. (c) Ra = 3.8×109. (d) Ra = 7.7×109

temperature near the fin and in turn leads to an outer bright strip horizontally extending 

toward the core above the thin fin, as seen in the shadowgraph image (Figure 6.18d). 

 
6.3 Measurements of temperature in the thermal 
flow around a thin fin 
Temperature measurements in this section are likewise aimed at the thermal flow 

around the same thin fin as that described in Section 6.2. Similar to those in Chapter 4, 

experiments with four temperature differences between sidewalls from 4 to 32 K are 
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Thermistor 0:  
(0.498, -0.06) 

Thermistor 4: 
(0.495, 0.004) 

Thermistor 3:  
(0.458, 0) 

Thermistor 1:  
(0.498, 0.06) 

Thermistor 5: 
(0.498, 0.09) 

 
Figure 6.19 Thermistor locations relative to the center of the cavity 

carried out. The corresponding ranges of the Rayleigh number and Prandtl numbers are 

1.0 ~ 7.5 × 109 and 6.5 ~ 6.6 respectively, as listed in Table 6.3. In order to compare 

with the previous flow visualizations and other temperature measurements without a fin, 

Experiment 22 was conducted under the same experimental conditions as Experiments 

2, 7 and 18 (refer to Sections 4.1, 4.2 and 6.2). 

 

Table 6.4 Parameters of temperature measurements with a thin fin 

Number 
Initial temperature 
of water in cavity 

(K) 

Temperature difference 
between sidewalls 

(K) 

Ra 
(×109) Pr 

20 295.8 4.0 1.0 6.5 
21 294.9 8.0 2.0 6.5 
22 295.55 16.0 3.8 6.6 
23 295.7 32.0 7.5 6.6 

 

Since the thermal flow around the fin is the focus of this chapter, five thermistors 

are employed and located in the vicinity of the fin and hot sidewall, three of which are 

close to and along the sidewall with a distance of 2 mm from the sidewall surface at 

different heights, and another two of which are placed around the fin. Details of the 

thermistor locations are shown in Figure 6.19. 

Figure 6.20 shows time series of temperatures at five positions measured for Ra = 

3.8 × 109. Oscillations of temperatures at different points in the vicinity of the hot 
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Figure 6.20 Time series of the temperatures at different positions at Ra = 3.8 × 109, for 

the thermistors at the positions given in Figure 6.19 

sidewall are distinct, and the measured temperatures eventually approach a quasi-steady 

state. This is consistent with the flow visualizations in Section 6.2. The increased spread 

of temperature time series at different heights with time in Figure 6.20 indicates that 

stratification of the fluid in the cavity is continuously enforced as time increases. 

Furthermore, due to the presence of the fin, the transition from the start-up to the quasi-

steady state persists for a longer time than that in the case without a fin (refer to Section 

4.2, Figure 4.12). 

For the purpose of illustrating further details of the transition, in the following 

subsections, the time series of temperatures in different stages are redrawn based on 

transient features. 

 
6.3.1 Lower intrusion front 
Figure 6.21 shows the temperature time series from different thermistors at Ra = 3.8 × 

109 in the early stage. The temperature time series recorded by Thermistors 0, 1 and 5, 

which are all close to the sidewall, display distinct features of the LEE, including an 

overshoot followed by the traveling waves of the temperatures. Subsequently, due to 

perturbations from the lower intrusion front bypassing the thin fin, the temperature time 

series from Thermistors 1 and 5, close to the sidewall at the downstream side of the fin, 

are characterized by strong waves. In contrast to the above-mentioned three temperature 

time series, the temperature time series from Thermistors 3 and 4, which are further 

away from the sidewall, remain steady in the initial stage until the lower intrusion front 
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Figure 6.21 Time series of the temperatures at different positions at Ra = 3.8 × 109 in 

the early stage, for the thermistors at the positions given in Figure 6.19 
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bypasses the fin. The temperature time series from Thermistor 3 near the tip of the thin 

fin displays perturbations from the lower intrusion front, and the temperature time series 

from Thermistors 1 and 5 in turn show similar perturbations as the signal travels 

downstream. The features characterized by these temperature time series are consistent 

with those flow visualizations in Figure 6.12. However, it is clear that, since Thermistor 

4 is located in the lower corner of the downstream section of the sidewall (i.e. above the 

fin, see Figure 6.19), the temperature time series from Thermistor 4 is barely affected by 

the lower intrusion front in this stage. 

For the purpose of illustrating the dependence of these early transient features on 

the Rayleigh number, the temperature time series from Thermistor 1 at different 

Ra 

Ra 
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=2x109 
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Figure 6.22 Time series of the temperatures at the point (0.498 m, 0.06 m) at different 

Rayleigh numbers 
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Figure 6.23 The LEE in the cases with and without a thin fin at the point (0.498 m, 

0.06 m) at Ra = 3.8 × 109

Rayleigh numbers are plotted in Figure 6.22, relative to the initial temperature in each 

case. As the Rayleigh number increases, the temperature of the thermal boundary layer 

grows more rapidly during the initial stage (see overshoot in Figure 6.22), and 

perturbations by the lower intrusion front occur earlier and are stronger. 

It is worth noting that the LEE shown clearly in the temperature time series from 

Thermistors 1 and 5 at the downstream side of the thin fin is different from those in the 

case without the fin (also refer to Figure 4.14). Figure 6.23 shows the LEE recorded at 

the same point (0.498 m, 0.06 m) in the two cases with and without the thin fin. It is 

clear that there is a similar initial growth of the temperature in the two cases with and 

without the fin. Subsequently, the growth of the temperature finishes earlier in the case 

with the thin fin and a complete overshoot of the temperature signal results. However, 

for the case without the fin, the temperature continuously grows until a broken 

overshoot results. Such a difference between the two cases with and without the fin is 

because the fin separates the thermal boundary layer into an upper and a lower section 

before the lower intrusion front bypasses the fin (see Figure 6.11). In each section, there 

is a leading edge, which is the fin for the upper section and is the bottom of the cavity 

for the lower section. As a consequence, the distance of Thermistor 1 at the upper 

section from the leading edge is smaller than that in the case without the fin, and thus a 

smaller growth of temperature and a complete overshoot in the case with the thin fin 

result, as seen in Figure 6.23. 
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(a) Temperatures at different positions  
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(b) Spectrum of temperature from Thermistor 5 

Figure 6.24 Time series of the temperatures in the transitional stage at Ra = 3.8 × 109 

and spectrum 

 
6.3.2 Temperature time series in the transitional stage 
Figure 6.20 indicates that there exist strong perturbations of temperature signals in the 

early transitional stage. For the purpose of illustrating the details in this stage, Figure 

6.24 replots the temperature time series and shows a corresponding spectrum.  

As indicated in Figure 6.14, the lower intrusion front and its trailing flow 

significantly disturb the thermal boundary layer flow, and these perturbations are 

recorded in the temperature time series (Figure 6.24a). When the trailing flow of the 
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                   (a) From five thermistors                             (b) From Thermistors 1 and 4  

Figure 6.25 Time series of the temperatures from different thermistors (see Figure 19) in 

the quasi-stage stage at Ra = 3.8 × 109

lower intrusion front is eventually drawn closer to the fin (refer to Figure 6.13d), the 

temperature time series from Thermistor 4, which is above the fin, also starts to become 

unstable, and other temperature time series from Thermistors 1 and 5 at the downstream 

side of the fin still remain unsteady. Figure 6.24(a) shows that the perturbations excited 

by the lower intrusion front and its trailing flow are so strong that the perturbations 

induced by the cold intrusion striking the hot sidewall are overwhelmed (refer to the 

temperature time series from Thermistor 0 in Figure 6.24a). As time elapses, 

perturbations of the temperatures on the downstream side of the fin become weaker 

(also refer to Figure 6.20). 

The spectrum in Figure 6.24(b) indicates that perturbations of the temperature 

from Thermistor 5 at the downstream side of the fin in this stage are dominated by two 

frequencies, which are 0.01 and 0.11 Hz respectively. Clearly, the higher frequency 

(0.11 Hz) corresponds to oscillations of the thermal flow around the fin, as shown in 

Figure 6.16.  

 
6.3.3 Oscillations 
As shown by the temperature time series in Figure 6.20, the transition of the thermal 

boundary layer flow approaches a quasi-steady state, which is also observed in the flow 

visualizations described in Section 6.2.  

Figure 6.25 shows the temperature time series in the quasi-steady stage. It is seen 

in Figure 6.25(a) that the amplitude of the traveling waves does not grow with time, but 
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       (a) At the point (0.495 m, 0.004 m)                  (b) At the point (0.498 m, 0.06 m) 

Figure 6.26 Spectra of the temperature time series at different positions at Ra = 3.8 × 

109

there exists a spatial growth of the waves. For the purpose of illustrating spatial 

variations, Figure 6.25(b) replots the temperature time series from Thermistors 1 and 4. 

The temperature signal from Thermistor 4 displays oscillations of the thermal flow 

around the fin, and that from Thermistor 1 shows downstream perturbations of the 

thermal boundary layer. The two temperature time series indicate the spatial growth of 

amplitude and harmonic waves of oscillations after the thermal flow separates from the 

fin. 

The spectra of the temperature time series in the quasi-steady stage are shown in 

Figure 6.26. The spectrum of the temperature time series from Thermistor 4 in Figure 

6.26(a) indicates that the waves in the thermal flow around the thin fin have two 

frequency modes, 0.029 and 0.09 Hz respectively. The frequency of 0.029 Hz 

corresponds to those lower-frequency waves (also see Figure 4.18b), and the frequency 

of 0.09 Hz results from oscillations of the thermal flow around the thin fin (also see 

Figure 6.16). Figure 6.26(b) shows the spectrum of the temperature time series from 

Thermistor 1. It is clear that traveling waves in the downstream thermal boundary layer 

are likewise dominated by two frequencies. As visualized in Figure 6.16, the lower 

frequency of 0.1 Hz originates from the oscillations of the thermal flow around the thin 

fin. Furthermore, harmonic waves of oscillations of the thermal flow around the thin fin 

yield an additional frequency of 0.2 Hz as shown in Figure 6.26(a). 
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6.4 Summary 
In this chapter, the transient development of the thermal boundary layer flows around a 

square and a thin fin placed at the mid height of the hot wall in a differentially heated 

cavity is visualized using the shadowgraph technique. Similar to the case without a fin, 

the natural convection flow with the square and thin fin may be classified into three 

stages in terms of the development of the thermal boundary layer, which are the initial 

stage, the transitional stage and the quasi-steady stage. 

It is observed in the experiments that the transient flow induced by a fin is 

different from the case without a fin in the initial stage. Both a smaller square and a 

larger thin fin are able to block the upstream flow and force it to detach from the hot 

sidewall and eventually form a lower intrusion front.  

Due to the entrainment of the thermal boundary layer, for the case with the square 

fin, the lower intrusion front reattaches to the hot sidewall after it bypasses the fin. 

Shadowgraph images show that the interaction between the lower intrusion front around 

the square fin and the upper thermal boundary layer leads to the collapse of the lower 

intrusion front when it reattaches to the upper thermal boundary layer. Eventually, the 

lower intrusion front is convected away.  

For the case with the thin fin, the lower intrusion front travels underneath the fin 

for an extended period of time compared with the case with the smaller square fin, and 

thus has more time to grow stronger. After the lower intrusion front bypasses the thin 

fin, it does not reattach to the hot sidewall immediately as it does in the case with the 

smaller square fin. Instead, the bypassing lower intrusion front moves upwards due to 

buoyancy effects, and strikes the hot intrusion under the ceiling. The interaction 

between the lower intrusion front and the intrusion under the ceiling results in distinct 

turbulent mixing in the vicinity of the top corner. After the large perturbations induced 

by the lower intrusion front are convected away, entrainment by the thermal boundary 

layer draws the trailing flow of the lower intrusion front closer to the upper hot sidewall.  

With the further development of the flow, a distinct flow around a fin develops. It 

is observed that, in the transitional stage, the flow around the thin fin separates and 

oscillates, which is different from the cases with and without a smaller square fin, 

suggesting that the separation and oscillation of the flow around the fin are dependent 

on the geometric parameters of the fin.  
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In the quasi-steady stage, although a similar double-layer structure forms in the 

lower cavity for both cases with the smaller square and larger thin fin, there are distinct 

variations of the flow structures in the upper section. Furthermore, it is found that the 

frequency of oscillations in the case with the thin fin is linearly dependent on the 

Rayleigh number in the range of present experiments. 

The temperature measurements for the case with the thin fin show consistent 

results with the above-mentioned flow visualizations. The temperature time series from 

thermistors at different locations clearly characterize the LEE and transient features of 

the thermal boundary layer in the transition from the start-up to the quasi-steady stage. 

Furthermore, the spectra of the temperature signals display frequencies of various 

instabilities of the thermal flow around the thin fin.  

The experimental data in this chapter are also used for validating the numerical 

simulations described in Chapter 7. 
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7 Numerical simulations of transient 
natural convection with a fin on the 
sidewall 
Numerical studies of the effect of a fin on the sidewall of a differentially heated cavity 

on the flow and heat transfer have been extensively reported in the literature, as 

reviewed in Chapter 1. Most of the previous studies considered only the steady state 

flow and heat transfer by solving steady or unsteady Navier-Stokes equations. The 

steady state results are relevant to the cases with low Rayleigh numbers (<107), but their 

application to cases with higher Rayleigh numbers (>107), at which natural convection 

does not reach a steady state, needs to be reexamined. In this chapter, numerical 

simulations of transient natural convection in a suddenly differentially heated cavity 

with one and multiple fins on the hot sidewall are performed for relatively high 

Rayleigh numbers. First, numerical results for the cases corresponding to the 

experiments reported in Chapter 6 (i.e. with a square fin and a thin fin) are presented, 

and then the effects of fin parameters including the dimension, location and number of 

fins on the flow and heat transfer are discussed. 

 
7.1 Natural convection with a square fin 
Natural convection in a suddenly differentially heated cavity with a square fin on the hot 

sidewall is numerically investigated in this section. Based on the experimental model 

considered in Section 6.1, a two-dimensional rectangular domain (refer to Figure 3.1), 

which is H = 0.24 m high and L = 1 m long with a square fin of 10 mm × 10 mm at the 

mid height of the hot sidewall, is considered. The initial and boundary conditions are 

given in Section 3.1.3, and the numerical simulation here is for the case of Ra = 3.8 × 

109 and Pr = 6.6 (corresponding to Experiment 14 in Chapter 6, the same Rayleigh 

number as that in the case without a fin in Chapter 5) in this section. The flow features 

are compared between the experimental and numerical results, and the heat transfer 

property is discussed below, based on the numerical simulations below.   
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(b) Logarithmic time scale 

Figure 7.1 Time series of the temperature at the point (0.498 m, 0.09 m) 

 
7.1.1 Flow features of transient natural convection 
The experimental results presented in Chapter 6 indicate that the development of the 

vertical thermal boundary layer flow with a square fin may be classified into three 

stages: the initial stage, the transitional stage and the quasi-steady stage. In this section, 

the numerical results will be compared with those in the experiments at different stages 

of the flow development. 

Figure 7.1(a) plots a time series of the temperature calculated at the point (0.498 

m, 0.09 m), similar to Figure 5.1(a) in Chapter 5. A logarithmic scale plot of the 

temperature at the same point is shown in Figure 7.1(b) so as to clearly exhibit the 

important features of the early transition of the thermal boundary layer. Compared with 

that without a fin (see Figure 5.1), the flow with a square fin displays distinct variations 

in the initial stage. Figure 7.1(b) indicates that the traveling waves induced by the LEE 

are weaker than those without a fin (see Figure 5.1). Subsequently, much stronger 

perturbations of the thermal boundary layer induced by the lower intrusion front 

completely surpass the traveling waves, as seen in Figure 7.1(b). After the perturbations 

of the lower intrusion front are convected away, the features of the thermal boundary 
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  (a) t = 12 s  (b) t = 9 s         (c) t = 24 s   (d) t = 17 s     (e) t = 32 s    (f) t = 25 s 

Figure 7.2 Development of the lower intrusion front 

(a), (c), and (e) Shadowgraph images. (b), (d), and (f) Numerical isotherms (contours: 

296.56 and 297 K) 

layer become similar to the case without a fin. The basic flow features include the 

separation of the intrusion, the strike of the cold intrusion and intrusion oscillations, as 

indicated in Figure 7.1(b). 

For the purpose of obtaining further insights into the transient flow features, the 

numerical results are compared with the corresponding experimental visualizations 

presented in Chapter 6 below. Figure 7.2 shows the shadowgraphs and corresponding 

isotherms at different times in the initial stage. It is clear that the numerical flow 

features are similar to those of flow visualizations. However, the numerical flow 

develops slightly faster than the experimental flow, and the time lag of the experimental 

flow compared with the numerical one increases with time. This is likely because a 

relatively smaller Rayleigh number is achieved in the experiment than that in the 

numerical simulation, as discussed in Chapter 5. Figure 7.2(b) shows that a lower 

intrusion front forms below the square fin at the early time, and the upper and lower 
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Figure 7.3 Streamlines and velocity vectors at t = 25s (contours from 2 × 10-5 to 2.8 × 

10-4 m2/s with an interval of 2 × 10-5 m2/s) 

sections of the thermal boundary layer flow are almost identical, similar to the 

experimental flow as shown in Figure 7.2(a). With the passage of time, the lower 

intrusion front bypasses the square fin and reattaches to the downstream thermal 

boundary layer due to the entrainment effect, as shown in Figure 7.2(d). Figure 7.2(d) 

also demonstrates that, after the lower intrusion front is entrained by the thermal 

boundary layer, the two flows (the lower intrusion front and the upper thermal boundary 

layer) interact with each other, leading to the breakdown of the flow structure of the 

upper thermal boundary layer.  

With the further development of the flow, the lower intrusion front is convected 

downstream. Another phenomenon of interest is the formation of an anticlockwise 

rotation of the lower intrusion front, as seen in Figures 7.2(f), which supports the 

experimental result shown in Figure 7.2(e). The layered strip patterns in the vicinity of 

the wall indicate that the interaction between the lower intrusion front and the upper 

thermal boundary layer may have resulted in temperature waves, as seen in Figure 

7.1(b). 

The anticlockwise rotation of the lower intrusion front is a result of a non-uniform 

distribution of the velocity field in the thermal boundary layer. Figure 7.3 shows 

streamlines and velocity vectors in the vicinity of the upper section of the hot wall. It is 
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                               (a) t = 47 s                               (b) t = 37 s 

Figure 7.4 Perturbations of the top intrusion by the lower intrusion front 

(a) Shadowgraph images. (b) Numerical isotherms (contours from 294.6 to 296.6 with 

an interval of 0.5 K) 

clear that the distribution of the velocity is non-uniform (see the velocity vectors in the 

vicinity of the sidewall in Figure 7.3), and the closer to the sidewall the position (except 

for the viscous inner layer), the larger the velocity. The viscous shear based on such a 

non-uniform velocity distribution drives the lower intrusion front to rotate anticlockwise 

while it is convected downstream, and thus enhances the mass and heat transfer of the 

thermal boundary layer. The temperature signals at the same stage (Figure 7.1b) indicate 

that the LEE of the upper thermal boundary layer is disturbed and stronger perturbations 

of the temperature time series are triggered by the lower intrusion front. 

Figure 7.4 shows the experimental shadowgraph and numerical isotherms at a 

later time. It is seen in this figure that the lower intrusion front has merged with the top 

intrusion. The mixing of the lower intrusion front with the top intrusion has resulted in 

the disappearance of the earlier separation of the top intrusion (also see e.g. Figure 
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                              (a) t = 120 s                             (b) t = 100 s 

Figure 7.5 Reappearance of separation and trailing waves of the top intrusion 

(a) Shadowgraph images. (b) Numerical isotherms (contours from 288 to 303 K with 

an interval of 1 K) 

5.10). Clearly, the numerical flow (Figure 7.4b) is consistent with the experimental flow 

(Figure 7.4a). 

After the perturbations of the lower intrusion front are convected away, the 

intrusion under the ceiling becomes steady, and separation and trailing waves of the 

intrusion reappear, as seen in Figure 7.5. It is clear that the numerical result in Figure 

7.5(b) agrees well with the experimental visualization in Figure 7.5(a). However, it is 

noticeable that the separation and trailing waves of the intrusion shown in the 

shadowgraph image are less distinct than those without a fin (refer to Figure 5.10). 

Figure 7.6 shows the flow structure when the cold intrusion is approaching the hot 

sidewall. Despite a large time difference between the experimental and numerical flows, 

the major flow features shown in the numerical simulation (Figure 7.6b) are similar to 

those observed in the experiment (Figure 7.6a). However, as discussed in Chapter 5 

(e.g. see Figure 5.13), due to the presence of various perturbations in the experiment, 
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        (a) t = 353 s                    (b) t = 240 s                                    (c) t = 240 s 

Figure 7.6 Strike of the cold intrusion to the hot wall 

(a) Shadowgraph. (b) Isotherms (contours from 293.23 to 300.19 K with an interval of 

0.31 K). (c) Streamlines (contours from 2 × 10-5 to 2.8 × 10-4 m2/s with an interval of 2 × 

10-5 m2/s) 

the shadowgraph image in Figure 7.6(a) shows that the outflow near the top corner is 

unstable, which is different from the numerical flow (Figure 7.6b). Furthermore, in the 

experiment, the destabilized roll structure in the top corner causes strong mixing, and 

results in the disappearance of the downstream trailing waves, as seen in Figure 7.6(a). 

Similar to the case without a fin, the streamlines in Figure 7.6(c) show that the 

entrainment of the thermal boundary layer is from the cold intrusion at this time. 

As indicated by the temperature plot in Figure 7.1, the development of the thermal 

boundary layer flow after the cold intrusion strike the hot wall enters a slow transition to 

a quasi-steady stage. Therefore, following the practice used in Chapter 5 (see e.g. 

Figures 5.19 to 5.21), the experimental and numerical flows at the same times are 

compared in the following discussion due to the reduced impact of the timing difference 

between the experimental and numerical flows. 
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                        (a)              (b)                                       (c) 

Figure 7.7 Appearance of the outer bright strips at t = 800 s 

(a) Shadowgraph. (b) Isotherms (contours from 292.6 to 301.6 K with an interval of 

0.5 K). (c) Streamlines (contours from 5 × 10-6 to 6 × 10-5 m2/s with an interval of 5 × 

10-6 m2/s) 

Similar to the case without a fin, a double-layer structure of the thermal boundary 

layer arises in the lower cavity after the cold intrusion strikes the hot wall, as seen in 

Figure 7.7(a). In the meantime, a bright strip is also noticeable in the top corner 

although it is further out from the hot wall. The discussion in Chapter 5 indicates that 

the two outer bright strips (although the lower bright strip here is less distinct compared 

to that without a fin, see Figure 5.19a) correspond to the positions of the minima of the 

second derivative of the temperature.  

Clearly, the presence of the square fin does not significantly impact the 

temperature and flow structures near either the bottom or the top corner (see Figure 7.7 

b, c), in comparison with those without a fin (refer to Figure 5.19). A minor variation of 

the flow structures between the cases with and without a square fin is a circulation 

adjacent to the downstream thermal boundary layer at this stage. Due to the presence of 
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                             (a)          (b)                              (c) 

Figure 7.8 Double-layer structure during the quasi-steady state at t = 8,164s  

(a) Shadowgraph. (b) Isotherms (contours from 291.1 to 301.6 K with an interval of 

0.5 K). (c) Streamlines (contours from 2.1 × 10-6 to 2.6 × 10-5 m2/s with an interval of 

1.1 × 10-6 m2/s) 

the square fin, the dimension of the circulation is slightly changed compared with that 

without a fin (see Figure 5.19c). Similar to the case without a fin, the reverse flow 

resulted from a cavity-scale intrusion oscillation (indicated by the arrow in Figure 7.7b) 

splits the hot intrusion into two streams: an upper one that moves to the cold wall under 

the ceiling and a lower one that discharges into the cavity and forms a circulation, 

trapping cold fluid between the discharge flow and the boundary layer. The intrusion 

oscillation, likewise, results in the destabilization of the lower intrusion stream, as 

indicated by the fourth group of waves in the temperature time series in Figure 7.1(b) 

(also see Figure 4.16). 

As time increases, similar to the case without a fin, the upper and lower outer 

strips gradually extend toward the mid height of the cavity and eventually arrive at the 

square fin. Figure 7.8 shows the experimental shadowgraph image, numerical isotherms 
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                            (a)                          (b)                                (c) 

Figure 7.9 Vortices near the square fin at different times (streamlines)  

(a) t = 20 s (contours from 7 × 10-7 to 2 × 10-5 m2/s with an interval of 6.9 × 10-7 m2/s). 

(b) t = 2,000 s (contours from 2.5 × 10-6 to 3.7 × 10-5 m2/s with an interval of 2.5 × 10-

6 m2/s). (c) t = 8,164 s (contours from 1.7 × 10-6 to 2.5 × 10-5 m2/s with an interval of 

1.7 × 10-6 m2/s) 

and streamlines of the flow adjacent to the hot wall at a much later time. Clearly, due to 

the presence of the square fin, complex temperature and flow fields around the square 

fin results. Unlike the case without the fin in which a continuous thermal tongue 

adjacent to the hot wall forms, the upward thermal tongue here is broken by the square 

fin. The streamlines in Figure 7.8(c) indicate that three major circulations appear around 

the square fin, one above, one below and another one on the left of the square fin. Such 

a multi-circulation structure (Figure 7.8c) with a thermal tongue around the square fin 

(Figure 7.8b) is a distinct feature of the thermal flow around the square fin at the quasi-

steady stage. 

In order to observe the development of the multi-circulation flow around the 

square fin, Figure 7.9 shows the streamlines around the square fin at different times. 

After the lower intrusion front bypasses the square fin, two circulations first appear at 

the leeward side of the square fin, as seen in Figure 7.9(a), which are a distinct feature 

during the initial stage. The double-circulation structure lasts for a long time although 

weak. As the fluid in the cavity is stratified, the double-circulation structure at the 

leeward side of the square fin eventually disappears, as indicated in Figure 7.9(b). 

However, as the transitional flow approaches the quasi-steady state, three circulations 

form outside the thermal boundary layer around the square fin, as seen in Figure 7.9(c). 
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(a) Isothermals (contours from 298.55 to 303.55 an interval of 1K) 

 
(b) Streamlines (contours from 2 × 10-6 to 2 × 10-5 m2/s with an interval of 4 × 10-6 

m2/s) 

Figure 7.10 Isotherms and streamlines at t = 8,164 s 

Apart from the flow adjacent to the hot wall with a square fin, the flows adjacent 

to the cold wall and in the core are also worth noting. Figure 7.10 shows the isotherms 

and streamlines of the entire cavity at t = 8,164 s. Although the isothermals and 

streamlines adjacent to the cold and hot walls are asymmetric (see Figures 7.8b and c), 

the presence of the square fin has an insignificant impact on the flow and stratification 

of the core as indicated in Figures 7.10(a) and (b). 

  
7.1.2 Heat transfer 
The previous numerical results have demonstrated that the flow development for the 

case with a square fin is more complex in comparison with that without a fin. Some 

distinct properties of the flow development have been identified. It is also necessary to 

examine the correlation between the flow development and the heat transfer properties 

through the differentially heated cavity. This will be discussed in this section. 

Here we define a normalized difference of the heat transfer rate, denoted by Ĥ, as 

the difference of the heat transfer rate through the hot sidewall between the two cases 

with and without a fin divided by the heat transfer rate through the hot wall without a 

fin. That is,  

./)(ˆ nofinnofinfin HHHH −=  (7.1)
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Figure 7.11 Normalized difference of the heat transfer rate of the hot wall between the 

cases with and without a square fin (Ĥ) against time 

It is seen from the above definition that, a positive value of Ĥ means enhancement of 

the heat transfer, a negative value means depression of the heat transfer, and a zero 

value means no effect on the heat transfer. Figure 7.11 plots the time series of the 

calculated normalized difference of the heat transfer rate. It is clear that the heat transfer 

rate peaks at approximately 21% in the initial stage, indicating that the heat transfer 

through the hot wall is significantly enhanced in the early stage. The enhancement of 

the heat transfer is due to the fact that the presence of the square fin enforces the 

convection flow adjacent the hot wall, which in turn improve the heat transfer. Figure 

7.11 also indicates that the normalized heat transfer rate is positive approximately from 

6 s to 36 s. This period corresponds to the time period when the lower intrusion front 

flushes over the downstream section of the hot wall (see Figures 7.1b and 7.2). That is, 

the strong convection flow, associated with the lower intrusion front, results in the 

enhancement of the heat transfer through the hot wall. After the lower intrusion front 

leaves the hot wall, Ĥ becomes negative. Since the cold intrusion striking the hot wall 

leads to instabilities of the thermal boundary layer, Ĥ displays corresponding 

fluctuations at approximately t = 240s. As the flow approaches the quasi-steady stage, Ĥ 

gradually approaches zero, as seen in Figure 7.11. 

In order to estimate the effect of the fin on the local heat transfer of the hot 

sidewall, the heat transfer coefficient (h) of the hot sidewall is defined as follows, 

,
0TT

q
h

h −
′

=  (7.2)

.
x
Tkq

∂
∂

=′  (7.3)
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                                       (a) t = 20 s                                (b) t = 6000 s 

Figure 7.12 Heat transfer coefficient of the hot wall with and without a square fin 

Figure 7.12 shows the distributions of the calculated local heat transfer 

coefficients of the hot wall with and without a square fin at the early and quasi-steady 

stage, respectively. It is seen in Figure 7.12 that, at both the initial and quasi-steady 

stages, the local heat transfer coefficients in the upstream section of the hot wall for the 

cases with and without the square fin are identical. However, variations of the heat 

transfer coefficients in the downstream section of the hot wall and in the vicinity of the 

square fin between the cases with and without the square fin are noticeable. In 

particular, in the early stage, large variations of the heat transfer coefficients of the 

downstream section are evident, and spatial waves can be identified for the case with 

the square fin, as seen in Figure 7.12(a). This observation also supports the conclusion 

that the strong convection flow, induced by the lower intrusion front, enhances the heat 

transfer through the hot sidewall in the early stage. As the thermal boundary layer flow 

approaches the quasi-steady state, the distributions of the heat transfer coefficients with 

and without the square fin become similar except in the region near the square fin, as 

shown in Figure 7.12(b). 

 In summary, the small square fin changes the flow structure of the thermal 

boundary layer in the early stage, and in turn significantly enhances the early-stage heat 

transfer through the hot sidewall by inducing a lower intrusion front. However, as 

indicated in Figures 7.11, in other stages of the flow development, the presence of the 

square fin, to some extent, depresses the heat transfer through the hot sidewall. This is 
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consistent with those previously reported results for lower Rayleigh numbers, as 

reviewed in Chapter 1 (refer to e.g. Bilgen 2005). 

 
7.2 Natural convection with a thin fin 
In this section, a numerical simulation of the transient natural convection flow with a 

thin fin of 40 mm × 2 mm on the hot wall, corresponding to Experiment 18 with Ra = 

3.8 × 109 and Pr = 6.6 reported in Section 6.2, is performed. The thin fin here replaces 

the square fin in Section 7.1, and all other conditions including the initial and boundary 

conditions as well as the basic flow parameters are the same as those adopted in Section 

7.1 (refer to Chapter 3 for more details). The transition of the thermal boundary layer 

flow with a thin fin is described in this section based on the numerical simulation and 

compared with the experimental observations. Other features of the flow including wave 

activities of the thermal boundary layer and the heat transfer properties are also 

discussed in this section. 

 
7.2.1 Flow features of transient natural convection 
As described in Section 6.2, an important feature of the early transition of the thermal 

boundary layer flow is the formation and evolution of a lower intrusion front. Figure 

7.13 shows the comparisons between the recorded shadowgraph images and the 

computed flows based on flow events rather than the flow time. It is clear that the 

numerical flow develops slightly faster than the experimental flow, as indicated in 

Section 7.1, but the basic flow features are very similar between the experimental and 

numerical results. 

The isotherms in Figure 7.13(b) indicate that two intrusion fronts have formed, 

one underneath the ceiling and the other underneath the thin fin. Since the thin fin in 

this case is much longer than the square one examined in Section 7.1, both the 

numerical experimental and numerical results (Figures 7.13a and b) show that the upper 

and lower sections of the thermal boundary layer are identical. It takes longer time for 

the lower intrusion front to bypass the thin fin (Figure 7.13d) in comparison with the 

case with a square fin (see Figure 7.2d). After the lower intrusion front bypasses the thin 

fin, the similarity between the upper and lower sections of the thermal boundary layer 

disappears.  
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(a) t = 16s (b) t = 12 s     (c) t = 30 s            (d) t = 24 s             (e) t = 41 s              (f) t = 34s 

Figure 7.13 Development of the lower intrusion front with shadowgraph (a, c, e) and 

isotherms (b, d, f with contours of 296.56 and 297 K) 

Figures 7.13(c) and (d) indicate that the calculated flow is very similar to that 

observed in the experiment although the numerical flow is ahead for approximately 6 s. 

Figures 7.13(e) and (f) show that in the subsequent flow development, the lower 

intrusion front moves directly upwards and strikes the intrusion under the ceiling. This 

is evidently different from the case with the square fin (refer to Figure 7.2) in which the 

lower intrusion front reattaches to the downstream thermal boundary layer due to the 

entrainment effect after it bypasses the square fin. The variation between the cases with 

the thin and square fins is attributed to the difference in the distance between the lower 

intrusion front bypassing the fin and the downstream thermal boundary layer. In the 

present case with the thin fin, the distance is large, and the entrainment effect is not 

strong enough to draw the rising lower intrusion front to the downstream thermal 

boundary layer within a short time. Figures 7.13(e) and (f) also display that, although 

the numerical and experimental results are similar, the flow structure of the broken 

lower intrusion front observed in the experiment is more complex than that in the 
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                           (a) t = 56 s        (b) t = 48 s                  (c) t = 48 s 

Figure 7.14 Trailing flow behind the lower intrusion front  

(a) Shadowgraph. (b) Isotherms (296.56 and 297 K). (c) Streamlines (contours from 

3.2 × 10-5 to 3.5 × 10-4 m2/s with an interval of 3.2 × 10-5 m2/s) 

numerical simulation. This discrepancy between the experiment and simulation is likely 

attributed to the presence of various perturbations in the experiment.  

After the lower intrusion front strikes the intrusion under the ceiling, it is 

entrained into the discharge flow and convected away, as indicated in Figure 7.14(a). 

Although the reattachment of the lower intrusion front to the thermal boundary layer 

does not occur for the present case with the thin fin, the entrainment effect still draws 

the trailing flow behind the lower intrusion front to the thermal boundary layer, as 

shown in Figure 7.14.  

In the meantime, a clockwise circulation forms between the reattaching trailing 

flow and the upper thermal boundary layer, as shown Figure 7.14(a) (the same as Figure 

6.13b). The isotherms in Figure 7.14(b) show consistent features with the flow 

visualization, and the streamlines in Figure 7.14(c) indicate that the clockwise 

circulation is in fact one of the two circulations forming in this region, which are similar 
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            (a) t = 88 s          (b) t = 80 s                                (c) t = 80 s 

Figure 7.15 Subsequent development of the trailing flow  

(a) Shadowgraph. (b) Isotherms (contour interval of 1 K between 287.56 and 302.56 

K). (c) Streamlines (contours from 3.2 × 10-5 to 3.5 × 10-4 m2/s with an interval of 3.2 

× 10-5 m2/s) 

to those forming in the case with the square fin but are evidently of a larger scale (see 

Figure 7.9a). In the reattachment process, the trailing flow breaks up (Figure 7.14a), and 

is more complex than that around the square fin. 

Figure 7.15 shows the subsequent development of the flow around the thin fin. 

Clearly, the temperature field in Figure 7.15(b) is consistent with the shadowgraph 

image in Figure 7.15(a) (the same as Figure 6.13d). After the perturbations induced by 

the lower intrusion front are convected away, the trailing flow is drawn much closer to 

the thin fin due to the entrainment effect. The isotherms in Figure 7.15(b) show that the 

clockwise circulation is still distinct although smaller. The streamlines in Figure 7.15(c) 

also confirm the existence of the clockwise circulation. 

Figure 7.16 shows the temperature and flow structures when the cold intrusion is 

approaching the hot sidewall. At this stage, the time lag between the experimental and 
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 (a) t = 405 s                (b) t = 250 s                                           (c) t = 250 s 

Figure 7.16 Cold intrusion strikes the hot wall  

(a) Shadowgraph. (b) Isotherms (contours from 289.54 to 303.54 K with an interval of 

0.5 K). (c) Streamlines (contours from 1.6 × 10-5 to 2.6 × 10-4 m2/s with an interval of 

1.6 × 10-5 m2/s) 

numerical flow development has increased significantly compared with that at the 

earlier stage of the flow development. The experimental observation in Section 6.2 

indicates that, unlike the case with a square fin, there is no clear separation under the 

ceiling for the case with the thin fin, which is also supported by the numerical results 

shown in Figures 7.16(b) and (c). This is because the strong perturbations of the thermal 

flow around the thin fin lead to the breakdown of the separation and trailing waves 

under the ceiling (see Figure 5.11). Further analyses of the oscillations of the 

temperature time series will be discussed in Section 7.2.2. 

After the cold intrusion strikes the hot wall, the development of the flow enters a 

slow transitional process, and the time lag between the experimental and numerical 

flows becomes less important. Therefore, the subsequent comparisons between the 
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Figure 7.17 Appearance of the outer bright strip in the lower cavity at t = 700 s  

(a) Shadowgraph. (b) Isotherms (contours from 291.55 to 299.55 K with an interval of 

0.5 K). (c) Streamlines (contours from 3.1× 10-6 to 1.6 × 10-4 m2/s with an interval of 9.9 

× 10-6 m2/s) 

experimental and numerical results are carried out based on the same flow time (as 

performed in Section 7.1). 

In the subsequent development of the flow, a double-layer structure of the thermal 

boundary layer develops. Figure 7.17 (a) shows that a bright outer strip arises outside 

the thermal boundary layer in the lower cavity. As described in Chapter 5, the calculated 

isotherms at the same position (Figure 7.17b) display an upward thermal tongue, and the 

outer bright strip shown in the shadowgraph images corresponds to the positions of the 

minima of the second derivative of the temperature. Clearly, the presence of the thin fin 

does not impact on the temperature and flow structures near the bottom corner, in 

comparison with that without the fin (refer to Figure 5.19). However, the flow structure 

near the top corner is evidently different from the case without the fin (refer to Figure 

5.19) and the case with a square fin (Figure 7.7). In the present case with the thin fin, 
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Figure 7.18 Formation of the double-layer structure in the lower cavity at t = 3200 s  

(a) Shadowgraph. (b) Isotherms (contours from 291.55 to 302.55 K with an interval of 

0.5 K). (c) Streamlines (contours from 4 × 10-6 to 6.9 × 10-5 m2/s with an interval of 4 × 

10-6 m2/s) 

stronger perturbations lead to the breakdown of the separation and trailing waves of the 

intrusion, as mentioned previously, and in this case, the reverse flow due to a cavity-

scale intrusion oscillation (indicated by the arrow in Figure 7.7b) cannot be observed at 

this time. In the time period after the cold intrusion strikes the hot wall, the thermal 

boundary layer flow on the downstream side of the thin fin is oscillatory (also see 

Section 7.2.2 for details). 

Similar to the development of the flow with the square fin, the lower outer bright 

strip extends toward the thin fin. Figure 7.18 shows the thermal boundary layer flow 

after the lower outer bright strip arrives at the thin fin. The double-layer structure in the 

lower cavity (see Figure 7.18a) and the upward thermal tongue (Figure 7.18b) become 

more distinct. Figures 7.18(a) and (b) also indicate clearly that the flow separates 

around the thin fin. The separation features will be discussed along with oscillation 
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Figure 7.19 Thermal boundary layer at t = 11700 s  

(a) Shadowgraph. (b) Isotherms (contours from 288.55 to 302.55 K with an interval of 

0.5 K). (c) Streamlines (contours from 2.5 × 10-6 to 4.2 × 10-5 m2/s with an interval of 

2.5 × 10-6 m2/s) 

features in Section 7.2.2. At this stage, a stable bright strip observed in the case with a 

smaller square fin (refer to Figure 7.8a) does not form in the top corner (see Figure 

7.18a). This is because strong oscillations of the thermal flow separating from the fin 

and a large-scale circulation in the vicinity of the downstream thermal boundary layer in 

Figure 7.18(c) disturb the stratified temperature structure near the sidewall (see Figure 

7.18b). However, a stable thermal tongue around the tip of the thin fin (above the tip of 

the thin fin in Figure 7.18b) results, and thus a double-layer structure appears there, as 

seen in Figure 7.18(a). 

As the stratification in the upper cavity is enforced, a clear upward thermal tongue 

arises near the top corner, as seen in Figure 7.19(b). As a consequence, an outer bright 

strip appears in the same position in the shadowgraph image, as indicated in Figure 

7.19(a). However, the outer bright strip in the upper cavity remains broken as long as 
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(b) Logarithmic time scale 

Figure 7.20 Time series of the temperature at the point (0.498 m, 0.09 m) 

the experiment persists. The streamlines in Figure 7.19(c) indicate that a large 

circulation in the vicinity of the upper thermal boundary layer, similar to that in Figure 

7.18(c), may be responsible for the breaking up of the outer bright strip shown in the 

shadowgraph image (Figure 7.19a). Furthermore, due to the presence of the oscillations 

of the thermal flow around the fin, the inner bright strip on the downstream side of the 

fin is also broken (refer to Figure 6.16). Figures 7.19(a) and (b) also indicate that the 

double-layer structure and the corresponding upward thermal tongue in the lower cavity 

remain clear and stable. 

In summary, the flow development in the case with a large thin fin exhibits some 

distinct features from the case of a small square fin. Particularly, there are separation 

and shedding flow around the thin fin, which will be further discussed with oscillation 

features in the following subsection.  

 
7.2.2 Oscillations of the thermal flow around the fin 
For the purpose of illustrating the wave property of the thermal boundary layer flow, a 

time series of the temperature obtained at the point (0.498 m, 0.09 m) in the thermal 

boundary layer is plotted in Figure 7.20. Figure 7.20(a) indicates that, for the case with 
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(a) Isotherms (from 287.55 to 303.55 K with an interval of 1 K) 

 
(b) Streamlines (from 3.4 × 10-5 to 3.4 × 10-4 m2/s with an interval of 3.4 × 10-5 m2/s) 

Figure 7.21 Appearance of oscillations of the flow around the thin fin at t = 170 s 

the thin fin, the thermal boundary layer flow eventually approaches a periodic flow (see 

a zoom in Figure 7.20a and Figure 7.22d). Similar to Figure 7.1, the early transient 

features are also shown in a logarithmic time scale in Figure 7.20(b). It is seen in this 

figure that the earlier transient features include the LEE and perturbations from the 

lower intrusion front. Since the lower intrusion front is not directly entrained into the 

thermal boundary layer after it bypasses the thin fin (also see Figure 7.13), a complete 

LEE propagation process in the upper cavity is observed, as shown in Figure 7.20(b). 

Subsequently, perturbations of the lower intrusion and the reattachment of the trailing 

flow induce further instability of the thermal boundary layer flow (also see Figure 7.14). 

It is worth noting that, compared with the experimental measurements, the 

calculated temperature waves are apparently stronger, but the development of waves is 

similar to the measurements in the initial stage (also see Figure 6.21). In addition, the 

frequencies of the temperature waves in the numerical simulation and experiment are 

almost identical (approximately 0.11 Hz, also see Figures 6.17, 6.26 and 7.23). 

After the lower intrusion front is convected away, the development of the thermal 

boundary layer enters a transitional stage, as marked in Figure 7.20(b). In the early 

transitional stage, the amplitude of the temperature waves quickly increases as the cold 

intrusion is approaching the hot sidewall. Figure 7.21 shows the isotherms and 

streamlines in this stage, in which the waves near the upper-right corner are present (see 
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Figure 7.22 Temperature time series at the different stages at the point (0.498 m, 0.09 

m) 

a zoom in Figure 7.21a). The streamlines in Figure 7.21(b) indicate that the entrainment 

by the thermal boundary layer is from the lower part of the cavity in the initial stage. It 

is also seen in Figure 7.21(b) that the circulation under the hot intrusion front is stronger 

than that near the cold intrusion front. 
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Figure 7.23 Spectra of the temperature time series at the point (0.498 m, 0.09m) 

In order to illustrate the development of the traveling waves of the thermal 

boundary layer, Figure 7.22 shows time series of the temperatures at different stages. 

The evolution of the wave modes at different stages is clear. As time increases, the 

amplitude of the waves decreases, approximately from 3.5 K in the earlier stage (see 

Figures 7.22a and b) to 2 K in the quasi-steady stage (see Figures 7.22c and d). In the 

transitional stage (see Figure 7.20b), the frequency adjustment may be observed, and in 

the quasi-steady stage the double-mode of the waves (see Figure 7.22d) remains. 

Figure 7.23(a) shows the spectrum of the temperature time series in the 

transitional stage (from 200 s to 2000 s), in which the dominant frequency is f = 0.128 

Hz with a few additional lower and higher frequency modes. The spectrum of the 

temperature time series in the quasi-steady stage is shown in Figure 7.23(b). The 

dominant frequency is reduced to f = 0.113 Hz at the quasi-steady stage (which is 

consistent with the experimental measurement of 0.11 Hz, see Figure 6.26) with distinct 

harmonic frequency modes such as 2f, 3f and higher. 
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Figure 7.24 Separation and oscillations at different stages (isotherm interval of 1K 

from 296 K to 303K) 

In fact, the development of the wave mode (see Figures 7.22) is largely dependent 

on the thermal flow around the thin fin. Figure 7.24 shows isotherms near the thin fin at 

different times. As time increases, the position of the flow separation around the thin fin 

moves further from the hot wall, and the oscillation of the flow around the thin fin 

changes accordingly. In the earlier stage, the shedding flow around the thin fin with a 

relatively larger speed induces stronger traveling waves, as seen in Figures 7.24(a) and 

(b). However, subsequently, since the separation position of the shedding flow around 

the thin fin moves further from the hot wall, the shedding flow has less impact on the 

downstream thermal boundary layer, as shown in Figures 7.24(c) and (d). This is also 

consistent with the temperature results in Figure 7.22. 
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(a) Locations of three points around the fin tip 
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(d) At point (0.465 m, 0.004m) 

Figure 7.25 Time series of the temperatures at different points around the tip of the 

thin fin 

In addition to the temporal development of the waves of the thermal boundary 

layer, the spatial growth of the waves is also an important aspect, particularly around the 

thin fin. Figure 7.25(a) shows the locations of three points around the thin fin from 
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Figure 7.26 Time series of the temperatures at different heights (x = 0.498 m) 

which temperature time series in the quasi-steady stage are taken and shown in Figures 

7.25(b) to (d). Two of three points are symmetrically located about the fin, and the other 

near the fin tip (see Figure 7.25a). The flow around the thin fin moves through these 

points in the order of (b), (c) and (d). It is seen in Figure 7.25 that the amplitude of the 

waves grows from 0.001 K at Point (b) to 0.1 K at Point (d) (approximately 100 times) 

while the flow bypasses the thin fin; that is, the instability of the thermal flow around 

the thin fin significantly amplifies. 

Figure 7.26 shows the time series of the temperatures at three heights in the 

thermal boundary layer at the downstream side of the fin, where the amplitude of the 

temperature waves grows from 1.8 K at y = 0.03 m to 1.9 K at y = 0.09 m with a total 

increase of 5%. Compared with the spatial growth near the thin fin, the amplitude 

growth of the temperature waves in the downstream thermal boundary layer is much 

smaller. 

 
7.2.3 Heat transfer 
As previously described, the thin fin significantly changes the flow and wave features of 

the thermal boundary layer. It is worth examining the implications of these changes to 

the heat transfer through the hot wall. Figure 7.27 shows the time series of the 

normalized difference of the heat transfer rate through the hot wall (Ĥ refer to Equation 

(7.1) for the definition). It is clear that Ĥ is positive for a significantly long period of 

time with a maximum value of 16% in the early time. This result implies that the 

oscillation of the thermal flow around the thin fin significantly improve the heat transfer 

through the hot wall. Figure 7.27 also indicates that, unlike the case with a smaller 

square fin (see Figure 7.11), Ĥ approaches zero from the positive side. 
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Figure 7.27 Time series of the normalized difference of the heat transfer rate through 

the hot wall between the cases with and without a thin fin 
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                                         (a) t = 45 s                             (b) t = 6000 s 

Figure 7.28 Local heat transfer coefficients of the hot wall with and without a thin fin 

To illustrate the effects of the thin fin on the heat transfer through the hot wall, 

Figure 7.28 shows the profiles of the local heat transfer coefficients (h) along the hot 

wall with and without a thin fin at early and quasi-steady states, respectively. Similar to 

the case with a smaller square fin (see Figure 7.12), the profile of the local heat transfer 

coefficient in the upstream section of the hot wall with the thin fin is almost identical to 

that of the case without any fin. Distinct variations of the local heat transfer coefficients 

in the downstream section of the hot wall and in the vicinity of the fin between the cases 

with and without the thin fin are noticeable. In particular, in the early stage, the local 

heat transfer coefficients of the downstream section exhibit distinct variations between 

the cases with and without the thin fin. Different from the case with the square fin (see 
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Figure 7.12b), the downstream periodic flow results in a wavy profile of the local heat 

transfer coefficient in the quasi-steady stage, as seen Figure 7.28(b). 

 
7.3 Effects of fin parameters 
In Sections 7.1 and 7.2, the transient natural convection flows in a differentially heated 

cavity with a smaller square fin and a larger thin fin on the hot wall are numerically 

investigated respectively. The results have demonstrated that the flow and heat transfer 

for the two cases display significant variations, indicating that the fin parameter is 

critical for the transient natural convection flow in a differentially heated cavity. Since 

the larger thin fin may significantly change the transient natural convection flow in the 

cavity, further tests of different parameters of the thin fin including its dimension and 

position and the number of thin fins will be performed in this section. 

 
7.3.1 Dimension of the fin 
The numerical results obtained with a 40-mm-long thin fin are discussed and compared 

with the experiment in Section 7.2. In order to further examine the effects of the 

dimension of the thin fin on the transient natural convection in the differentially heated 

cavity, two additional cases with thin fins of 20 mm × 2 mm and 80 mm × 2 mm 

respectively are numerically simulated here. 

Figure 29 plots the calculated time series of the temperatures at the point (0.498 

m, 0.09 m) for the smaller thin fin of 20 mm × 2 mm (Figure 7.29a) and the larger thin 

fin of 80 mm × 2 mm (Figure 7.29b), respectively. For the case with the smaller fin, 

similar to that with the thin fin of 40 mm × 2 mm discussed in Section 7.2 (refer to 

Figure 7.20), the thermal boundary layer flow eventually approaches a periodic state, as 

seen in Figure 7.29(a). Figure 7.29(b) shows that for the case with the larger fin the 

amplitude of the temperature waves significantly reduces after 5800 s (also see Figure 

7.32 for detailed discussion), and the thermal boundary layer also eventually approaches 

a random wave state (see a zoom in Figure 7.29b) although the amplitude is very small. 
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 (a) For the case with a fin of 20 × 2 mm2
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(b) For the case with a fin of 80 × 2 mm2

Figure 7.29 Time series of the temperatures at the point (0.498 m, 0.09 m) 
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      (a) For the case with a fin of 20 × 2 mm2      (b) For the case with a fin of 80 × 2 mm2

Figure 7.30 Spectra of the temperature time series at the point (0.498 m, 0.09 m) 

Figure 7.30 shows the spectra of the temperature time series in the quasi-steady 

stage shown in Figure 7.29. For the case with the smaller fin, Figure 7.30(a) indicates 

that the wave mode has a dominant frequency of f = 0.103 Hz with two additional 

higher frequencies of 0.14 and 0.175 Hz. However, for the case with the larger fin, the 

spectrum in Figure 7.30 (b) indicates that, besides a distinct frequency of f = 0.108 Hz, a 
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Figure 7.31 Lower intrusion fronts bypassing the thin fin (isotherms of 296.56, 296 

and 297 K) 

number of additional higher frequency modes may be observed around f1 = 0.15 Hz and 

random. 

As indicated in Figures 7.29 and 7.30, the dimension of the thin fin has a clear 

impact on the temperature wave features. The variations of the temperature wave 

features are associated with the variations of the thermal boundary layer flow between 

the cases with different fins.  

In order to illustrate the flow features of the thermal boundary layer, Figure 7.31 

shows the lower intrusion fronts bypassing the thin fin in the early stage. For the case 

with the smaller fin, since the lower intrusion front is closer to the hot wall after it 

bypasses the thin fin, reattachment of the lower intrusion front to the downstream wall 

occurs immediately after bypassing (Figure 7.31a). The reattachment is similar to the 

case with the square fin discussed in Section 7.1 (refer to Figure 7.2d), and the early 

wave features of the temperature series show few variations from those with the square 

fin. However, for the case with the larger fin, Figure 7.31(b) displays that the 

development of the lower intrusion front is quite different from that with the smaller fin. 

In this case, the lower intrusion front moves directly upwards rather than reattaches to 

the hot wall after bypassing the fin. The development of the lower intrusion front and 
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(a) For the case with a fin of 20 × 2 mm2   (b) For the case with a fin of 80 × 2 mm2

Figure 7.32 Flows in the vicinity of the hot wall at t = 6000 s (isotherms from 287.94 

to 303.16 K with an interval of 0.39 K) 

the wave features of the thermal boundary layer in the early stage are similar to the case 

with the thin fin of 40 mm × 2 mm discussed in Section 7.2 (see Figure 7.13f). 

Eventually the lower intrusion front strikes the intrusion under the ceiling. Due to the 

different dimensions of the thin fins, the time it takes for the lower intrusion front to 

bypass the fin is evidently different. 

Figure 7.32 shows the flows in the vicinity of the hot wall in the quasi-steady 

stage. The isotherms in Figure 7.32(a) indicate that, although the thin fin of 20 × 2 mm2 

is smaller than the other, separation of the flow around the thin fin still occurs. The 

oscillation of the shedding flow disturbs the thermal boundary layer, which eventually 

approaches a periodic flow as shown in Figure 7.29(a). For the thin fin of 80 × 2 mm2, 

since the position of the flow separation from the thin fin is further away from the hot 

wall, the shedding flow has less impact on the thermal boundary layer, as seen in Figure 

7.32(b). As time increases, the position of separation moves further away from the hot 

wall. Once the distance between the position of the separation and the hot wall is greater 

than a critical value, the perturbations to the thermal boundary layer induced by the 

shedding flow become very weak as seen in Figure 7.29(b). This explains why the 

amplitude of the temperature waves significantly reduces after approximately 5800 s. 
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(a) For the case with a fin of 20 × 2 mm2
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(b) For the case with a fin of 80 × 2 mm2

Figure 7.33 Normalized difference of the heat transfer rate of the hot wall between the 

cases with and without a thin fin against time 

Figure 7.33 shows the calculated normalized difference of the heat transfer rate 

through the hot wall against time. For the case with the smaller fin, although the heat 

transfer is significantly enhanced by up to 16% in the earlier stage, it rapidly reduces 

below zero and eventually oscillates around zero at the quasi-steady state, as seen in 

Figure 7.33(a). Figure 7.33(b) indicates that, for the case with the larger fin, the 

enhancement of the heat transfer, likewise, reaches 16%, but the heat transfer rate 

through the hot wall slowly decreases with time. The normalized difference of the heat 

transfer rate becomes negative after approximately 4000 s. Compared with the case with 

the thin fin of 40 × 2 mm2 (see Figure 7.27), the heat transfer through the hot wall is less 

improved by the two fins examined here. This suggests that the dimension of the thin fin 

has an optimal value in terms of the enhancement of the heat transfer through the hot 

wall. In order to obtain such an optimal value, a great number of computational cases 

need to be performed. However, this is out of the scope of this thesis, and thus is not 

further discussed. 
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(b) Logarithmic time scale 

Figure 7.34 Time series of the temperature at the point (0.498 m, 0.09 m) 

 
7.3.2 Position of the fin 
The numerical results in the previous section with different thin fins have demonstrated 

that the dimension of the thin fin plays an important role in the transient natural 

convection in a differentially heated cavity. It is worth noting that, in all the above 

discussions, the fins are placed at the mid height of the hot wall. In this section, the 

effect of the position of the thin fin on the flow development and heat transfer is 

investigated by placing a thin fin of 40 × 2 mm2 at y = -0.06 m (further upstream 

compared with the previously examined cases). 

Figure 7.34 shows a time series of the temperature obtained at the point (0.498 m, 

0.09 m) on both linear and logarithmic time scales. Compared with the case with the 

same fin placed at the mid height of the hot wall (see Figure 7.20), the amplitude of the 

temperature waves in the quasi-steady stage is greater, as seen in Figure 7.34(a). 

Moreover, variations of the early-stage flow features between the two cases are also 

clear. Due to an increased distance between the thin fin and the point where the 

temperature is monitored in the present case, a complete set of the traveling waves 

 185



0.45 0.5

-0.1

0

0.1

             

0.45 0.5

-0.1

0

0.1

           

4 0.45 0.5

-0.1

0

0.1

 
           (a) t = 34 s                          (b) t = 44 s                             (c) t = 64 s 

Figure 7.35 Development of the lower intrusion front in the early stage (isotherms: 

296.56 and 296 K) 
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Figure 7.36 Spectrum of the temperature time series at the point (0.498 m, 0.09m) 

associated with the propagation of the LEE is observed in Figure 7.34(b). The lower 

intrusion front is seen to arrive at this point after the passage of the LEE. 

In the present case with the thin fin placed at a lower position, the lower intrusion 

front reattaches to the downstream thermal boundary layer, as shown in Figure 7.35. As 

a consequence, strong instability of the thermal boundary layer in the early stage is 

induced (also see Figure 7.34). 
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Figure 7.37 Time series of the temperatures at the points (0.498 m, 0.09 m, the dashed 

line) and (0.498 m, 0 m, the solid line) 

The spectrum corresponding to the temperature time series in Figure 7.34 is 

shown in Figure 7.36. A distinct peak is seen at f = 0.122 Hz, which is evidently a 

dominant frequency mode. Additional harmonics modes are also seen in Figure 7.36. 

In order to observe the spatial propagation of the traveling waves in the quasi-

steady stage, Figure 7.37 shows time series of the temperatures at different heights 

along the thermal boundary layer. An interesting phenomenon shown in this figure is 

that the temperature waves have two distinct peaks at the lower (upstream) position but 

only a single peak at the higher (downstream) position. 
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Figure 7.38 Traveling waves (isotherms from 287.55 to 303.55 K with an interval of 0.41 

K) 

For the purpose of illustrating the two peak behaviors, Figure 7.38 shows the 

isotherms in the vicinity of the hot wall at different times in the quasi-steady stage. The 

shedding flow separating from the fin first induces a two-peak wave, and the two peaks 

eventually merges into a single one while they propagate downstream, as indicated by 

the dashed line in Figure 7.38. 

As indicated in Figure 7.34, the thin fin at the lower position induces stronger 

temperature waves, which in turn affects the heat transfer through the hot wall. Figure 

7.39 plots the normalized difference of the heat transfer rate through the hot wall against 

time. The enhancement of the heat transfer by the thin fin at a lower position reaches 

17% at the early stage, and persists for a long time approximately at 3% (until 6000 s). 

Compared with the case with a thin fin at the middle height (also see Figure 7.27), the 

fin at a lower position obtains a better improvement in enhancing the heat transfer 

through the finned sidewall. 
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Figure 7.39 Normalized difference of the heat transfer rate of the hot sidewall between 

the cases with and without a thin fin against time 
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Figure 7.40 Heat transfer coefficient of the hot wall at t = 6000 s 

Figure 7.40 shows the local heat transfer coefficients along the hot wall in the 

quasi-steady stage. Since the thin fin is at a lower position, the downstream section of 

the thermal boundary layer behind the thin fin is significantly increased, and the 

perturbations induced by the oscillation of the thermal flow around the thin fin have 

more room to grow. As a consequence, the heat transfer through the entire hot wall is 

noticeably enhanced. In summary, compared with other cases, a thin fin at the lower 

position (upstream) shows a promising result for the enhancement of the heat transfer 

through a differentially heated cavity. 

 
7.3.3 Three fins on the sidewall 
The effects of the fin parameters including the dimension of the fin and its position 

along the hot wall have been discussed in the previous sections. In this section, another 
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(a) y = -0.03 m 

0 1000 2000 3000 4000 5000 6000
295

297

299

301

Time (s)

Te
m

pe
ra

tu
re

 (K
)

 
(b) y = 0.03 m 

Figure 7.41 Time series of the temperatures at different heights (x = 0.498 m) 

important parameter, the number of fins on the hot wall, is also numerically 

investigated. 

Here, three identical thin fins of the same dimensions (20 × 2 mm2) evenly 

distributed along the wall with a spatial interval of 0.058 m between two neighbouring 

fins and a distance of 0.059 m between the fin and the horizontal wall are considered. 

Figure 7.41 shows the time series of the temperatures obtained at different heights. The 

temperature in Figure 7.41(a) is taken at the downstream side of the lowest fin; and the 

temperature in Figure 7.41(b) is taken at the downstream side of the middle fin. It is 

clear in Figure 7.41 that the temperature waves behind the lowest thin fin are stronger 

than those behind the fin at the higher position. 

Figure 7.42 shows the corresponding spectra of the above temperature series in 

the quasi-steady stage. Figure 7.42(a) indicates that the temperature waves on the 

leeward side of the lowest thin fin have a clear dominant frequency of f = 0.112 Hz with 

additional higher frequency modes. For the temperature waves on the downstream side 

of the thin fin at the higher position, the dominant frequency is approximately at f = 

0.11 Hz, which is almost the same as that in the case with the fin at the lower position, 

indicating that the perturbations from the upstream fin are carried downstream to the 
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Figure 7.42 Spectra of the temperature time series at different heights 
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Figure 7.43 Time series of the temperatures at different heights 

current location. However, the additional frequency modes at this location are evidently 

different from that at the lower position. 

In order to observe the spatial evolution of the temperature waves in the thermal 

boundary layer, the time series of the temperatures obtained at different heights in the 

quasi-steady stage are plotted in Figure 7.43. Since the temperature fluctuation at the 

upstream side of the lowest fin is much weaker than that at the downstream side of the 

lowest fin, the wave feature of the temperature signal at the upstream side of the lowest 

fin cannot be seen clearly when the temperatures obtained at all the locations are plotted 

on the same scale (the temperature at the lowest position is shown as a straight line in 

Figure 7.43). It is seen in Figure 7.43 that, apart from the upstream point of the lowest 

fin, the amplitude of the temperature fluctuations decreases slightly as the monitoring 

position moves from upstream to downstream. This is different from those in the other 
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Figure 7.44 Flow and heat transfer at t = 6000 s (isotherm contours: from 287.55 to 

303.55 K with an interval of 0.4 K) 

cases with a single fin (see e.g. Figure 7.26) in which the amplitude of traveling waves 

increases when they propagate on the downstream side of the fin. 

Figure 7.44(a) shows the flows in the vicinity of the hot wall in the quasi-steady 

stage, in which separations of the thermal flow around the thin fins are clear, similar to 

that of the thermal flow around a single thin fin. Oscillations of the thermal flow 

separating from the fins trigger the downstream instability of the thermal boundary layer 

flows, and result in increasing convection flow on the downstream side of the fins. The 

effect of the increasing convection flow on the local heat transfer coefficient is plotted 

in Figure 44(b). It is clear that the local heat transfer coefficient on the downstream 

sides of the fins is greater than that without the fins (the dashed line), implying that the 

local heat transfer through the hot finned sidewall is enhanced at this time. 

Figure 7.45 plots the normalized difference of the heat transfer rate through the 

hot wall against time. It is clear in this figure that the heat transfer is enhanced by as 

much as 33% in the initial stage. Compared with the case with a single fin placed at the 

middle of the hot wall (see Figure 7.33a), the present three-fin configuration produces 

an improved result in terms of the heat transfer through the hot wall. The enhancement 
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Figure 7.45 Normalized difference of the heat transfer rate of the hot sidewall between 

the cases with and without a thin fin against time 

of the heat transfer through the hot wall here is similar to that in the case of a single fin 

at the lower position (see Figure 7.39) in the quasi-steady stage.  

 
7.4 Summary 
In this chapter, the natural convection flows in a suddenly differently heated cavity with 

one and three fins placed on the hot wall are numerically simulated. Comparisons 

between the cases with and without a fin on the hot sidewall indicate that the flows and 

heat transfer properties are altered by the presence of the fin(s), particularly in the initial 

stage. The fin, in some sense, blocks the upstream flow and forces it to detach from the 

hot sidewall. Since the fin parameters are critical for the transient natural convection 

flow in the cavity, different dimensions, positions and numbers of fin(s) on the hot 

sidewall have been investigated. 

For the case with a small square fin, the numerical flow is consistent with the 

corresponding flow visualization. Both the experimental and numerical results have 

shown that, due to the entrainment of the thermal boundary layer, the detached lower 

intrusion flow reattaches to the downstream thermal boundary layer after it bypasses the 

fin. The numerical simulation also demonstrates that a double-circulation flow structure 

arises in the transition of the thermal boundary layer. It is found that the square fin 

significantly changes not only the flow structures of the thermal boundary layer, but 

also the heat transfer through the hot sidewall in the early stage.  

For the case with a larger thin fin, likewise, there are good agreements between 

the numerical simulation and experimental visualization. Both the experiment and 

simulation demonstrate that the lower intrusion front does not reattach to the 
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downstream thermal boundary layer immediately after bypassing the thin fin as it does 

in the case with the square fin. Instead, it moves directly upwards and strikes the 

intrusion under the ceiling. In this case, the larger thin fin induces strong perturbations 

to the thermal boundary layer flow. As a consequence, a periodic flow forms at the 

quasi-steady stage. Accordingly, the heat transfer through the hot wall is enhanced 

significantly.  

Further numerical investigations indicate that the fin parameters, including its 

dimension and position and the number of fins, apparently impact on the transient flows 

and heat transfer. For the case with a single fin placed at the middle of the hot wall, the 

present numerical results show that there is an optimal length of the thin fin in terms of 

enhancing the heat transfer. It is also demonstrated that a thin fin placed at a lower 

position on the hot wall can achieve a better result for the enhancement of the heat 

transfer. The numerical simulation has also suggested that the heat transfer through the 

hot wall can be further enhanced by placing multiple fins along the wall compared with 

that in the case of a single fin at the mid height of the sidewall.  

Since this thesis focuses on the fundamental aspects of the differentially heated 

cavity, some details involving the optimal design parameters for the fin in terms of 

enhancing heat transfer are not fully resolved here. Despite this imperfection, the 

numerical results presented in this chapter have significant implications to industrial 

applications.  
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8 Conclusions  
In this thesis, numerical, experimental and theoretical analyses are employed to 

investigate transient natural convection in a differentially heated cavity with and 

without a fin on the sidewall. The emphasis is on the flows in the vicinity of the hot 

sidewall and around the fin. The transition of the flows from the start-up to a quasi-

steady state is numerically and experimentally described, and the transient features of 

flows are discussed. All the experimental and numerical results presented in this thesis 

are obtained within a relatively small range of Rayleigh numbers (approximately of the 

order of 109), which are typical Rayleigh numbers in the transitional flow regime. The 

major findings from the present study are summarized in this chapter, and 

recommendations for future investigations are also made at the end of this chapter.  

 
8.1 Summary of the present study 
8.1.1 Transient natural convection without a fin 
The present experimental and numerical results have demonstrated that the transition of 

the natural convection flow in a differentially heated cavity from the start-up to the 

quasi-steady state may be classified into three stages, an initial stage, a transitional stage 

and a quasi-steady stage, based on kinematical features. 

In the initial stage, there are two noticeable features: the growth of the thermal 

boundary layer and the LEE. As described by Patterson and Imberger (1980), the initial 

growth of the thermal boundary layer is dominated by conduction. The present 

experimental results confirm the scaling analysis of Patterson and Imberger (1980); that 

is, the growth of the thickness of the thermal boundary layer is according to the scale of 

(κt)1/2.  

The present experimental and numerical results characterize the LEE well. Further 

discussion of the numerical results indicates that the LEE phenomenon is an interaction 

between temperature, pressure and velocities. In particular, the pressure perturbations 

play a key role in the generation and propagation of the LEE. Furthermore, it is 

confirmed by the present numerical results that the pressure minimum may propagate 

downstream at the speed which is linearly dependent on time (Figure 5.7). The further 

discussion of the components of the energy equation demonstrates that the deviation of 
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the numerical solution from the theoretical solution (Goldstein & Briggs 1964) is 

because the theoretical solution neglects the convection terms.  

After the LEE phenomenon, the transition of the natural convection flow in the 

cavity enters the transitional stage. An important feature of the flow at this stage is the 

separation of the intrusion from the ceiling and the formation of trailing waves. The 

mechanism responsible for the separation has been discussed in this thesis, and it is 

suggested that the vertical pressure gradient induced by the entrainment of the vertical 

thermal boundary layer is responsible for the separation.  

In the subsequent development of the flow, the intrusion triggers instability of the 

thermal boundary layer adjacent to the opposite (cold) wall when it strikes the opposite 

wall. The accumulation of the hot fluid carried across the cavity by the intrusion in the 

opposite corner results in a reverse flow, which moves back toward the hot sidewall and 

may trigger instability of the flow discharged from the upper end of the vertical thermal 

boundary layer. Ultimately a cavity-scale oscillation between the two sidewalls forms, 

and this oscillation dissipates rapidly with time. 

The experimental shadowgraph images show that two bright strips appear outside 

the thermal boundary layer near the top and bottom corners respectively after the 

intrusion from the opposing side strikes the sidewall. It is confirmed by the numerical 

simulation that the two bright strips correspond to the minima of the second derivative 

of the temperature. Both the experimental and numerical results indicate that the two 

bright strips outside the thermal boundary layer extend toward the middle of the 

sidewall and meet there, initially with some misalignment but eventually being aligned 

with each other to form a single bright strip. According to the present shadowgraph 

observation and the corresponding numerical simulation, the outer and inner bright 

strips represent a double-layer structure adjacent to the sidewall.  

Following the formation of the double-layer structure of the thermal boundary 

layer, the flow transition enters the quasi-steady stage. The numerical results indicate 

that the stratification of the interior fluid in the cavity results in a non-monotonic 

horizontal temperature profile near the hot sidewall, which is related to the double-layer 

structure. Further discussion concerning the double-layer structure reveals that there are 

opposing thermal diffusions in the vicinity of the sidewall, directing to the minimum of 

the temperature profile.  

The present shadowgraph observations and direct temperature measurements 

show that there exist the traveling waves in the thermal boundary layer in the quasi-
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steady stage. These waves are associated with a convective instability of the thermal 

boundary layer, and have the same frequency as those induced by the LEE in the initial 

stage. The amplitude of the traveling waves increases as the stratification of the interior 

fluid in the cavity is enforced.  

 
8.1.2 Transient natural convection with a fin 
For the purpose of controlling the heat transfer through the sidewall, the problem of 

transient natural convection in a differentially heated cavity with a fin placed on the 

heated sidewall has been investigated in this thesis. It is demonstrated that the fin may 

significantly change the transient natural convection flow and in turn enhance or depress 

the transient heat transfer through the sidewall. Similarly, the transition of the natural 

convection flow from the start-up to the quasi-steady state may be classified into three 

stages: an initial stage, a transitional stage and a quasi-steady stage. 

In the initial stage, the development of the thermal boundary layer with a fin is 

different from that without a fin if the fin is sufficiently large. Both experimental and 

numerical results have demonstrated that, initially, a lower intrusion front forms under 

the fin. The lower intrusion front eventually bypasses the fin, and the subsequent 

evolution of the lower intrusion front depends on the dimension of the fin. For the case 

with a smaller square fin, the lower intrusion front reattaches to the downstream thermal 

boundary layer, and the interaction between the thermal boundary layer flow and the 

lower intrusion front leads to the breakdown of the lower intrusion front and strong 

mixing in the downstream thermal boundary layer. However, for the case with a larger 

thin fin, the lower intrusion front moves directly upwards and strikes the intrusion under 

the ceiling. Subsequently, the trailing flow following the lower intrusion front is 

entrained into the downstream thermal boundary layer. Due to the strong perturbations 

associated with the lower intrusion front, the early-stage separation and trailing waves 

of the intrusion under the ceiling disappear in both the above-mentioned cases. Clearly, 

the lower intrusion front enforces the convection in the downstream thermal boundary 

layer and significantly enhances the heat transfer through the sidewall (by up to 33% for 

some computed cases in the thesis). 

After the perturbations associated with the lower intrusion front are convected 

away, the development of the thermal boundary layer flow enters a transitional stage. In 

this stage, the flow transition exhibits distinct variations between the cases with 
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different fins. The present numerical and experimental results indicate that, for the case 

with the smaller square fin, the subsequent development of the thermal boundary layer 

is similar to that of the case without a fin. However, for the case with the larger thin fin, 

the thermal flow around the fin separates from the fin and oscillates, which in turn 

triggers instability of the downstream thermal boundary layer flow. It is demonstrated 

that the evolution of the thermal boundary layer flow in the transitional stage is 

apparently dependent on the dimension of the fin.  

The numerical and experimental results have also demonstrated that different 

dimensions of the fin may result in different properties of the thermal boundary layer 

flow in the quasi-steady stage. For the case with the smaller square fin, the flow in the 

quasi-steady stage is similar to that without a fin. For the case with the larger thin fin, 

the quasi-steady state flow becomes periodic. The numerically calculated frequencies of 

the quasi-steady state oscillations of the flow around the thin fin and the instability of 

the downstream thermal boundary layer flow are consistent with those measured in the 

experiments. During the transition from the start-up to the quasi-steady state, the 

perturbations induced by the thin fin enforce the convection of the downstream thermal 

boundary layer and in turn, enhance the heat transfer through the sidewall.  

In order to obtain further insights into the effects of the fin parameters on the 

transient natural convection and heat transfer through the differentially heated cavity, 

the effects of the dimension, position and number of the fins are numerically 

investigated in this thesis. The numerical results of different fin dimensions indicate that 

there may exist an optimal dimension of the fin for the purposes of either enhancing or 

depressing the heat transfer through the sidewall. Furthermore, it is revealed that the 

transient natural convection and heat transfer are sensitive to the position of the fin. The 

numerical results show that the heat transfer through the sidewall may be enhanced 

more if the thin fin is placed at a lower position. The present numerical results have also 

shown that the transient natural convection and heat transfer for the case with three fins 

on the sidewall are different from those with a single fin.  

In summary, the experiments and numerical simulations in this thesis have 

demonstrated that one or more fins on the sidewall may play an important role in 

controlling the transient natural convection and heat transfer through a differentially 

heated cavity in the present Rayleigh number range (the order of 109). 
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8.2 Topics for future studies 
Although significant progress regarding the transient natural convection and heat 

transfer in a differentially heated cavity has been achieved in this thesis, several new 

research topics have been motivated by the present study, and are worth investigating in 

future studies. 

First of all, the discrepancies between the experiment and numerical simulation of 

the present study for the case without a fin suggest that the convective instability of the 

thermal boundary layer flow is worth further studying. In particular, comparisons 

between the stability analysis of the quasi-steady state thermal boundary layer and the 

corresponding experiments are desirable. Although a stability analysis of the thermal 

boundary layer flow adjacent to a flat plate in a stratified ambient was reported by Tao 

and Le Quere (2003), the distinction between the thermal flows adjacent to a flat plate 

and in a differentially heated cavity, and the correlations between the thermal boundary 

layer instability and the stratification of the interior fluid in the cavity need to be further 

investigated.  

Secondly, although numerical results concerning several fin parameters including 

the dimension, position and number of the fins have been obtained in the present study, 

it is worthwhile to determine an optimal configuration of the fin in terms of enhancing 

or depressing the heat transfer through the differentially heated cavity. This 

investigation is particularly important for many industrial designs and applications. 

Finally, due to the limitations of the experimental model, the experimental results 

of the present study are obtained within only a small range of the Rayleigh numbers for 

both cases with and without a fin, and the numerical simulations have also been 

conducted within the same range of the Rayleigh numbers. From the engineering 

application point of view, it is necessary to extend the experiments and numerical 

simulations to cover a broader range of the Rayleigh numbers, in particular, the 

Rayleigh numbers above 1010.  
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Appendix 
 

i2erfc = complementary error function integrated two times, defined as follows (also 

see Goldstein & Briggs 1964), 
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