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Abstract 

In the near-shore waters of natural water bodies, an increasing depth in the offshore 

direction is a geometric factor which results in differential heating or cooling across the 

shore. Exposed to daylight radiation, the volumetric heating rate in the shallow region is 

greater than in the deep region, generating a warm surface layer flowing offshore. At 

night, a circulation in the opposite direction is induced by differential cooling owing to 

heat loss from the water to the atmosphere. Field experiments demonstrate that this 

natural convection in calm near-shore waters plays a significant role in cross-shore 

exchanges with significant biological and environmental implications. This thesis aims 

to provide detailed quantification of this thermal flow for various thermal forcing 

conditions.  

    Based on a wedge model, an improved scaling analysis is proposed in the present 

study to reveal more detailed features of the flow than the previous scaling analysis, 

especially the dependency of flow properties on offshore distance. Four different types 

of thermal forcing (radiative heating, isoflux cooling, constant and ramped isothermal 

heating) are considered in the scaling analysis, and the scaling results are verified by the 

corresponding numerical simulations.   

    For heating induced by absorption of radiation, two critical functions of the Rayleigh 

number with respect to offshore distance are derived from scaling analysis to identify 

the distinctness and stability of the thermal boundary layer at any local position. These 

two functions reveal four possible flow scenarios, depending on the bottom slope and 

the maximum water depth. For each flow scenario, the flow domain may be composed 

of multiple subregions with distinct thermal and flow features, depending on the 

Rayleigh number. The dividing positions between neighboring subregions and the flow 

properties in each subregion are quantified by scaling. The scenario of relatively large 

bottom slope and shallow water is examined in detail and classified into three flow 

regimes based on the Rayleigh number. For the unstable flow regime, the entire flow 

domain is composed of three subregions, with the dominant mode of heat transfer 

changing from conduction to stable convection and finally to unstable convection as 

offshore distance increases.  Characteristics of instability are investigated through a 

comprehensive spectral analysis which reveals the dependency of spectral properties on 

water depth, offshore distance and the Rayleigh number.  
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    For isoflux cooling on the water surface, flow scenarios revealed by scaling analysis 

share similarity with that of the radiation heating, although the mechanisms of these two 

cases are significantly different. The distinctness and stability of the thermal boundary 

layer are identified by two critical Rayleigh number functions, a comparison between 

which reveals two possible flow scenarios depending on the bottom slope. The scenario 

with relatively large bottom slopes is examined in detail and further classified into three 

possible flow regimes depending on the Rayleigh number.  

For constant and ramped (increasing linearly with time) isothermal heating at the 

water surface, a hybrid of approximate analytical solutions and scaling analysis is used 

to quantify the flow in the conductive region and scaling analysis is developed for the 

convective region. For the conductive region, the problem is simplified into a one 

dimensional conduction problem with a variable local water depth. The analytical 

solutions of the simplified problem agree well with the numerical results obtained by 

solving the full Navier-Stokes equations.  It is revealed that for the conductive region, 

when the thermal boundary layer reaches the local bottom at time tsp, the local velocity 

reaches a maximum value for constant heating, and for ramp heating, the flow becomes 

steady at time tsp if the ramp duration is larger than tsp. For both constant and ramped 

heating, flow in the conductive region eventually becomes isothermal and stationary. 

The dependency of the maximum velocity and steady state velocity on various flow 

parameters is quantified by scaling. For the convective region, a comparison between 

the ramp duration P and the time it takes for convection to balance conduction reveals 

two scenarios: if the ramp finishes before the balance, no steady state is reached within 

the ramp duration, and after the ramp finishes, the flow velocity continues to increase 

and gradually becomes steady, whereas if the ramp finishes after the balance, a quasi-

steady state is reached within the ramp duration, and the flow becomes steady soon 

after the ramp finishes. For both scenarios, the flow reaches the same steady state 

velocity as the corresponding constant heating case.  
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1 

 

Chapter 1    Introduction 

1.1 Problem description  

    Unlike forced convection, the motion of which is driven by a pressure difference 

induced by external forces (e.g. pump, fan suction device), natural convection is driven 

by the buoyancy force resulting from density variations in the fluid due to temperature 

gradients. When a portion of fluid is heated or cooled, the temperature gradient induces 

a variation in density due to expansion or contraction of the fluid, which generates a 

buoyancy force through gravity and causes fluid motion. Consequently, heat is 

transported with the bulk motion of fluid, and this process is referred to as natural 

convection or free convection.  A common observation of natural convection in our 

daily life is in a pot of boiling water, in which hot and less-dense water rises up in the 

form of plumes whereas cooler and denser water on the surface sinks downwards.  

    Density differences may also result from differences in the concentrations of 

chemical compositions and the presence of multiple phases of a fluid. Fluid motion 

resulting from a density difference is generally called gravitational convection, or 

buoyancy-induced convection. In this sense, natural convection, which is induced by a 

temperature gradient, falls into the category of gravitational convection.  

Being ubiquitous in nature, natural convection presents itself in many natural events. 

Warm air rising above solar-heated land or water generates convective cells that 

contribute to all the weather systems. The sea-breeze is one of the phenomena caused 

by natural convection that brings us comfort. As the sea has greater capacity of 

absorbing heat than the land, when subject to the same amount of heating, sea water is 

cooler than the land, and therefore, the air above the sea is cooler and thus of higher 

density, resulting in an air circulation with cooler air from the sea moving inland and 

hotter air from the land rising up, returning towards the sea. Within Earth‘s mantle, 

convection is the driving force for plate tectonics. As the lower mantle is hotter than the 

upper mantle, instability exists in the form of hot plumes rising up from the lower 

mantle while the unstable lithosphere region drips back into the mantle, causing the 

subduction of the oceanic lithosphere. Large scale oceanic circulation is also generated 



Chapter 1 

2 

 

by natural convection, as cold surface water at high latitudes sinks deep and flows 

towards the equator and warm water from the equator floats toward higher latitudes, 

resulting in a overturning ocean circulation. In a sense, natural convection is a way of 

nature to adjust thermal imbalance.  

The above mentioned events of natural convection in nature are of relatively large 

scales. Many natural convection events in nature also occur at smaller scales and have 

significant implications on the life of both human and other species. One of these events 

is the focus of this thesis – natural convection in the near-shore regions of natural water 

bodies, such as reservoirs, lakes, estuaries and oceans.  

Adjoining the edge of landscape, the quality of near shore waters tends to be affected 

by terrestrially derived solutes and particulates. The water body is self-resilient to some 

extent due to exchanges and mixings generated by various natural mechanisms, such as 

wind-generated currents and waves (e.g. Mao & Heron 2008), tides, and circulation 

generated by salinity gradients in estuaries and coastal ocean. These mechanisms help 

to reduce the residence time of the water body and the concentration of potential 

pollutants. Physical processes in littoral regions have been reported comprehensively in 

reviews in the context of physical limnology (e.g. Fisher et al. 1979; Imberger & 

Patterson 1990; Imberger 1998). 

For littoral regions under relatively calm conditions, another natural mechanism 

becomes prominent in refreshing the water and is a subject of increasing recent interest: 

that is, natural convection resulting from spatial variation of the temperature field.  

In the hot summer, our swimming experience has taught us that the water near shore 

is much warmer than the water further offshore. This phenomenon is related to the 

intrinsic nature of the near shore topography – an increasing water depth in the offshore 

direction. When subjected to the same rate of daytime heating or night cooling, the 

depth-averaged local temperature either decreases or increases in the offshore direction. 

This horizontal temperature gradient drives an onshore-offshore circulation, which is 

often referred to as a ―thermal siphon‖.  

Field experiments (Adam & Wells 1984; Monismith et al. 1990; James et al. 1991, 

1994; Niemann et al. 2004; Monismith et al. 2006) indicate that the function of the 

thermal siphon significantly reduces the time to replace the water in the near shore 

regions of oceans and the sidearms of reservoirs and lakes. The measured velocities 

associated with this process are of the order of 5 cm/s. It is revealed that the thermal 
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siphon is a predominant, yet often overlooked, mechanism driving the cross-shore 

circulation in calm near-shore regions where the wind-driven and tidal circulations are 

limited.  

More recently, increasing attention has been paid to the biological implications of 

this cross-shore circulation as it transports nutrients and pollutants in the form of either 

particles or solutes across shore. For the near shore ocean where coral reefs are located, 

the natural barrier formed by reefs shields lagoons near shore from ocean waves. For 

those lagoons, waters are relatively calm and shallow, and hence natural convection 

may play a significant role in the hydrodynamics and the ecosystem near the reef, 

affecting the distribution of coral reefs by adjusting the temperature distribution, 

transporting larvae, phytoplankton, and other substances across shore. The field 

experiment of Monismith et al. (2006) suggests that the thermal siphon may be a 

general feature of the hydrodynamic processes of reefs and the coastal ocean, helping to 

alleviate the stress of coral bleaching as well as enhancing connectivity between the 

reef and the ocean (Monismith 2007). The investigation of Niemann et al. (2004) on the 

flow of near-reef phytoplankton off the Gulf of Aqaba reveals that the gravity currents 

induced by surface cooling are a dominant force in driving the cross shore circulation, 

linking the coastal ecosystem with the adjacent ocean by exporting phytoplankton and 

other suspended matter to the deep waters of the Red Sea.  

In addition to these biological effects on the ocean, this thermal siphon also has 

significant environmental impact on reservoirs and lakes, exchanging terrestrially 

derived or near-shore generated pollutions and nutrients with the open water. In this 

sense, the strength of this siphon is directly relevant to the residence time of the near 

shore water and therefore its resilience to pollution, which in turn affects its eutrophic 

state reflected by the population of algae and other phytoplankton. The field experiment 

of James & Barko (1991) demonstrates the importance of nighttime convective 

circulation in the transport of phosphorus exchange between littoral and pelagic zones. 

The vertical and horizontal transport in lakes and its chemical and biological 

implications were investigated by MacIntyre & Melack (1995). The horizontal density 

difference in their study included the effect of differential heating resulting from 

bathymetry variation across shore, variation of algal abundance and difference in the 

depths of wind mixing. Apart from the above factors, differential heating may also 

result from shading from vegetation such as reed belts in the near-shore region of lakes. 



Chapter 1 

4 

 

The thermal siphon induced by this factor and its implication on the ecosystem have 

been investigated by Lövstedt & Bengtsson (2008).  

    The above field studies suggest the biological and environmental impact of the 

thermal siphon on natural water bodies, including lakes, reservoirs and oceans. Detailed 

understanding of the function of the natural thermal siphon will provide important 

insights into near-shore circulation, and therefore benefit the management of these 

water resources. In addition, incorporation of the buoyancy driven flow into the model 

of near shore processes will significantly improve the accuracy of the model which can 

be ultimately linked to larger scale reservoir or ocean models. The above field 

measurements are limited to each field case, and therefore a comprehensive 

understanding of this thermal siphon requires more general approaches to quantify the 

flow for various field situations. In the following section, the existing literatures on this 

near-shore thermal siphon for different thermal forcing conditions are reviewed.  These 

investigations cover a wide variety of general approaches, including asymptotic 

solutions, scaling analysis, numerical simulations and laboratory experiments.   

1.2 Literature review 

Investigations of geophysical natural convection in natural water bodies began with 

the configuration of shallow rectangular cavities. The thermal forcing that generates 

convection in these cavities may be imposed on the vertical endwalls, on the horizontal 

boundaries, or internally.  

A large body of literature exists for the cases with thermal forcing imposed on the 

vertical endwalls where convective flow is generated within a vertical boundary layer 

near the wall. Asymptotic analysis for the steady state flow in the core and end region 

was obtained by Cormack et al. (1974a). The solution was verified numerically by 

Cormack et al. (1974b) and experimentally by Imberger (1974). These investigations 

have initiated a series of subsequent investigations (e.g. Bejan & Rossie 1981; Bejan et 

al. 1981; Simpkins & Dudderar 1981; Hart 1983a). Physical scaling analysis of 

Patterson & Imberger (1980) has provided important insight into the transient 

development of the buoyancy – driven flow under this configuration, and their 

conclusions on the approach to steady state was verified later by a series of experiments 

(Ivey 1984; Patterson & Armfield 1990) and numerical simulations (Schladow et al. 
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1989; Schladow 1990; Patterson & Armfield 1990). In this configuration, the 

temperature gradient between the vertical boundary layer and the surrounding fluid 

generates the convective flow, resulting in a cavity wide circulation.  

In field situations, many factors may result in a horizontally varying thermal forcing, 

which leads to a horizontal temperature gradient that generates the flow. Factors such as 

the distribution of particles or color of the water body, and the local shading from the 

sun by clouds or near-shore vegetation affect heating by absorption of radiation, which 

can be classified as an internal heating source. Alternatively, spatial variation of wind 

strength may result in variation of evaporative or conductive cooling at the water 

surface, which involves the variation of the thermal forcing along a horizontal boundary. 

Furthermore, for a larger scale ocean circulation, the differential insolation condition at 

varying latitudes embodies a thermal forcing which is both horizontally non-uniform 

and internally imposed. In the light of the above field situations, researches on natural 

convection in natural water bodies have also involved internally and horizontally 

imposed thermal forcing. 

Natural convection generated by horizontally imposed thermal forcing was 

investigated by Rossby (1965) through laboratory experiments, in which the bottom bar 

of a tank was maintained at a constant and non-uniform temperature by heating at one 

end and cooling at the other. In that investigation, a simple scaling analysis was 

developed to interpret the experimental results.  It was found that a single convective 

cell of asymmetric structure formed in the enclosure. Subsequently, numerical 

simulations were conducted by Beardsley & Festa (1972) for this configuration, and the 

stability of this type of circulation in a very shallow box was analyzed by Hart (1972, 

1983b). Later, Rossby (1998) revisited horizontal convection through numerical 

experiments, suggesting that the imposed horizontal (meridional) density contrast is the 

driving force for the global thermocline circulation. More recently, the details of this 

horizontal convection were investigated by Mullarney et al. (2004) through laboratory 

and numerical experiments with larger Rayleigh numbers and smaller aspect ratios than 

previously studied. In contrast to the linearly increasing temperature at the horizontal 

base in previous investigations, the circulation in Mullarney et al. (2004) is driven by 

uniform heating and cooling through opposite halves at the base. A recent review of 

horizontal convection can be found in Hughes & Griffiths (2008).  
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    For the case with internal thermal forcing, Patterson (1984) carried out a scaling 

analysis of an internal source of heat flux that is linearly distributed in the horizontal 

direction and uniform in the vertical direction. For a closer representation of the 

radiation absorption in field situations, through scaling analysis, numerical simulations, 

and laboratory experiments, Trevisan & Bejan (1986) investigated the convection flow 

generated by the difference in the absorption of solar radiation between two horizontal 

semi-infinite regions with two different penetration depths of radiation. In their 

investigation, the absorption of radiation was simplified as uniformly distributed 

between the water surface and the penetration depth, whereas in field situations, the 

water body absorbs solar radiation in an exponentially decaying manner with water 

depth. Later, in the investigations of Coates and Patterson (1993, 1994), the 

exponentially decaying nature was embodied by an attenuation coefficient, and both 

laboratory experiments and numerical simulations were conducted to verify the scaling 

results.  

The above investigations are all framed in a rectangular enclosure, which is 

inadequate for representing the near-shore geometry. The bathymetry variation across 

shore in the near-shore region implies that a wedge model is a better representation (see 

figure 1.1). In fact, it is this geometry that provides an important mechanism for a cross 

shore circulation. Put in a simple way, as an approximately equal heat flux entering or 

leaving through the water surface is distributed over different depths of water, the water 

at any given location is either hotter or cooler than its horizontal neighboring region, 

and thus a horizontal temperature gradient is established. As a consequence, the 

temperature-induced horizontal density gradient then generates a buoyancy force that 

drives a cross-shore circulation. The effect of a sloping bottom on near-shore natural 

convection was introduced by Horsch & Stefan (1988) with an experimental and 

numerical investigation of constant surface cooling in a wedge shaped cavity. 

 

Figure 1.1 Wedge model characterizing the cross-shore geometry with the x axis 
representing the offshore direction.  

 

x 

y 
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While the thermal forcing in field situations varies over the diurnal cycle, an 

understanding of the mechanics imposed by constant thermal forcing provides insight 

into the more complex cases of unsteady, including diurnal, thermal forcing. Apart from 

field experiments, efforts to understand the near-shore natural convection induced by 

bathymetry variation have been made through a wide variety of other methods, 

including asymptotic solutions, scaling analysis, numerical simulations and laboratory 

experiments. In the following section, existing investigations on near-shore natural 

convection due to the bathymetry effect are reviewed with respect to three different 

types of thermal forcing, constant radiation heating, constant surface cooling, and time-

varying thermal forcing respectively.  

1.2.1 Constant radiation heating 

During the day, the water body absorbs solar radiation in an exponentially decaying 

manner with water depth according to Beer‘s Law (Rabl & Nielson 1975; Kirk 1986). 

Typically, in natural water bodies, most radiation is absorbed within a depth of about 1-

2 m from the water surface, resulting in a shallow surface layer with water much 

warmer than the underlying water. The depth of this surface layer is termed the 

penetration depth of solar radiation, which is determined by an attenuation coefficient 

depending on the wavelength of the radiation, the water color and transparency (Kirk 

1986). For the near-shore region with water depth less than the penetration depth, two 

theoretical models have been proposed to explain the occurrence of an increasing 

temperature toward the shore which drives a surface outflow from the edge of the 

sidearm.  

    In order to simplify the problem, one model assumes that all of the radiation is 

absorbed and uniformly distributed over the local water depth (Farrow & Patterson 

1993a; Farrow 2004; Monismith et al. 2006), resulting in the water temperature being 

inversely proportional to the water depth. Farrow & Patterson (1993a) first proposed 

this model in order to obtain the zero-order asymptotic solutions for a diurnally varying 

thermal forcing, in which the daytime radiation energy and night time heat loss were 

introduced by a sinusoidal function with respect to time and uniformly distributed over 

the local water depth. This same model of thermal forcing was used in the 

reinvestigation of this problem by Farrow (2004) for a slowly varying topography. 
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Subsequently, by adopting the same model, Monismith et al. (2006) derived a 

simplified scaling to explain field measurements of the thermal siphon.  

    The simplified model described above facilitates general understanding of the 

mechanism, but is insufficient to accurately represent the reality in that it assumes 

uniform distribution of the thermal energy over the local depth. From a more physically 

realistic perspective, during daytime heating the water body absorbs solar radiation in 

an exponentially decaying manner with water depth following Beers‘ law. This factor is 

taken into account in the latter model proposed by Farrow & Patterson (1994). 

Furthermore, in the latter model, any residual radiation reaching the bottom slope is 

assumed to be absorbed by the bottom and re-emitted as a bottom heat flux, which 

induces a thermal boundary layer near the bottom and is also a potential source for 

Rayleigh – Bénard instability, causing thermal plumes to rise up from the bottom. As 

the water depth decreases toward the shore, the bottom heat flux increases. Within the 

bottom boundary layer, the horizontal temperature gradient induces a buoyancy force 

that drives the flow up the slope and outwards in the surface layer.  This model was 

later adopted in the scaling analysis and direct stability analysis of Lei & Patterson 

(2002a, 2003) and recently by Mao et al. (2009 a, 2010).    

    Using the latter model, the zero-order asymptotic solution of Farrow & Patterson 

(1994) quantifies the radiation-induced circulation in a wedge domain based on a small-

slope assumption. Through revealing the variation of the dominant terms in the Navier-

Stokes equation with both time and offshore distance, the solutions have shed light on 

the temporal and spatial variations of the thermal flow. Isotherms were revealed to 

transform from vertical lines in the near shore region into nearly horizontal lines in the 

offshore region. The nearly horizontal isotherms in the offshore region are simply the 

results of stable stratification induced by direct absorption of radiation, as the amount of 

radiation reaching the bottom slope in deep regions is negligible. However, in the 

shallow region, due to the effect of convection, isotherms should be more complicated 

than vertical lines. As illustrated in the simulation results of Mao et al. (2007), for 

shallow regions with convection as the dominant mode of heat transfer, the isotherms 

are curved significantly in both the bottom boundary layer and the surface intrusion 

layer due to the effect of convection. This feature cannot be revealed in Farrow & 

Patterson (1994) as the nature of the zero-order asymptotic solutions implies that the 

solution is for a standard one-dimensional heat conduction problem with a variable 
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local water depth, and the effects of convection or horizontal conduction, which are 

both second-order effect, were excluded. These effects were included in the second-

order asymptotic solution of Farrow (2004) for periodically forced natural convection 

over a slowly varying topography. As mentioned above, to simplify the problem, the 

model of Farrow (2004) assumed uniform distribution of radiation and heat loss over 

the local water depth. 

    Efforts to understand natural convection in the sidearm have also been made through 

scaling analysis. Lei & Patterson (2002a) focused on shallow waters with water depth 

less than the penetration depth of radiation. The scaling analysis classified the overall 

flow state into three distinct flow regimes depending on the Rayleigh number: 

conductive, transitional and convective. Scales of flow properties have been derived for 

each flow regime and numerical simulations verified the scaling results. The 

investigation of Lei & Patterson (2002a) revealed the variation of the overall flow 

status with the Rayleigh number. However, the scaling did not capture the distinctive 

flow subregions and the variation of thermal flow properties with offshore distance, 

which have been reported in the numerical simulation of Mao et al. (2007).  

    Identifying the different flow subregions through scaling will provide important 

insights into the detailed exchange and mixing processes, as the transport processes 

vary significantly with distinctive regions. For instance, owing to the occurrence of 

rising thermal plumes in the unstable region, vertical transport there is much stronger 

than in the stable region. Moreover, quantifying the variation of flow velocity with 

offshore distance is crucial to ascertain the detailed rate of flow exchange and transport 

of particles and solutes at various offshore distances.  

    The above aims have been achieved through an improved scaling analysis by Mao et 

al. (2009a), the results of which have been verified by numerical simulations. By 

adopting a variable offshore distance x in the scaling analysis, two critical Rayleigh 

number functions with respect to x have been derived to identify the distinctness and the 

stability of the thermal boundary layer at various x. As a result, the two critical 

functions classify the overall flow into four flow scenarios, depending on the bottom 

slope and the maximum water depth. For each scenario, the possible flow regimes are 

classified based on the Rayleigh number. For each flow regime, distinct flow 

subregions (conductive, stable convective, and unstable convective region) are 

identified with the extent of each subregion quantified by scaling. For the unstable flow 
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regime, figure 1.2 shows the sketch in Mao et al. (2009a), revealing distinct subregions 

in the offshore direction with characteristic isotherms: vertical lines in the conductive 

region, curved lines in the stable convective region, and wavy lines representing 

thermal plumes in the unstable region. In addition, different sets of scaling relations 

incorporating the offshore distance dependency have been derived for distinct 

subregions. A comprehensive presentation of the investigation of Mao et al. (2009a) 

will be provided in Chapter 2.  

As mentioned previously, the radiation energy reaching the bottom slope is absorbed 

by the bottom and re-emitted as a bottom heat flux. This results in a potentially unstable 

boundary layer. Instability may occur in the form of plumes rising up from the bottom, 

which enhance direct vertical transport. The rising thermal plumes have been visualized 

using a shadowgraph technique in the laboratory experiments of Lei & Patterson 

(2002b).  

Linear stability analysis is often performed to reveal the critical condition for 

instability to occur and the critical wave-number at the onset of instability (e.g. 

Armfield & Patterson 1992; Farrow & Patterson 1993b). Assuming longitudinal rolls as 

the form of instability, Farrow & Patterson (1993b) conducted a linear stability analysis 

on a zero-order asymptotic base flow with the bottom slope approaching zero. In their 

analysis, the critical Rayleigh number for instability was derived as a function of the 

offshore distance, which is in qualitative agreement with the scaling results of Mao et al. 

(2009a). However, the linear stability analysis is unable to characterize the instability 

properties at a more developed stage of flow development. As the base flow and the 

form of instability develop with time, the effect of non-linearity becomes increasingly 

significant and thus cannot be ignored. In fact, the 3-D numerical simulation results of 

І ІІ ІІІ 

Figure 1.2 Distinct subregions with characteristic isotherms in the unstable flow 
regime for radiation heating: Region I, conductive; Region II, stable convective; 
Region III unstable. (Mao et al. 2009a). 
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Lei & Patterson (2003) reveal that the form of instability evolves with time as the flow 

develops and is more complicated than simple longitudinal rolls.  

    For the unstable regime, the flow development can be classified into three stages: 

initial, transitional and quasi-steady (Lei & Patterson 2002a, Mao et al. 2009a). The 

stability properties of the flow in the initial and early-transitional stages were 

investigated by Lei & Patterson (2003) using direct stability analysis based on 3-D 

numerical simulations, which revealed the variation of certain instability properties (the 

onset time of instability, the transverse wave number and the growth rate of instability) 

with offshore distance. The variation of the onset time of instability with offshore 

distance revealed by the direct stability analysis was in agreement with the scaling 

analysis by Mao et al. (2009a). However, the stability properties of the flow at the 

quasi-steady state were not revealed in the direct stability analysis by Lei & Patterson 

(2003). As briefly described in Mao et al. (2009a), spectral analysis indicates that the 

frequency modes and their respective power of instability remain approximately 

constant during the quasi-steady state. For unstable flow at the quasi-steady state, the 

characteristics of instability were investigated by Mao et al. (2010) through a 

comprehensive spectral analysis which reveals the spatial variation of stability 

properties. It is revealed in Mao et al. (2010) that both the power of instability and the 

prominence of higher frequency modes increase with both the offshore distance and the 

Rayleigh number for the considered shallow region. The details of the investigation of 

Mao et al. (2010) will be presented in Chapter 3.  

1.2.2 Constant surface cooling 

At night, the atmosphere is usually cooler than the water surface. This results in a 

consequent heat loss from the water body to the atmosphere. Since the approximately 

same amount of heat loss is distributed over a varying local water depth as offshore 

distance varies, in a bulk sense the volumetric cooling rate in the shallow region is 

greater than in the deep region. Therefore, the water temperature decreases toward the 

shore, which leads to an increasing density, and thus a cool gravity current is formed 

flowing down the bottom slope.  

As soon as cooling is initiated at the water surface, a thermal boundary layer starts to 

grow from the water surface downwards. This configuration is unstable, as the adverse 

temperature within this boundary layer may result in plumes plunging down from the 



Chapter 1 

12 

 

surface layer if the cooling rate is sufficiently high. Cooling from the surface in a 

rectangular cavity is the well studied Rayleigh-Bénard problem, an extensive review of 

which can be found in Bodenschatz et al. (2000). For a wedge-shaped geometry subject 

to surface cooling, even in the unstable flow regime, there is always a stable region near 

shore, the extent of which is predicted by the scaling analysis of Mao et al. (2009b).  

Brocard & Harleman (1980) conducted experimental and theoretical investigations 

on the cooling-induced convective circulation and observed two distinct layers 

separated by a density interface flowing in opposite directions. They assumed an 

adiabatic end wall at one end and a fixed value of buoyancy over a given depth at the 

other end which was open, and a constant bottom slope was also considered. A wedge 

model was first proposed by Horsh & Stefan (1988) to represent the near-shore 

geometry. Based on this model, they studied convection in littoral regions induced by 

surface cooling through numerical simulations and laboratory experiments, and found 

an approximately proportional relation between the flow rate and Ra1/n, where Ra is the 

Rayleigh number, and 2 < n < 3 for Ra in the range of 104 – 108. However, no detailed 

scaling analysis was provided for flow quantification. Subsequently, a mixed-cell-in-

series model was established by Stefan et al. (1989) to estimate the cooling-induced 

convective exchanges in the littoral region of a shallow lake. Application of the model 

to field data suggests the significance of the cooling-induced convective exchange flow 

in renewing the water body.  Later, the range of the Rayleigh number in Horsh & Stefan 

(1988) was extended numerically by Horsch et al. (1994), in which solutions were 

obtained for different Rayleigh numbers, Prandtl numbers and bottom slopes, and 

different regimes of the developing flow were observed. The steady-state flow 

generated by surface cooling was reinvestigated by Sturman et al. (1999) through 

scaling analysis, field and laboratory measurements, in which the steady state horizontal 

exchange was expressed as a function of the surface heat flux and the inclination angle 

of the bottom slope. The transient feature of the flow development was not considered 

in Sturman et al. (1999). Wells & Sherman (2001) studied the stratification produced by 

surface cooling in lakes through both laboratory experiments and field measurements. 

They considered a different geometry configuration with a shallow region gradually 

connected to a deep region by a sloping bottom (the shelf configuration). It was 

reported that the steady state depth of the surface mixed layer depended on both the 

depth and the area ratios between the shallow and the deep region. However, no 
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quantitative scale was obtained to describe the relation. More recently, Lei & Patterson 

(2005) provided more detailed scaling than the previous investigations for natural 

convection generated by surface cooling, classifying the overall flow into conductive, 

transitional and convective regimes. Later numerical simulations and laboratory 

experiments of Bednarz et al. (2008, 2009a) focused qualitatively on the development 

of sinking plumes with time in the unstable flow regime, which verified the scaling for 

the onset time of instability proposed by Lei & Patterson (2005).  

The above investigations shed light on near-shore natural convection induced by 

surface cooling. However, they did not capture or quantify the variation of the flow 

properties with offshore distance, which is essential for deeper insight into the cooling 

phase of the diurnal ―thermal siphon‖. Similarly to the daytime heating case, an 

improved scaling analysis has also been provided by Mao et al. (2009b) for the night 

time cooling case, the results of which have been verified by comprehensive numerical 

simulations. Through two critical functions of offshore distance for the Rayleigh 

number, the distinctness and the stability of the local thermal boundary layer were 

identified along the offshore direction. Two flow scenarios are possible depending on 

the bottom slope, and the possible flow regimes for each scenario are classified 

depending on the Rayleigh number. For each flow regime, the possible distinctive sub-

regions are identified and the extent for each sub-region is quantified by scaling 

analysis. For the unstable flow regime, there are three subregions as sketched with 

characteristic isotherms in figure 1.3, where the dominant mode of heat transfer changes 

from conduction to stable convection and finally to unstable convection as the offshore 

distance increase.  Different sets of scaling have also been derived for each sub-region. 

The investigation of Mao et al. (2009b) will be presented in detail in Chapter 4.  

 

 

III ІI І 

Figure 1.3 Distinct subregions with characteristic isotherms in the unstable flow 
regime for surface cooling: Region I, conductive; Region II, stable convective; Region 
III, unstable. (Mao et al. 2009c). 
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1.2.3 Time varying thermal forcing 

The above investigations all focused on thermal forcing which, after initiation, is 

constant in time, and have provided the basis for understanding the more complex cases 

of time varying thermal forcing. The variation of the thermal forcing over diurnal cycles 

of daytime heating and night time cooling can be approximately represented by a 

sinusoidal function of time. In the field experiment of Monismith et al. (1990), strong 

sheared horizontal exchanges were observed over the diurnal cycles, driven by 

horizontal temperature gradients arising from bathymetry variation. Meanwhile it was 

reported that, owing to more vigorous turbulent mixing, the surface cooling induced 

flow was slower and of greater vertical extent than the radiation induced flow. 

Consequently, the averaged residual flow over a diurnal cycle is with surface water 

flowing out and metalimnetic waters flowing in.  

    While a steady or quasi-steady state will finally be reached for constant thermal 

forcing, in real field situations, the diurnal variation of the thermal forcing and the 

inertia of the flow result in an unsteady flow and a time lag between the flow response 

and the thermal forcing as demonstrated by field experiments (Adams & Wells 1984, 

Monismith et al. 1990). To quantify this time lag, Farrow & Patterson (1993a) and 

Farrow (2004) simplified the diurnal model in their theoretical analysis by introducing a 

source term uniformly distributed along the local depth to the energy equation. Based 

on small bottom slope assumption, the zero-order asymptotic solutions of Farrow & 

Patterson (1993a) clearly reveal the transition from a viscous-dominated flow in the 

shallow region to an inertia-dominated flow in the deeper part where the flow response 

significantly lags the forcing. It is found that the temperature response lags the thermal 

forcing by one quarter of the period, which corresponds to 6 hours in the diurnal cycle. 

In other words, the horizontal temperature gradient in a typical sidearm does not reverse 

until about 6 hours after the net heat transfer into or out of the sidearm has changed sign. 

Later, Farrow (2004) generalized the problem with an arbitrary bathymetry and 

obtained the second-order asymptotic solutions, which include the effect of convection 

and horizontal conduction. Owing to the complexity of the higher order solution, no 

explicit expression of the time lag is obtained. 

The simplified diurnal model with a uniform vertical distribution source is a very 

limited representation of the real geophysical situation. As mentioned above, the 

daytime heating induced by the absorption of radiation and the nighttime cooling at the 
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water surface involve more complicated thermal forcing than the uniform model can 

represent.  A closer representation of the thermal forcing was realized in the numerical 

simulations of Lei & Patterson (2006) for the diurnal case with a reservoir model for 

both shallow and deep waters (compared to the penetration depth of radiation). It is 

found that, in the shallow water case, the estimated time lag is significantly less than a 

quarter of the cycle, whereas in the deep water case, the time lag is beyond a quarter of 

the cycle, depending on the Rayleigh number. Later, an experimental study was 

conducted by Bednarz et al. (2009b) for the thermal flow in a reservoir model subject to 

periodic thermal forcing. The temperature and velocity fields were visualized using 

thermochromic liquid crystals and measured using particle image thermometry and 

velocimetry techniques.  

Despite the above investigations, owing to its complexity, no scaling analysis is yet 

available for natural convection generated by the diurnal thermal forcing. A bridge 

between the constant and the complex diurnally varying thermal forcing is the more 

approachable case of ramp heating or cooling, in which the thermal forcing increases or 

decreases linearly with time within a certain period of time. Although simpler than the 

diurnally varying thermal forcing, the ramp forcing also involves variation of the 

thermal forcing within a period, referred to as the ramp time. A comparison of the ramp 

time with other time scales of the flow development may result in different scenarios. 

Scaling analysis on the ramp thermal forcing is a further step from the constant thermal 

forcing to the more complicated time-varying thermal forces. For the present wedge 

configuration, no scaling analysis is yet available for the ramp thermal forcing. In this 

thesis, scaling analysis will be conducted for the ramp heating case in chapter 5, in 

which the temperature at the water surface increases linearly with time over certain 

duration.  

1.2.4 Summaries 

    The above investigations provide important insights into the near shore natural 

convection induced by daytime radiation heating, nighttime surface cooling and 

diurnally varying thermal forcing. Understanding of the flow mechanisms and 

quantification of flow properties have been achieved through a variety of 

complementary approaches. Field experiments have demonstrated the significance of 

natural convection in cross-shore exchanges. The mechanism of the thermal siphon has 
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been further revealed by laboratory experiments and numerical simulations for all 

different thermal forces. For daytime radiation heating, theoretical quantification of the 

thermal flow has been achieved through zero-order asymptotic solutions and scaling 

analysis. Meanwhile the stability properties have been investigated by linear stability 

analysis, direct numerical simulations and spectral analysis. For nighttime surface 

cooling, the thermal flow has been quantified through scaling analysis.  For diurnally 

varying thermal forcing, a second-order asymptotic solution has been derived for 

relatively low Rayleigh number cases based on a simplified uniform distribution model 

and a small bottom slope assumption. 

    Despite the above mentioned investigations and an increasing recent interest in this 

area, theoretical investigations on the thermal siphon incorporating the characteristic of 

near-shore bathymetry have been relatively rare compared to those on natural 

convection inside a rectangular cavity.  Recent advancement in quantifying the thermal 

flow has been achieved through improved scaling analyses (Mao et al. 2009a,b), which 

have revealed a comprehensive and detailed flow panorama, different flow regimes, 

distinct flow sub-regions, and different sets of scaling relations for flow properties in 

each subregion incorporating the offshore-distance dependency. These improved 

scaling analyses will be presented in detail in this thesis for the cases of radiation 

heating, iso-flux cooling, isothermal thermal heating, and ramp-thermal heating.  

1.3 Thesis aims and outline  

As mentioned previously, quantifying the variation of natural convection with 

offshore distance provides detailed insights into the exchange scenario. The 

characteristics of the thermal flow may vary with offshore distance, with the dominant 

mode of heat transfer changing from conduction to stable convection and finally to 

unstable convection as offshore distance increases, corresponding to vertical, curved 

and wavy isotherms respectively. Ascertaining the extent of each sub-region will reveal 

the dominant transport mechanism of nutrients and pollutants at various offshore 

distances: diffusion dominates the conduction region; whereas particles or solutes in the 

stable convection region are more prone to travel horizontally with the general 

convection flow; in the unstable region, apart from the horizontal convection, particles 

and solutes also tend to move vertically with the rising or falling thermal plumes. 
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Moreover, the characteristics of isotherms in each sub-region have significant 

implications on the distribution of temperature sensitive biological organisms, such as 

coral reefs.  

Quantifying the variation of natural convection with offshore distance is beyond the 

capability of conventional scaling analysis, which adopts a fixed length scale and 

provides an overall quantification of the flow in the entire domain. A breakthrough is 

achieved in the present thesis with a variable length scale which reveals a much more 

detailed flow panorama. The following specific aims are achieved through this 

improved scaling analysis for the case of radiation heating and surface cooling:  

 Categorize the possible flow scenarios. 

 Derive critical functions to identify distinct flow subregions: conduction, stable 

convection and unstable convection regions.  

 Quantify the flow variation with offshore distance for each subregion.  

For the unstable region, spectral analysis is conducted on the quasi-steady state flow 

for the case of radiation heating to reveal the spatial variation of stability properties.  

For the cases of isothermal heating and ramp-thermal heating at the water surface in a 

wedge domain, no scaling analysis is yet available. In this thesis, a hybrid of analytical 

solutions and scaling analysis will be developed for these two cases. 

Numerical simulations are conducted to verify the scaling results for different 

thermal forcing. The detailed numerical methods are introduced in the Appendix. The 

major results of the thesis are presented in Chapters 2 − 5 as detailed below.  

Chapter 2 focuses on unsteady near-shore natural convection induced by absorption 

of radiation. A two dimensional wedge model is assumed and an improved scaling 

analysis is developed to explore the competing mechanisms of the stable stratification 

induced by absorption of radiation and the unstable thermal boundary layer generated 

by the bottom heat flux. The flow development, possible flow scenarios and regimes, 

distinct subregions (conduction, convection, unstable) and scales for flow properties in 

each subregion are derived through the improved scaling analysis and verified by 

numerical simulations. 

Chapter 3 deals with the characteristics of instability of radiation-induced natural 

convection in the unstable region revealed in Chapter 2. The development and spatial 

pattern of instability are revealed by isotherms and streamlines at different stages. The 

focuses of this investigation are the characteristics of instability of the quasi-steady state 
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flow. Spectral analysis is conducted at different water depths, offshore distances and 

Rayleigh numbers to reveal the variation of frequency mode and power of instability 

with these parameters.  

Chapter 4 is concerned with unsteady near-shore natural convection induced by 

isoflux surface cooling. In this case, cooling is introduced through a uniform heat flux 

at the water surface, resulting in a potentially unstable surface thermal boundary layer, 

which may result in plunging plumes if the cooling rate is sufficiently high. Similar 

aims are achieved through an improved scaling analysis for the case of surface cooling 

as for the radiation heating, revealing the variation of flow properties with offshore 

distance.  

Chapter 5 focuses on natural convection induced by isothermal heating (both 

constant and ramped) at the water surface. A reservoir model is assumed with an open 

boundary at the end-wall.  For the near-shore conductive region, the problem is 

simplified into a one-dimensional vertical conduction problem with a variable local 

water depth, which has an analytical solution. The analytical solution is further 

processed and incorporated into the scaling process, which results in a velocity scale 

depending on the Rayleigh number, time and offshore distance. For the offshore 

convective region, scaling analysis is conducted to quantify the steady state flow. The 

scaling results are further analyzed and verified by numerical simulations to reveal flow 

development at different scenarios. 

The thesis ends with Chapter 6 which summarizes the major results of the present 

study and makes suggestions for future work. 
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Chapter 2    Unsteady near-shore natural 

convection induced by absorption of 

radiation 

2.1 Introduction 

In this Chapter, the radiation-induced natural convection in the near shore region is 

investigated through both scaling analysis and numerical simulations. For this 

configuration, Farrow & Patterson (1994) have obtained the zero-order asymptotic 

solutions based on the assumption of a small bottom slope approaching zero. However, 

the effects of horizontal conduction and convection, which are both second-order 

effects, are not included in the solution, implying that the solution only applies for 

relatively small Rayleigh number cases in which vertical conduction dominates heat 

transfer. Efforts to understand the mechanism have also been made through scaling 

analysis by Lei & Patterson (2002a), which categorized the overall flow status into 

three different flow regimes depending on the Rayleigh number, namely the conductive, 

transitional and convective regimes. This investigation shed light on the variation of 

overall flow status with the Rayleigh number. However, the local details of flow and the 

variation of flow with offshore distance were not captured in the scaling. The aim of 

this chapter is to develop an improved scaling analysis to identify the variation of the 

flow characteristics with offshore distance, such as the dominant mode of heat transfer, 

local distinctness and stability of the thermal boundary layer. Furthermore, 

quantification of the flow variation with offshore distance is expected to be achieved for 

different subregions. The main body of this chapter has been published in Mao et al. 

(2009a).  

In §2.2, a two dimensional wedge model is formulated to characterize the near-shore 

topography. As mentioned in Chapter 1, the absorption of radiation in an exponentially 

decaying manner with water depth was embodied in a source term and the radiation 
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reaching the bottom slope is assumed to be absorbed by the bottom and re-emitted as a 

bottom heat flux, which is reflected by the thermal boundary condition at the bottom.  

In §2.3, an improved scaling analysis is developed from the initial stage to the steady 

state. The scaling analysis innovatively adopts a variable length scale x throughout the 

scaling process and the local feature of the flow at various offshore distances is clearly 

quantified. The possible flow regimes are classified and discussed in detail in §2.4.  

Numerical simulations are conducted to verify the scaling results. Focus is on the 

newly revealed features by the improved scaling compared to the previous scaling by 

Lei & Patterson (2002a). In §2.5, numerical procedures are introduced. The Navier-

Stokes equations are transformed and normalized before being solved numerically. 

Mesh and time dependency tests have been conducted before the simulations.  In §2.6, 

flow properties are extracted from simulation results to verify several newly revealed 

characteristics: flow scenarios and distinctive subregions, initial stage scaling, steady-

state scaling for distinct subregions, and critical time for the onset of instability.  

This chapter closes with §2.7 in which the main results are summarized and the 

application of this improved scaling analysis to field situations is briefly discussed.  

2.2 Model formulation 

A two-dimensional (2D) wedge model with a horizontal water surface representing 

the cross-shore direction captures the essential geometric features generating the driving 

mechanism of the ―thermal siphon‖. This model has been adopted as a basic model in 

many theoretical investigations and numerical simulations of near-shore natural 

convection (e.g. Horsch & Stefan 1988; Farrow & Patterson 1993a,b, 1994; Sturman et 

al. 1999; Lei & Patterson 2002a, 2005) and is again adopted here as sketched in figure 

2.1 with a bottom slope of A and a maximum water depth of h. Although a much more 

complex bathymetry may exist in field situations, the present model aims to capture the 

basic flow mechanism induced by the depth variation across shore, and thus the simple 

wedge model is sufficient. Further, a 2D flow is assumed in this investigation despite 

the potential for the flow to become three dimensional (3D) when instabilities occur. 

The adoption of a 2D numerical model for this type of flow has been justified in Lei & 

Patterson (2005). With the Boussinesq assumption, the 2D Navier-Stokes and energy 

equations governing the flow and temperature evolution within the wedge are written as: 
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),,( tyxS in Equation (2.4) represents the internal heating source due to absorption of 

solar radiation, which is given by (refer to Farrow & Patterson 1994; Lei & Patterson 

2002a):  

ηyηy

p

ηeHηe
C

IS 0
0

0 


    (y ≤ 0). (2.5) 

Here the attenuation coefficient (Rabl & Nielsen 1975) η  is considered constant 

throughout the whole water body for simplification.  

In the present model, the initial condition of the flow is stationary and isothermal. 

Rigid non-slip velocity boundary conditions ( 0 vu ) are assumed for the end wall 

and the bottom slope, whereas the water surface is stress free ( 0 yu  and 0v ). 

An adiabatic temperature condition is assumed at the water surface and the end wall. 

On the bottom slope, the heat flux resulting from the re-emission of the residual 

radiation arriving at the bottom is  

Figure 2.1 Geometry of the flow domain. 
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where n̂  is the direction normal to the sloping bottom. It is clear from the above 

equation that the bottom heat flux varies with the horizontal location.  

     It is worth noting that the following scaling analysis is conducted for an unbounded 

wedge domain, and thus the end wall has no relevance to the scaling. However, the end 

wall is assumed for the numerical simulations so that calculations can be carried out in 

a finite domain. The effect of an end wall on the simulation results of thermal flow 

induced by the diurnal thermal cycle is discussed in detail in Farrow (2004). For the 

present model, the presence of the end wall in the simulation forces the flow to change 

its course at the deep end, resulting in a region near the end wall which is affected by 

the return flow. Therefore, for the later verification of the scaling using simulation 

results, flow properties from the simulation were selected from positions sufficiently far 

from the end wall to avoid the end wall effect. 

 

2.3 Scaling analysis   

2.3.1 Initial stage of boundary layer development 

The water body in the shallow region is heated through two independent mechanisms: 

firstly the direct absorption of radiation by the water body, represented by the source 

term )( t,y,xS  in the energy equation, which decays with the water depth, resulting in a 

stable stratification; and secondly the heat flux emitted by the bottom surface (Equation 

(2.6)). Both the source term and the bottom heat flux are time independent. The stable 

stratification induced by the former mechanism implies that no flow is generated 

through this mechanism. On the other hand, a thermal boundary layer adjacent to the 

sloping bottom is generated by the latter mechanism, and within this boundary layer, a 

horizontal temperature gradient generates a thermal flow up the bottom slope. 

Furthermore, the adverse vertical temperature gradient near the bottom is a potential 

source for thermal instability.  

Within the thermal boundary layer, the water temperature increases due to both the 

heat flux from the bottom surface and the direct absorption of radiation. A balance 
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between the unsteady term and the source term in the energy equation yields a 

temperature growth scale due to the absorption of radiation: 

.~ 0 tηeHT ηy
a  (2.7) 

A balance between the unsteady term and the diffusion term yields a scale for the 

thickness of the thermal boundary layer 

   .~ 21tδT   (2.8) 

According to (2.6), the temperature increase within the thermal boundary layer due to 

the bottom heat flux can be expressed as  

.~1~ 0
2/12/1

0
xAηxAη

Tb eHteδHT  


 (2.9) 

The above scale shows that the temperature in the thermal boundary layer increases 

with time but decreases exponentially with the horizontal position x.   

The exponential terms in both (2.7) and (2.9) were approximated to be O(1) in Lei & 

Patterson (2002a) under a shallow water assumption of h < 𝜂−1 . However, these 

exponential terms are retained in the present study in order to reveal the position 

dependent flow features.  

    To evaluate the relative importance of the source term and the bottom heat flux in 

raising the water temperature in the bottom boundary layer, the temperature scale (2.7) 

is compared with the scale (2.9), which yields that, when   12 
 ηt  , the bottom heat 

flux dominates the temperature growth in the thermal boundary layer. It will be shown 

later that   12 η  is a very large time scale compared to other time scales of the flow 

development. Hence, in the following scaling the bottom heat flux is considered to be 

the dominant thermal forcing.  

As soon as the radiation is initiated, the thermal boundary layer starts to grow. The 

horizontal temperature gradient within the thermal boundary layer induces a buoyancy 

term in the momentum equation that drives a flow up the bottom slope. In most field 

situations, the slope of near shore waters is very small, indicating that the thermal 

boundary layer above the sloping bottom is approximately horizontal, and thus the 

thickness of the thermal boundary layer represents its vertical length scale, and the 

vertical component of the flow velocity is negligible compared to the horizontal 

component. In the vertical momentum equation, a balance between the buoyancy term 



Chapter 2 

24 

 

and the pressure term yields a scale for the pressure difference within the thermal 

boundary layer:   

.~~ 000 teHgβδTgβP xAη
Tb

  (2.10) 

    This pressure difference acts along the thermal boundary layer and drives a flow up 

the slope with a velocity governed by the horizontal momentum transfer. In the 

horizontal momentum equation, a comparison among the unsteady inertia term  tu , 

the advection term  xu 2  and the viscous term )( 2
Tδνu  yields that the viscous term 

dominates among the three terms for 1Pr  and Prxut  , where Pr is the Prandtl 

number defined as  

.νPr   (2.11) 

     Therefore for a fluid with 1Pr  (such as water considered here), at the early stage 

when xPrut  , the balance of the horizontal momentum transfer is between the 

pressure gradient and the viscous term, which yields a velocity scale. 

,~~ 4

322

0
xAηxAη e

xh
tRa

νx
teHgβu  

 (2.12) 

where Ra is the Rayleigh number defined as  

.2

4
0



 hHgRa   (2.13) 

    It is worth noting that in the scaling of Lei & Patterson (2002a), the horizontal length 

scale was taken as the full length of the thermal boundary layer AhL  . However, a 

fixed length scale in the scaling obscures the horizontal dependency of the flow, which 

will be revealed below by adopting a variable horizontal length scale x.  

2.3.2 Steady state of the boundary layer 

In the thermal boundary layer, the heat conducted into the boundary layer from the 

bottom slope is convected away by the flow. From (2.12), it is clear that the flow 

velocity increases with time. Initially, as the flow velocity is small, the heat conducted 

into the boundary layer is greater than that convected away, and the layer keeps 

growing. As time goes on, the flow velocity increases, and thus convection increases 

until the heat conducted into the boundary layer is balanced by that convected away. At 

this time, the thermal boundary layer stops growing and the flow becomes steady. If at 
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this time the bottom thermal boundary layer has not grown to the full local water depth, 

then the thermal boundary layer is considered locally distinct.  

The balance between conduction and convection in the energy equation can be 

expressed as:                                                                 

.~ 2
T

bb T
x

uT



 (2.14) 

Again, the horizontal distance x measured from the tip is taken as the horizontal length 

scale here. The balance in (2.14) yields the time scale for the steady state of the thermal 

boundary layer:  

./~ 3/43/13/2 hRaext xAη
c

/3  (2.15) 

It is clear in (2.15) that the steady state time increases with x. This is in agreement with 

the finding of Farrow & Patterson (1994), although no quantitative description of the 

steady state time was given in their investigation.  The steady state time scale ct is now 

compared with   12 η , which is the time scale for the switch of the dominant heating 

mode from bottom heat flux to direct absorption of radiation, as described earlier. The 

comparison yields that, if 246 xehηRa xAη , which applies to most field situations in the 

near shore regions, the bottom heating dominates over the direct absorption heating. If 

the thermal boundary layer is distinct at the time tc, it will remain so at the steady state. 

Substituting the steady state time scale tc into (2.8), (2.9) and (2.12), the steady state 

scales for the thickness of the thermal boundary layer, the temperature, and the velocity 

can be derived respectively as: 
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and the volumetric flow rate across a sectional plane at steady state is given by: 

.~~ 6
1
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RahexuQ
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 (2.19) 

It can be determined from (2.18) that the steady state velocity increases with x in the 

near shore region where 1)(  Aηx , and decreases with x in the offshore region where 
1)(  Aηx . Similarly the steady state temperature in the thermal boundary layer 
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increases in the region where 1)(40  Aη.x . Furthermore, the thickness of the thermal 

boundary layer increases monotonically with the horizontal position x. 

Apart from revealing the dependency of thermal flow properties on the horizontal 

position x, the above scaling will enable the identification of regions with distinct flow 

features, such as local distinctness and local stability of the thermal boundary layer.  

The condition for the presence of a distinct thermal boundary layer can be derived in 

two equivalent ways: AxδT  , i.e. the thickness of the thermal boundary at the steady 

state is less than the local water depth.; or dc tt  , where dt  is the time for the thermal 

boundary layer to reach the water surface  

.~ 22 xAtd  (2.20) 

Both inequalities reach the same condition 

  .x46 AηexhARa   (2.21) 

Since the right hand side of (2.21) is a function of the horizontal position x, it is denoted 

by )(1 xf as 

    .~ 46
1

xAexhAxf   (2.22) 

It is worth noting that the steady state scales of (2.16)-(2.19) are derived under the 

assumption of dc tt  , hence these scales apply to distinct thermal boundary layers for 

which )(1 xfRa  . For the near shore region with an indistinct thermal boundary layer, 

i.e. )(1 xfRa  , the thermal boundary layer will grow to the top surface at the time dt  

before convection becomes significant enough to balance conduction. Substituting (2.20) 

into (2.8), (2.9) and (2.12), the steady state scales for the thickness of the thermal 

boundary layer, the temperature and the velocity for the near shore region with an 

indistinct thermal boundary layer are obtained as:  

,~ AxδT  (2.23) 

,~ 0 xAη
b eAxHT   (2.24) 

  .~ 34 RaexhAu xAη  (2.25) 

   The volumetric flow rate at steady state for an indistinct boundary layer in the near 

shore region is given by: 

  .~~ 45 RaehxAuδQ xAη
T

  (2.26) 
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2.3.3 Instability of thermal boundary layer  

As noted earlier, the presence of an adverse temperature gradient in the bottom thermal 

boundary layer causes the thermal boundary layer to be potentially unstable. A 

Rayleigh-Bénard type instability sets in if the adverse temperature gradient exceeds a 

critical value, or if cL aRRa  , where LRa  is the local Rayleigh number of the thermal 

boundary layer defined as  

,~~
2

2

3
xAηTb

L e
h

tRa
νk

δTgβRa 











 (2.27) 

and cRa  is the critical Rayleigh number of an inclined thermal layer which can be 

approximated by (Kurzweg 1970): 

 cosRaRa cc )0( o , (2.28) 

where   is the inclined angle of the thermal layer, and )0( o
cRa  is the critical Rayleigh 

number for horizontal fluid layers. 1101)0( o cRa  for a rigid-free boundary 

configuration with constant temperatures on the bounding surfaces and a linear 

temperature profile across the depth of the fluid layer (Drazin & Reid 1981). This value 

is used in (2.28) for later calculations following Lei & Patterson (2002a). It will become 

clear that the exact value of cRa  does not affect any subsequent discussions and 

conclusions (also refer to Lei & Patterson 2002a).  

    It is clear from (2.27) that the local Rayleigh number increases with time. Instability 

sets in at a time Bt  given by: 

.~ 2
22/1 xAη

c
B eh

Ra
Rat









  (2.29) 

    The above scale indicates that the time for the onset of instability increases with the 

horizontal position x. Although scale (2.27) suggests that LRa  increases with time, there 

is an upper limit for the growth of LRa  with time. When the flow reaches its steady 

state at ct , both bT  and T  reach their maximum values, and thus the maximum LRa  is 

given by )( cL tRa . If ccL RatRa )( , then the flow is always stable. In other words, 

instability, if present, has to occur before the steady state time ct . Therefore, the 

condition for the thermal flow to become unstable can be derived in two equivalent 

ways: (1) cc RatRa )(  or (2) Bc tt  . Both approaches give the same condition of 
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Since the right hand side of (2.30) is a function of the horizontal position x, it is denoted 

by )(2 xf  as   
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  (2.31) 

2.4 Discussion of possible flow regimes 

Two critical functions of the Rayleigh number, )(1 xf  and )(2 xf , have been derived 

for characterizing the thermal boundary layer flow. Both functions represent thresholds 

for the presence of different flow regimes. If )(1 xfRa  , the thermal boundary layer is 

distinct; and if )(2 xfRa  , Rayleigh-Bénard instability sets in at the time tB.  

The comparison between )(1 xf and )(2 xf yields that if 2/1 cRaA , )()( 21 xfxf   for 

all x; and if 2/1 cRaA , )()( 21 xfxf   for all x.  Calculations of the derivative of )(1 xf  

and )(2 xf  show that both )(1 xf  and )(2 xf  decrease with x for  Aηx 4 , and 

increase with x for  Aηx 4 . Because the range of x under consideration is 

Ahx 0 , there are four possible scenarios as shown in figure 2.2: 

(a) 2/1 cRaA , ηh 4 : shallow waters with relatively large bottom slopes (figure 

2.2a); 

(b) 2/1 cRaA , ηh 4 : deep waters with relatively large bottom slopes (figure 2.2b); 

(c) 2/1 cRaA , ηh 4 : shallow waters with relatively small bottom slopes (figure 2.2c); 

(d) 2/1 cRaA , ηh 4 : deep waters with relatively small bottom slopes (figure 2.2d). 

Each of the horizontal lines in figure 2.2 represents a typical value of the Rayleigh 

number which results in different flow regimes in the respective scenarios. The 

following discussion of various flow regimes will focus mainly on scenario (a). 

Possible flow regimes are discussed briefly for the other three scenarios. Detailed 

discussion of the other scenarios can be made following the same procedures outlined 

for scenario (a) below.   
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(a) 2/1 cRaA , ηh 4 .  

In this case, )()( 21 xfxf  . Since ηh 4  and Ahx  , then )(4 Aηx  . Both )(1 xf  

and )(2 xf  decrease monotonically with x over the entire range of x and reach their 

respective minimum values at Ahx  , where  
ηheA~)Ah(f 2

1
  (2.32) 

.~)( 43
2

h
c eARaAhf   (2.33) 

The analysis of Lei & Patterson (2002a) is conducted under the assumption of 

ηh 1  and hence is covered in this scenario. Under the specified condition, a full flow 

domain may consist of three sub-regions with distinct features illustrated by the 

sketched isotherms in figure 2.3: Region І is a conductive region; Region ІІ is a stable 

convective region; and Region ІІІ is an unstable convective region. More detailed 

features of each of these sub-regions are described below, and will be demonstrated by 

the numerical simulations. For a given Rayleigh number, the actual flow domain may 

Figure 2.2 Typical profiles of f1(x) and f2(x) for (a) 
21 /

cRaA  , 4h ; (b) 
21 /

cRaA  , 4h ; (c) 
21 /

cRaA  , 4h ; and (d) 21 /
cRaA  , 4h . 

Horizontal dotted lines represent typical flow regimes. The Rayleigh numbers of the 
filled squares separate the different Rayleigh number regimes. 
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consist of one or two or all three sub-regions, depending on the comparisons between 

the Rayleigh number and the two critical Rayleigh numbers given in (2.32) and (2.33), 

as illustrated in figure 2.2(a) and described below:    

(i) ηheARa 2 (L1 in figure 2.2a). In this regime, Ra is smaller than both )(1 xf  and 

)(2 xf  over the entire domain. Therefore, according to the above-described criteria, the 

thermal boundary layer is indistinct and stable. In this case, the thermal boundary layer 

grows steadily and eventually encompasses the entire domain before convection 

becomes significant. Therefore, the heat transfer is dominated by conduction over the 

entire domain in this flow regime, corresponding to Region І in figure 2.3.  

    (ii)  RaeA ηh2 h
c eARa 43  (L2 in figure 2.2a). In this regime, )(2 xfRa   for all x, 

and thus the thermal boundary layer is stable over the entire domain. However, the 

thermal flow changes its property at a position (L2)0x where (L2)0x is determined from 

Raxf ~)( 01 . For (L2)0xx  , )(1 xfRa  , the thermal boundary layer is indistinct at the 

steady state with conduction dominating the heat transfer, corresponding to Region І in 

figure 2.3; for (L2)0xx  , )(1 xfRa  , the thermal boundary is distinct, and 

convection becomes significant in heat transfer, corresponding to Region ІІ in figure 2.3. 

Therefore, the horizontal position (L2)0x  marks the dividing position where the 

thermal boundary layer changes from indistinct to distinct and the dominant mode of 

heat transfer switches from conduction to convection. This theoretical prediction is easy 

to understand intuitively: since the water is shallow near the tip region, it takes less time 

for the thermal boundary layer to grow to the full local water depth. Therefore, the 

thermal boundary layer reaches the top surface before convection becomes significant. 

І 

 

ІІ 

 

ІІІ 

 

Figure 2.3 Sketches of expected isotherms in different flow sub-regions: Region І,
)(1 xfRa  , indistinct, conductive; Region IІ, )()( 21 xfRaxf  , distinct, stable 

convective ; Region III, )(2 xfRa  , unstable convective.    
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On the other hand, in the deeper region, it takes a longer time for the thermal boundary 

layer to grow to the full local water depth. Before that happens, convection becomes 

comparable with conduction, and thus the thermal boundary layer stops growing and 

remains distinct at the steady state.   

    (iii) ηh
c eARaRa 43  (L3 in figure 2.2a). In this regime, a constant Ra  line intersects 

both )(1 xf  and )(2 xf . The two crossing points, denoted by (L3)0x  and (L3)1x  

respectively in figure 2.2(a) ( Raxf ~)( 01 , Raxf ~)( 12 ), divide the entire flow domain 

into three sub-regions, corresponding to the three sub-regions sketched in figure 2.3. 

For (L3)0xx  , Ra  is smaller than both )(1 xf and )(2 xf , the thermal boundary layer 

is indistinct and stable, and heat transfer in this sub-region is dominated by conduction.  

For (L3)(L3) 10 xxx  , )()( 21 xfRaxf  , the thermal boundary layer is distinct and 

stable, and heat transfer in this sub-region is dominated by stable convection. For 

(L3)1xx  , )(2 xfRa  , initially the thermal boundary layer grows by thermal 

diffusion; at time Bt  scaled in (2.29), the instability sets in, and the thermal boundary 

layer becomes unstable before it reaches a steady state. Subsequently, both the primary 

and secondary convections participate in this region, and the sub-region is classified as 

an unstable convection region. 

(b) 2/1 cRaA  and ηh 4  

In this case, )()( 21 xfxf   and the water is relatively deep. Both )(1 xf  and )(2 xf  

reach their minimum values at )(4 Aηx  , and increase with x for )(4 Aηx   (figure 

2.2b). There are five possible flow regimes depending on Ra , as indicated by the five 

horizontal dashed lines in figure 2.2b. It is worth noting that, in the flow regime of 

    AhfRaAηf 22 4  , i.e.   ηh
cc eARaRahηARae 43444344  , as represented by 

the horizontal line 4, the thermal boundary layer is locally unstable only within a region 

of (L4)L4)( 21 xxx  , where (L4)1x  and (L4)2x  are determined from Raxf ~)(2 ,  

with stable regions on both the near shore and offshore sides of this region.  

The prediction of an unstable region centered away from the shore is consistent with 

the finding of Farrow & Patterson (1993b) based on a quasi-static linear stability 

analysis. From the physical point of view, the above finding is easy to understand 

intuitively: for near shore regions, as the water body is shallow, conduction dominates 

heat transfer and the thermal boundary layer encompasses the entire local water depth 
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and therefore the flow is stable; as the offshore distance increases but still remains 

sufficiently shallow so that radiation absorption by the bottom is significant, the water 

becomes deeper and thus the thermal boundary layer becomes distinct with thickness 

and temperature gradient increasing with offshore distance as revealed in §2.3.2, and 

consequently the local Rayleigh number increases with offshore distance. At a certain 

offshore distance, the local Rayleigh number exceeds the critical value and the flow 

becomes unstable. As the offshore distance continues to increase, the depth of water 

increases, and thus the radiation reaching the bottom slope decreases, resulting in a 

decreasing intensity of bottom heat flux and the source for instability gradually 

diminishes in the offshore direction, and therefore the flow becomes stable again. 

(c) 2
1


 cRaA  and ηh 4  

    In this case, )()( 21 xfxf   for all x and both )(1 xf  and )(2 xf  decrease with x over 

the entire region (figure 2.2c). The critical Rayleigh number for instability to occur is 

smaller than the critical Rayleigh number for the presence of a distinct boundary layer. 

For ηh
c eARaAhfRa 43

2 ~)/( , instability occurs in the region x > x1(L2) (refer to figure 

2.2c) at time Bt  before the thermal boundary layer becomes steady. Once the instability 

sets in, the growth of the thermal boundary layer is disturbed, and thus will no longer 

follow the scale (2.8). Therefore, the first critical function of the Rayleigh number f1(x) 

for the presence of a distinct thermal boundary layer, which is obtained based on the 

comparison of the steady-state boundary layer thickness with the local water depth, is 

no longer relevant. As a consequence, only two possible flow regimes can be predicted 

for this case, represented by the two horizontal dashed lines in figure 2.2(c).  

(d) 2
1


 cRaA  and  4h  

In this case, )()( 21 xfxf  for all x, and both )(1 xf and )(2 xf  reach their minimum 

values at )(4  Ax  and increase with x for )(4 Ax   (figure 2.2d). Similar to the 

previous scenario, f1(x) is no longer relevant since instability disturbs the growth of the 

thermal boundary layer. Instability occurs if ))(4(2 AηfRa  , that is 

  444344 hηARaeRa c . If )())(4( 22 AhfRaAf  , i.e.    RahηARac
444344e

ηh
c ARa e43 , which is represented by line 2 in figure 2.2(d), instability occurs in the 

region of )()( 21 L2L2 xxx  , where 1x  and 2x  are determined from Raxf ~)(2 . If 
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)(2 AhfRa  , i.e. ηh
c eARaRa 43 , instability occurs in the region of )(1 L3xx  , 

where x1(L3) is also determined from Raxf ~)(2 .   

In summary, the present analysis reveals a more complete and detailed flow 

panorama with four possible scenarios, depending on the bottom slope and the 

maximum water depth. For each scenario, the entire flow domain may be composed of 

several sub-regions with distinct flow and thermal features, depending on the Rayleigh 

number. In the following sections, numerical simulations are conducted to examine the 

possible flow regimes and distinct thermal flow features for scenario (a). 

2.5 Numerical procedures 

2.5.1. Governing equations 

With radiation continuously entering from the surface and absorbed by the water body 

and the assumption of no energy loss through any boundary, the temperature of the 

water body keeps increasing. In this sense, there is no steady state with respect to the 

water temperature. However, a quasi-steady state will be reached in which the 

temperature gradient and flow velocity become steady. At the quasi-steady state, 

temperature increases at the same rate everywhere, and thus the difference between the 

local temperature and the average temperature becomes steady. A balance between the 

energy entering the water surface and that absorbed by the water body gives the average 

temperature: 

.2 0 t
h
HTaver   (2.34) 

The temperature at any local position can be decomposed into two components: 

.1TTT aver   (2.35) 

As mentioned above, T1 becomes steady at quasi-steady state. The non-dimensional 

form of the new set of governing equations containing this temperature difference T1 

can be derived from (2.1)-(2.4) following the procedures outlined in Lei & Patterson 

(2002):  

,0
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Here, all the quantities have been normalized with the following scales: the length scale 

x, y, 1 ~ h; the time scale; t ~ 2h ; the temperature scale T1 ~ /0hH ; the velocity 

scale: hu ~,v ; and the pressure gradient scale:  /~, 00 hHgρypxp  .  

2.5.2 Numerical method 

The governing equations (2.36)-(2.39) along with the specified boundary and initial 

conditions are solved numerically using a finite volume method. The SIMPLE scheme 

is adopted for pressure-velocity coupling; and the QUICK scheme is applied for spatial 

derivatives. A second-order implicit scheme is applied for time discretization in 

calculating the transient flow. Full details of the numerical scheme are given in 

Appendix A. 

The simulation is conducted in a triangular domain of a dimensionless depth of h = 1 

and a bottom slope of A = 0.1, with a non-dimensional attenuation coefficient 120.η   

and a Prandtl number 7Pr . This parametric setting is relevant to Scenario (a) 

discussed in §2.4, which is re-plotted with the above non-dimensional values in figure 

2.4. The horizontal lines in figure 2.4 represent the actual values of Ra used in the 

numerical simulations, which are also listed in Table 2.1 with respect to different flow 

regimes. It is clear that the selected Ra values cover all the three possible flow regimes 

for this scenario.  

 
        Table 2.1 Rayleigh numbers adopted in the numerical simulations for radiation heating 

Flow regime Ra 

(i)  6 ARa  70 

(ii) 36
cRaRaA   3500, 5600, 7000,  2.1×104, 3.5×104 

(iii) 3
cRaRa   1.4×106, 2.1×106, 3.5×106, 7.0×106, 1.4×107 
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In order to avoid a singularity at the tip, the tip is cut off at x = 0.2, and an extra non-

slip and adiabatic vertical wall is assumed there. Similar treatment of the tip region was 

carried out in Lei & Patterson (2002a), and no significant modification to the flow was 

observed.  

A mesh and time-step dependency test has been conducted for the case of Ra = 1.4 

×107 (in the regime h
c eARaRa 43 ) using four different meshes, 211×71, 315×105, 

421×141, 631×211. The flow domain is meshed with a non-uniform grid which has an 

increasing density toward all of the boundaries. The time steps for different meshes are 

adjusted accordingly so that the CFL (Courant-Freidrich-Lewy) number remains the 

same for all meshes.  The time histories of the maximum negative velocity within the 

bottom boundary layer at x = 3.33 are plotted in figure 2.5 for the coarsest and finest 

meshes respectively. 

Here, the same set of data is plotted using both linear (figure 2.5a) and logarithmic 

(figure 2.5b) time scales in order to show clearly the features at different stages of the 

flow development. It is clear in figure 2.5 that three stages of the flow development can 

be identified in both solutions. At the initial stage, the solutions with the two meshes are 

virtually identical. At the transitional stage when instability starts to set in, the two 

solutions deviate from each other since instability is very sensitive to perturbations 

resulting from numerical errors, which depend strongly on the grid resolution. However, 

the patterns of strong fluctuations are present in both solutions at this stage. At the 

Figure 2.4 A typical profile of )(1 xf  and )(2 xf  for scenario (a) plotted with parameter 
values used in numerical simulations; horizontal lines represent the actual Ra values 
used in the numerical simulations. 
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quasi-steady stage, the fluctuation of the maximum velocity becomes regular for both 

solutions with similar frequency and amplitude. The maximum negative velocities 

averaged from t = 0.10 to 0.25 for the four different meshes are (from coarsest to the 

finest):  -230.8, -228.6, -227.6, and -227.1, indicating that as the mesh resolution 

increases, the predicted maximum velocity converges to a constant. The difference of 

the averaged maximum velocity between the meshes 421×141 and 631×211 is smaller 

than 0.23%. Furthermore, since the Rayleigh number tested here belongs to the most 

unstable flow regime and is the highest among all the calculated cases, the effect of the 

grid resolution on the solution is expected to be even less significant for other cases 

with lower Ra. In order to ensure the accuracy of the solutions while keeping the 

calculation time manageable, the grid 421×141 is used in all the following simulations. 

For the chosen mesh, the minimum face area is 0.0024; the maximum is 0.5125; and the 

(a) 

 

(b) 

 

Figure 2.5 Time histories of the maximum negative horizontal component of velocity 
in the bottom boundary layer obtained along the vertical line at x = 3.33 for Ra = 
1.4×107 with two different meshes. (a) with a linear time scale  (b) with a logarithmic 
time scale. 
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maximum stretch factor is 1.07. The time step adopted for this mesh is 2.0×10-5, giving 

a maximum CFL number of 1.02 for the present Rayleigh number.  

 

2.6 Numerical verification of the scaling analysis 

Since the above scaling analysis has unveiled detailed features of the flow in the 

triangular enclosure that are not revealed in Lei & Patterson (2002a), in particular, the 

variation of the flow features with x and the existence of distinct sub flow regions at 

sufficiently high Ra, the focus of this section will be on the validation of these newly 

revealed flow features.  

To characterize the thermal features at different horizontal positions, the horizontal 

heat transfer rates by conduction and convection, averaged over the local water depth, 

are calculated at different horizontal positions. The total horizontal heat transfer rate 

with the combined effect of convection and conduction is defined in dimensionless 

form as: 

𝐻 𝑥 =
1

𝐴𝑥
 (𝑢𝑇1 −

∂𝑇1

∂𝑥
)𝑑𝑦

 0

 −𝐴𝑥
, (2.40) 

where H(x) is normalized by I0.  

2.6.1. Flow scenarios and distinctive regions in different flow 

regimes 

2.6.1.1. h
eARa
2  

With the current parametric setting, 751122 .eA ηh  , a simulation at Ra = 70 is 

conducted to demonstrate the flow and thermal features in this regime as represented by 

line L1 in figure 2.2(a). Figure 2.6 shows the isotherms, streamlines, and horizontal heat 

transfer rates calculated at steady state. The nearly vertical isotherms in figure 2.6(a) 

suggest almost no temperature variation in the vertical direction, which is in agreement 

with the scaling expectation of an indistinct thermal boundary layer. Conduction 

associated with the horizontal temperature gradient dominates the heat transfer for the 

entire domain, as confirmed in figure 2.6(c). A clockwise flow is induced by the 

buoyancy force as shown by the streamlines in figure 2.6(b).  
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2.6.1.2. 
RaeA

h2 h

c
eARa
43

 

     In this medium Rayleigh number regime, two sub-domains are predicted from the 

scaling analysis (refer to line L2 in figure 2.2a): a near shore region with indistinct 

thermal boundary layer and an offshore region with distinct thermal boundary layer. It 

is expected that the flow remains stable over the entire domain. The isotherms and the 

horizontal heat transfer rates from numerical simulations are plotted in figure 2.7 for 

two typical Ra values (Ra = 3500 and 35000) within this regime.  It is clear that the 

characteristics of the isotherms vary with the horizontal position x: the nearly vertical 

isotherms in the near shore region gradually transfer into curved isotherms with 

increasing curvature as x increases, suggesting that convection plays an increasingly 

important role in heat transfer in the offshore direction. The vertical isotherms confirm 

the feature of an indistinct thermal boundary layer, whereas the curved isotherms 

indicate the presence of a distinct thermal boundary layer.  

(a) 

 

(b) 

 

(c) 

 

Figure 2.6 Features of the thermal flow at a low Ra ( ηheARa 2 ) at the steady state. (a) 
Isotherms with an interval of 2.11, (b) streamlines with an interval of 0.0525 of 
clockwise flow and (c) profile of the horizontal heat transfer rate averaged over the local 
water depth for Ra = 70. 
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Compared with figure 2.7(a) for Ra = 3500, the curved isotherms in figure 2.7(b) for 

Ra = 35000 expand toward the shore as Ra increases, which is in qualitative agreement 

with the scaling prediction shown in figure 2.2a. To further ascertain the dividing 

positions quantitatively from the numerical data, the horizontal heat transfer rates 

averaged over the local depth are presented in figures 2.7(c) and (d) with respect to the 

horizontal position x. The position where convection transfer equals conduction transfer 

is considered as the dividing position between the two distinct sub-regions. Comparison 

between figures 2.7(c) and (d) suggests that the dividing position shifts toward the shore 

as Ra increases. 

The dividing positions obtained from the numerical simulations as described above 

are plotted against that from the scaling analysis (by solving x0 numerically from

Raxf ~)( 01  ) in figure 2.8 for a range of Rayleigh numbers. It is noted that the results 

obtained for the high Rayleigh number regime Ra h
c eARa 43  (see §2.6.1.3 below) are 

also included in figure 2.8. The numerical data are grouped into two categories in figure 

2.8, one termed ―Unstable‖, representing the data for Ra h
c eARa 43 ; and the other 

(a) 

 

(b) 

 

(c) 

 

(d) 

 

Figure 2.7 Features of thermal flow in the medium Ra regime ( h
c

ηh eARaRaeA 432  ) 
at the steady state. (a) Isotherms with an interval of 1.6887 for Ra = 3500, (b) Isotherms 
with an interval of 0.8444 for Ra = 35000, and profiles of the horizontal heat transfer rate at 
(c) Ra = 3500 and (d) Ra = 35000. 
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termed ―Stable‖, representing the data for h
c

ηh eARaRaeA 432   as discussed in this 

section. The boundary between these two sets of data is approximately indicated by the 

vertical dashed line in figure 2.8. It is seen in this figure that, as the Rayleigh number 

increases, the dividing position moves toward the shore, suggesting the shrinkage of the 

conduction-dominated regions. The clear linear correlation between the numerical data 

and scaling prediction shown in figure 2.8 suggests that the dividing position between 

the conduction-dominated region and the convection-dominated region is well predicted 

by the scaling analysis.  

 

2.6.1.3. Ra
h

c
eARa
43

 

In this high Rayleigh number regime, three distinct sub-regions are predicted by 

scaling analysis (refer to line L3 in figure 2.2a): a near shore conductive region ( 1xx  ), 

a middle stable convective region ( 21 xxx  ), and an unstable convective offshore 

region ( 2xx  ). The thermal flow features in these three distinct regions are revealed 

in figure 2.9 with simulation results for two different Ra values (Ra = 1.4×106 and 

1.4×107).  

Figure 2.8 Dividing position between conduction-dominated and convection-dominated 
regions from the numerical simulation versus that from scaling analysis. The dashed line 
represents the predicted minimum value of the dividing position under a stable condition 
from scaling analysis. 
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(a) 

 

(b) 

 

(d) 

 

(f) 

 

Figure 2.9 Features of thermal flow in the high Ra regime ( Ra h
c eARa 43 ) at the quasi-

steady state (a) Isotherms with an interval of 0.063 at Ra = 1.4×106, (b) Isotherms with an 
interval of 0.042 at Ra = 1.4×107. The lower plots in (a) and (b) are zoomed views of the left 
hand section of the cavity indicated by the two vertical dashed lines. (c) Streamlines with an 
interval of 7 at Ra = 1.4×106. (d) Streamlines with an interval of 14 at Ra = 1.4×107. Dashed 
streamlines represent clockwise flow, and solid streamlines represent anticlockwise flow. (e) 
and (f) are the profiles of the horizontal heat transfer rates averaged over local water depth 
for Ra = 1.4×106 and Ra = 1.4×107 respectively. 

(c) 

 

(e) 
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The increasing heating intensity toward the shore leads to an increasing density of 

isotherms toward the shore as shown in figures 2.9(a) and (b), where sub-regions with 

distinct features can be identified. The sub-region with an indistinct thermal boundary 

layer characterized by the vertical isotherms occupies a relatively smaller area 

compared to the cases in the medium range of Ra.  The isotherms change from nearly 

vertical lines in the near shore region into bended lines in the middle region and finally 

into wavy lines (representing uprising plumes) in the offshore region, confirming the 

scaling prediction of three distinct sub-regions. Furthermore, a comparison between 

figures 2.9(a) and (b) suggests that both the region with an indistinct thermal boundary 

layer and the region with a stable thermal boundary layer shrink, whereas the unstable 

region expands, as the Rayleigh number increases, which are consistent with the scaling 

prediction. 

Streamlines at steady state obtained for Ra = 1.4×106 and Ra = 1.4×107 are shown in 

figures 2.9(c) and (d) respectively. Comparison suggests that the intensity, the wave 

number and the extent of instability all increase with Ra. 

The horizontal heat transfer rates averaged over the local water depth are shown in 

figures 2.9(e) and (f). These plots provide a quantitative measurement of the dividing 

positions for different sub-regions. The position where conduction equals convection 

separates the conduction-dominated region from the convection-dominated region. The 

dependence of this dividing position with the Rayleigh number has been shown 

previously in figure 2.8. The position where convection starts to show wavy features 

divides the region dominated by stable convection from the region dominated by 

unstable convection.  

To estimate the position where the instability starts to occur, time series of the 

horizontal convection at various horizontal positions are obtained, and standard 

deviations are calculated over a dimensionless time period of 0.04 during the quasi-

steady state. In a stable, steady flow, the standard deviation is zero; when instability 

occurs, the standard deviation will increase. The calculated standard deviation is then 

plotted against the horizontal position x in figure 2.10(a) for a range of Rayleigh 

numbers. It is clear in figure 2.10(a) that the position where the standard deviation starts 

to increase moves toward the shore as the Rayleigh number increases. The positions 

where the standard deviation first exceeds a certain threshold (0.02) were obtained for 

different Rayleigh numbers. These positions approximately represent the boundary 
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between the stable and unstable sub-regions, and are plotted against the scaling 

predictions (by solving x2 numerically from Raxf ~)( 22 ) in figure 2.10(b). It is clear 

from figure 2.10(b) that the unstable region expands toward the shore as Ra increases. 

The good linear correlation shown in figure 2.10(b) confirms the scaling prediction with 

regard to the dividing position between the stable and unstable regions.  

The time series of the calculated horizontal heat transfer rate averaged over the local 

water depth for Ra = 1.4×106 are shown in figure 2.11 for three representative 

horizontal positions, each dominated by a distinct heat transfer mode at quasi-steady 

state: conduction, stable convection and unstable convection respectively. In the region 

dominated by conduction (figure 2.11a), conduction dominates the horizontal heat 

transfer over the entire time series. In the region dominated by stable convection (figure 

(a) 

 

(b) 

 

Figure 2.10 (a) Standard deviation of convection time series over a time period of 0.04 
at the quasi-steady state (b) Dividing position between the stable and unstable regions 
from numerical simulations versus the prediction from scaling. 
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2.11b), convection gradually surpasses conduction and becomes the dominant mode of 

the horizontal heat transfer as time goes on. In the region dominated by unstable 

convection (figure 2.11c), instability sets in after a certain time, and both conduction 

and convection become unstable with unstable convection dominating the horizontal 

heat transfer. At the quasi-steady state, a spectral analysis of the time series indicates 

that the frequencies of the fluctuations of both conduction and convection remain 

approximately constant. 

 

 
 

(a) 

 

(b) 

 

(c) 

 

Figure 2.11 Time series of the horizontal heat transfer rates averaged over the local 
water depth at Ra = 1.4×106 for three representative x positions (a) x = 0.5 (b) x = 1.5 (c) 
x = 4. 
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2.6.2 Initial stage scaling 

At the initial stage, the exponentially decaying absorption of radiation with the water 

depth results in the dependency of the water temperature on the horizontal position x. 

Here, both the time dependency and the x dependency of the initial temperature scale 

(2.9) are validated against numerical data in figures 2.12 and 2.13.  

 

 

(a) 

 

(b) 

 

Figure 2.12 Verification of initial temperature scaling with respect to time at x = 5.0. 
(a) Temperature profiles normal to the bottom surface at different times (b) Normalized 
temperature profiles. 
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    To validate the dependency of the temperature on time, the x position is fixed at x = 5 

and the temperature profiles are extracted along the line normal to the bottom surface at 

different times (figure 2.12a). It is clear that T1 decreases away from the bottom 

boundary and becomes constant after a short distance, indicating the thermal boundary 

layer is only confined to a thin layer near the bottom surface at the initial stage. The 

position where T1 starts to become constant marks the outer edge of the thermal 

boundary layer, and thus it is clear from figure 2.12(a) that the thickness of the thermal 

boundary layer grows with time. After normalizing the distance and temperature by (2.8) 

and (2.9) respectively, the temperature profiles along the vertical line at different times 

(a) 

 

(b) 

 

Figure 2.13 Verification of initial temperature scaling with respect to the horizontal 
position x at time t = 8.0 × 10-4, (a) Non-dimensional temperature profiles normal to 
the bottom surface at different non-dimensional x. (b) Normalized temperature profiles 
at different horizontal positions. 
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collapse onto a single line (figure 2.12b), and thus the time dependency of Tδ  and Tb 

specified in (2.8) and (2.9) is verified.   

To validate the x dependency of Tb, temperature profiles along lines normal to the 

bottom surface at different x and at a fixed time t = 8.0×10-4 are shown in figure 2.13(a), 

and the normalized temperature profiles using the scales (2.8) and (2.9) are plotted in 

figure 2.13(b). The collapse of the temperature profiles at different x onto a single line 

in figure 2.13(b) clearly verifies the x dependency of the temperature, as specified in 

(2.9). 

2.6.3. Steady state scaling for distinct regions 

Selected properties at the steady state are verified in this section. Since the present 

scaling analysis reveals the dependency of flow properties on the horizontal position x, 

emphasis will be placed on this x dependency in the following validation.  

     Two different sets of scaling for the steady state boundary layer have been derived in 

§2.3.2: scales (20) and (23)-(26) apply to an indistinct thermal boundary layer near 

shore which is dominated by conduction; Scales (15)-(19) apply to a distinct thermal 

boundary layer dominated by stable convection. Through mass conservation, it can be 

derived that the velocity scale for the thermal boundary layer applies to the upper 

intrusion layer as well (Lei & Patterson 2002). The scales of the flow velocity and the 

volumetric flow rate of both sets of scaling are considered here. The volumetric flow 

rate characterizes the strength of the circulation, and is calculated numerically as: 

𝑄 𝑥 =
1

2
  𝑢 𝑑𝑦

 0

 −𝐴𝑥
.                                                         (2.41) 

2.6.3.1 Conduction-dominated region   

    For the conduction-dominated region, the flow velocity in the boundary layer is 

governed by (2.25). The calculated maximum velocities in both the boundary and 

intrusion layers at a number of horizontal locations within the conduction-dominated 

region are plotted against the dimensionless velocity scale in figure 2.14. It is clear that 

the maximum velocities in both the bottom and upper layers are well represented by the 

velocity scale (2.25). In particular, the dependency of the velocity on the horizontal 

position x revealed by the present scaling is verified. Another feature revealed in figure 

2.14 is that the slope of the linear fit line is larger for the upper layer than that for the 
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bottom layer (1.45 for the upper layer and 0.98 for the bottom layer), indicating 

stronger flow in the upper layer. This is a consequence of different boundary conditions 

(stress-free at the surface and non-slip at the bottom).  

The calculated volumetric flow rates within the conduction-dominated region are 

plotted against the non-dimensional form of scale (2.26) in figure 2.15. It is clear that 

the volumetric flow rate is well represented by the scaling. 

 

 

 

 

Figure 2.15 Volumetric flow rate at different x positions within the conduction-dominated 
near shore region for different Rayleigh numbers. The x positions are equally spaced within 
the specified range. 

(a) 

 
(b) 

 

Figure 2.14 Volumetric flow rate at different x positions within the conduction-dominated 
near shore region for different Rayleigh numbers. The x positions are equally spaced within 
the specified range. 
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2.6.3.2 Regions dominated by stable convection    

For the convection-dominated region with a distinct and stable thermal boundary 

layer, the velocity scale (2.18) applies at the steady state.  From scale (2.18), for 

shallow waters where 1)(  Aηx , the velocity increases with the horizontal position x.  

The calculated maximum velocities along vertical lines at different x positions within 

the stable convection region are plotted against the dimensionless form of scale (2.18) 

for both the bottom boundary layer and the upper layer in figure 2.16. The numerical 

results shown in figures 2.16(a) and (b) are obtained for a wide range of Rayleigh 

numbers, spanning both the stable and unstable flow scenarios. For clarity, only data at 

one x position is shown for each Ra within the stable regime in figures 2.16(a) and (b). 

The dependency of the velocity on x within the stable regime is further illustrated in 

figures 2.16(c) and (d). As noted before, the selected positions are located sufficiently 

far from the endwall to avoid the endwall effect.  

 

(a) 

 

(b) 

 

(c) 

 
(d) 

 

Figure 2.16 Maximum velocity extracted along vertical lines at various x positions within the 
stable convection region. The x positions are equally spaced within the specified range. (a) 
and (c) are maximum negative horizontal component of velocity in the bottom boundary 
layer. (b) and (d) are maximum horizontal component of velocity in the upper layer.   
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    Figure 2.16 demonstrates that scale (2.18) is an appropriate velocity scale for the 

region dominated by stable convection in both the medium Ra regime of 
h

c
ηh eARaRaeA 432 

 and the high Ra regime of h
c eARaRa 43 .   

    The numerically calculated volumetric flow rates in the medium Ra regime are 

plotted against the scaling prediction (2.19) in figure 2.17. The linear correlation clearly 

confirms that the volumetric flow rate is well represented by the scaling results.  

2.6.3.3 Regions dominated by unstable convection    

For the unstable region, the quasi-steady state fluctuating flow as shown in figure 

2.11 can be decomposed into two parts: a fluctuating signal associated with flow 

instability, and a time-averaged mean flow. By averaging a time series of the quasi-

steady state flow, the fluctuation caused by the thermal plumes can be smoothed out in 

the mean flow, and thus the unstable region becomes spuriously stable and can be 

regarded as an extension of the stable convection region. This is demonstrated in figure 

2.18, which plots streamlines and isotherms of the mean flow averaged over a non-

dimensional period of 0.12 during the quasi-steady state for Ra = 1.4×106. By 

comparing figure 2.18 with figure 2.9(a) and (c), it is clear that the spatial patterns of 

the instability represented by the wavy streamlines and isotherms in figure 2.9 have 

been smoothed out in the mean flow, except for a small region close to the end wall 

which is subjected to the end wall effect.   

Figure 2.17 Volumetric flow rate at different x positions within the stable convection 
region under different Rayleigh numbers. The x positions are equally spaced within the 
specified range. 
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   The scaling relations for the conduction-dominated region and the stable-convection-

dominated region have been respectively proposed and verified, which reveal the 

dependency of flow properties on the offshore distance x. Since the mean flow of the 

unstable region can be regarded as an extension of the stable convection region, it is 

expected that the scaling for the stable convection region is also applicable to the time-

averaged mean flow of the unstable region. To validate this, the maximum velocities 

along vertical lines at different offshore distances within the convection-dominated 

region, including the stable convection region and the unstable convection region (for 

high Rayleigh numbers only), are obtained from the mean flow and are plotted in figure 

2.19 against the non-dimensional form of the scaling prediction specified by the scale 

(2.18) , which is 

   ,/~ 3/1313/1 Raehxu Ax/-   (2.42) 

(b) 

 

Figure 2.19 Maximum horizontal velocity extracted along vertical lines at different 
horizontal positions within the convection dominated region (extending to the unstable 
convection region for the last four Rayleigh numbers for which instability occurs) (a) 
Maximum negative horizontal velocity u in the bottom layer (b) Maximum horizontal 
velocity u in the upper layer. The horizontal positions are extracted at equal intervals 
within the specified range. 

(a) 

 

(a) 

 

(b) 

 

Figure 2.18 Contours of the mean flow at quasi-steady state for Ra = 1.4 × 106 (a) 
Streamlines at an interval of 3.5 (b) Isotherms at an interval of 0.042. 
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after normalization by hk . The data of the first three lower Rayleigh numbers for the 

stable-convection-dominated region in figure 2.19 are taken from the medium-Rayleigh 

number-regime. It is clear that the scaling obtained for the stable-convection-dominated 

region is also applicable to the mean flow of the unstable region. In other words, the 

mean flow of the unstable region can be regarded as an extension of the flow of the 

stable-convection-dominated region.  

As specified in scale (2.42), the horizontal velocity of the mean flow increases with 

both Ra and the offshore distance x if x < )( A1 , i.e. h < 1  , and thus the magnitude 

of horizontal flow exchange increases along the offshore direction in the near shore 

shallow water where h < 1 , suggesting an increasing dynamism of horizontal 

exchange in the offshore direction in shallow waters.  

2.6.4. Critical time for the onset of instability 

The scaling result (2.29) given in §2.3.3 suggests that the critical time for the onset of 

instability increases with the horizontal position x. The dependency of the critical time 

tB on Ra specified in scale (2.29) has been verified in Lei & Patterson (2002). Therefore, 

the verification here is only concerned with the x dependency of the critical time tB.  

 

Figure 2.20 Critical time of instability at different horizontal positions from the numerical 
simulation of Lei & Patterson (2003) versus the present scaling prediction. 
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The critical time for the onset of instability has been determined through a direct 

stability analysis based on a 3D model in Lei & Patterson (2003). In their numerical 

model, both random and single mode perturbations are introduced over the sloping 

bottom, and the standard deviations of the temperature along the transverse direction at 

different x positions are recorded as time series. In principle, the critical time for the 

onset of instability corresponds to the time when the standard deviation starts to 

increase from an initially constant value. With the single-mode perturbation in place, 

the plot of the critical time for the onset of instability against the horizontal position x in 

Lei & Patterson (2003) shows that, apart from the tip region and the deep end region 

which are affected by the end wall, the critical time increases monotonically with the 

horizontal position x, which is in qualitative agreement with the present scaling analysis.   

The critical time tB obtained at different x positions from the direct stability analysis 

of Lei & Patterson (2003) is plotted against the present scaling prediction in figure 2.20. 

In order to avoid the effect of the two end walls, the x positions are chosen between 

3.56 and 7.44 at equal intervals. Here, the critical Rayleigh number Rac in scale (2.29) 

is calculated from equation (2.28). Although the exact value of Rac relevant to the 

present flow configuration remains unresolved, according to scale (2.29), it will only 

slightly affect the slope of the linear fitting line in figure 2.20 and will not change the 

linear correlation between the numerical data and the scaling prediction as long as Rac 

is a constant. Figure 2.20 suggests that the x dependency of the critical time predicted 

by the present scaling analysis is well verified by the reported results of the direct 

stability analysis. Meanwhile, the present scaling presents a theoretical explanation for 

the increase of the critical time with the offshore distance x observed by Lei & 

Patterson (2003).   

 

2.7 Conclusions 

    By recognizing the dependence of various flow quantities on the horizontal position 

with a variable length scale x and retaining the exponential term xAηe arising from the 

non-uniform heat flux at the sloping bottom in the analysis, the present scaling reveals 

detailed and interesting features of natural convection induced by absorption of 

radiation in a triangular domain which are not shown in the previous scaling: the entire 
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flow domain is separated into different sub-regions with distinct flow and thermal 

features. Furthermore, the present scaling also quantifies the variation of the flow 

properties with the horizontal position x in different regions. These newly predicted 

features are verified by numerical simulations.  

Two critical functions for the Rayleigh number have been derived to characterize the 

flow features:   xAexhAxf 46
1 ~)(   and   xA

c exhRaxf 43
2 ~)( . The thermal boundary 

layer is distinct if )(1 xfRa  and unstable if )(2 xfRa  . There are four possible flow 

scenarios depending on the bottom slope A and the maximum water depth h.  

The flow scenario with 2/1 cRaA  and ηh 4  can be further classified into three 

different flow regimes according to the Rayleigh number, which are examined in detail 

in this study. The major features in each of the flow regimes are summarized below 

with respect to the dominant mode of horizontal heat transfer at steady state:  

(i) ηheARa 2 . The entire domain is dominated by stable conduction.  

(ii)  RaeA ηh2 h
c eARa 43 . The domain is composed of two distinct sub-regions 

(separated at offshore distance x0 where Ra~xf )( 01 ): a near shore region dominated by 

conduction and an offshore region dominated by stable convection.  

(iii) ηh
c eARaRa 43 . The domain consists of three distinct sub-regions (separated at 

offshore distance x0 and x1 where Raxf ~)( 01 , Raxf ~)( 12 ): a near shore region 

dominated by conduction, a central region dominated by stable convection, and an 

offshore region dominated by unstable convection.  

Apart from identifying distinctive regions within the triangular flow domain, the 

present scaling also reveals the variation of flow and thermal features with the 

horizontal position x within distinct flow regions. Two sets of steady state scales are 

derived respectively for the conduction-dominated region (scale (2.20) and (2.23-2.26)) 

and the region dominated by stable convection (scale (2.15-2.19)), both embodying the 

horizontal position dependence. It is also revealed that the scaling for the stable-

convection-dominated region also applies to the time-averaged mean flow of the 

unstable region during the quasi-steady state. Furthermore, a time scale for the onset of 

instability in the unstable flow regime, which also depends on the horizontal position, is 

given in (2.29).  
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In a real life situation, the intensity of solar radiation usually places the flow in 

regime (iii) above. Hence, instability induced by the absorption of radiation is present in 

a region offshore, the extent of which can be estimated from the present scaling analysis. 

Furthermore, the present scaling results are readily applicable to designing laboratory or 

geophysical experiments, since they provide detailed estimation of the magnitude of the 

temperature, the velocity, the steady state time, and the time for the onset of instability 

at different horizontal positions, as well as the features and scopes of distinctive sub-

regions for various flow scenarios.  

    In application of the scaling to field situations, many other geophysical factors need 

to be accounted for, such as the unsteadiness of the flow due to the diurnal variation of 

the thermal forcing suggested by field experiments (Adams & Wells 1984, Monismith 

et al. 1990) and asymptotic solutions (Farrow 2004), the effect of the rotation of the 

Earth at large scales, the complex 3-D topography for which the 2-D model is not 

appropriate, and the interaction of the thermal flow with currents driven by other 

mechanisms (e.g. tides, wind-driven currents, waves etc). Despite the simplification of 

the present model, the different flow scenarios and the variation of radiation-induced 

thermal flow with the offshore distance revealed by the present improved scaling 

analysis have significant implications for a comprehensive near shore model.     

    The improved scaling analysis presented in this Chapter is concerned with constant 

thermal forcing induced by absorption of radiation. Similar scaling analysis can be 

carried out for boundary layer flow in the wedge domain subject to constant heat loss 

from the water surface, which will be presented in Chapter 4. The advancement in 

scaling for the constant thermal forcing in the wedge domain will also benefit a more 

realistic thermal forcing model of diurnal heating and cooling cycle. Furthermore, the 

adoption of a varying length scale embodied in the present scaling can be applied to a 

wider range of similar problems. 
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Chapter 3    Characteristics of instability 

of radiation-induced natural convection 

in shallow littoral waters 

3.1 Introduction 

    The study reported in this chapter follows the investigation of the unsteady near-

shore natural convection induced by solar radiation in the previous chapter. For the 

shallow region where the radiation reaches the bottom slope, the bottom re-emits the 

absorbed radiation energy in the form of heat flux. As a result, within the bottom 

thermal boundary layer, temperature increases toward the bottom, and instability occurs 

if the local Rayleigh number is larger than a certain critical value, as discussed in 

Chapter 2.  In the unstable regions, the bottom slope brings in two types of potential 

instabilities: first, an adverse vertical temperature gradient results in a Rayleigh-Bénard 

type instability with thermal plumes that promote direct vertical transport, which is 

similar to the well studied instability in the traditional Rayleigh-Bénard convection 

experiment with a horizontal fluid layer confined between two parallel plates (Drazin & 

Reid 1981); second, the horizontal temperature gradient across shore generates a 

convection circulation up the sloping bottom and offshore along the surface. This 

general cross-shore flow induces another type of instability, the shear-flow-driven 

instabilities which may consist of amplifying waves travelling up the bottom slope. 

Involving both forms of instability, the instability for the present configuration shares 

some similarity with the instability in an inclined plate or box heated from below, for 

which a large body of literature exists (e. g. Hart 1971; Iyer & Kelly 1974; Clever 1973; 

Clever & Busse 1977; Kirchartz & Oertel 1988; Shadid & Goldstein 1990; Busse & 

Clever 1992; Fujimura & Kelly 1993; Daniels et al. 2000).  

These literatures involve a wide range of Prandtl numbers with significantly different 

patterns of instability at the onset. For Prandtl numbers around 7, which is the water 

case as considered here, a comprehensive diagram was plotted for the mode of 
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instability with respect to Rayleigh number and the inclination angle by Kirchartz & 

Oertel (1988) as shown in figure 3.1. These results were obtained from three-

dimensional numerical simulations and experiments in a tilted box. It was found by 

them that the preferred mode of instability in the form of stationary cellular convection 

transferred from transverse rolls to longitudinal rolls aligned along with the flow 

direction as the inclination angle (to the horizontal direction) increased over 12° but 

was smaller than 60°, at least for the aspect ratio they used(10:4:1). In addition, the 

transition from transverse to longitudinal rolls observed in their experiments was 

explained by their stability analysis (Kirchartz & Oertel 1988). For Rayleigh numbers 

that were several times supercritical, instability transferred into oscillatory convection, 

which can be regarded as waves superimposed on rolls, characterized by periodic 

variations in the flow field. For inclination angles larger than 60°, stationary cellular 

convection was no longer observed, and a steady basic circulation was present up to a 

critical Rayleigh number of about 1.8 × 105 (varying with the inclination angle), and for 

Rayleigh numbers over the critical value, circulation became unstable in the form of 

transverse travelling waves, which was a form of shear instability.  

    In field situations, the slope of the bottom in the near shore region is usually small, 

and thus stationary convective rolls tend to be the form of instability for Rayleigh 

numbers just over the critical value and oscillatory convection is expected to be present 

for much larger Rayleigh numbers. Assuming longitudinal rolls as the form of 

instability, Farrow & Patterson (1993b) conducted a linear stability analysis on their 

Figure 3.1 Stability diagram of an inclined layer in a rectangular box filled with water, 
Pr = 7, aspect ratio = 10:4:1. Experimental results (from Kirchartz & Oertel 1988). 
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zero-order asymptotic solutions (1994) for the case of constant radiation heating, and 

the critical Rayleigh number below which secondary motion does not occur was 

obtained both analytically and numerically as a function of offshore distance. Although 

some divergence exists between the two solutions at large offshore distance due to the 

zero-wave number assumption (k = 0) in the analytical solution, both solutions reveal 

that the critical function had a minimum value at certain offshore distance which is 

dependent on time, indicating that instability would only occur in a region centered 

away from the shore, with stable regions on both the near-shore and the offshore sides. 

This finding is in qualitative agreement with the scaling results of Mao et al. (2009a) 

for the quasi-steady state flow (See figures 2.2 (b) and (d) in Chapter 2).  

As mentioned above, Kirchartz & Oertel (1988) observed that the preferred mode of 

instability for very small angles of the tilted box is transverse rolls, and their linear 

stability analysis also revealed that the critical Rayleigh number for transverse rolls is 

slightly smaller than that for longitudinal rolls. However, longitudinal rolls were 

assumed by Farrow & Patterson (1993b). Although the base flow is more complicated 

for the present radiation heating case, the investigation of Farrow & Patterson (1993b) 

would be more complete and insightful if critical functions of the Rayleigh number 

were also derived for transverse rolls and results were compared with that obtained for 

longitudinal rolls. The smaller critical function between the two indicates the preferred 

mode of instability.  On the other hand, for larger Rayleigh numbers, consistent with the 

finding of Kirchartz & Oertel (1988), oscillatory convection was observed in the 

experiments of Lei & Patterson (2002b) , where Ra = 1.71×107, Pr = 6.83 and also in 

their three-dimensional numerical simulations (Lei & Patterson, 2003), as penetrating 

plumes rising up from the bottom.  

     Although the stability of the present configuration shares some similarity with that 

of the inclined box, the configuration and the flow mechanism for the present case is 

still significantly different from those for an inclined box heated from below. Firstly, 

the wedge geometry in the present configuration brings depth variation in the offshore 

direction. Consequently, the thermal boundary layer diffuses over the entire local water 

depth for the shallow region near shore before the local Rayleigh number becomes 

critical. This fact guarantees that there is always a stable region near shore as revealed 

in Chapter 2. Secondly, the decaying absorption of radiation with water depth in the 

present case implies the existence of stable stratification near the water surface. This 
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stable stratification competes with the unstable heating source, i.e. the bottom heat flux 

at the sloping bottom, and inhibits the penetration of rising plumes to the water surface. 

As a result, instability may not be present over the entire local water depth. The 

problem of a stable fluid overlying unstable fluid was considered by Matthews (1988) 

for an S-shaped temperature profile and Roberts (1985) for the case of a low-high-low 

vertical density profile. Finally, as opposed to the uniform thermal boundary condition 

for the case of the inclined box, the bottom heat flux on the sloping bottom for the 

radiation heating case is non-uniform and decays exponentially with offshore distance 

due to the exponentially decaying nature of radiation absorption with water depth. The 

above factors contributed to a more complicated mechanism for the onset and 

development of instability for the present case. Owing to the complexity of the problem, 

an accurate base flow cannot be obtained analytically, which compromises the accuracy 

of a linear stability analysis.    

Experiments and direct numerical simulations by Lei & Patterson (2002b, 2003) 

visualize the development of instability with time and three different flow stages were 

identified: at the initial stage, the thermal boundary layer grows rapidly with time; the 

transitional stage is characterized by the onset of instability in the form of rising thermal 

plumes: at the quasi-steady stage, the thermal plumes become more regular in spatial 

presence and less intense. These different stages of flow development characterized by 

distinct spatial features are in agreement with the different stages identified in the time 

series of flow properties, as classified in Lei & Patterson (2002a) and Mao et al. 

(2009a). The three-dimensional numerical simulations of Lei & Patterson (2003) reveal 

the variation of some stability properties (the transverse wave number, the onset time 

and growth rate of instability) with offshore distance. However, due to the massive 

amount of calculation time for the three dimensional flow to reach the quasi-steady 

state, the investigation of Lei & Patterson (2003) focused only on the early transitional 

stage of instability, and thus details of instability at the quasi-steady state, such as the 

spectral properties, were not revealed. As briefly mentioned in Mao et al. (2009a), 

spectral analysis of the time series indicates that the spectrum remains approximately 

constant with time during the quasi-steady state.  

    This chapter will conduct a comprehensive spectral analysis on the quasi-steady state 

flow, revealing the variation of spectrum with offshore distance, water depth and 

Rayleigh number. Here we focus on the qualitative variation of spectral properties in 
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the vertical and the offshore directions, and therefore a two dimensional model 

including these two directions is sufficient for the purpose of the present investigation. 

Furthermore, comparisons between the two- and three- dimensional simulation results 

suggest that the two dimensional results are representative of the longitudinal profile of 

the three-dimensional results at all stages of the flow development (Lei & Patterson 

2001).  

    For the variation with the Rayleigh number, the present investigation focuses on the 

transitional flow regime, providing some insights into the transition from laminar to 

turbulent flows, and thus turbulence modeling is outside the scope of this chapter. The 

numerical simulations conducted in this chapter adopt a constant molecular viscosity 

for water, and the Rayleigh numbers are limited to the order of 106-107, approaching the 

transition from laminar to turbulent flow. In addition, the present investigation 

considers the shallow water region where the maximum water depth is less than the 

penetration depth of radiation, which is about 1-2m in natural water bodies. In this case, 

the effect of the bottom heat flux resulting from the absorption of radiation by the 

bottom is strong. Further offshore, as the water depth increases, the radiation reaching 

the sloping bottom gradually becomes negligible.   

    To reveal the detailed characteristics of flow instability in the unstable region, it is 

essential to first ascertain the extent of the unstable region and the onset time of 

instability. Scales for these two properties have been provided by the scaling analysis in 

Chapter 2, which revealed that for the unstable flow regime of scenario (a), the entire 

domain is composed of three distinct subregions: conductive, stable-convective and 

unstable-convective regions as the offshore distance increases. The extent of these 

subregions becomes steady at the quasi-steady state. Scaling reveals that the unstable 

region extends toward the shore as the Rayleigh number increases and this is confirmed 

by the simulation results. Although revealing further detailed stability properties, such 

as the spectral properties, is beyond the capability of the scaling analysis, inspired by 

the varying flow properties with offshore distance revealed by the scaling in Chapter 2, 

it is expected that the spectral properties in the unstable region may vary with offshore 

distance as well. As the thermal plumes enhance direct vertical transport, revealing the 

spectral variation will provide further insight into the variation of vertical mixing and 

transport with offshore distance. 
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This chapter is a sequential investigation from Chapter 2, focusing on characteristics 

of instability in the unstable region, and therefore shares the same model, governing 

equations, and numerical methods as Chapter 2. The non-dimensional form of the 

governing equations presented in §2.5.1 are solved numerically using the same schemes 

and model parameters as introduced in §2.5.2. Since instability is the focus of the 

present chapter, the Rayleigh numbers in this chapter all fall into the unstable flow 

regime as predicted by the scaling analysis in Chapter 2.  

In §3.2, the mesh and time-step dependency tests are tailored to the specific aim of 

the present investigation, i.e. revealing the characteristics of instability. Therefore, 

variations of the stability properties with the mesh density are investigated.  

In §3.3, the development of instability is visualized through the variation of 

isotherms and streamlines with time. In addition, time series of flow properties at 

different offshore distances are also obtained to further illustrate and confirm the 

variation of the flow with time and space.  

As mentioned previously, instability during the quasi-steady state is the focus of this 

chapter. In §3.4, the quasi-steady state is identified in the time series through spectral 

analysis.  

After the quasi-steady state is identified in §3.4, a comprehensive spectral analysis is 

conducted at different depths, offshore distances and Rayleigh numbers on the quasi-

steady flow. Spectral variation with these parameters is discussed in detail in §3.5.  

The major findings in this chapter are summarized in §3.6 and implications of these 

results to exchanges and mixings in natural water bodies are commented upon. The 

major results of this chapter have been published in Mao et al. (2009c, 2010).  

3.2 Mesh and time-step dependency tests  

From the scaling analysis in Chapter 2, it is clear that the Rayleigh number needs to 

be larger than 𝑅𝑎𝑐
3𝐴4𝑒𝜂  , which is approximately 1.5 × 105 for the present parametric 

setting, as already specified in §2.5.2. In this study, we consider Rayleigh numbers in 

the range of 1.4 × 106 to 1.4 × 107, for which part of the flow domain shows features of 

instability at the quasi-steady state.  Simulation has also been conducted for a smaller 

Rayleigh number of 7 × 105, which shows that the flow at this Rayleigh number is 

unstable only in the transitional stage, and the entire flow domain becomes stable at the 

quasi-steady stage. An explanation for this will be given in §3.3.  
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The mesh and time step dependency tests have been conducted for Ra = 1.4  107 

with three different meshes of 211×71, 315×105 and 421×141 respectively. The time 

steps for different meshes are adjusted accordingly so that the CFL (Courant-Freidrich-

Lewy) number remains approximately the same for all the meshes. Since the spectra at 

different positions are the focus of this paper, the influence of mesh resolution on the 

spectrum of the vertical velocity v at x = 4.0, y = -0.3 is examined. Figure 3.2 shows the 

spectra of the vertical velocity over a dimensionless time period of 0.1 at the quasi-

steady state obtained with different meshes. In figure 3.2 and all subsequent spectral 

figures, the frequency has been normalized by 2h . The spectrum variation among 

different meshes suggests that the spectrum is sensitive to the density of the mesh, 

which is in fact one of the features of the transition from laminar to turbulent flow. 

Higher frequencies are more prominent in denser grids. However, the numerical results 

presented in Table 1 suggest that the numerically predicted values of major stability 

properties are converging as the mesh density increases. Furthermore, the Rayleigh 

number tested here is the highest among all the calculated cases; the effect of the grid 

resolution on the solution is expected to be less significant for other cases with lower 

Ra. In order to ensure the accuracy of the solutions, the grid 421×141 is used in all of 

the following simulations. For the chosen mesh, the minimum face area is 0.0024; the 

maximum is 0.5125; and the maximum stretch factor is 1.07. The time step adopted for 

this mesh is 2.0×10-5, giving a maximum CFL number of 1.02 for the present Rayleigh 

number.  

          Table 3.1 Properties of the vertical velocity v at x = 4.0, y = -0.3 for different grids 

 
1. 

211×71 

2. 

315×105 

3. 

421×141 

Variation 

1 & 2 

Variation 

2 & 3 

fd 410.8 461.1 475.7 11.5% 3.1% 

Pd 2.5×105 4.2×105 5.0×105 50.8% 17.4% 

std 52.3 58.8 60.7 11.7% 3.2% 

mean 23.6 22.9 22.5 3.0% 1.8% 

 

 
Note: ‗fd‘ denotes the most dominant frequency, ‗Pd‘ denotes the power of the most dominant 
frequency. ―std‖ denotes the standard deviation of the time series at quasi-steady state. ―mean‖ 
denotes the vertical velocity v averaged over the time series during quasi-steady state.  
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3.3 Development of instability  

    As noted previously, three stages of the flow development can be identified in the 

time series of the flow. In this section, we will focus on the flow development from the 

initial to the transitional and finally to the quasi-steady stage when the extents of the 

three distinct sub-regions become steady. The development of the flow is illustrated 

from the perspectives of both space and time. 

3.3.1 Development of spatial features 

The variation of the spatial features of instability with time is illustrated below by 

isotherms and streamlines at different stages of the flow development. 

3.3.1.1 Initial stage  

As the sloping bottom absorbs solar radiation and re-emits the absorbed energy in the 

form of a bottom heat flux, at the initial stage, a thermal boundary layer starts to grow 

near the sloping bottom once the radiation is initiated. The scale for the thickness of this 

thermal boundary layer is  𝑘𝑡 1/2, which has been verified in Chapter 2.  Figure 3.3 

shows the isotherms and streamlines at the initial stage. The growth of the thickness of 

the thermal boundary layer is clearly illustrated in figures 3.3 (a) and (b), where the 

existence of a distinct thermal boundary layer can be easily identified for most of the 

Figure 3.2 Spectra of the time series of the vertical velocity v at x = 4.0, y = - 0.3 for Ra 
= 1.4107 from different meshes. 
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flow domain except for the tip region. In the tip region, the thermal boundary layer has 

encompassed the entire local water depth, and thus the temperature at the tip region is 

nearly vertically uniform, which signifies a conduction-dominated region.  As time goes 

on, this conduction-dominated region expands outwards from the tip. 

At the initial stage, as the thermal boundary layer grows, a negative horizontal 

temperature gradient is established within the thermal boundary layer, which initiates a 

flow up along the sloping bottom. Near the tip, the boundary layer discharges into the 

core region, resulting in an upper intrusion layer travelling in the offshore direction. 

Consequently, a clockwise flow is formed, which is shown in figures 3.3 (c) and (d). As 

time goes on, the magnitude of the flow velocity over the entire domain increases.  

3.3.1.2 Transitional stage 

The presence of an adverse temperature gradient within the thermal boundary layer 

implies that if the local Rayleigh number exceeds a critical value, instability will take 

place. The scaling for the local Rayleigh number has been specified in § 2.3.3. As the 

thermal boundary layer grows, the local Rayleigh number of the thermal boundary layer 

also increases. Once the local Rayleigh number exceeds the critical Rayleigh number 

(refer to § 2.3.3), instability starts to occur in the form of thermal plumes rising up from 

the bottom boundary. The characteristics of the plumes, including the place of 

occurrence and intensity, vary with time in the transitional stage.  

𝑡 = 1.6 × 10−3 

𝑡 = 8.0 × 10−3 

𝑡 = 1.6 × 10−3 

𝑡 = 8.0 × 10−3 

(a) 

(b) 

(c) 

(d) 

Figure 3.3 Isotherms (a), (b) and streamlines (c), (d) at the initial stage for 𝑅𝑎 = 1.4 × 106  
at different times. Dashed streamlines represent clockwise flow. 



Chapter 3 

66 

 

    Isotherms and streamlines during the transitional stage for 𝑅𝑎 = 1.4 × 106  are 

plotted in figure 3.4. Different flow features are observed at different stages of the 

transitional stage. At the early stage, the discontinuity of the thermal boundary 

condition at the bottom corner near the endwall induces a perturbation that triggers 

instability in the form of rising plumes near the end wall as shown in figures 3.4(a) and 

(e). Detailed discussion for the formation and development of this instability can be 

found in Lei & Patterson (2003).  As time goes on, the thermal boundary layer grows 

thicker, and Rayleigh-Bénard-type instability occurs firstly in the region relatively close 

to shore as shown in figures 3.4 (b) and (f). The time scale for the Rayleigh-Bénard-

type instability is specified in (2.29) in Chapter 2, which suggests that the onset time of 

instability increases with horizontal position. Meanwhile, the plumes triggered by the 

discontinuity of thermal boundary condition are also brought onshore (up along the 

(a) 

(b) 

(c) 

(d) 

(e) 

(f ) 

(g) 

(h) 

t = 0.020 

t = 0.029 

t = 0.036 

t = 0.048 

t = 0.020 

t = 0.029 

t = 0.036 

t = 0.048 
Figure 3.4 Isotherms (a)-(d) and streamlines (e)-(h) at the transitional stage for 𝑅𝑎 =
1.4 × 106  at different times. Dashed streamlines represent clockwise flow while solid 
streamlines represent anti-clockwise flow. 
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bottom slope) by the underlying circulation generated by the cross-shore temperature 

gradient. At a certain stage, these plumes are released to the top layer as they develop 

(figure 3.4c), which reduces the adverse vertical temperature gradient within the bottom 

thermal boundary layer, and therefore the plumes are expected to become less intense as 

time goes on.  Comparing the streamlines at different times of the transitional stage, it is 

noticeable that at the early transitional stage, the thermal plumes are intense enough to 

penetrate to the top surface. As time goes on, the release of plumes to the surface layer 

reduces the adverse vertical temperature gradient. As a consequence, the plumes 

become weaker and no longer penetrate to the top surface. This is also partly due to the 

stable stratification in the top layer resulting from the direct absorption of radiation. 

 

3.3.1.3 Quasi-steady stage  

The scaling analysis in Chapter 2 has predicted that for the unstable flow regime, at 

the quasi-steady state, there are three distinct sub-regions: the conduction-dominated, 

the stable-convection-dominated, and the unstable-convection-dominated regions as the 

offshore distance increases. The extent of these sub-regions has been quantified by 

scaling and verified by numerical simulations in Chapter 2. It has been revealed that the 

unstable region extends toward the shore as the Rayleigh number increases. Here, we 

focus on the flow feature at the quasi-steady state from a developing point of view, i.e. 

the difference of the quasi-steady stage flow from the transitional stage flow. At the 

transitional stage, the spatial feature of the flow varies rapidly with time as discussed in 

§3.3.1.2. In contrast, the spatial feature of the flow, the extent of the distinct subregions 

and the intensity of plumes remain steady with time in the quasi-steady stage. 

Specifically, the power spectrum of the time series of flow properties remains steady 

during the quasi-steady state as will be presented in §3.4.  

Figure 3.5 shows the isotherms and streamlines at the quasi-steady state for  𝑅𝑎 =

1.4 × 106 . Comparing figure 3.5 with figure 3.4, which are for the same Ra, it is 

noticeable that the plumes become less intense in the quasi-steady stage than in the 

transitional stage, which results from the release of plumes to the upper layer and a 

consequent decrease of the adverse vertical temperature gradient in the thermal 

boundary layer. In addition, it is also evident that for a certain region near shore, it is 

unstable in the transitional stage but becomes stable in the quasi-steady stage. This can 
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be explained as follows: after the release of the thermal plumes from the bottom layer to 

the top layer, the stable stratification of the top layer is intensified whereas the vertical 

adverse temperature gradient near the bottom is decreased to a certain level so that the 

local Rayleigh number is less than the critical Rayleigh number, and thus instability is 

no longer present at the quasi-steady stage. This also explains the phenomenon 

mentioned previously in §3.2. that, for a smaller Rayleigh number of 7 × 105, the flow 

is unstable only in the transitional stage, and the entire domain becomes stable at the 

quasi-steady stage as the Rayleigh number is not high enough to retain instability.  In 

this sense, the duration of instability varies with offshore distance: for regions relatively 

close to shore, instability exists only in the transitional stage and dies out at the quasi-

steady stage; for regions relatively far from the shore, instability exists throughout the 

transitional stage and persists in the quasi-steady stage but with a reduced intensity.  

3.3.2 Time series at different x and Ra 

The above discussion of the variation of instability with offshore distance is based on 

the spatial characteristics at different stages of the flow development. To illustrate and 

verify the above points from a temporal perspective, the time series of different flow 

properties at various horizontal positions for 𝑅𝑎 = 1.4 × 106 are shown in figure 3.6. 

The horizontal convection rate integrated over the local depth is one of the flow 

properties calculated from the simulation results, defined as: 

𝑐𝑜𝑛𝑣 𝑥 =  𝑢𝑇1𝑑𝑦
0

−𝐴𝑥

. (3.1) 

     

(a) 

(b) 

Figure 3.5 (a) Isotherms and (b) Streamlines for Ra = 1.4 × 106, dashed lines represent 
clockwise flow. 
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    It is clear in figure 3.6 that the time series of both the integrated property (figure 3.6a) 

and the non-integral property (figure 3.6b) suggest the same feature: for the region very 

close to shore, instability never occurs; for the region relatively close to shore, 

instability occurs during the transitional stage only but dies out at the quasi-steady stage; 

further offshore, instability occurs throughout the transitional and quasi-steady stages. 

This is in agreement with the results shown from a spatial perspective through the 

isotherms and streamlines in §3.3.1. Furthermore, at the quasi-steady stage, the 

amplitude of fluctuation increases with offshore distance as can be seen by comparing 

the results at x = 3.50 and x = 4.00 in figure 3.6a, or x =3.67 and x = 4.33 in figure 3.6b. 

The variation of the power spectra of the flow properties with offshore distance during 

the quasi-steady stage will be investigated in detail in §3.5.  

The above discussion is focused on the variation of time series with offshore distance. 

Results also suggest that the features of time series also vary with the Rayleigh number. 

Time series of horizontal velocity at x = 2.67, y = − 0.23, which is close to the sloping 

bottom are plotted in figure 3.7a for different Rayleigh numbers. For this position, at 

relatively low Rayleigh numbers, instability is only present in the transitional stage. As 

the Rayleigh number increases, instability persists until the quasi-steady stage, and both 

the magnitude and frequency of fluctuations increase with the Rayleigh number. 

Detailed analysis of the variation of instability properties at quasi-steady state with the 

Rayleigh number can be conducted through spectral analysis of the time series as will 

be presented in §3.5. 

(a) (b) 

Figure 3.6 Time series of flow properties at different horizontal positions for 𝑅𝑎 = 1.4 ×
106 . (a) horizontal convection rate conv(x) integrated over the local water depth; (b) 
temperature at different x values along the line of 𝑦 = −0.1𝑥 + 0.33, which is close to 
and parallel to the sloping bottom. 
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3.4 Identification of the quasi-steady state 

To investigate the stability at the quasi-steady state, the period of time corresponding 

to the quasi-steady state needs to be identified by analysing the time series of flow 

properties. Figure 3.8 shows the time series of the horizontal velocity at the point x = 

4.33 and y = − 0.4, which is near the bottom slope. The entire range of the time series is 

shown in logarithmic and linear time scales in figure 3.8(a) and (b) respectively, with 

the different stages of the flow development roughly identified.  

It is seen in figure 3.8 that the magnitude of flow velocity increases smoothly during 

the stable development stage. Once instability sets in, the flow velocity begins to 

fluctuate with time, indicating the start of the transitional stage. The characteristics of 

the fluctuation vary during the transitional stage. At the early transitional stage, the 

fluctuation is irregular and varies widely in magnitude. From the early transitional stage 

to the middle transitional stage, figure 3.8(c), the magnitude of fluctuation gradually 

decreases and the fluctuation is superimposed on a more stable value. In the late 

transitional stage, figure 3.8(d), the fluctuation becomes more regular and the 

magnitude is smaller than that in the middle transitional stage. As shown in figure 3.8(f), 

the dominant frequency mode shifts toward the higher end of the spectrum as the flow 

develops with time. Finally, the flow reaches the quasi-steady state which is 

characterized by regular fluctuations with fixed dominant frequencies, as shown in 

figures 3.8(e) and (g). Analysis of other flow properties, e.g. the vertical velocity and 

temperature, show the same sequence of flow development. With the quasi-steady state 

identified in the time series, the spectral analysis in the following sections is conducted 

based on the quasi-steady section of the time series.  

Figure 3.7 Time series of horizontal component of velocity at x = 2.67, y = − 0.23 for 
different Rayleigh numbers. 
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3.5 Spectral variation 

    Spectral analysis has been conducted for flow properties at different depths, offshore 

distances, and Rayleigh numbers in order to reveal the spectral variation with these 

parameters. The following discussion will focus on the variation of spectra, including 

the frequency modes and the power, with these parameters.  

(a) 

(b) 

(c) 

(d) 

(e) 

(f) (g) 

Figure 3.8 Time series of horizontal component of velocity at the position of (4.33, − 0.4) 
and spectra of different sections of the time series for Ra = 2.1 × 106. (a) Time series with 
a logarithmic time scale. (b) Time series with a linear time scale. (c) Time series of 
0.1~0.2. (d) Time series of 0.2~0.3. (e) Time series of 0.35~0.45 (quasi-steady state). (f) 
Spectra before quasi-steady state. (g) Spectra during the quasi-steady state. 
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3.5.1 Spectral variation with water depth and Ra 

Before investigating the spectral variation with the offshore distance, it is interesting to 

reveal the spectral variation with local depth at a given horizontal position. For this 

purpose, spectral analysis is conducted based on flow properties at different local 

depths for a given horizontal position.   

As shown in figure 3.5, thermal plumes are rising up from the bottom, and thus the 

vertical velocity is expected to be sensitive to the rising plumes. For a given Rayleigh 

number and an offshore distance x, spectral analysis is conducted on the time series of 

the vertical velocity for different vertical positions. Two exemplary sets of spectra for 

two different Rayleigh numbers are shown in figures 3.9(a) and (c) respectively. It is 

clear in these figures that, although the power of fluctuation varies with the depth, the 

major frequency modes of the vertical velocity are the same for different depths. 

Spectral analysis on other flow properties, such as temperature and the horizontal 

velocity suggests the same trend. Therefore, it is expected that the frequency modes of 

integrated flow properties over the local depth, such as the convection rate 𝑐𝑜𝑛𝑣(𝑥)            and 

the volumetric flow rate Q(𝑥)        averaged over the local depth as defined below in (3.2) 

and (3.3), are representative of the frequency modes for different depths at the 

horizontal position x. 

 

(a) (b) 

(c) (d) 

Figure 3.9 Spectra of vertical velocity at various depths. (a) Spectra at various depths along 
the line of x = 3.33 for Ra = 2.1 × 106. (b) Normalized spectra along x = 3.33 for Ra = 2.1 × 
106. (c) Spectra at various depths along the line of x = 4.17 for Ra = 3.5×106. (d) 
Normalized spectra along x = 4.17 for Ra = 3.5×106. 
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𝑐𝑜𝑛𝑣 𝑥            =
1

𝐴𝑥
 𝑢𝑇1𝑑𝑦

0

−𝐴𝑥

 , (3.2) 

Q 𝑥        =  𝑢𝑇1𝑑𝑦
0

−𝐴𝑥

 , (3.3) 

where )(xQ  is normalized by hk  and )(xconv  is normalized by I0.  

To reveal the variation of the dominancy of different frequency modes with water 

depth, the spectrum obtained at a given water depth is normalized by the maximum 

power of the respective spectrum. Similar treatment to the spectra is done for a number 

of water depths at a given offshore distance, and a frequency mode map is then 

constructed from these normalized spectra over different water depths. These are shown 

for two different Rayleigh numbers in figures 3.9(b) and (d) respectively. As shown in 

the legend, for a given water depth, corresponding to the colour variation from blue to 

red, the power of the spectra varies from ‗zero‘ to the maximum value at the respective 

depth, which becomes ‗one‘ after normalization. For reference, the maximum power as 

a function of water depth is plotted beneath each of the spectral plots. Although the 

basic frequency modes are the same for different depths, the dominancy of each mode 

varies with water depth. Both figure 3.9(b) and (d) suggest that, as water depth 

increases, the dominant frequency shifts to higher values. It is also interesting that the 

maximum power, which represents the power of the most dominant frequency, first 

increases and then decreases with the water depth.  

To illustrate the variation of the velocity fluctuation with water depth, the standard 

deviations of the time series of the vertical velocity, which are indicative of the 

(a) 

(b) 

Figure 3.10 Standard deviation of the time series of the vertical velocity during the quasi-
steady state at various water depths: (a) x = 3.33 for Ra = 2.1×106. (b) x = 4.17 for Ra = 
3.5×106. 
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intensity of instability, are plotted for different water depths in figure 3.10(a) and (b) for 

the two different Rayleigh number cases shown in figure 3.9 respectively. It is clear that 

from the water surface downwards, the intensity of the instability increases until 

reaching a maximum at a position close to the bottom, and then decreases with 

increasing depth, which is consistent with the variation of the maximum spectral power 

shown in figures 3.9(b) and (d). In the course of thermal plume development, the 

adverse temperature gradient in the thermal layer above the bottom slope motivates the 

formation of the plumes, whereas fluid viscosity and stable stratification in the upper 

region tend to suppress its development. The power of the flow instability is dependent 

upon the balance among these different forces. As will be confirmed in §3.5.3., the 

position with the strongest power of instability is near the bottom slope, representing a 

region of active vertical mixing.  

Comparison between the spectra in figures 3.9(a) and (c) suggests that the 

characteristics of the two sets of spectra are different: figure 3.9(a) shows harmonic 

modes of frequency, whereas the frequency bands in figure 3.9(c) are connected with 

each other and are non-harmonic, indicating the trend of transition to turbulence as the 

Rayleigh number increases.  

3.5.2 Spectral variation with offshore distance and Ra 

The time series of the calculated horizontal convection rate 𝑐𝑜𝑛𝑣(𝑥)            averaged over the 

local depth are plotted in figures 3.11(a) and (b) for Ra = 2.1×106 at x = 3.33 and 4.17 

respectively. Comparison between figures 3.11(a) and (b) suggests that the amplitude of 

the fluctuation increases with x, indicating an increasing intensity of instability with the 

offshore distance.  

 

Figure 3.11 Time series of the average horizontal convection 𝑐𝑜𝑛𝑣(𝑥)           over the local depth 
for Ra = 2.1×106 (a) x = 3.33 (b) x = 4.17. The lower plots of (a) and (b) are the zoomed 
views of the time series at the quasi-steady state. 

(a) (b) 
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    The variation of the frequency modes and the power of the corresponding modes 

with offshore distance are revealed by spectral analysis of the time series. Figure 3.12 

shows the results of spectral analysis of the time series of 𝑐𝑜𝑛𝑣(𝑥)            over a 

dimensionless time period of 0.1 at the quasi-steady state obtained at two different 

horizontal positions x = 3.33 and 4.17 and for three Rayleigh numbers of Ra = 1.4×106, 

2.1×106 and 3.5×106 respectively.  

Comparison between the left and right figures in figure 3.12 suggests that for a given 

Rayleigh number, both the prominence of higher frequency modes and the power of all 

frequency modes increase with the offshore distance. For a given offshore distance, 

both the prominence of higher frequency mode and the power of instability increase 

with the Rayleigh number. For Ra = 1.4×106 and 2.1×106, the spectra are of distinct 

(a) 

 f 

 2f 

 f 

 2f 

 3f 

 f 

 2f 

 3f 

 4f 

 3f 

 2f  f 

(b) 

(c) 
Figure 3.12 The spectra of time series of horizontal convection 𝑐𝑜𝑛𝑣(𝑥)           at the quasi-
steady state at x = 3.33 (left) and x = 4.17 (right) for different Rayleigh numbers.  (a) Ra = 
1.4×106 (b) Ra = 2.1×106 (c) Ra = 3.5×106. 
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harmonic mode with the lowest frequency of f = 80.5. For Ra = 3.5×106, the spectrum 

becomes more complex with the frequency bands connected with each other, indicating 

stronger interaction between different frequency modes as the Rayleigh number 

increases. The above analysis suggests that within the unstable flow regime, there is a 

transition from harmonic frequency modes to non-harmonic frequency modes as the 

Rayleigh number increases. 

Although figure 3.12 reveals interesting spectral variation with the offshore distance, 

further investigation is needed so that a full picture of the spectral variation over a wide 

range of offshore distance can be revealed. Since the magnitude of the maximum 

spectral power varies significantly with offshore distance, as shown in figure 3.12, the 

spectra at various offshore distances are normalized by the maximum power of the 

respective spectrum, and a frequency mode map showing the spectral variation with 

offshore distance is generated. This is shown in figure 3.13. For reference, the 

maximum power as a function of offshore position is plotted beneath each of the 

spectral plots. 

 

(d) 

(a) (b) 

(c) 

Figure 3.13 Spectra of the average horizontal convection 𝑐𝑜𝑛𝑣(𝑥)            normalized by the 
maximum power of each x position for different Rayleigh numbers. (a) Ra = 1.4 × 106 (b) 
Ra = 2.1 × 106 (c) Ra = 3.5 × 106 (d) Ra = 1.4 × 107. 
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It is clear from figure 3.13 that for a given Rayleigh number, as offshore distance 

increases, the maximum power increases and the dominant frequency mode shifts in a 

step way to higher frequencies, except at the end region which is affected by the end-

wall. In the region affected by the end wall, the above described variation of dominant 

frequencies with offshore distance does not apply, and the frequency modes become 

complicated, which is expected since both the return flow imposed by the end wall and 

the abrupt change in the boundary conditions alter the stability properties of the flow 

near the end wall. A comparison among the spectra for different Rayleigh numbers in 

figure 3.13 suggests that as the Rayleigh number increases, both the number of 

frequency modes and the highest dominant frequency increase, and the pattern of 

frequency mode changes from harmonic to non-harmonic. In addition, as the Rayleigh 

number increases, the region dominated by high frequency modes, which are of high 

maximum power, expands toward the shore, indicating the expansion of the unstable 

region.  

Similar spectral analysis has also been conducted for the volumetric flow rate Q(𝑥)        

averaged over the local water depth, as shown in figure 3.14 for Ra = 1.4×106 and 

1.4×107. Although slight variations exist in the pattern of the frequency modes between 

the spectra of  conv(𝑥)           and Q(𝑥)        at the same Rayleigh number, it is clear that the trend 

of the spectral variation described above based on spectral analysis of  conv(𝑥)           applies 

to Q(𝑥)        as well.  

    The above analysis is based on flow properties averaged over the local water depth. 

Since the Rayleigh–Bénard instability originates from the adverse temperature gradient 

near the sloping bottom, further spectral analysis is also conducted based on the time 

(a) (b) 

Figure 3.14 Spectra of the average volumetric flow rate Q(𝑥)        normalized by the 
maximum power of each x position for different Rayleigh numbers. (a) Ra = 1.4×106 (b) 
Ra = 1.4×107. 
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series of the velocity component parallel to the sloping bottom at various offshore 

distances along the line y = − 0.1x + 0.033, which is close and parallel to the bottom 

slope. In order to present spectra at different offshore distances together, which vary 

significantly in power, again the spectrum at each x position is normalized by the 

maximum power of the spectrum at the respective x position. In this way, the variation 

in the dominancy of frequency modes and the maximum power with offshore distance 

is clearly presented in figure 3.15. For reference, the maximum power as a function of x 

position is plotted beneath each of the spectral plots. 

Figure 3.15 shows a similar trend of the spectral variation with offshore distance as 

figures 3.13 and 3.14. In addition, a comparison between figures 3.15 and 3.14 suggests 

that the characteristics of the spectra along the line parallel and close to the bottom 

slope are similar to the spectra of horizontal convection conv(𝑥)           averaged over the local 

water depth. 

 

 

(b) 

(c) (d) 

(a) 

Figure 3.15 Spectra of velocity component parallel to the slope along y = − 0.1x + 0.033 
normalized by the maximum power of each x position for different Rayleigh numbers. 
(a) Ra = 1.4×106 (b) Ra = 2.1×106 (c) Ra = 3.5×106 (d) Ra = 1.4×107. 
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To further reveal the intensity variation of the instability with offshore distance and 

the Rayleigh number, the standard deviation of the velocity component parallel to the 

bottom slope is shown in figure 3.16 in both linear and logarithmic scales. It is clear 

that, except for the region affected by the end wall, the intensity of instability increases 

with offshore distance, which is in agreement with the trend of increasing strength of 

the plumes with offshore distance observed from the spatial patterns of isotherms and 

streamlines in figure 3.5. A comparison of the standard deviation for Ra = 1.4×106 in 

figure 3.16(a) with the spatial patterns in figure 3.5 indicates that the horizontal position 

where the standard deviation starts to increase noticeably with offshore distance 

corresponds to the position where the wavy feature becomes evident in the spatial 

pattern. The same feature is found for other Rayleigh numbers. Therefore, the analysis 

from the temporal and the spatial perspectives agree well with each other.  In addition, 

figure 3.16 suggests that as the Rayleigh number increases, the region with intensive 

instability extends further toward the shore.  

The positions where the standard deviation of horizontal convection starts to exceed a 

certain threshold were obtained in Chapter 2 (§ 2.6.1.3) for the integral horizontal heat 

transfer rate. This position approximately represents the boundary between the stable 

and unstable regions and was plotted against the scaling prediction in Chapter 2 

(§2.6.1.3). Good linear correlation between the numerical data and the scaling 

prediction confirmed the scaling prediction of the dividing position between the stable 

and the unstable regions. Here, a similar approach is taken to determine the dividing 

positions between the stable and unstable regions based on the standard deviation of the 

time series of the velocity component shown in figure 3.16, and the numerical results 

(a) (b) 

Figure 3.16 Standard deviation of velocity component parallel to the bottom slope 
along y = − 0.1x+0.33 for different Rayleigh numbers. (a) Linear scale (b) 
Logarithmic scale. 
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are plotted against the scaling prediction in figure 3.17. It is worth noting that the 

dividing positions obtained from the present numerical simulations are consistently 

smaller than those reported in Chapter 2. This is caused by different thresholds for 

different flow properties adopted in determining the presence of instability between the 

present investigation and the previous one.  Despite the slight variation of the reported 

dividing positions from the previous study, a similar good linear correlation is observed 

in figure 3.17 between the numerical results and the scaling prediction, which again 

confirms the previous scaling.  

3.5.3 Power of instability over the entire domain 

Having revealed the characteristics of the frequency modes of instability, the above 

sections have also shed some light on the variation of the power of instability with 

depth and offshore distance separately. For a more detailed panorama, figure 3.18 

shows the contour of the standard deviation of the vertical velocity over the entire flow 

domain, which characterizes the strength of thermal plumes.  

 

(b) 

(a) 

Figure 3.18 Standard deviation of vertical velocity over the entire domain (a) Ra = 1.4×106, 
(b) Ra = 1.4×107. 

Figure 3.17 Dividing positions between stable and unstable region predicted from 
scaling versus those from numerical simulations. 
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The variation of the strength of the flow instability with the Rayleigh number is 

revealed through a comparison between figures 3.18 (a) and (b). It is clear that both the 

strength and horizontal extent of instability increase with the Rayleigh number. A 

scaling relation for the horizontal extent of instability is proposed in the previous 

investigation in Chapter 2 and validated both in Chapter 2 and in §3.5.2 using different 

flow properties. Figure 3.18 demonstrates that, for a given Rayleigh number, the 

strength of the thermal plumes decreases toward the shore, whereas it first increases and 

then decreases from the bottom up. A boundary layer adjacent to the bottom slope with 

very weak instability can be clearly identified, and the thickness of this layer decreases 

with the increasing Rayleigh number. For relatively low Rayleigh numbers as shown in 

figure 3.18(a), thermal plumes are not sufficiently strong to break up the stable 

stratification in a layer underneath the water surface formed due to direct absorption of 

radiation, whereas for relatively high Rayleigh numbers, such as the case shown in 

figure 3.18(b), thermal plumes reach positions closer to the water surface, indicating 

that thermal plumes play a significant role in the vertical transport of nutrients and 

pollutants at relatively high Rayleigh numbers.  

3.6 Conclusions 

    This chapter extends the investigation reported in Chapter 2 of radiation-induced 

natural convection in the shallow littoral region, focusing on the stability properties in 

the unstable flow regime. The development of instability is visualized through 

isotherms and streamlines from a spatial perspective and also through time series of 

flow properties.  Three distinct stages of flow development are identified: initial, 

transitional and quasi-steady stages.  The initial stage is characterized by stable growth 

of the thermal boundary layer and a smooth increase of flow velocity. The transitional 

stage starts with the onset of instability. At the early transitional stage, the intensity of 

the plumes is high, characterized by thermal plumes penetrating through the local depth 

to the water surface and large fluctuation in the time series of thermal properties. As 

time passes, the release of thermal plumes to the top layer reduces the adverse vertical 

temperature gradient near the sloping bottom. As a consequence, the intensity of 

thermal plumes gradually decreases, no longer penetrating to the top surface; 

meanwhile, the fluctuation in the time series of thermal properties becomes smaller and 

more regular. At the quasi-steady state, for a region relatively close to shore, the plumes 
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that were present in the transitional stage have died out and the flow becomes stable; for 

the further offshore region, the time series of the flow properties fluctuates around a 

mean value with a smaller amplitude than that in the transitional stage. The strength of 

the plumes at the quasi-steady stage increases with both offshore distance and the 

Rayleigh number.    

For the quasi-steady state flow, it is revealed in Chapter 2 that three distinct 

subregions can be identified in the entire flow domain: a conduction-dominated near-

shore region, a stable-convection-dominated middle region and an unstable convection 

offshore region. The time-averaged mean flow during the quasi-steady state in the 

unstable region is scaled the same as the stable-convection-dominated region. The 

criteria for instability to occur and the extent of the unstable region are revealed through 

the scaling analysis in Chapter 2, which forms the basis for the present investigation on 

the detailed stability properties in the unstable region. Spectral analysis based on 

different time sections indicates that the spectra of the unstable flow evolve with time 

during the transitional stage and become steady at the quasi-steady state.  

After the quasi-steady stage is identified with the spectral analysis, a comprehensive 

spectral analysis has been conducted on the quasi-steady state section of the time series 

of various flow properties at different water depths, offshore distances and Rayleigh 

numbers. In this way, the variation of stability properties with these parameters is 

revealed and a detailed picture is provided for the frequency modes and strength of flow 

fluctuations over the entire domain for different Rayleigh numbers.  

For a fixed offshore distance, spectral analysis suggests that the frequency modes are 

the same at different depths. However, the dominance of higher frequency modes 

increases with water depth. The strongest power of vertical mixing occurs near the 

sloping bottom. In the offshore direction, the strength of fluctuation increases and 

higher frequency modes become increasingly pronounced. As the Rayleigh number 

increases, the number of frequency modes, the highest dominant frequency and the 

strength of fluctuation increase. Harmonic frequency modes are present for relatively 

low Rayleigh numbers. As the Rayleigh number increases, the interaction between 

different frequency modes becomes stronger and the spectrum becomes non-harmonic, 

suggesting the transition to a turbulent flow.   

Stability of the buoyancy driven flow investigated in this chapter belongs to a broad 

class of stability problem in both nature and industry. The present investigation sheds 
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light on the characteristics of exchange and mixing induced by the absorption of solar 

radiation in near shore waters, which has significant implications on the transport of 

terrestrially derived particulates and solutes. In addition to the increasing time-averaged 

horizontal exchange along the offshore direction indicated by the velocity scaling in 

Chapter 2, results of the present investigation suggest that in shallow waters, the 

radiation-induced mixing becomes stronger with increasing frequencies as the offshore 

distance and/or the Rayleigh number increases. As the Rayleigh number increases, the 

unstable region extends toward the shore; meanwhile, the thermal plumes penetrate 

closer to the water surface, indicating an increasing dynamism of vertical mixing.   

It is worth noting that the present investigation considers only the radiation-induced 

instability in the near-shore shallow water region ( /1h  ~ 1-2 m), where the heat 

flux resulting from the absorption of radiation by the sloping bottom is strong.  

Coupling of the radiation-induced instability in the shallow region discussed here with 

the stable stratification in the far offshore region and instability generated by other 

processes, such as wind generated waves (Mao & Heron 2008) will provide a more 

comprehensive picture of instability in near-shore waters. 
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Chapter 4    Unsteady near-shore natural 

convection induced by surface cooling  

4.1 Introduction 

In this Chapter, natural convection induced by surface cooling at nighttime is 

considered, which can be regarded as the counterpart of the daytime radiation heating 

case. Field experiments (e.g. Adam & Wells 1984; Monismith et al. 1990; James & 

Barko 1991; James et al. 1994; Niemann et al 2004; Monismith et al. 2006) have 

demonstrated the significance of the cooling-induced gravity current in driving the 

cross-shore circulation and promoting exchange of nutrients and pollutants between the 

littoral and the open water. Apart from field experiments, investigations on the cooling 

case have also involved laboratory experiments (e.g. Brocard & Harleman 1980; 

Horsch & Stefan 1988; Sturman et al. 1999; Wells & Sherman 2001; Bednarz et al. 

2008) and numerical simulations (e.g. Horsch & Stefan 1988; Horsch et al. 1994; 

Bednarz et al. 2009a).  These investigations enable direct visualization of the flow, 

shedding light on the flow scenarios and development. Furthermore, efforts on the 

theoretical quantification of the flow have been made by Sturman et al. (1999) and Lei 

& Patterson (2005) through scaling analysis. 

The above investigations provide important insight into natural convection 

generated by surface cooling. However, no detailed quantification of the flow was 

available to reveal the flow scenarios in various flow regimes, and the dependency of 

flow properties on offshore distance is unclear. Aimed at resolving these issues, 

similarly to the daytime heating case in Chapter 2, an improved scaling analysis is 

conducted for the surface cooling case in this Chapter, extending the scaling analysis of 

Lei & Patterson (2005). The major findings of this Chapter have been published in Mao 

et al. (2009b). 

Compared to the daytime heating case, the mechanism governing the nighttime 

cooling case is significantly different. As opposed to the non-uniform heat flux 

(exponentially decaying with water depth) on the sloping bottom caused by absorption 

of radiation for the daytime heating case, cooling is assumed to be introduced through a 
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uniform heat flux at the water surface, resulting in a potentially unstable surface thermal 

boundary layer, which may result in sinking plumes. In the shallow regions, the flow is 

expected to be dominated by thermal conduction, whereas in the deeper regions the 

flow may be dominated by the sinking plumes and an underlying circulation generated 

by the cross-shore temperature gradient. Apart from the different heat flux conditions, 

the stable stratification due to the absorption of radiation by the water body in the 

daytime heating case is not relevant to the cooling case. Further, compared with the 

heating phase of the diurnal cycle, an additional mechanism is present for the cooling 

case, that is, the Phillips mechanism (Phillips 1970; Wunsch 1970). In brief, the 

uniform cooling along the water surface creates horizontal and parallel isotherms 

beneath the water surface. However, near the sloping bottom, the isotherms have to curl 

over to be perpendicular to the sloping bottom to satisfy the adiabatic condition. 

Therefore, another layer is formed near the sloping bottom, within which the horizontal 

temperature gradient drives the flow down the sloping bottom. The Phillips mechanism 

is discussed in detail in Lei & Patterson (2005). 

Similarly to the previous scaling analysis on the radiation-induced natural 

convection in Chapter 2, an improved scaling analysis with a variable length scale of 

offshore distance reveals the dependency of flow properties on offshore distance and 

identifies all of the possible flow scenarios, flow regimes and distinct flow subregions 

for natural convection induced by surface cooling.  

In §4.2, a two dimensional wedge model is formulated to model the near shore 

topography. Surface cooling is introduced at the water surface through a uniform heat 

flux which is suddenly implemented and then remains constant with time.  

In §4.3, an improved scaling analysis is carried out from the initiation of the flow to 

the steady state. Two critical functions of the Rayleigh number with respect to offshore 

distance are derived as the criteria for the distinctness and stability of the thermal 

boundary layer respectively.  Based on the scaling results, the possible flow scenarios 

and the flow regimes for each scenario are then discussed.  

Numerical simulations are conducted to verify the scaling results, focusing on the 

newly revealed flow features by the improved scaling compared to the previous scaling 

by Lei & Patterson (2005). In §4.4, the numerical procedures are introduced. The 

governing equations are transformed and normalized before being solved numerically. 

The mesh and time dependency tests have been conducted before conducting 
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comprehensive simulations for a wide range of Rayleigh numbers, covering all the 

possible flow regimes.  

In §4.5, the simulation results are used to verify the scaling predictions for different 

flow regimes, including the existence and the extent of distinct subregions. Moreover, 

the steady-state scaling for distinct subregions are also verified by the numerical results.  

The major findings of this chapter are summarized in §4.6.  

4.2 Model formulation 

To investigate natural convection in the littoral region, a two dimensional wedge 

model was proposed by Horsch and Stefan (1988) to model the near shore topography. 

This model embodies the fundamental characteristic of the near shore bathymetry – an 

increasing water depth in the offshore direction, and has been adopted in many 

subsequent investigations (Farrow & Patterson 1993a,b, 1994; Sturman et al. 1999; Lei 

& Patterson 2002, 2005; Mao et al. 2007, 2009a,b,c, 2010). As discussed previously, 

when subject to thermal forcing, the variation in water depth leads to a horizontal 

temperature gradient that drives the flow. In this sense, this model captures the essential 

geometric feature generating the driving mechanism of the ―thermal siphon‖. This 

geometric model has been adopted in Chapter 2 and 3 for the radiation heating case, as 

sketched in figure 2.1, and is again adopted here for the surface cooling case.  A bottom 

slope of A, and a maximum water depth of h parameterize the model. With the 

Bousinesq assumption, the Navier-Stokes and energy equations governing the flow and 

temperature evolution within the wedge are written as 

,0 yx υu  (4.1) 

,21
0 uvpυuuuu xyxt    (4.2) 

),( 0
21

0 TTgβυvpυυuυυ yyxt    (4.3) 

.2TυTuTT yxt    (4.4) 

In the present model, the water in the wedge is initially stationary and isothermal (at 

the reference temperature T0). The end-wall and the bottom slope are rigid, non-slip 

( 0 υu ) and adiabatic (∂𝑇 ∂𝑛  = 0), whereas the water surface is stress-free (uy = 0 

and 0υ ). The cooling is introduced with a constant heat flux through the water 

surface as: 
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 where I0 is the imposed surface heat flux and Cp is the specific heat.    

Similarly to the daytime heating case reported in Chapter 2, the end-wall has no 

relevance to the following scaling and is only assumed for the numerical simulations so 

that simulations can be carried out in a finite domain. For later verification of the 

scaling using simulation results, flow properties from the simulations are selected far 

from the end-wall to avoid its effects, as discussed in Chapter 2.  

4.3 Scaling analysis  

4.3.1  Initiation of the flow 

As soon as cooling is initiated at the water surface, a thermal boundary layer begins to 

grow beneath the water surface. This thermal layer has an adverse temperature gradient 

with warmer fluid underlying cooler fluid, and thus is potentially unstable. In contrast 

to surface radiation-induced natural convection, for which the dominant mechanism is a 

heat flux at the sloping bottom, there are two independent mechanisms for natural 

convection induced by surface cooling, namely, the Phillips mechanism (Phillips 1970; 

Wunsch 1970) and unequal heat loss. The Phillips mechanism provides a flow along the 

sloping boundary as a consequence of the curvature of the isotherms necessary to meet 

the condition of thermal insulation. Lei & Patterson (2005) compared the flows driven 

by these two mechanisms and concluded that for t > tm ~ Ra-1/2h2/ , the unequal heat 

loss dominates over the Phillips mechanism. Assuming tm to be small at relatively large 

Rayleigh numbers, the Phillips mechanism is neglected in the later stage of scaling of 

Lei & Patterson (2005). Based on this result, we focus on the mechanism of unequal 

heat loss in the following scaling. 

The thermal boundary layer starts to grow through conduction as soon as cooling is 

initiated. A balance between the unsteady term and the diffusion term in the energy 

equation (4.4) yields a scale for the thickness of the thermal boundary layer: 

,)(~ 2/1tT   (4.6) 

within which the temperature decrease due to the surface heat flux specified in (4.5) can 

be expressed as: 
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.~ 2/12/1
0 tHTS

  (4.7) 

As the bottom slope is assumed to be small in order to represent field situations, the 

vertical velocity down the bottom slope is negligible compared to the horizontal 

velocity. Therefore, a balance between the pressure term and the buoyancy term in the 

vertical momentum equation (4.3) yields the scale for the pressure p:  

.~~ 000 tHgTgp TS   (4.8) 

Within the horizontal momentum equation (4.2), comparison of the unsteady inertia 

term  tu , the advection term  xu 2  over an arbitrary length scale x and the 

viscous term )( 2
Tδνu  yields that the viscous term dominates among the three terms 

for 1Pr  and Prxut  , where Pr is the Prandtl number defined as  

.vPr   (4.9) 

For 1Pr , such as the water case considered here, at the early stage when xPrut  , 

the balance in the horizontal momentum equation is between the viscous term and the 

buoyancy induced pressure gradient, which yields a velocity scale of  

,~~ 4

322

0 xh
tRa

νx
tHgβu   (4.10) 

where Ra is the global Rayleigh number defined as: 

 .24
0  vhHgRa   (4.11) 

It is worth noting that the maximum water depth h is related to the domain length L 

through the bottom slope A for the present triangular geometric configuration. 

Therefore, either L or h can be used as the characteristic length scale for the definition 

of the global Rayleigh number, and the two Rayleigh numbers would differ by a factor 

of A4. Following the practice in the previous investigations (e.g. Lei & Patterson 2002a, 

2005; Mao et al. 2009a), the present investigation also defines Ra in terms of h in order 

to facilitate comparison between the present and the previous scaling results. 

Furthermore, a variable length scale x is adopted in the scaling reported above, 

whereas a fixed length scale L is used in Lei & Patterson (2005). It will soon become 

clear that a variable length scale and the analysis based upon it reveal more detailed 

features of the thermal flow than a fixed length scale.  

 

4.3.2 Steady state of the boundary layer 
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While heat is conducted away from the thermal boundary layer through the surface 

heat flux, heat is also convected into the thermal boundary layer since convection brings 

warmer water toward the shore. Initially, heat conducted away from the boundary layer 

is greater than that convected into it, and hence the thermal boundary layer continues to 

grow. As the flow velocity increases with time (see (4.10)), so does convection. Once 

the heat convected into the boundary layer balances that conducted away, the thermal 

boundary layer stops growing and the flow becomes steady. The balance between 

convection and conduction in energy equation (4.4) can be expressed as: 

.~ 2
T

T
x

uT



 (4.12) 

This balance yields the time scale for the steady state of the thermal boundary layer at 

location x: 

,~
3
4

3
1

3
2



hRaxtc



 (4.13) 

which can also be obtained by replacing the fixed length scale in tc as derived by Lei & 

Patterson (2005) with a variable length scale x. 

On the other hand, a comparison between the thickness of the thermal boundary 

layer and the local water depth Ax results in the time scale for the thermal boundary 

layer to reach the sloping bottom: 

.~
22



xAtd  (4.14) 

Depending on the local water depth, there are two possibilities: (1) cd tt  and the 

thermal boundary layer reaches the bottom slope before convection becomes significant 

and thus the thermal boundary layer is indistinct, encompassing the entire local water 

depth; (2) cd tt   and convection becomes significant before the thermal boundary 

layer reaches the bottom slope, and thus the thermal boundary layer stops growing and 

remains distinct. Therefore, the criterion for a distinct thermal boundary layer is cd tt  , 

which is equivalent to 

.446 hxARa   (4.15) 

The right side of (4.15) is a function of the horizontal position x, and is denoted by 

 xf1  as   
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  .~ 446
1 hxAxf   (4.16) 

From (4.15), the dividing position x0 that marks the switch from indistinct thermal 

boundary layer to a distinct thermal boundary layer as offshore distance increases is 

scaled as  

.~ 2/34/1
0 hARax   (4.17) 

It is clear from (4.17) that as the Rayleigh number increases, the region with distinct 

thermal boundary layer expands toward the shore.  

For an indistinct thermal boundary layer, substituting (4.14) into (4.6), (4.7) and 

(4.10), the steady state scales for the thickness of the thermal boundary layer, the 

temperature and the velocity are obtained as: 

,~ AxT  (4.18) 

,/~ 0 AxHTS  (4.19) 

  ,/~ 34
xhARau  (4.20) 

and the volumetric flow rate across a sectional plane at the steady state is given by: 

  .~~ 45  hxRaAuQ T  (4.21) 

For a distinct thermal boundary layer, substituting (4.13) into (4.6), (4.7) and (4.10) 

yields the steady state scales for the thickness of thermal boundary layer, the 

temperature, and the velocity respectively: 

,~ 3/13/26/1 xhRaT
  (4.22) 

,~ 1
0

3/13/26/1  HxhRaTS  (4.23) 

.~ 3/13/43/1 xhRau   (4.24) 

From (4.22) and (4.24), it can be obtained that the volumetric flow rate at steady 

state for a distinct thermal boundary layer is: 

  ./~~ 3/26/1  hxRauQ T  (4.25) 

The criterion for a distinct thermal boundary layer can be alternatively derived by 

comparing (4.22) with the local depth Ax.  

4.3.3 Onset of instability 

The adverse temperature gradient near the water surface is a potential source of 

instability. Although describing the detailed dynamics of an unstable or turbulent 
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boundary layer is beyond the capability of the present scaling, the scaling analysis is 

able to provide a criterion for instability to occur which results in the scales for the 

onset time of instability and the horizontal extent of the unstable region. A Rayleigh-

Bénard type instability sets in if the local temperature gradient in the thermal boundary 

layer exceeds a certain critical value, that is RaL > Rac, where 5657.Rac   based on a 

free-free boundary configuration (Drazin & Reid 1981), and RaL is the local Rayleigh 

number of the thermal boundary layer defined as  

.
/

~~
2

2

3














h
tRaTgRa TS

L  (4.26) 

Therefore, instability, if present, sets in at the time scale: 

,~
22/1



h
Ra
Rat c

B 






  (4.27) 

so long as cB tt  .  

Although RaL increases with time, there is an upper limit for RaL. When the flow 

reaches its steady state at ct , both TS and T  reach their maximum values and thus the 

maximum RaL is given by RaL(tc). If RaL(tc) < Rac, then the flow is always stable. In 

other words, instability, if present, has to occur before tc. Therefore, the criterion for 

instability to happen can be derived in two equivalent ways (1) RaL(tc) > Rac or (2) tc > 

tB, both leading to the same condition of:  

  ./ 43 xhRaRa c  (4.28) 

The right side of (4.28) is also a function of the horizontal position x, and is denoted by 

 xf 2  as:   

    .~ 43
2 xhRaxf c   (4.29) 

From (4.28), the dividing position x1 that marks the switch from a stable region near 

shore to an unstable region offshore is scaled as: 

.~ 4/14/3
1

RahRax c  (4.30) 

It is clear that as Ra increases, the dividing position x1 decreases, indicating the 

expansion of the unstable region towards the shore.  

The critical Rayleigh number Rac appears as a constant in (4.27) and (4.30). 

Similarly to the case of radiation-induced natural convection in Chapter 2, a slight 



Chapter 4 

93 

 

variation of the exact value of Rac from the assumed value does not affect the scaling 

results.     

Comparing the above scaling results, including two critical functions, f1(x) and f2(x), 

and two sets of scaling, (4.18-4.21) and (4.22-4.25), with their counterparts for 

radiation-induced natural convection in Chapter 2, it is noticeable that the results are 

similar except that all the exponential terms appearing in the scaling relations for 

radiation-induced natural convection disappear in the present scaling for natural 

convection induced by surface cooling. As mentioned in the introduction, the 

exponentially decaying absorption of radiation with water depth results in an 

exponential term in the heat flux at the sloping bottom, which is carried throughout the 

scaling for radiation-induced natural convection.  

4.3.4 Possible flow regimes 

So far two criteria have been derived for characterizing the boundary layer flow 

locally: (1) the thermal boundary layer is distinct if  xfRa 1  ; (2) the flow is unstable 

if  xfRa 2 . Both  xf1 and  xf 2  decrease with offshore distance x. Comparison 

between  xf1 and  xf 2 yields two possible scenarios, as shown in figure 4.1. Each of 

these scenarios consists of several distinct flow regimes depending on the global 

Rayleigh number. Typical flow regimes for each scenario are represented by the 

horizontal dotted lines in figure 4.1.  

Differently from the radiation-induced natural convection in Chapter 2, which has 

four different scenarios, the flow induced by surface cooling has only two scenarios: (a) 

for relatively large bottom slopes 21 /
cRaA   (figure 4.1a); and (b) for relatively small 

bottom slopes 21 /
cRaA  (figure 4.1b). The two additional scenarios for the radiation-

induced natural convection result from comparison of the maximum water depth with 

an additional key parameter intrinsic to the radiation problem ― the penetration depth 

of radiation, which is not relevant to the cooling case. 

The following discussion will mainly focus on scenario (a) with a brief discussion 

of scenario (b). A detailed discussion of scenario (b) can be made following the same 

procedures outlined for scenario (a).  
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(a) 21 /
cRaA  . In this case f1(x) < f2(x) for all x. As Ahx /0  , both f1(x) and f2(x) 

reach their minimum at x = h/A. The two minimum values, A-2 and A4Rac
3, determine 

three possible flow regimes depending on the global Rayleigh number. Similarly to 

natural convection induced by absorption of radiation in Chapter 2, under certain 

conditions, the entire flow domain may consist of three subregions with distinct flow 

features, illustrated by the isotherms sketched in figure 4.2. More detailed features of 

these subregions are described below and will be verified by numerical simulations. For 

a given Rayleigh number, the entire domain may be composed of one, two or all three 

of the subregions, as described below: 

(i) 2 ARa , represented by L1 in figure 4.1a. In this flow regime with Ra < f1(x) < 

f2(x) for all x, the thermal boundary layer is indistinct and the flow is stable. The 

thermal boundary layer encompasses the entire domain before convection becomes 

significant. Therefore, the entire flow domain is conductive, corresponding to region I 

in figure 4.2.  

(ii) A-2 < Ra < A4Rac
3, represented by L2 in figure 4.1a. In this flow regime, Ra < 

f2(x) for all x, and therefore the flow is stable over the entire domain. There is an 

intersection x0(L2) between Ra and f1(x), which is scaled as (4.17). For x < x0(L2), Ra < 

III ІI І 

Figure 4.2 Sketches of expected isotherms for different flow subregions: (I) Ra < f1(x) 
indistinct, conductive; (II) f1(x) < Ra< f2(x), distinct, stable convective; (III) Ra > f2(x), 
unstable convective. 

(a) (b) 

Figure 4.1 Profiles of f1(x) and f2(x) for (a) 2/1 cRaA  (b) 2/1 cRaA . Horizontal dotted 
lines represent typical flow regimes. 
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f1(x), the thermal boundary layer is indistinct and heat transfer is conduction-dominated. 

For x > x0(L2), Ra > f1(x), the thermal boundary layer is distinct and the dominant mode 

of heat transfer switches to convection, corresponding to region II in figure 4.2. The 

flow remains stable and may be described as stable convection. Detailed discussion 

about the transfer from region I to region II for the radiative heating case in Chapter 2 

can be also applied to the cooling case here.  

(iii) Ra > A4Rac
3, represented by L3 in figure 4.1a. In this flow regime, Ra intersects 

with both f1(x) and f2(x) at x0(L3) and x1(L3) respectively, which are scaled by (4.17) 

and (4.30) respectively. The entire flow domain can be divided into three subregions by 

these two intersections, corresponding to all the subregions in figure 4.2. For x < x0(L3), 

Ra < f1(x) < f2(x), heat transfer is conduction-dominated and the thermal boundary layer 

is indistinct at steady state. For x0(L3) < x < x1(L3), f1(x) < Ra < f2(x), heat transfer is 

dominated by stable convection and the thermal boundary layer is distinct at steady 

state. For x > x1(L3), f1(x) < f2(x) < Ra, the flow becomes unstable with instability 

setting in at time tB, and both unstable plumes and the general convective circulation are 

present in this region. 

(b) A < Rac
-1/2. In this case, f1(x) > f2(x) for all x (figure 4.1b). The critical Rayleigh 

number for instability to occur is smaller than that for the presence of a distinct thermal 

boundary layer. For Ra > f2 (h/A) ~ Rac
3A4, instability occurs in the region of x > x1(L2), 

where x1 is scaled by (4.30). Once instability occurs, the growth of the thermal 

boundary layer is disturbed and no longer follows scale (4.6), and therefore f1(x) 

becomes irrelevant. As a result, there are only two flow regimes that scaling can predict, 

stable and unstable, represented respectively by L1 and L2 in figure 4.1(b).  

4.4 Numerical procedures 

4.4.1 Governing equations 

At quasi-steady state, since the surface heat flux is constant and all of the other 

boundaries are adiabatic, the temperature decreases at the same rate everywhere, and 

thus the difference between the local and the average temperatures becomes steady. 

With this quasi-steady assumption and the following normalization, equations (4.1)-(4.4) 

can be simplified into a new set of non-dimensional governing equations containing the 

temperature difference T1, following the procedures outlined in Lei & Patterson (2005):
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∂𝑢

∂𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ v

𝜕𝑢

𝜕𝑦
= − 𝑃𝑟 𝑅𝑎 

𝜕𝑝

𝜕𝑥
+ 𝑃𝑟∇2𝑢 , (4.31) 

∂v

∂𝑡
+ 𝑢

𝜕v

𝜕𝑥
+ v

𝜕v

𝜕𝑦
= − 𝑃𝑟  𝑅𝑎 

𝜕𝑝

𝜕𝑦
+ 𝑃𝑟∇2v +  𝑃𝑟  𝑅𝑎 𝑇1 , (4.32) 

∂𝑇1

∂𝑡
+ 𝑢

𝜕𝑇1

𝜕𝑥
+ v

𝜕𝑇1

𝜕𝑦
= ∇2𝑇1 + 2 , (4.33) 

∂𝑢

∂𝑥
+

∂v

∂𝑦
= 0 . (4.34) 

All the quantities above have been non-dimensionalized by the following scales: x, y ~ 

h ; t ~ /2h  ;  T1 ~ H0h /  ; u, v ~ /h ; px , py ~  /00 hHg , where T1 is the 

difference between the local temperature and the average temperature. 

4.4.2 Numerical method 

The governing equations (4.31)-(4.34) along with the specified boundary and initial 

conditions are solved numerically using a finite volume method. The SIMPLE scheme 

is adopted for pressure-velocity coupling and the QUICK scheme is applied for spatial 

derivatives. A second-order implicit scheme is applied for time discretization in 

calculating the transient flow. Full details of the numerical scheme are given in 

Appendix A.  

The simulation is conducted in a triangular domain of a dimensionless depth of h = 

1 and a bottom slope of A = 0.1, with a Prandtl number of Pr = 7. This parametric 

setting is relevant to Scenario (a). A mesh and time dependency test has been conducted 

using four different meshes, 125×70, 188×105, 251×140 and 313×175 for Ra = 3.5 × 

107, which is in the unstable regime and is the highest among all the simulated cases. To 

avoid singularity at the tip, a very small tip region (x < 0.2) was cut off and an extra 

vertical adiabatic wall was assumed. The cut off region accounts for only 0.04% of the 

entire domain and thus no significant modification to the flow is expected except at the 

very beginning of the flow development, which will be discussed below. All the meshes 

are distributed in a way so that the density of the mesh increases toward the boundaries. 

The time step is adjusted for the different meshes so that the CFL number remains 

approximately the same for different meshes. Figure 4.3 shows the time series of the 

maximum negative horizontal velocity obtained for the specified case with the four 

different meshes. Since this flow is in the unstable convection regime, the flow shows 

considerable fluctuations; however the standard deviations of the time series over a time 
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period of 0.1 from the coarsest to the finest meshes are: 210.9, 176.9, 122.3 and 117.7, 

converging to a constant as the mesh is refined. In order to ensure the accuracy of the 

solutions while keeping the calculation time manageable, the mesh of 251×140 with a 

time step of 4.010-5 has been selected based on the mesh and time-step dependency 

tests. 

Similar discussions to those in Chapter 2 can be made on the transition of the flow 

status from the initial to transitional and finally to quasi-steady state. A major difference 

in the simulated flow development between radiation-induced and surface-cooling-

induced natural convection lies in the initial stage. Differently from the radiation-

induced flow, which starts to grow with time during the initial stage as soon as the 

thermal forcing is imposed, the flow induced by surface cooling (refer to figure 4.3) 

shows no motion for a noticeable initial period ( 0070. ) with an approximately zero 

maximum flow velocity. This feature can be attributed to the growth of the thermal 

boundary layer and the truncation of the tip region. For the surface cooling case, a 

horizontal temperature gradient can only be established after the horizontal thermal 

boundary layer grows beyond the depth of the cut-off region, before which the flow 

remains stagnant. More discussion of this effect can be found in Lei & Patterson (2005).  

4.5 Verification of scaling analysis  

The introduction of a variable offshore distance enables the present scaling analysis 

to reveal the variation of flow features with offshore distance not revealed in the 

previous scaling analysis of Lei & Patterson (2005): the existence of distinct subregions 

Figure 4.3 Time histories of the maximum negative horizontal component of velocity in the 
surface boundary layer along the vertical line of x = 3.5 for Ra = 3.5  107. 
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and the respective scaling for them embodying the offshore-distance dependency. This 

section will focus on verifying these newly revealed flow properties using the results of 

the numerical simulations.  

Scaling analysis has revealed that the dominant mode of heat transfer varies with 

distinct sub-regions. To validate this, horizontal heat transfer rates by conduction and 

convection are calculated from the simulation results. The total horizontal heat transfer 

rate, including the contributions of both conduction and convection, is averaged over 

the local water depth and defined in a dimensionless form as: 

 𝐻(𝑥) =
1

𝐴𝑥
  𝑢𝑇1 −

𝜕𝑇1

𝜕𝑥
 𝑑𝑦

 0

 −𝐴𝑥

 (4.35) 

The simulations involve a wide range of Rayleigh numbers to cover all the three 

possible flow regimes. All the Rayleigh numbers used in the simulations are shown in 

Table 4.1 and plotted in figure 4.4 along with the profiles of  f1(x) and f2(x).  

 

 
                  Table 4.1 Various Rayleigh numbers adopted in the numerical validation 

Flow regime Ra 

     (i)  Ra <  f1(x) < f2(x) 70 

     (ii)  f1(x) < Ra < f2(x) 2.1×103, 3.5×103, 5.6×103, 7.0×103, 8.4×103, 1.4×104, 2.1×104 

    (iii)  Ra > f2(x) 1.4×106, 2.1×106, 3.5×106, 7.0×106, 2.1×107, 3.5×107 

Figure 4.4 Typical profiles of f1(x) and f2(x) for scenario (a) plotted with parameter values 
used in the numerical simulations; horizontal lines represent Ra values used in the 
numerical simulations. 
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4.5.1 Flow scenarios in different flow regimes 

4.5.1.1 Regime 
2 ARa  

For the conductive regime of 2 ARa , figure 4.5 shows the simulation results at 

Ra = 70. The nearly vertical isotherms in figure 4.5(a) confirm the presence of an 

indistinct thermal boundary layer. An anticlockwise flow is formed as shown in figure 

4.5(b). The dominance of conduction in horizontal heat transfer is confirmed in figure 

4.5(c).  As the offshore direction is the assumed positive direction in our calculation, 

the negative sign of the heat transfer rate plotted in figure 4.5(c) indicates that heat is 

transferred toward the shore, which is contrary to the daytime heating case.  

 

4.5.1.2 Regime 
432

ARaRaA
c


 

For the stable convective regime 432 ARaRaA c , figure 4.6 shows the 

simulation results for two Rayleigh numbers of Ra = 2.1×103 and 2.1×104 respectively. 

Here, the vertical isotherms near the shore gradually transfer into curved isotherms with 

increasing curvature as offshore distance increases, indicating an increasing effect of 

convection in the horizontal heat transfer. Figures 4.6(c) and (d) confirm that the 

dominant mode of the horizontal heat transfer switches from conduction into stable 

convection as offshore distance increases. The horizontal position where conduction 

equals convection marks the dividing position between conduction- and convection-

dominated regions. A comparison between figures 4.6(c) and (d) shows that as the 

Rayleigh number increases, the convection-dominated region expands toward the shore. 

The dividing positions obtained from simulations for different Rayleigh numbers are 

plotted against the scaling prediction of hRaA~x // 4123
0

  in figure 4.7. It is noted that 

the results obtained for the unstable flow regime of Ra > Rac
3A4 (see § 4.5.1.3), which 

also embodies a dividing position between conduction- and convection-dominated 

subregions, are also included in this plot. The clear linear correlation between the 

numerical data and the scaling prediction demonstrates that the dividing position 

(between conduction- and convection-dominated subregions) is well predicted by the 

scaling analysis.  
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(a) 

(b) 

(c) (d) 

Figure 4.6 Flow properties in the conductive regime of 432 ARaRaA c  . (a) Isotherms for 
Ra = 2.1× 103 with an interval of 1.4073. (b) Isotherms for Ra = 2.1× 104 with an interval of 
0.7036. Horizontal heat transfer rate averaged over the local water depth for (c) Ra = 2.1× 
103 and (d) Ra = 2.1× 104. 

(b) 

(c) 

(a) 

Figure 4.5 Flow properties in the conductive regime of 2 ARa , Ra = 70 (a) Isotherms at an 
interval of 1.90. (b) Anticlockwise streamlines at an interval of 0.035. (c) Horizontal heat 
transfer rate averaged over the local water depth. The curve of the total heat transfer rate 
overlaps with the curve of the conduction heat transfer rate. 
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4.5.1.3 Regime Ra > Rac
3
A

4
 

For the unstable convective regime Ra > Rac
3A4, figure 4.8 shows the isotherms, 

streamlines and horizontal heat transfer rates at the quasi-steady state. As the offshore 

distance increases, the isotherms (figures 4.8a and b) transfer from vertical lines into 

curved lines and finally into wavy lines, indicating that the dominant mode of 

horizontal heat transfer changes from conduction into stable convection and finally into 

unstable convection, which is confirmed in figures 4.8(e) and (f). Comparisons of the 

results in figure 4.8 show that as the Rayleigh number increases, the unstable region 

expands toward the shore and the intensity of sinking plumes also increases. The 

clockwise flows near the end wall in figures 4.8(c) and (d) are caused by the endwall 

effect.  

The positions where the wavy feature starts divide the stable and unstable 

subregions. To ascertain the dividing position, the standard deviation of the time series 

of the integrated horizontal convection over local depth calculated over a time period of 

0.12 at the quasi-steady state is plotted against the offshore position for different 

Rayleigh numbers in figure 4.9(a). It is expected that the standard deviation of the 

calculated convection heat transfer rate increases with offshore distance near the shore. 

However, owing to the end-wall effect, the standard deviation decreases near the end-

wall. Near the tip region, the positions where the standard deviation exceeds a certain 

threshold (0.02) are calculated from all of the simulation results and plotted against the 

Figure 4.7 Dividing position between conduction- and convection-dominated regions 
from the numerical simulations versus that from scaling analysis. The dashed line 
approximately indicates the dividing position corresponding to the critical Rayleigh 
number for the switch from stable to unstable flow regime from the scaling analysis. 
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scaling prediction ( 4/14/3
1 ~ RahRax c ) in figure 4.9(b). The good linear correlation 

clearly confirms the validity of the scaling. It is also noticeable that the dividing 

positions from the simulations shown in figure 4.9(b) correspond well with the 

horizontal positions for the origination of the wavy features suggested by figures 4.8(e) 

and (f) for the relevant Rayleigh numbers, confirming the consistence of the prediction 

of the range of the unstable region from the perspectives of both time and space. 

(f) (e) 

(a) 

(b) 

(c) 

(d) 

Figure 4.8 Flow properties at the quasi-steady state in the unstable convective regime of 
3
cRaRa  . (a) Isotherms at an interval of 0.0422 for Ra = 3.5×106. (b) Isotherms at an 

interval of 0.0169 for Ra = 3.5×107. The interval of the isotherms in the enlarged region 
of both (a) and (b) is 0.0422. (c) Streamlines at an interval of 7 for Ra = 3.5×106. (d) 
Streamlines at an interval of 14 for Ra = 3.5×107. Solid streamlines represent anti-
clockwise flow and dashed lines represent clockwise flow. (e) Horizontal heat transfer 
rate for Ra = 3.5×106. ( f ) Horizontal heat transfer rate for Ra = 3.5×107. 
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     Among the simulation results for all the six Rayleigh numbers in the unstable regime 

as shown in figure 4.4 and Table 4.1, the result of the minimum Rayleigh number Ra = 

1.4  106 is different from the results of the other Rayleigh numbers in that, the flow for 

Ra = 1.4  106 is unstable only for a certain period of time (during the transitional 

stage), and finally approaches a steady state, whereas instability for the other Rayleigh 

numbers is maintained, and the flow remains quasi-steady. Figure 4.10 illustrates the 

above point with the time series of the maximum negative horizontal velocity for Ra = 

1.4  106 and Ra = 2.1  106 respectively. In Lei & Patterson (2005), a similar trend of 

transition from unstable to steady-state flow was observed based on the mean flow rate 

(to be defined below in (4.36)) over the entire domain for a Rayleigh number of Ra = 7 

 105. This transition from unstable to steady-state flow is consistent with the 

theoretical analysis of Forster (1971), which is based on the assumption of an infinite 

Figure 4.10 Time series of the maximum negative horizontal velocity at x = 3.5 for two 
different Rayleigh numbers. 

(a) (b) 

Figure 4.9 (a) Standard deviation of time series of horizontal convection over a time period 
of 0.12 for different Rayleigh numbers. (b) Dividing positions between the stable and the 
unstable subregions from numerical simulations versus those from scaling analysis. 
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Prandtl number fluid subject to a constant heat flux from an upper horizontal boundary 

and an insulated horizontal bottom. Despite the difference in the geometric 

configurations and the Prandtl numbers in Forster (1971) and the present investigation, 

our numerical results are consistent with the previous findings in that, for Rayleigh 

numbers greater than O(107), the flow is fully intermittent whereas for relatively 

smaller Rayleigh numbers the flow eventually settles to a steady state. Full three 

dimensional simulations are worth conducting in future investigations to reveal more 

detailed features of instability for the unstable flow regime.  

4.5.2  Steady-state scaling for distinct regions 

    Two sets of scaling relations have been derived from the scaling analysis in § 4.3.2: 

one for the conduction-dominated region (4.18)-(4.21) and the other for the stable-

convection-dominated region (4.22)-(4.25). In addition to the flow velocity, another 

flow property, i.e. the volumetric flow rate Q(x) characterizing the intensity of the flow, 

is calculated from the simulation results for validating the scaling predication.  

 𝑄(𝑥) =
1

2
  𝑢 𝑑𝑦

 0

 −𝐴𝑥

 (4.36) 

4.5.2.1 Conduction-dominated region  

    For the conduction-dominated region, scaling relations (4.18)-(4.21) apply. The 

buoyancy flow within the domain consists of two opposing directions: onshore along 

the water surface, and offshore along the sloping bottom. It can be derived from mass 

conservation that the scaling applies to both the surface and the bottom layers (Lei & 

Patterson 2002a). To validate the velocity scaling, the volumetric flow rate and the 

maximum velocities along the local depths at different offshore distances for different 

Rayleigh numbers from the simulation results are plotted against the scaling predictions 

in figure 4.11. It is clear that the volumetric flow rate and the velocity induced by 

surface cooling for the conduction-dominated region are well represented by the scaling. 

Comparison between figures 4.11(b) and (c) shows that the slope of the linear fit for the 

surface layer is larger than that for the bottom layer, indicating the effect of different 

velocity boundary conditions (stress-free for the former and rigid-non-slip for the latter). 

Compared to the stress-free boundary condition, the rigid-non-slip boundary condition 

evidently limits the magnitude of the maximum flow velocity.  
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4.5.2.2 Stable convection-dominated region 

Similarly, for the stable convection-dominated region, flow properties extracted from 

the simulations are plotted against the scaling predictions in figure 4.12. In the unstable 

flow regime, as indicated by figures 4.8(e) and (f), the region dominated by stable 

convection is very narrow. Therefore, only simulation results from the stable flow 

regime are used to validate the scaling for the stable-convection-dominated region. The 

linear relationship evident in figure 4.12 validates the scaling relations of flow 

properties with respect to both x and Ra.  

(a) 

(b) (c) 

Figure 4.11 Volumetric flow rates and the maximum velocities extracted from simulation 
versus their respective scaling for the conduction-dominated region. (a) Volumetric flow 
rates. (b) Maximum negative horizontal velocity in the surface layer. (c) Maximum 
horizontal velocity in the bottom layer. 
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4.5.2.3. Unstable region   

For the quasi-steady state flow in the unstable region, the time series of flow 

properties can be decomposed into a time-averaged mean value caused by the primary 

convection and a fluctuating component associated with flow instability. In the time-

averaged flow, the flow fluctuations are smoothed out as shown in figure 4.13 and the 

unstable region can be regarded as an extension of the stable-convection region. 

Therefore, the scaling for the stable-convection region is expected to hold true for the 

time-averaged mean flow in the unstable region as well. This hypothesis is validated in 

figure 4.14 with a linear correlation between the scaling and the simulation results. The 

same correlation between the unstable region and the stable-convective region of 

radiation-induced natural convection is validated in Chapter 2 (§2.6.3.2).   

(a) 

(b) (c) 

Figure 4.12 Volumetric flow rates and the maximum velocities extracted from simulations 
versus their respective scaling for the stable-convection-dominated region. (a) Volumetric 
flow rates. (b) Maximum negative horizontal velocity in the surface layer. (c) Maximum 
horizontal velocity in the bottom layer. 
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4.6 Conclusions 

By introducing a variable offshore distance scale x, two critical functions with 

respect to the global Rayleigh number have been derived from scaling to identify the 

local flow features: f1(x) ~ A-6 (h/x)4 and f2(x) ~ Rac
3 (h/x)4. The thermal boundary layer 

is indistinct if Ra < f1(x) and unstable if Ra > f2(x). Comparison of these two functions 

reveals two possible scenarios depending on the bottom slope. The scenario for 

relatively large bottom slopes A > Rac
-1/2 can be further classified into three flow 

regimes, which are examined in detail in this study. For each flow regime, distinctive 

subregions were identified by scaling and verified by numerical simulations. The major 

features of each flow regime are summarized below. 

(i) For the conductive regime of Ra < A-2, the flow remains stable; and conduction 

dominates the horizontal heat transfer over the entire domain. At steady state, nearly 

vertical isotherms are distributed over the entire domain.  

Figure 4.14 The maximum velocities extracted along vertical lines at different horizontal 
positions within the unstable region (x = 0.27 ~ 0.36 at an equal interval for all the 
Rayleigh numbers) for the time-averaged mean flow. (a) The maximum negative 
horizontal velocity in the surface layer (b) The maximum horizontal velocity in the bottom 
layer. 

(a) (b) 

Figure 4.13 Contours of the time-averaged flow over a period of 0.12 during the quasi-
steady state for Ra = 2.1 × 106. (a) Streamlines at an interval of 10, dashed lines represent 
clockwise flow and solid lines represent anticlockwise flow. (b) Isotherms at an interval of 
0.07. 

(a) 

(b) 
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(ii) For the stable convective regime of A-2 < Ra <Rac
3A4, there are two distinct sub-

regions separated at x0 ~ A-3/2Ra-1/4h: a conduction-dominated near shore region and an 

offshore region dominated by stable convection.  

(iii) For the unstable convective regime of Ra > Rac
3A4, there are three distinct 

subregions separated at x0 ~ A-3/2 Ra-1/4 h and x1 ~ Rac
3/4 Ra-1/4 h: a near shore region 

dominated by conduction, a central region dominated by stable convection, and an 

offshore region dominated by unstable convection. 

Two different sets of scaling relations have been derived for the steady-state flow of 

the conduction-dominated region (scales (4.18)-(4.21)) and the region dominated by 

stable convection (scales (4.22)-(4.25)) respectively. For the unstable flow regime, it is 

revealed that the time-averaged mean flow of the unstable region in quasi-steady state is 

scaled the same as the region dominated by stable convection.  

The results of the scaling analysis are readily applicable to experimental designs and 

estimations of the significance of this cooling-induced flow in field situations, as they 

provide detailed estimation of the flow properties and the distinctive subregions for 

different flow regimes. Similarly to the case with radiative heating, in a real life 

situation the intensity of the surface cooling usually places the flow in regime (iii) 

above, indicating that the unstable region always exists in a region offshore, the extent 

of which is provided by the present scaling. The different flow scenarios, flow regimes 

and distinctive sub-regions revealed by the present scaling provide important insights 

into the cooling-induced exchange flows at various offshore distances, which have 

significant biological and environmental implications as detailed in the introduction. 

Together with the findings for the radiation-induced natural convection reported in 

Chapters 2 and 3, a more thorough understanding of near-shore natural convection flow 

driven by the idealized constant thermal forcing has been achieved. While a steady or 

quasi-steady state will finally be reached for constant thermal forcing, in real field 

situations, the diurnal variation of the thermal forcing and the inertia of the flow results 

in an unsteady flow and a time lag between the flow response and the thermal forcing as 

demonstrated by field experiments (Adam & Wells 1984; Monismith et al. 1990). 

Therefore, further understanding of the exchange flows relevant to field conditions 

entails future investigations of the ―thermal siphon‖ under time-varying thermal 

forcing.  
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As mentioned in Chapter 2, in application of the scaling to field situations, many 

other geophysical factors must be accounted for: the rotation of the Earth at large 

scales, the variation of the geometry, and the interaction of the thermal flow with 

currents driven by other mechanisms (e.g. tides, waves, wind-driven currents, 

geostrophic currents, etc). A study of each of these mechanisms, such as the present 

case, in isolation allows deeper insight into the fundamental driving force. Further 

investigation on the interactions between these mechanisms will allow a more 

comprehensive understanding of the overall response of the system. 
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Chapter 5    Unsteady natural convection 

in a reservoir induced by isothermal 

heating at the water surface 

5.1 Introduction 

The previous chapters have investigated natural convection generated by a constant 

heat flux, either uniform cooling along the water surface or exponentially decaying 

heating along the local bottom caused by absorption of radiation. In fact, all of the 

existing theoretical investigations on natural convection inside a wedge domain have 

been focused on natural convection induced by either a constant heat flux, or a constant 

or diurnally varying internal heating source, or both. The case of constant daytime 

radiation (Farrow & Patterson 1994; Lei & Patterson 2002; Mao et al. 2009) involves 

both a constant heat flux at the sloping bottom and a constant internal heating source. 

The case of nighttime surface cooling is represented by a constant heat flux at the water 

surface (Horch & Stefan 1988; Lei & Patterson 2005; Mao et al. 2009). The case of 

diurnally varying thermal forcing has been investigated theoretically by introducing a 

sinusoidal function of time as a vertically uniform internal heat source term in the 

energy equation (Farrow & Patterson 1993a; Farrow 2004).  A closer representation of 

the diurnal thermal forcing in field situations was realized in the numerical simulations 

of Lei & Patterson (2006). In the experiment of Bednarz et al. (2009b), a sinusoidal 

temperature change was imposed at the water surface.  

With respect to specifying a temperature as the thermal forcing, such as isothermal 

heating or cooling at the water surface, a literature survey indicates that no analytical 

solution or scaling analysis is yet available to quantify the flow properties within the 

wedge domain. Theoretical investigations of natural convection generated by isothermal 

forcing would be very desirable for experimental designs and field applications. In 

laboratory experiments, controlling the temperature of the water surface is easier to 

implement than controlling the heat flux through the water surface. In the laboratory 
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experiment by Bednarz et al. (2008), isothermal cooling at the water surface in a wedge 

domain is realized by a copper plate which is part of a cooling chamber. In addition, in 

field situations, temperature at the water surface is more easily monitored than heat flux.    

This chapter deals with natural convection induced by both constant and ramped 

isothermal heating on the water surface of a reservoir model. This is only a very 

preliminary study of this topic with prospects for further improvement. A hybrid of 

asymptotic solutions and scaling analysis is developed in this chapter to quantify the 

flow properties in a reservoir model. Numerical simulations are conducted to verify the 

asymptotic solutions and scaling relations.  

In §5.2 of this chapter, a two dimensional sidearm model is formulated, which is 

composed of a near-shore subregion with a sloping bottom and an offshore region with 

a uniform depth. The isothermal heating is imposed on the water surface with either a 

constant temperature or a ramp temperature which increases linearly with time over a 

certain duration.  

In §5.3, the numerical procedures are introduced. The governing equations are first 

normalized before being solved numerically. Mesh and time-step dependency tests are 

conducted before the simulation.  

In §5.4, scaling analysis and numerical simulations are conducted for natural 

convection induced by constant isothermal heating. For the conductive region, the 

problem is first simplified into a one dimensional conduction problem with a variable 

local water depth, from which an analytical solution of temperature is derived. The 

temperature solution is then further processed to derive the horizontal gradient of the 

local average temperature, from which a scale for the maximum velocity incorporating 

a variable length scale is derived through scaling analysis. For the convective region, a 

balance between conduction and convection reveals the steady state scales. Results 

from numerical simulations are extracted to verify the analytical solutions and scaling 

relations.  

In §5.5, scaling analysis and numerical simulations are conducted for the case of 

ramped isothermal heating. For the conductive region, analysis of the solution reveals 

two possible flow scenarios by comparing the ramp duration P with the time for the 

thermal boundary layer to reach the local bottom. Similar to the process in the constant 

isothermal heating case, the scale of the flow velocity incorporating a variable length 

scale is derived through scaling analysis, based on the analytical temperature solution. 



Chapter 5 

113 

 

For the convective region, a comparison between the ramp duration and the steady state 

time reveals two scenarios of flow development. The analytical solutions and scaling 

relations are verified by the simulation results.  

In §5.6, the major results for natural convection in the domain induced by constant 

and ramped isothermal surface heating are summarized.  

5.2 Model formulation  

Subject to a uniform heating from the water surface, natural convection inside a 

reservoir is stable and two dimensional, and therefore a two dimensional model with 

water depth varying with offshore location is sufficient for the purpose of the present 

investigation: to capture the basic mechanism of the cross-shore exchange flow. A two-

dimensional (2D) reservoir consisting of a sub-region with a sloping bottom with a 

slope of A and a sub-region with uniform depth is considered here (figure 5.1), where h 

is the maximum depth in the reservoir, and x and y are the horizontal and vertical 

coordinates with origin at the tip of the flow domain. With the Boussinesq assumption, 

the two-dimensional Navier-Stokes and energy equations governing the flow and 

temperature evolution within the wedge are written as:  
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Figure 5.1 Sketch of the flow domain and the coordinate system. 
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In the present model, the initial condition of the flow is stationary and isothermal at 

a temperature of T0. An adiabatic (∂𝑇 ∂𝑛  = 0) and rigid non-slip (u = 0, v = 0) 

boundary condition is assumed for the bottom, including both the sloping and the flat 

section, whereas the water surface is stress free (𝜕𝑢 𝜕𝑦 = 0 and  v = 0). An open 

boundary condition is considered for the endwall (𝜕𝑢 𝜕𝑥 = 0 , v = 0) with a backflow 

at the initial temperature of T0.  Heating is imposed on the water surface with a uniform 

temperature. For the constant heating case, the temperature at the water surface is 

𝑇0 + ∆𝑇. For the ramp heating case, the temperature at the water surface first increases 

linearly with time over a certain period P and then becomes constant, as expressed in 

(5.5).  

 
𝑇0 + (∆𝑇 𝑃) 𝑡      0 ≤ 𝑡 ≤ 𝑃

𝑇0 + ∆𝑇     𝑡 > 𝑃           
  (5.5) 

Differently from the constant heat flux case, the Rayleigh number for both the constant 

and ramped isothermal heating cases is defined in terms of the temperature difference 

∆𝑇 as: 

𝑅𝑎 =
𝑔𝛽∆𝑇3

𝜈𝜅
. (5.6) 

It is worth noting that in the previous investigations (Lei & Patterson 2002b, 2005; 

Mao et al. 2009a, b, c), the end wall in the simulation is assumed to be a rigid wall. In 

those investigations, the heat flux is constant with time, and the temperature within the 

water body keeps increasing. However, the temperature gradients become steady and 

the flow velocity becomes constant everywhere at the steady state. For the present case, 

a stable clockwise flow is formed. If the end wall is rigid, the warm layer near the 

surface alters the flow direction near the end wall and the warm water is forced to flow 

downwards and discharges into the core region. Owing to the effect of the return flow 

near the endwall, the flow within the enclosure will eventually become isothermal and 

stationary. However, with an open boundary imposed at the endwall, the scenario is 

different: the warm water near the surface flows out of the flow domain and is replaced 

by the cool backflow near the bottom. In this case, if the horizontal convection is 

sufficiently strong to balance conduction, the thermal boundary layer is expected to stop 

growing and remain distinct with a steady flow velocity.  
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5.3 Numerical procedures  

5.3.1 Governing equation 

In the numerical simulations, a normalized form of the governing equations (5.1)-(5.4) 

is solved. The respective normalization is specified as: the length scale 𝑥, 𝑦 ~ ; the 

time scale 𝑡, 𝑃 ~ 2 𝜅 ; the velocity scale 𝑢, 𝑣~ 𝜅  ; and the pressure gradient scale 

𝑝𝑥 , 𝑝𝑦~𝜌𝑔𝛽∆𝑇. The non-dimensional temperature 𝜏 is defined as 𝑇− 𝑇0+∆𝑇 

∆𝑇
 for constant 

heating, and 𝑇− 𝑇0+∆𝑇𝑡/𝑃 

∆𝑇
  for ramp heating. And thus the simulation results for 

temperature represent the normalized temperature difference between the local and the 

water surface temperatures. The non-dimensional form of the governing equations 

(5.1)-(5.4) containing this normalized temperature difference 𝜏 is written as: 

𝜕𝑢

𝜕𝑥
+

𝜕v

𝜕𝑦
= 0 , 

  (5.7) 

𝜕𝑢

𝜕𝑡
+ 𝑢

𝜕𝑢

𝜕𝑥
+ v

𝜕𝑢

𝜕𝑦
= −𝑃𝑟 𝑅𝑎

𝜕𝑝

𝜕𝑥
+ 𝑃𝑟∇2𝑢 , 

  (5.8) 

𝜕v

𝜕𝑡
+ 𝑢

𝜕v

𝜕𝑥
+ v

𝜕v

𝜕𝑦
= −𝑃𝑟 𝑅𝑎

𝜕𝑝

𝜕𝑦
+ 𝑃𝑟∇2v + 𝑃𝑟 𝑅𝑎𝜏 .   (5.9) 

For constant heating, the energy equation is:  

𝜕τ

𝜕𝑡
+ 𝑢

𝜕τ

𝜕𝑥
+ v

𝜕𝜏

𝜕𝑦
= ∇2τ . (5.10) 

For ramp heating, the energy equation is:  

𝜕𝜏

𝜕𝑡
+ 𝑢

𝜕τ

𝜕𝑥
+ v

𝜕𝜏

𝜕𝑦
= ∇2𝜏 −

1

𝑃
 . (5.11) 

 

5.3.2 Numerical methods and tests 

The normalized governing equations (5.7)-(5.11) along with the specified boundary and 

initial conditions are solved numerically using a finite-volume method. The SIMPLE 

scheme is adopted for pressure-velocity coupling; and the QUICK scheme is applied for 

spatial derivatives. A second-order implicit scheme is applied for time discretization in 

calculating the transient flow. Full details of the numerical scheme are given in 

Appendix A. 



Chapter 5 

116 

 

The simulation is conducted in a sidearm with a dimensionless depth of  = 1, two 

bottom slopes of 𝐴 = 0.05 and 0.1, and a fixed Prandtl number of 𝑃𝑟 = 7. The section 

with a uniform depth is set to be of the same length as the sloping section. 

Mesh and time-step dependency tests have been conducted for the case of Ra = 2 × 

107 using three different meshes, 301 × 51, 451 × 75 and 601 × 101. As will be revealed 

in §5.4.2, this Rayleigh number falls into the regime of Ra > A-2 where convective 

effects are important. The flow domain is meshed with a non-uniform grid which has an 

increasing grid density toward all of the boundaries. The time steps for different meshes 

are adjusted accordingly so that the CFL (Courant-Freidrich-Lewy) number remains the 

same for all the meshes. The time series of the maximum velocity along the vertical line 

of x = 3.5 (with distinct thermal boundary layer) for Ra = 2 × 107 were plotted in figure 

5.2 for different grids. It is clear that the difference among different grids is only 

noticeable during the transitional stage when the velocity transfers from rapid growth to 

a steady state. The steady state velocities from different grids were listed in Table 5.1. 

The difference among different grids is very small and approaching zero as the grid 

density increases.   

In order to ensure the accuracy of the solutions while keeping the calculation time 

manageable, the medium grid 451×75 is used in all the following simulations. For the 

chosen mesh, the minimum face area is 0.0044; the maximum face area is 0.8730 and 

the maximum stretch factor is 1.08. The time step adopted for this mesh is 2.0 × 10-4.  

 

Figure 5.2 Time series of the maximum horizontal velocity along the vertical line of 
x = 3.5 for Ra = 2 × 107 for different grids. 
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        Table 5.1 The maximum horizontal velocity u at x = 3.5 and x = 4.5 for different grids 

Grid 
1. 

301 × 51 

2. 

451 × 75 

3. 

601 × 101 

Variation  

1 & 2 

Variation  

2 & 3 

u (x = 3.5) 210.44 210.26 210.25 0.09% 0.005% 

u (x = 4.5) 254.99 254.74 254.73 0.10% 0.004% 

5.4 Theoretical analysis and numerical 

simulations for constant heating 

For the near-shore conductive region, a steady state velocity is maintained in the 
case of iso-flux forcing, as shown in Chapter 4; however, for iso-thermal forcing, the 
flow is expected to become stationary since the region eventually becomes isothermal 
and thus no temperature gradient is present to drive the flow. During the development 
of the flow in the conductive region, it is expected that the local flow reaches a 
maximum velocity at a certain time. For the offshore region where conduction balances 
convection, it is expected that for isothermal forcing, a distinct thermal boundary layer 
is present at steady state with a steady velocity, which is similar to the iso-flux forcing 
case. For the near-shore conductive region, the following scaling aims to quantify the 
flow development through a hybrid of analytical solutions and scaling analysis. For the 
convective region offshore, the scaling aims to quantify the steady state flow.  

5.4.1 Analytical solution and scaling for the conductive region 

As the isothermal heating is initiated at the water surface, heat is conducted from the 
water surface toward the local bottom. During the growth of the thermal boundary layer, 
the temperature difference is greater vertically than horizontally and therefore vertical 
conduction dominates over horizontal conduction. If convection and horizontal 
conduction are neglected, the problem can be simplified into a one-dimensional 
conduction problem with a variable local water depth of Ax: 

𝜕𝑇

𝜕𝑡
= 𝜅

𝜕2𝑇

𝜕𝑦2
 , (5.12) 

𝑇 = 𝑇0 + ∆𝑇   𝑦 = 0, 𝑡 ≥ 0   ,    (5.13) 

𝜕𝑇

𝜕𝑦
= 0  𝑦 = −𝐴𝑥  , (5.14) 

𝑇 = 𝑇0 ( t = 0) . (5.15) 
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An isothermal water surface and an adiabatic bottom slope are specified by (5.13) 

and (5.14) respectively. (5.14) is the leading order approximation to ∂𝑇 ∂𝑛  = 0 under 

the assumption of small bottom slope A. And an isothermal initial condition is 

embodied in (5.15).  

The above equations can be solved through separation of variables, and the 

analytical solution of (5.12)-(5.15) is  

𝑇 = 𝑇0 + ∆𝑇 −  
4∆𝑇

(2𝑛 + 1)𝜋
𝑒
−

(𝑛+
1
2

)2𝜋2𝜅𝑡

𝐴2𝑥2

∞

𝑛=0

sin  𝑛 +
1

2
 𝜋

𝑦

𝐴𝑥
 . (5.16) 

In fact, (5.16) are the leading-order terms in a small-A expansion of the full-solution 

to the governing equations. The method is similar to the asymptotic solutions of Farrow 

& Patterson (1993a, 1994), except that the forms of thermal forcing are different. As 

mentioned previously, the simulation result for temperature is the normalized 

temperature difference 𝜏. Accordingly, (5.16) is rearranged to reveal the corresponding 

analytical solution for 𝜏:  

𝜏 =
𝑇 − (𝑇0 + ∆𝑇)

∆𝑇
= −  

4

(2𝑛 + 1)𝜋
𝑒
−

(𝑛+
1
2

)2𝜋2𝜅𝑡

𝐴2𝑥2

∞

𝑛=0

sin  𝑛 +
1

2
 𝜋

𝑦

𝐴𝑥
 . (5.17) 

  

x = 3.0 

(b) 

x = 2.0 

(a) 

Figure 5.3 Vertical temperature profile obtained from analytical solution (black line) 
and numerical solution (red line) for A = 0.05. ‗Nu‘ = numerical, ‗An‘ = analytical.  
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The analytical solution (5.17) is plotted in figure 5.3 along with the corresponding 

numerical simulations. It is clear that the analytical solution which neglects convection 

and horizontal conduction agrees relatively well with the numerical simulations. The 

temperature difference between the water surface and the bottom is decreasing as time 

increases. As a result, the curved temperature profile gradually transforms into vertical 

lines as time goes on. In this sense, it can be observed that the numerical simulation lags 

behind the analytical solution in the transformation to an isothermal condition. This is 

because the analytical solution only takes vertical conduction into account, whereas in 

the numerical simulations, heat is transferred not only vertically downwards through 

conduction, but also horizontally through convection and horizontal conduction. 

Therefore, the analytical solution develops faster than the numerical simulation in 

transferring heat from the top to the bottom.  

The average temperature over the local depth for a given offshore distance 𝑥 can be 

derived from (5.16) as  

𝑇 =
1

𝐴𝑥
 𝑇𝑑𝑦 =

0

−𝐴𝑥

𝑇0 + ∆𝑇 −  
8∆𝑇

(2𝑛 + 1)2𝜋2

∞

𝑛=0

𝑒
−

(𝑛+1 2 )2𝜋2

𝐴2𝑥2 𝜅𝑡
 . (5.18) 

After normalizing (5.18) using the same scales as in the numerical simulation, we have:  

𝜏 =
𝑇 − (𝑇0 + ∆𝑇)

∆𝑇
= −  

8

(2𝑛 + 1)2𝜋2

∞

𝑛=0

𝑒
−

(𝑛+1 2 )2𝜋2

𝐴2𝑥2 𝜅𝑡
 . (5.19) 

The average temperature from the numerical solutions is plotted together with the 

analytical solutions (5.19) in figure 5.4. It is noticeable that the analytical solution 

agrees very well with the numerical solutions. As time increases, the difference between 

the average local temperature and the temperature of the water surface gradually 

becomes zero. Further, the time it takes for the difference to become zero increases with 

offshore distance. For the smaller bottom slope of A = 0.05, the two solutions almost 

coincide with each other. It can be seen from the following scaling relation (5.34) that 

the velocity of the flow increases with bottom slope. Therefore, for the smaller bottom 

slope of A = 0.05, convection is weaker, and thus for this case the analytical solutions 

which neglect convection agree better with the numerical solutions.  

From (5.18), it can be derived that the horizontal gradient for the local average 

temperature is:   
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𝜕𝑇 

𝜕𝑥
= −  

4∆𝑇

𝐴2𝑥3
𝜅𝑡𝑒

−
(𝑛+1 2 )2𝜋2

𝐴2𝑥2 𝜅𝑡

∞

𝑛=0

 . (5.20) 

Since the separate terms in (5.20) decrease rapidly with n, the above summation can be 

approximated by the first term n = 0 as follows 

𝜕𝑇 

𝜕𝑥
~ −

4∆𝑇

𝐴2𝑥3
𝜅𝑡𝑒

−
𝜋2

4𝐴2𝑥2𝜅𝑡
 . (5.21) 

After normalization, (5.20) and (5.21) become: 

𝜕𝜏 

𝜕𝑥
= −  

4

𝐴2𝑥3
𝜅𝑡𝑒

−
(𝑛+1 2 )2𝜋2

𝐴2𝑥2 𝜅𝑡

∞

𝑛=0

, (5.22) 

and 

𝜕𝜏 

𝜕𝑥
~ −

4

𝐴2𝑥3
𝜅𝑡𝑒

−
𝜋2

4𝐴2𝑥2𝜅𝑡
. (5.23) 

The horizontal gradient of the average temperature is obtained from numerical 

simulations and plotted in figure 5.5 along with both the analytical solutions of (5.22) 

(a) 

Figure 5.4 Time series of temperature averaged over the local water depth obtained from 
numerical simulations (‗Nu‘) and analytical solutions (‗An‘). (a) A = 0.05 (b) A = 0.1. 

(b) 
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and the approximation of (5.23). It can be observed that the approximation coincides 

with the analytical solution, and agrees well with the numerical solution. 

The derivative of the horizontal temperature gradient with respect to time can be 

derived from (5.23) as:  

𝜕(
𝜕𝜏 
𝜕𝑥

) 

𝜕𝑡
~ −  

4

𝐴2𝑥3
𝜅  1 −

𝜋2

4𝐴2𝑥2
𝜅𝑡 𝑒

−
𝜋2

4𝐴2𝑥2𝜅𝑡
 . (5.24) 

When  
𝜕2𝜏 

𝜕𝑥𝜕𝑡
 ~0 , the negative horizontal temperature gradient reaches its maximum 

value.  Therefore, for a given offshore distance x, the maximum negative horizontal 

temperature gradient occurs at a time of: 

(a) 

(b) 

Figure 5.5 Normalized temperature gradient at various offshore distances obtained from 
the numerical simulation (‗Nu‘), the analytical solution (‗An‘), and the approximate 
analytical solution (‗Ap‘). (a) A = 0.05. (b) A = 0.1. 
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  𝑡𝑚  ~ 
4𝐴2𝑥2

𝜋2𝜅
 . (5.25) 

Substituting (5.25) into (5.23), the corresponding maximum negative value is  

 𝜕𝜏 

𝜕𝑥
 
𝑚

~ 
16

𝑒𝜋2𝑥
 . (5.26) 

It is noticeable from (5.26) that the time scale for the horizontal temperature 

gradient to reach the maximum value at offshore distance x corresponds to the time 

scale for the thermal boundary layer to reach the local bottom, which is 𝐴2𝑥2 𝜅 . 

The numerical solutions of the horizontal temperature gradient for different bottom 

slopes and offshore distances are plotted together in figure 5.6 (a). As the scale for the 

maximum negative value and the corresponding time are predicted by (5.26) and (5.25) 

(a) 

(b) 

Figure 5.6 Normalized temperature gradient at various offshore distances and bottom 
slopes (a) results from numerical simulations (b) numerical results normalized by scaling 
predictions.   

(a) 

(b) 
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respectively, it is expected that after normalization by these two scales, the maximum 

negative value for different bottom slopes and offshore distances will collapse onto a 

single point, which is confirmed by figure 5.6 (b).  

From a temporal perspective, for any given offshore distance, scale (5.26) and (5.25) 

specify the maximum horizontal temperature gradient and corresponding time for this 

to occur. From a spatial perspective, at any given time, the position where the derivative 

of (5.23) with respect to x equals zero is the location of the maximum horizontal 

temperature gradient.  

𝜕2𝜏 

𝜕𝑥2
~ 

2𝜅𝑡

𝐴2𝑥4
 6 −

𝜋2𝜅𝑡

𝐴2𝑥2
  . (5.27) 

Hence, the position of the maximum horizontal temperature gradient, indicating the 

strongest driving force at any given time, occurs at a position where  𝜕
2𝜏 

𝜕𝑥2 ~0 , that is  

𝑥𝑚  ~  
𝜋2𝜅𝑡

6𝐴2
~

𝜋

 6

𝛿𝑇

𝐴
 . (5.28) 

Scale (5.28) indicates that the maximum horizontal gradient occurs at the position 

where the edge of the thermal boundary layer intersects with the local bottom, which 

agrees with the prediction of (5.25) from a temporal perspective.  

So far, the analytical solutions and the scaling with respect to temperature have been 

derived and verified. The horizontal temperature gradient generates a pressure gradient 

that drives the flow. From the balance between the buoyancy term and the pressure 

gradient in the vertical momentum equation (5.3), it can be derived that:  

1

𝜌0

𝜕𝑝

𝜕𝑦
~g𝛽 𝑇 − 𝑇0 . (5.29) 

The derivative of (5.29) with respect to x is  

1

𝜌0

𝜕2𝑝

𝜕𝑥𝜕𝑦
~g𝛽

𝜕𝑇 

𝜕𝑥
 . (5.30) 

The scale for the thickness of the thermal boundary layer can be derived by a 

balance between the unsteady term and the diffusion term in the energy equation (5.4):   

𝛿𝑇~(𝜅𝑡)1/2 . (5.31) 

For the horizontal momentum equation (5.2), a comparison between the unsteady 

inertia term 𝑂(𝑢/𝑡)  and the convection term 𝑂(𝑢2/𝑥)  suggests that for 𝑢 < 𝑥/𝑡 ,   

𝑂 𝑢/𝑡 > 𝑂(𝑢2/𝑥). During the growth of the thermal boundary layer, the horizontal 

gradient of the average local temperature is formed in a region where the thermal 
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boundary layer thickness 𝛿𝑇 encompasses the local water depth 𝐴𝑥, and hence 𝐴2𝑥2 <

𝜅𝑡  . Therefore, for 𝑢 < 𝑥/𝑡  , and > 1  , 𝑂 vu/(𝐴2𝑥2) >  𝑂 v𝑢/(𝜅𝑡 > 𝑂 𝑢/𝑡 >

𝑂(𝑢2/𝑥) , i.e. the viscous term dominates. Therefore, the proper balance in the 

horizontal momentum equation (5.2) is between the pressure gradient term and the 

viscous term: 

1

𝜌0

𝜕𝑝

𝜕𝑥
~v

𝜕2𝑢

𝜕𝑦2
 . (5.32) 

The derivative of (5.32) with respect to 𝑦 is  

1

𝜌0

𝜕2𝑝

𝜕𝑥𝜕𝑦
~v

𝜕3𝑢

𝜕𝑦3
 . (5.33) 

From (5.30) and (5.33), the relation between the flow velocity and the temperature 

gradient is established  

g𝛽
𝜕𝑇 

𝜕𝑥
~v

𝜕3𝑢

𝜕𝑦3
~v

𝑢

(𝐴𝑥)3
 . (5.34) 

The velocity scale can be derived from (5.21) and (5.34) as  

𝑢~4Ra𝜅2𝑡𝐴/3𝑒
−

𝜋2

4𝐴2𝑥2𝜅𝑡
 . (5.35) 

The derivative of 𝑢 with respect to t is  

𝜕𝑢

𝜕𝑡
 ~ 4𝑅𝑎𝜅2𝐴/3  1 −

𝜋2

4𝐴2𝑥2
𝜅𝑡 𝑒

−
𝜋2

4𝐴2𝑥2𝜅𝑡
 . (5.36) 

From (5.36), it is clear that the sign of 𝜕𝑢 𝜕𝑡  at a given value of x changes from 

positive to negative as time increases, indicating the velocity first increases and then 

decreases as time goes on. For t ⟶ ∞, u ⟶ 0, suggesting that for the conduction-

dominated region, the flow becomes stationary at steady state, which is expected. When 

𝜕𝑢 𝜕𝑡 = 0 , the velocity reaches its maximum value.  

From (5.36), it can be derived that the time scale for the flow to reach the maximum 

velocity is the same as that for the negative horizontal temperature gradient to reach the 

maximum value, as specified in (5.25). Substituting (5.25) into (5.36), the scale for the 

maximum velocity is: 

𝑢𝑚𝑎𝑥 ~
16

𝑒𝜋2
𝑅𝑎𝜅

𝐴3𝑥2

3
~𝑅𝑎𝜅

𝐴3𝑥2

3
 . (5.37) 

The time series of the maximum velocity extracted along vertical lines at different 

offshore distances are plotted in figure 5.7 for different Rayleigh numbers and different 

bottom slopes. It is clear from figure 5.7(b) that after being normalized by the scaling 



Chapter 5 

125 

 

results, different results from simulation collapse together at the point of the maximum 

velocity. Therefore, the dependency of the maximum velocity and its corresponding 

time on the bottom slope, the Rayleigh number and the offshore distance is well 

predicted by the scaling analysis. The numerical results are plotted against the scaling 

predictions for the maximum velocity and the corresponding time respectively in figure 

5.8(a) and (b). The linear correlation in figure 5.8 again confirms the dependency 

predicted by scaling.  

Although the scaling results and the numerical results for the maximum velocity 

differ by two orders in magnitude, the dependency of the flow properties on the 

parameters is the main focus here and has been well verified.  

Scale (5.37) specifies the maximum velocity in the time domain for a given x 

location. This happens to be at the time when the thermal boundary layer reaches the 

(a) 

(b) 

Figure 5.7 Verification of the maximum velocity in the time series and its corresponding 
time (a) Time series of the maximum horizontal velocity extracted along vertical lines 
from numerical simulations at different x, A and Ra (b) Time series of the maximum 
horizontal velocity normalized by the scaling results. 



Chapter 5 

126 

 

local depth. For a given time, (5.37) indicates that the velocity increases in the offshore 

direction. Therefore, during the development of the flow, the maximum velocity in the 

domain is always at the location where the thermal boundary layer intersects the sloping 

bottom. 

 

5.4.2  Scaling analysis and simulations for the convective 

region 

For the conductive region, flow at steady state is isothermal and stationary, which is 

verified by the simulation results in §5.4.1. However, for the offshore region, if 

convection is strong enough to balance conduction, the thermal boundary layer remains 

distinct and a steady velocity will be maintained in the steady state.  

Figure 5.8 (a) The maximum velocity in the time series from numerical simulation versus 
scaling prediction (b) The time corresponding to the maximum velocity from simulation 
results versus scaling prediction. 

(a) 

(b) 
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For a given time during the flow development stage, from the thickness of the 

thermal boundary layer the location where the maximum velocity is present can be 

derived as:  

𝑥𝑚𝑎𝑥 ~ 𝛿𝑇 𝐴 ~(𝜅𝑡)1/2/𝐴 . (5.38) 

For x > xmax, if convection balances conduction, the thermal boundary layer will stop 

growing and the flow becomes steady. 

𝑢𝑚𝑎𝑥

𝑇

𝑥
~𝜅

𝑇

𝛿𝑇
2  . (5.39) 

Substituting (5.31) and (5.37) into (5.39), the steady state time scale can be derived as: 

𝑡𝑠~  
3𝑥

𝑅𝑎𝐴𝜅2
 

1/2

. (5.40) 

Substituting (5.38) into (5.40), it can be derived that xmax stops moving at a time scale of   

𝑡𝑠𝑐~
2

𝑅𝑎2 3 𝐴4/3𝜅
 . (5.41) 

Correspondingly xmax stops moving at a length scale of  

𝑥𝑠𝑐~


𝐴5/3𝑅𝑎1/3
 . (5.42) 

Substituting (5.40) into (5.35), the steady state velocity for the distinct boundary layer 

can be derived as: 

𝑢𝑠~  
𝑅𝑎 ∙ 𝑎𝜅2𝑥

3
 

1/2

 . (5.43) 

From (5.42), it can be derived that the critical Rayleigh number function for the 

presence of a distinct thermal boundary layer is:  

𝑓 𝑥 ~
3

𝑥3𝐴5
 . (5.44) 

 
Figure 5.9 Profile of f(x). 
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The thermal boundary layer is distinct if 𝑅𝑎 > 𝑓 𝑥 . The profile of 𝑓 𝑥  is plotted 

in figure 5.9. The minimum value of f(x) is reached at 𝑥 =  𝐴  for a finite domain, and 

𝑓(𝑥)𝑚𝑖𝑛 = 𝐴−2. This minimum value separates the flow scenarios into two regimes.  

(i) For the regime of 𝑅𝑎 < 𝐴−2 (represented by line 1 in figure 5.9), the entire wedge 

domain is conduction-dominated and the thermal boundary layer is indistinct at the 

steady state. The scales for the maximum velocity and the corresponding time have 

been derived and verified. At the steady state, the entire sidearm becomes isothermal at 

the water surface temperature of 𝑇 + ∆𝑇 and the flow becomes stationary.  

(ii) For the regime of  𝑅𝑎 > 𝐴−2 (represented by line 2 in figure 5.9), there are two sub-

regions. From (5.40), for a given Ra, the dividing position between sub-regions with an 

indistinct and a distinct thermal boundary layer at steady state is  

𝑥0~(𝑅𝑎𝐴5)−1/3 . (5.45) 

Therefore, for the distinct thermal boundary, the thickness of the thermal boundary 

layer is  

𝛿𝑑~𝐴𝑥0~𝑅𝑎−1/3𝐴−2/3 . (5.46) 

Temperature contours for the regime of 𝑅𝑎 > 𝐴−2 at different Rayleigh numbers at 

steady state are shown in figure 5.10(a) and (b), where distinct thermal boundary layers 

can be identified. It is clear that as the Rayleigh number increases, the thickness of the 

thermal boundary layer decreases. Figure 5.10(c) shows the profiles of 𝜏 at an offshore 

distance of x = 8.3 for different Rayleigh numbers, where the depth is normalized by the 

maximum local depth. The decreasing thickness of the thermal boundary layer with the 

increasing Rayleigh number is again clearly illustrated. 

The depths beyond which 𝜏 drops below a certain threshold (-0.1) were obtained for 

different Rayleigh numbers. These depths approximately represent the edge of the 

thermal boundary layer, and are plotted against the scaling prediction (5.32) in figure 

5.10(d). The good linear correlation shown in figure 5.10(d) confirms the scaling 

prediction of the thickness of the thermal boundary layer.  

For the flow regime of 𝑅𝑎 > 𝐴−2 , the near-shore region where the thermal 

boundary layer reaches the local bottom finally becomes isothermal and stationary at 

steady state, whereas the offshore region with a distinct thermal boundary layer is 

expected to maintain a steady flow. The time series of the maximum horizontal velocity 

over the local water depth is obtained from simulation results at different offshore 

distances as shown in figure 5.11(a).  
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For regions near shore (x = 1.0, 1.3 in figure 5.11(a)), the velocity first increases 

with time, and after reaching a maximum value, it decreases to zero, confirming that the 

flow becomes stationary at steady state in the conduction dominated region. For this 

conduction-dominated near-shore region, the scale for the maximum velocity in the 

time series is represented by (5.36) and verified by the numerical results. For the region 

further offshore (x = 4.0, 4.5, 5.0, 5.5 in figure 5.11(a)), the velocity first increases with 

time and then remains constant at steady state, indicating that convection is strong 

enough to balance conduction and therefore a steady flow velocity is maintained. After 

normalization by the steady state scale, figure 5.11(b) shows that different time series of 

velocity in the region with a distinct boundary layer converge together. It is worth 

noting that with the current scaling prediction for the offshore region with a distinct 

boundary layer, the dependency of the flow velocity on the Rayleigh number is not 

Figure 5.10 Verification of distinct boundary layer (a) Temperature contours for Ra = 
3×106 (b) Temperature contours for Ra = 2×107 (c) Temperature profiles along the 
vertical line of x = 8.3 (d) Thickness from simulation versus that from scaling analysis. 

(a) 

(b) 

(c) 

(d) 
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satisfactorily predicted, and as the Rayleigh number increases, the predicted 

dependency on offshore distance is less accurate. Further investigation of the steady 

state scales for the offshore distinct region is worth pursuing.  

 

5.5 Theoretical analysis and simulations for 

ramp isothermal heating  

For ramp isothermal heating, as specified in (5.5), the temperature at the water 

surface increases linearly with time over a time duration of P and then becomes 

constant. Comparison between the ramp duration P and other characteristic time scales 

is expected to reveal different scenarios of the flow development. For the conductive 

region, similar to the constant isothermal heating case, it is expected that the 

Figure 5.11 (a) Time series of the maximum velocity along the vertical line at different 
offshore distances for Ra = 106. (b) Time series of the maximum velocity normalized by the 
steady state scaling.   

(a) 

(b) 
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characteristic time scale is the time it takes for the thermal boundary layer to reach the 

local water depth. Comparison of this time scale and P is expected to reveal two 

different scenarios. For the conductive region, after the ramp finishes the flow is under 

constant isothermal heating, and therefore is expected to eventually become isothermal 

and stationary as in the constant isothermal heating case. For the convective region, the 

characteristic time scale is the steady state time. Comparison of the steady state time 

with P is also expected to reveal two different scenarios. Scaling analysis is conducted 

separately for these two different regions.   

5.5.1 Analytical solution and scaling for conductive region 

For t ≤ P when the temperature at the water surface increases linearly with time, 

similarly to the constant isothermal heating case, for relatively small Rayleigh numbers, 

the problem can be simplified as a one dimensional conduction problem with a local 

depth of Ax. 

𝜕𝑇

𝜕𝑡
= 𝜅

𝜕2𝑇

𝜕𝑦2
 , (5.47) 

𝑇 = 𝑇0 +
∆𝑇

𝑃
𝑡   𝑦 = 0, 0 ≤ 𝑡 < 𝑃  , (5.48) 

𝜕𝑇

𝜕𝑦
= 0  𝑦 = −𝐴𝑥  , (5.49) 

𝑇 = 𝑇0  𝑡 = 0  . (5.50) 

The thermal boundary conditions for the water surface and the sloping bottom have 

been specified by (5.48) and (5.49) respectively. The initial condition is embodied in 

(5.50). The above equations can be solved through separation of variables, and the 

analytical solution of (5.47)-(5.50) is:  

𝑇 = 𝑇0 +
∆𝑇

𝑃
𝑡 +  

16𝐴2𝑥2∆𝑇

𝜅(2𝑛 + 1)3𝜋3𝑃
 𝑒

−
(𝑛+1 2 )2𝜋2𝜅𝑡

𝐴2𝑥2 − 1 

∞

𝑛=0

sin  𝑛 +
1

2
 𝜋

𝑦

𝐴𝑥
 . (5.51) 

Corresponding to the normalization in the numerical simulations, the non-dimensional 

form of (5.51) is:  

𝜏 =
𝑇 −  𝑇0 +

∆𝑇
𝑃 𝑡 

∆𝑇
~ 

 
16𝐴2𝑥2

𝜅(2𝑛 + 1)3𝜋3𝑃
 𝑒

−
(𝑛+1 2 )2𝜋2𝜅𝑡

𝐴2𝑥2 − 1 

∞

𝑛=0

sin  𝑛 +
1

2
 𝜋

𝑦

𝐴𝑥
 . 

(5.52) 
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At the initial time of 𝑡 = 0, the exponential term equals one and hence the summation 

term is zero. Therefore, the normalized temperature difference 𝜏 is zero at the initial 

stage, which is expected. As time goes on, the exponential term decreases, and the 

summation term becomes negative, indicating an increasing difference between the 

local and the water surface temperatures. The exponential term in (5.52) approaches 

zero as time goes on and therefore the temperature difference becomes steady if the 

ramp period P is sufficiently large.  

From (5.52), the analytical solution for temperature at steady state can be 

approximated by: 

𝜏𝑠 = −  
16𝐴2𝑥2

𝜅(2𝑛 + 1)3𝜋3𝑃

∞

𝑛=0

sin  𝑛 +
1

2
 𝜋

𝑦

𝐴𝑥
 . (5.53) 

It is seen from (5.53) that the summation term decays rapidly with n, and hence n = 0 is 

the dominant term.  Consequently, steady state is reached at a time scale associated with 

the decay of the exponential term: 

𝑡𝑠𝑝~
4𝐴2𝑥2

𝜋2𝜅
 . (5.54) 

It is worth noting that the time scale (5.54) for the temperature to become steady within 

the ramp duration corresponds to the time scale for the thermal boundary layer to reach 

the local bottom. For a given offshore distance x, this result suggests two scenarios: if 

P > tsp, i.e. the ramp period is sufficiently long, after the thermal boundary layer reaches 

the local bottom at a depth of Ax, the temperature difference between the local position 

and the water surface becomes steady. If P < tsp, that is the ramp finishes before the 

thermal boundary layer reaches the local bottom, a steady state will not be reached 

within the ramp duration.  From the scale (5.54), it is clear that for any P, there will be 

always a near shore region with P > tsp, where a steady state is reached within the ramp 

duration, and an offshore region with P < ts, where no steady state can be reached 

within the ramp duration. The extent of the near shore region with P > ts expands 

offshore as P increases. 

The time series of the temperature at various positions are extracted from the 

numerical simulations and are plotted in figure 5.12 along with the analytical solution 

(5.52). The analytical solution is only available for t < P. The two possible scenarios of 

P < tsp and P > tsp are plotted in figure 5.12(a) and (b) respectively. It is clear that the 

variation of temperature with time is different for these two different scenarios. For the 
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short ramp period of P < ts, as shown in figure 5.12 (a), the ramp finishes before the 

thermal boundary layer reaches the bottom, and hence a steady state cannot be reached 

within the ramp period. After the ramp finishes at t = 0.04, the numerical results show 

that various local positions eventually reach the same temperature as the water surface, 

which is similar to the case of constant heating. For t ≤ P, the analytical solutions 

coincide with the numerical solutions within the ramp period as shown in figure 5.12 

(a). For the long ramp period of P > tsp, the ramp finishes after the thermal boundary 

layer reaches the local bottom, and as predicted by the analytical solution, a steady 

temperature difference is observed in figure 5.12 (b) up until the ramp finishes at t = 0.4. 

The analytical solutions of (5.52) agree well with results from the numerical 

simulations for t ≤ P. After the ramp finishes, the simulation results show that the 

(a) 

(b) 

Figure 5.12 Time series of temperature at different positions from numerical simulations 
(Nu) and analytical solutions (An) (a) P = 0.04 for P < tsp (b) P = 0.4 for P > tsp. Analytical 
solution applies for t ≤ P.  
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temperature difference between the local positions and the water surface gradually 

diminishes, suggesting that the flow finally becomes isothermal again.  

For the long ramp period of P > ts,  to verify the steady state scales, the temperature 

at different positions for different bottom slopes are extracted from numerical 

simulations and plotted in figure 5.13(a). After normalizing the time and temperature 

with their respective scales, (5.54) and (5.53), the different curves in figure 5.13(a) 

converge in figure 5.13 (b), confirming the correctness of the steady state scaling within 

the ramp duration. 

From (5.51), the average temperature over the local depth for a given horizontal 

location 𝑥 can be derived as: 

𝑇 =
1

𝐴𝑥
 𝑇𝑑𝑦 =

0

−𝐴𝑥

𝑇0 +
∆𝑇

𝑃
𝑡 +  

32∆𝑇𝐴2𝑥2

𝜅(2𝑛 + 1)4𝜋4𝑃

∞

𝑛=0

 𝑒
−

(𝑛+1 2 )2𝜋2

𝐴2𝑥2 𝜅𝑡
− 1  . (5.55) 

After normalization, the average temperature becomes: 

Figure 5.13 Verification of the steady state time and steady state temperature for the long 
ramp period of P = 0.4. (a) Time series of temperature at different positions for different 
bottom slopes. (b) Time series normalized by the steady state scales. 

(b) 

(a) 
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(b) 

(a) 

Figure 5.15 Time series of the temperature averaged over the local water depth at 
different offshore distances from numerical simulations (Nu) and analytical solutions 
(An) (a) P = 0.04 for P < tsp (b) P = 0.4 for P > tsp.  

Figure 5.14 Time series of the temperature averaged over the local water depth at different 
offshore distances from numerical simulations (Nu) and analytical solutions (An) (a) P = 0.04 
for P < tsp (b) P = 0.4 for P > tsp. The analytical solutions apply for t ≤ P 

(b) 

(a) 
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𝜏 =
𝑇 −  𝑇0 +

∆𝑇
𝑃 𝑡 

∆𝑇
=  

32𝐴2𝑥2

𝜅(2𝑛 + 1)4𝜋4𝑃

∞

𝑛=0

 𝑒
−

(𝑛+1 2 )2𝜋2

𝐴2𝑥2 𝜅𝑡
− 1  . (5.56) 

Similarly, if P > tsp, when t > tsp, the difference between the local average temperature 

and the surface temperature becomes steady, and this steady difference is: 

𝜏𝑠 ~ −  
32𝐴2𝑥2

𝜅(2𝑛 + 1)4𝜋4𝑃
 

∞

𝑛=0

. (5.57) 

Similarly to the local temperature, the analytical solution for the average temperature 

and the scaling for its steady state value are verified by numerical simulations 

respectively in figure 5.14 and 5.15. 

The non-dimensional horizontal gradient of the average temperature over the local 

water depth can be obtained from the derivative of (5.56): 

𝜕𝜏 

𝜕𝑥
=   

64𝐴2𝑥

𝜅(2𝑛 + 1)4𝜋4𝑃
+

16𝑡

(2𝑛 + 1)2𝜋2𝑃𝑥
 𝑒

−
(𝑛+1 2 )2𝜋2

𝐴2𝑥2 𝜅𝑡

∞

𝑛=0

−
64𝐴2𝑥

𝜅 2𝑛 + 1 4𝜋4𝑃
 . 

(5.58) 

Since the summation terms in (5.58) decreases rapidly with n, the first term of n = 0 

dominates. Approximating the infinite summation (5.58) with the first term, we have  

𝜕𝜏 

𝜕𝑥
~  

64𝐴2𝑥

𝜅𝜋4𝑃
+

16𝑡

𝜋2𝑃𝑥
 𝑒

−
𝜋2

4𝐴2𝑥2𝜅𝑡
−

64𝐴2𝑥

𝜅𝜋4𝑃
 . (5.59) 

The horizontal gradients of the average temperature are obtained from the numerical 

simulations and are plotted along with the analytical solutions (5.58) and the 

approximate solution (5.59) in figure 5.16 for the two different scenarios. For t < P, the 

three solutions agree well with each other. After the ramp finishes, numerical results 

suggest that the gradients at different locations gradually approach zero.  

Similarly, if P > tsp, when t > tsp, the horizontal temperature gradient becomes 

steady, and this steady value can be approximated as:  

 𝜕𝜏 

𝜕𝑥
 
𝑠

~ −
64𝐴2𝑥

𝜅𝜋4𝑃
 . (5.60) 

To verify these scales, time series of the horizontal temperature gradient have been 

obtained from numerical simulations at different offshore distances and for different 

bottom slopes, and plotted in figure 5.17 (a). After being normalized by the respective 

scales, the time series of the horizontal temperature gradient at different parametric 



Chapter 5 

137 

 

Figure 5.17 Verification of the steady state scales of the horizontal temperature gradient 
for the long ramp period of P = 0.4. (a) Time series of average temperature at different 
offshore distances for different bottom slopes. (b) Time series normalized by the steady 
state scales. 

(a) 

(b) 

Figure 5.16 Time series of the horizontal temperature gradient at different offshore 
distances from numerical simulations (Nu), analytical solutions (An) and the approximate 
solution (Ap) for two different scenarios. (a) P = 0.04 for P < tsp (b) P = 0.4 for P > tsp. 

(b) 

(a) 
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settings collapse in figure 5.17 (b), confirming the correctness of the steady state scales 

for the horizontal temperature gradient.  

The temperature gradient specified in (5.59) generates a pressure gradient that 

drives the flow. Following the same procedure of deriving velocity from the horizontal 

temperature gradient in the case of constant isothermal heating in §5.4, the velocity 

generated by ramp isothermal heating can be derived as  

𝑢~
16𝐴3

𝑃𝜋2
𝑅𝑎

𝜅

3
 
4𝐴2𝑥4

𝜅𝜋2
−  

4𝐴2𝑥4

𝜅𝜋2
+ 𝑡𝑥2 𝑒

−
𝜅𝜋2

4𝐴2𝑥2𝑡
  . (5.61) 

Similarly to the temperature and temperature gradient, there are two scenarios for 

velocity. For the long ramp duration of P > tsp, when t > tsp, the flow velocity becomes 

steady within the ramp duration with a scale of 

𝑢𝑠𝑝~
64𝐴5𝑅𝑎𝑥4

𝑃𝜋43
 . (5.62) 

Time series of flow velocity are obtained from numerical simulations and plotted in 

figure 5.18 (a) and (b) for two ramp periods P = 0.04 and 0.4 respectively. For both 

ramp periods, a near shore region which satisfies P > tsp can be found. As tsp increases 

with both A and x, in order to ensure sufficiently small tsp, for the same A, the selected 

offshore distances for P = 0.04 are smaller than those for P = 0.4, and for the same P, 

the selected offshore distance is smaller for A = 0.1 than A = 0.05. For both ramp 

periods, the steady state can be observed in figure 5.18(a) and (b) within the ramp 

duration. After the ramp finishes, as the temperature gradually becomes isothermal, the 

driving force gradually diminishes, and therefore the velocity decreases and approaches 

zero. After being normalized by the steady state scale of (5.54) and (5.62), the steady 

state of the time series of the velocity at different parametric settings in figure 5.18(a) 

and (b) collapse in figure 5.18(c), verifying the scaling prediction of the steady state 

time and velocity. Compared to figure 5.18, more data of the steady state velocity from 

numerical results is plotted in figure 5.19 against the scaling prediction. The clear linear 

relation in figure 5.19 again verifies the scaling prediction of the velocity dependency 

on A, Ra, P and offshore distance.  
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Figure 5.19 The steady state velocity within the ramp duration from numerical simulations 
versus scaling predictions. 

(a) 

(b) 

(c) 

Figure 5.18 Verification of the steady scales for time and flow velocity for the long ramp 
case of P > tsp (a) Time series of the maximum flow velocity along the vertical lines at 
different parametric settings for P = 0.04 (b) Time series of the maximum flow at different 
parametric settings for P = 0.4 (c) Time series in (a) and (b) normalized by the respective 
steady state scale for time and velocity. 



Chapter 5 

140 

 

For the short ramp cases of P < tsp, the ramp finishes before the thermal boundary 

layer reaches the local bottom. After the ramp finishes, the temperature at the water 

surface becomes constant, and therefore, the subsequent flow development will be 

under constant heating. For the constant heating case, scales for the conductive region 

have been derived for the maximum flow velocity in the time series and the 

corresponding time in (5.25) and (5.37). It is expected that these scales also apply to the 

case of short ramp period of P < tsp since the flow development after the ramp period is 

under constant heating. To verify this, time series of the maximum velocity along the 

vertical line at different offshore distances and for different Rayleigh numbers are 

plotted in figure 5.20(a) for the short ramp cases where the ramp finishes at P = 0.04. 

This ramp period is too short for the thermal boundary layer to reach the local water 

depth of the selected locations. It is seen that after the ramp time, the flow velocity 

continues to increase with time until it reaches a maximum value and then decreases. 

Figure 5.20 Verification of the maximum velocity and the corresponding time for the 
short ramp case, A = 0.05, P = 0.04. (a) Time series of the maximum flow velocity at 
different offshore distances for different Ra. (b) Time series normalized by the scales of 
the maximum velocity and the corresponding time respectively. 

(b) 

(a) 
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After being normalized with the respective scales of (5.37) and (5.25), which represent 

the maximum velocity and the corresponding time, the maximum values of different 

time series in figure 5.20(a) collapse onto a single point in figure 5.20(b), confirming 

that the scales of the maximum velocity and the corresponding time for the constant 

heating case is also applicable to the short ramp heating case of P < tsp.  

The above discussions concentrate on the regions where conduction dominates and 

for both the long and the short ramp duration, numerical results show that the flow 

gradually becomes isothermal and stationary after the ramp finishes, which reaches the 

same destination as the constant heating case since the flow is under constant heating 

after the ramp finishes.  

5.5.2 Scaling analysis and simulations for convective region 

The above section focused on the conductive region where the flow eventually 

becomes isothermal and stationary. The development of the flow is well quantified by a 

hybrid of analytical solutions and scaling. However, if the convection is not negligible, 

the analytical solutions cannot hold anymore. Similarly to the case of constant heating, 

in the offshore region, if convection is strong enough to balance conduction, the thermal 

boundary layer will stop growing and remain distinct, and a steady flow velocity is 

expected to be maintained. The characteristic time scale for the offshore convective 

region is the steady state time. Comparing the steady state time tsp with the ramp time P, 

there are two possible scenarios:  

(i) P < tsp, in this case, over the ramp duration of 0 < t < P, the flow is controlled by 

ramp heating; for P < t < tsp, the flow is controlled by constant heating; and for t > tsp, 

the flow becomes steady.  

(ii) P > tsp, in this case, for 0 < t < tsp, the flow is controlled by ramp heating and 

becomes quasi-steady at the time scale of t ~ tsp when convection starts to balance 

convection. For tsp < t < P, the flow is still driven by ramp heating and remains quasi-

steady. For t > P, the flow is subject to constant heating and becomes steady. 

The following scaling analysis aims at deriving this steady state time and scales for 

flow properties at different stages for these two scenarios.  

At the initial stage, the flow velocity is small and thus convection is negligible. In 

the vertical momentum equation (5.3), a balance between the pressure term and the 

buoyancy term provides the scale for the pressure p: 
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𝑝~𝑔𝛽∆𝑇𝛿𝑇 𝑡 𝑃 . (5.63) 

A balance between the unsteady inertia term and the diffusion term in the energy 

equation yields the scale for the thickness of the thermal boundary layer  

𝛿𝑇~ 𝜅𝑡 1/2. (5.64) 

Within the horizontal momentum equation (5.2), comparison of the unsteady inertia 

term Ο 𝑢 𝑡  , the advection term Ο 𝑢2 𝑥  , and the viscous term Ο 𝜐𝑢 𝛿𝑇
2   reveals that 

the viscous term dominates among the three terms if 𝑃𝑟 > 1 and 𝑢𝑡 𝑥 < 𝑃𝑟. Therefore, 

in the horizontal momentum equation (5.2), a balance between the viscous term and the 

pressure gradient yields a velocity scale of  

𝑢~
𝑔𝛽Δ𝑇𝛿𝑇

3𝑡

𝜐𝑥𝑃
 . (5.65) 

Scale (5.65) indicates that flow velocity increases with time, and so does convection. If 

convection is strong enough to balance conduction, then the flow will be steady and the 

thermal boundary layer will remain distinct. A balance between the conduction term 

and convection term in the energy equation reads: 
𝑢𝑇

𝑥
~𝜅

𝑇

𝛿𝑇
2  . (5.66) 

Using (5.64), (5.65) and (5.66), the scale for steady state time can be derived as: 

𝑡𝑠𝑝~
𝑥4 7 𝑃2 7 6 7 

𝜅5 7 𝑅𝑎2 7  . (5.67) 

The steady state velocity can be derived by substituting (5.67) into (5.65).  

𝑢𝑠𝑝~
𝑥3/7𝜅5/7𝑅𝑎2/7

6/7𝑃2/7
 . (5.68) 

After the flow reaches the steady state, i.e. t > tsp, convection balances conduction. 

If P < tsp, the thermal boundary layer will not reach the steady state within the ramp 

duration, instead it becomes steady afterwards. Since for t > P the flow is under 

constant heating, and therefore the velocity scale at steady state is expected to be the 

same as that for constant heating (Patterson et al. 2008). In this case, the velocity scale 

at time P can be derived from (5.65) using (5.64) as:  

𝑢𝑝~
𝑅𝑎𝜅5/2𝑃3/2

3𝑥
 . 

(5.69) 

However, if P > tsp the flow reaches a quasi-steady state within the ramp duration at 

time tsp , for t > tsp, the flow remains quasi-steady and the thermal boundary layer will 

not continue to grow with a scale of (5.64). Instead, it will adjust itself to keep the 
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balance between conduction and convection. Substituting (5.65) into (5.66), the 

thickness of the thermal boundary layer at quasi-steady state can be derived as:  

𝛿𝑇~  
𝑥2𝑃3

𝑡𝑅𝑎
 

1/5

. (5.70) 

Substituting (5.70) into (5.65), the velocity scale during the quasi-steady state is derived 

as: 

𝑢𝑠~
𝑅𝑎2/5𝑥1/5𝜅

6/5
 
𝑡

𝑃
 

2/5

. (5.71) 

If P > tsp, for t > P, the thermal forcing becomes constant heating and the flow becomes 

steady after the ramp finishes.  

The above analysis reveals the respective scales for different flow scenarios. 

Numerical simulations are conducted to verify the existence of different scenarios and 

the respective scales. The time series of the maximum velocity along the vertical line of 

x = 3.5 are plotted in figure 5.21 for the predicted two flow scenarios along with the 

result of constant heating for the same Rayleigh number. Figure 5.21(a) and (b) suggest 

that irrespective of the ramp duration, the ramp heating generates the same steady state 

velocity as the corresponding constant heating case. For the short ramp case of P < tsp, 

as shown in figure 5.21(a), the flow velocity increases smoothly both before and after 

the ramp finishes and gradually reaches the steady state afterwards. For the long ramp 

case of P > tsp, as shown in figure 5.21(b), the growth of the flow velocity with time 

varies significantly within the ramp duration, suggesting a quasi-steady state is reached 

within the ramp duration. The significant variation of the velocity growth within the 

ramp duration shown in the simulation agrees with the scaling prediction, as it can be 

derived that at the initial state the velocity is proportional to t5/2 by substituting (5.64) 

into (5.65), and at the quasi-steady stage, the velocity is proportional to t2/5 as suggested 

by (5.71), and therefore the growth rate decreases significantly from the initial to the 

quasi-steady stage. Since during the quasi-steady stage, convection has already 

balanced conduction, when the ramp finishes at time P the flow immediately becomes 

steady.  

For the short ramp scenario, scale (5.69) specifies the scale of velocity at P. The time 

series of the maximum horizontal velocity along x = 4.67 are plotted in figure 5.22 (a) 

for different Rayleigh numbers. After the time and velocity are normalized by P and usp 

in (5.69) respectively, the different curves collapse together from the beginning until the 
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Figure 5.22 Time series of horizontal velocity at x = 4.67 for the short ramp duration 
scenario, P = 0.04 < tsp (a) numerical results for different Rayleigh numbers (b) numerical 
results normalized by velocity scale at P. 

(a) 

(b) 

Figure 5.21 The time series of horizontal velocity along the line of x = 3.5 for the two 
different scenarios (a) P = 0.04 < tsp, Ra = 106 (b) P = 0.4 > tsp, Ra = 2 × 107.  

(a) 

(b) 
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ramp finishes, suggesting that the velocity scale at P for the short ramp case is well 

predicted.  

For the long ramp scenario, the scale for quasi-steady state has been predicted by 

(5.67) and (5.68). The time series of the maximum velocity along the line of x = 3.5 is 

shown in figure 5.23 for different Ra and P. After the time and velocity are normalized 

by (5.67) and (5.68) respectively, different curves collapse together at the initial stage, 

suggesting that the dependency of quasi-steady scales on Ra and P are well quantified. 

However, the dependency on offshore distance is not yet satisfactorily predicted by the 

scaling. Further work is worth pursuing to reveal the detailed dependency of flow 

properties on offshore distance.  

 

 

(a) 

(b) 

Figure 5.23  Time series of the maximum velocity along the vertical line of x = 3.5 for the 
long ramp scenario of P > tsp (a) numerical results for different Ra and P (b) numerical 
results normalized by the quasi-steady scales of (5.67) and (5.68).  
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5.6 Conclusions  

Both the constant and the ramped isothermal heating cases are investigated through 

analytical solutions and scaling analysis, results of which are verified by numerical 

simulations. The conductive region is investigated through a hybrid of analytical 

solutions and scaling analysis, while the convective region is investigated through 

scaling analysis.  

For the conductive region in the constant heating case, theoretical analysis reveals 

that for any local position the flow reaches its maximum velocity when the thermal 

boundary layer reaches the local depth. Afterwards, the flow gradually becomes 

isothermal and stationary as time goes on. The scale of this maximum velocity and its 

corresponding time are well verified by the numerical simulations. In the offshore 

region where convection is strong enough to balance conduction, a steady state is 

reached with a distinct thermal boundary layer. The steady state scales for the 

convective region are derived and verified.  Further study on the dependency of flow 

velocity on Rayleigh number and offshore distance is worth pursuing for the convective 

region.  

For the ramp heating case, different scenarios are revealed by comparing the ramp 

duration with the characteristic time scales of the flow development. For the conductive 

region, the characteristic time scale is the time for the thermal boundary layer to reach 

the local depth. For the convective region, the characteristic time scale is the steady 

state time when convection balances conduction.  

For the conductive region in the ramp heating case, it is revealed that after the 

thermal boundary layer reaches the local depth, the local temperature increases at the 

same rate as the water surface temperature and the flow velocity becomes steady. A 

comparison between the ramp duration P and the time for the thermal boundary layer to 

reach the local depth reveals two scenarios. For the short ramp scenario of P < tsp, the 

ramp finishes before the thermal boundary layer reaches the local depth. In this case, no 

steady state is reached within the ramp duration, and after the ramp finishes, the flow 

velocity continues to increase until the thermal boundary layer reaches the local depth. 

The maximum velocity scales for the constant heating case also apply to the short ramp 

scenario. For the long ramp scenario of P > tsp, the ramp finishes after the thermal 

boundary layer reaches the local depth at time tsp. In this case, a quasi-steady state is 
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reached within the ramp duration after tsp, and as soon as the ramp finishes, the flow 

velocity and temperature difference decrease as time goes on. For both scenarios, the 

flow eventually becomes isothermal and stationary.  

For the convective region in the ramp heating case, a comparison of the ramp 

duration P with the steady-state time reveals two possible scenarios. For the short ramp 

duration of P < tsp, no quasi-steady state is reached within the ramp duration. For the 

long ramp duration of P > tsp, a quasi-steady state is reached within the ramp duration 

after tsp, and the flow becomes steady after the ramp finishes. For both scenarios, the 

steady state velocity for the ramp heating case is the same as the corresponding constant 

heating case. Therefore, the same destination is reached although the paths are different 

and the path is determined by the comparison between P and the steady-state time.  The 

scales for each scenario are derived and verified. Further investigation is required to 

reveal the dependency of steady state velocity on offshore distance in the convective 

region.  
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Chapter 6  Conclusions and further work 

6.1 Conclusions 

This thesis aims to reveal the variation of natural convection with offshore distance 

under different thermal forcing conditions, including constant radiation heating, 

constant iso-flux cooling, and constant and ramped isothermal heating applied at the 

water surface. This is achieved for the first time through an extended scaling analysis 

by recognizing the dependency of various flow quantities on the horizontal position 

with a variable length scale x. This extended scaling method results in critical functions 

of the local Rayleigh number with respect to offshore distance, identifying the 

distinctness and stability of the thermal boundary layer at any offshore distance. As a 

result, these critical functions separate the entire flow domain into different subregions 

with distinct flow and thermal features: conductive, stable convective and unstable 

convective, which are not revealed in the previous scaling analyses. Furthermore, 

different sets of scaling relations incorporating the offshore distance dependency have 

been derived to quantify the flow properties for each subregion. These newly revealed 

features and quantifications are verified by numerical simulations.  

6.1.1 Natural convection induced by absorption of radiation 

For the case of heating by constant radiation, the scaling analysis in Chapter 2 reveals 

two critical functions characterizing the thermal boundary layer, which result in four 

possible flow scenarios depending on the bottom slope A and the maximum water depth 

h.  

(a) Large slope and shallow waters: 𝐴 > 𝑅𝑎𝑐
−1/2 ,  < 4 𝜂   

(b) Large slope and deep waters: 𝐴 > 𝑅𝑎𝑐
−1/2 ,  > 4 𝜂   

(c) Small slope and shallow waters: 𝐴 < 𝑅𝑎𝑐
−1/2 ,  < 4 𝜂   

(d) Small slope and deep waters: 𝐴 < 𝑅𝑎𝑐
−1/2 ,  > 4 𝜂 .  

Scenario (a) is examined in detail, which is further classified into three different flow 

regimes depending on the Rayleigh number: For 𝑅𝑎 < 𝐴−2𝑒𝜂  the entire domain is 
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conduction-dominated; for 𝐴−2𝑒𝜂 < 𝑅𝑎 < 𝑅𝑎𝑐
3𝐴4𝑒𝜂 , there are two subregions, with 

the dominant mode of heat transfer changing from conduction to stable convection as 

offshore distance increases; for 𝑅𝑎 > 𝑅𝑎𝑐
3𝐴4𝑒𝜂 , there are three subregions, with the 

dominant mode of heat transfer changing from conduction to stable convection and 

finally to unstable convection as offshore distance increases. The dividing positions 

between different subregions and the flow properties in each subregion are quantified 

by the scaling analysis. It is revealed that the scales for regions dominated by stable 

convection are also applicable to the time-averaged flow properties in the unstable 

convective region. 

Chapter 3 conducts a sequential investigation of Chapter 2 on natural convection 

induced by absorption of solar radiation, focusing on the characteristics of instability in 

the unstable shallow regions where the maximum water depth is less than the 

penetration depth of radiation. The extent of the unstable region and the onset time of 

instability revealed in Chapter 2 provide the basis for revealing further detailed stability 

properties in Chapter 3.    

The development of instability with time is first visualized through isotherms and 

streamlines at different stages and also through time series of flow properties, from 

which three different stages of flow development are identified: the initial stage is 

characterized by smooth velocity increase and growth of the thermal boundary layer; 

the transitional stage starts with onset of instability as plumes begin to rise up from the 

bottom and time series of flow properties begin to fluctuate irregularly with 

increasingly smaller amplitude as time goes on; the quasi-steady state is characterized 

by regular fluctuations with a steady spectrum of the time series. Owing to the gradual 

release of the plumes to the surface layer, the adverse temperature gradient near the 

bottom is gradually reduced during the transitional stage, together with the increasingly 

intensified stable stratification in the upper layer as time goes on; consequently the 

plumes in the quasi-steady stage are less intense with a smaller amplitude of fluctuation 

than those in the transitional stage. In addition, for a region relatively close to shore, the 

plumes that are present in the transitional stage die out at the quasi-steady stage.  

After identifying the quasi-steady state in the time series, a comprehensive spectral 

analysis is conducted on the quasi-steady state flow at different water depths, offshore 

distances and Rayleigh numbers, in order to reveal the dependency of instability on 

these parameters. It is found that the frequency modes remain the same at different 
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depths, but the dominancy of higher frequency modes increases with water depth. The 

highest power along the local depth, indicating the strongest vertical mixing, locates 

near the sloping bottom. As offshore distance or the Rayleigh number increases, both 

the power and the number of frequency modes increases with increasingly pronounced 

higher frequency modes. The interaction between different frequency modes becomes 

stronger as the Rayleigh number increases, changing from harmonic to non-harmonic 

mode, which demonstrates the trend of transition from laminar to turbulent flow.  

6.1.2 Natural convection induced by iso-flux surface cooling 

Chapter 4 deals with natural convection induced by iso-flux cooling at the water surface. 

Although the driving flow mechanism of this case is significantly different from that 

discussed in Chapter 2, the results of the scaling analysis for these two cases are similar 

to a certain extent. Similar to the case considered in Chapter 2, two critical functions of 

the Rayleigh number with respect to offshore distance have been derived to identify the 

distinctness and stability of the local thermal boundary layer. Comparison between the 

two functions reveals two possible flow scenarios depending on the bottom slope A.  

The scenario of relatively large bottom slope 𝐴 > 𝑅𝑎𝑐
−1/2  is discussed in detail and 

further classified into three different flow regimes depending on the Rayleigh number: 

for 𝑅𝑎 < 𝐴−2, the entire flow domain is conductive and stable; for 𝐴−2 < 𝑅𝑎 < 𝑅𝑎𝑐
3𝐴4, 

there are two subregions with the dominant mode of heat transfer changing from 

conduction to stable convection as offshore distance increases; for 𝑅𝑎 > 𝑅𝑎𝑐
3𝐴4, there 

are three subregions with the dominant mode changing from conduction to stable 

convection and finally to unstable convection as offshore distance increases. The 

dividing positions between different subregions and the scales for flow properties for 

each subregion are provided by scaling analysis and verified by corresponding 

numerical simulations. For the unstable region, the time-averaged flow scales in the 

same way as the stable-convection region. 

6.1.3 Natural convection induced by constant and ramped 

isothermal heating 

The thermal forcing considered in Chapters 2-4 is specified by a heat flux condition 

which is constant in time. For the constant radiation heating case (Chapters 2 & 3), the 
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heat flux applies to the bottom slope and varies with offshore distance. For the constant 

cooling case (Chapter 4), the heat flux is applied uniformly to the water surface. 

Differently from those cases, the thermal forcing considered in Chapter 5 is isothermal 

heating at the water surface specified by either a constant or a ramped (increasing 

linearly with time) temperature. In this case, the entire flow domain is composed of two 

distinct regions, a near-shore conductive region and an offshore convective region.  

For the conductive region, a hybrid of analytical solutions and scaling analysis has 

been developed, in which the problem was simplified into a one-dimensional 

conduction problem with a variable local water depth. It is revealed that for the constant 

heating case, the time when the thermal boundary layer reaches the local depth happens 

to be the time when the maximum local velocity occurs, while for the ramped heating 

case, this time represents the steady state time within the ramp duration. For the 

conductive region in the ramped heating case, a comparison between the ramp duration 

and the time it takes for the thermal boundary layer to reach the local bottom reveals 

two scenarios: for a relatively short ramp duration, no steady state is reached within the 

ramp duration whereas for a relatively long ramp duration, a steady state is reached 

within the ramp duration after the thermal boundary layer reaches the local bottom. For 

both scenarios, the flow in the conductive region eventually becomes isothermal and 

motionless, which is different from the case of iso-flux forcing in which a steady 

temperature gradient and a steady velocity are maintained in the conductive region at 

the steady or quasi-steady state. The maximum flow velocity and the corresponding 

time, as well as the steady state flow properties are quantified by the preliminary 

scaling and verified by numerical simulations. 

For the convective region, scaling analysis is developed to quantify the steady state 

flow. For the convective region in the ramped heating case, a comparison between the 

ramp duration and the steady state time reveals two scenarios: for the relatively short 

ramp case, i.e. the ramp duration is shorter than the steady state time, no steady state is 

reached within the ramp duration. For the relatively long ramp case, a quasi-steady state 

is reached within the ramp duration and the flow becomes steady as soon as the ramp 

finishes.  For both scenarios, the flow reaches the same steady state velocity as the 

corresponding constant heating case.  
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6.2 Further work 

Although for the cases of both radiation heating and iso-flux cooling, the 

dependency of flow properties are well predicted by the present scaling analyses, for 

isothermal heating at the water surface, as mentioned in Chapter 5, only very 

preliminary scaling has been reported, and further investigation is worth conducting to 

quantify the dependency of the flow velocity on the Rayleigh number and offshore 

distance in the convective region. The methodology for isothermal heating presented in 

Chapter 5 can be also applied to the case of isothermal cooling. The case of isothermal 

cooling is expected to be more complex than isothermal heating as thermal instability 

will be present if the Rayleigh number exceeds a critical value. Therefore, in addition to 

the critical function of the Rayleigh number for a distinct thermal boundary layer, 

isothermal cooling also involves the critical function for instability with respect to 

offshore distance, similar to the case of isoflux cooling discussed in Chapter 4.  

As mentioned in the introduction section of Chapter 3, longitudinal rolls were 

assumed to be the form of instability by Farrow & Patterson (1993b) in the linear 

stability analysis, whereas both the experiments and linear stability analysis of 

Kirchartz & Oertel (1988) indicate that transverse rolls are the preferred mode of 

instability for very small angles of the tilted box. For the configuration studied in 

Chapter 2 and 3, further study is worth pursuing on the linear stability analysis by 

deriving the critical function of Rayleigh number for transverse rolls and compared the 

result with that obtained for longitudinal rolls. Furthermore, three-dimensional 

numerical simulations near the derived critical Rayleigh number are worth conducting 

for numerical verification of the results of the linear stability analysis.         

A number of assumptions have been made in this thesis to simplify the problems so 

that they are approachable by scaling analysis and approximate analytical solutions, 

which quantify the thermal flow and reveal detailed flow scenarios. Both the geometric 

model and the thermal forcing considered in this thesis idealize the field situations in 

order to provide deep insight into the basic flow mechanisms. In application of the 

present results to field situations, many field factors need to be accounted for. 

Incorporating these factors into the model will expand the applicability of the model, 

but at the same time the model may become too complicated to be solved using the 
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present approaches. However, a closer representation of the field situations in the model 

is worth pursuing in a further study.  

While the thermal forcing in the present investigation includes constant heat fluxes 

and constant and ramped temperatures, the thermal forcing in field situations is always 

varying with time, both diurnally and seasonally. Although the ramped isothermal 

heating at the water surface considered in Chapter 5 is a further step from the constant 

heating toward the more realistic periodically varying thermal forcing, the periodicity of 

the field thermal forcing is better represented by a sinusoidal function. While a steady 

state will be finally reached for the constant or ramped thermal forcing conditions, no 

steady state is expected in the diurnally varying thermal forcing case in field situations, 

and it is reported that the inertia of the flow results in a time lag between the flow 

response and the thermal forcing as demonstrated by field experiments (Adams & Wells 

1984; Monismith et al. 1990). Therefore, further investigations of the exchange flows 

subject to more realistic periodical thermal forcing are worth pursuing.  

For the geometric configuration, the present investigation is based on a two 

dimensional wedge model (Chapters 2-4) or a wedge connected with a rectangular 

section (Chapter 5). In most near-shore regions of geophysical water bodies, the 

topographical variation along shore is often less significant than across shore, and thus 

the present simplified two dimensional model including the cross shore and vertical 

directions is justified. However, in regions where the bathymetric variation is present in 

more than one direction, only a full three dimensional model can capture the interaction 

of the thermal flow from different directions. In addition, in the current wedge model, 

the water depth increases linearly with offshore distance, which can be extended to 

include a bathymetry function varying with offshore distance for a closer representation 

of the field situation.   

In field situations, many other geophysical factors generate dynamism that interacts 

with the thermal siphon. The influence of Coriolis force induced by the rotation of the 

Earth cannot be neglected at length scales larger than the Rossby radius. Furthermore, 

the coupling between wind effects and the water body results in currents generated by 

wind shear stress and Stokes drift caused by wind-generated waves. Tides are also a 

significant dynamism which can be well predicted. Each of these is, in its own right, an 

important flow driving mechanism. A study of each, such as in the present case, in 

isolation allows development of a more comprehensive understanding of the overall 
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response of the system. To form a unified model of these near shore processes entails 

further investigations of the interactions between the different mechanisms.  
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Appendix A Numerical Method 

 

In this thesis, comprehensive numerical simulations have been conducted to verify 

the scaling relations and the asymptotic solutions. Here the simplification of the 

governing equations and the numerical methods are presented.  

A.1  Formulation 

Natural convection within a wedge or a reservoir model satisfies the conservation of 

mass, momentum and energy under the assumption of continuous media. Together the 

equation of state, the governing equations in Cartesian tensor notation read: 
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    The subscripts i and j represent components in different coordinate directions: i, j = 1, 

2, 3, x1 = x, x2 = y, x3 = z. A repeated subscript denotes summation, e. g. 
𝜕𝑢𝑗

𝜕𝑥𝑗
=  

𝜕𝑢𝑗

𝜕𝑥𝑗

3
𝑗=1 .  

   
Dt
D  in (A.2) and (A.3) is the derivative operator defined as   

j
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u
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 . (A.5) 

    S in (A.3) is the internal heating source term, such as the absorption of radiation 

specified in Chapter 2. Other than that, S = 0 for the other cases considered in this thesis.  

Subject to either heating or cooling, the variation in temperature brings change in 

density through thermal expansion or contraction. If the temperature variation is not 

very large, which is the case for natural convection considered here, then the correlation 
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between the density and temperature variation can be approximated by a linear relation, 

which turns (A.4) into  

  00 1 TT   . (A.6) 

The thermal expansion 𝛽 is generally of an order of magnitude between 10-2 and 10-4 

for different fluids. Apart from the linear relation in (A.6), for small temperature 

variations, the fluid can be modeled as Bossinesq-incompressible, in other words, the 

density is approximated as constant everywhere except in the body force term in the y 

momentum equation, where the body force is the buoyancy force induced by the density 

difference (𝜌 − 𝜌0). Using (A.6), the buoyancy force in the y momentum equation is 

expressed as 

)( 0TTgFy   . (A.7) 

The assumption of incompressible fluid (e.g. Batchelor 1954) simplifies the 

continuity equation (A.1) as 
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Substituting (A.7) and (A.8) into (A.2), the momentum equation can be simplified as: 
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where  Fx = Fz = 0, and Fy is specified by (A.7). In addition, viscous energy dissipation 

and compressibility effects are negligible for the cases of natural convection in this 

thesis, and therefore the energy equation (A.3) can be simplified as:  
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The above assumptions lead to a simplified form of the continuity, momentum and 

energy equations, which can be expressed as follows for a two dimensional model: 
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The initial and boundary conditions as well as the non-dimensional form of the 

equations are specified for each case in the individual Chapters.  

A.2  Numerical schemes  

Owing to the high non-linearity in the above equations, no accurate analytical 

solution is available for the cases considered in this thesis. A finite volume method is 

employed to solve the equation numerically using FLUENT 6.3, which is one of the 

commercial Computation Fluid Dynamics (CFD) packages. Other than FLUENT, 

PHOENICS and CFX are also popular CFD packages. These packages have been tested 

and improved continuously by a large group of CFD specialist over the last two decades.  

The pressure-based solver in Fluent 6.3 is employed. For this solver, the velocity 

field is obtained from the momentum equations, and the pressure field is extracted by 

solving a pressure or pressure correction equation which is obtained by manipulating 

the continuity and momentum equations. The equations are solved on a control-volume-

based technique. Firstly, the domain is divided into discrete control volumes using a 

computational grid. A typical grid adopted in this thesis is shown in figure A.1, where 

the density of the mesh increases toward all the boundaries to achieve higher accuracy 

for the boundary layer. The x to y ratio in figure A.1 is set to be 1:5 for clarity.   

 

 

x 

 y 

Figure A.1  Typical mesh used in this thesis 
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After the domain is divided into discrete control volumes, the governing equations on 

the individual control volumes are integrated to construct algebraic equations for the 

discrete dependent variables such as velocities, pressure and temperature. Finally, the 

dependent variables are updated through linearization of the discretized equations and 

solution of the resultant linear equations. The flow chart for the pressure-based solver 

embodied in Fluent 6.3 is shown in figure A.2.  

The governing equations can be written in a united transport equation of a scalar 

quantity   , which is then integrated over a control volume V as follows:  

dVSAdAddV
t VV  



 


v .                        (A.15) 

For the continuity equation,   = 1, Γ𝜙  = 0, 𝑆𝜙  =0. For the x-momentum equation,   

= u, Γ𝜙  = v , xpS   .  For the y-momentum equation,   = v, Γ𝜙  = v , 

 0TTgypS    . For the energy equation,   = T, Γ𝜙 = 𝜅 ,  0S . 

Equation (A.15) is applied to each control volume, or cell, in the computational domain. 

Discretization of Equation (A.15) on a given cell yields  

 


 facesfaces N

f
ff

N

f
ffff VSAAV

t  


v ,                      (A.16) 

where Nfaces is the number of faces enclosing the cell, f  is the value of   convected 

through face f ,  fA  is the area of face f, and  𝐴 =  𝐴𝑥 𝑖 + 𝐴𝑦 𝑗    in 2D , f  is the 

Yes No 

Figure A.2  Flow chart of the pressure-based solver 
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gradient of   at face f  and V is the cell volume. The QUICK scheme (Leonard and 

Mokhtari 1990) is selected to calculate the value of   at a face. For the face f in figure 

A.3, if the flow is from left to right, such a value can be written as: 
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In (A.17), 1m  results in a central second-order interpolation while 0m  yields a 

second-order upwind value. The implementation in FLUENT 6.3 uses a variable, 

solution-dependent value of m  .     

For transient simulations, such as the cases considered in this thesis, the governing 

equations are discretized both in space and in time. Temporal discretization involves the 

integration of every term in the differential equations over a time step ∆𝑡  . The 

integration of the transient terms is demonstrated below.  

A generic expression for the time evolution of a variable   is expressed as:   

 
 F
t




 .                                                       (A.18) 

Here the function  F  incorporates any spatial discretization. If the time derivative is 

discretized using backward differences, the second-order discretization is given by 
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,                                          (A.19) 

where n – 1, n, n + 1 represent values at the previous time step 𝑡 − ∆𝑡, the current time 

step t  and the next time step 𝑡 + ∆𝑡. For evaluating the value of )(F  , the implicit 

time integration is employed so that the calculation is unconditionally stable with 

respect to the time step. The implicit scheme evaluates )(F  at the future time level of 

n + 1 and therefore 1n  in a given cell is related to 1n  in neighboring cells through 

)( 1nF  . From (A.19), we have 
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Figure A.3  One-dimensional control volume 
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The implicit equation (A.20) is solved iteratively at each time step until the 

convergence criteria are met before moving to the next time step.  

    Other common settings in Fluent for this thesis include: The Green-Gauss Cell-Based 

method to compute the gradients, the PRESTO! (PREssure STaggering Option) scheme 

to interpolate the pressure values at the faces, and the SIMPLE (Semi-Implicit Method 

for Pressure-Linked Equation, see Partankar 1980) scheme which uses the coupling 

between velocity and pressure corrections to enforce mass conservation and to obtain 

the pressure field. Detailed explanation of the above methods can be found in the 

FLUENT 6.3 User‘s Guide.    

Because of the nonlinearity of the equations, it is necessary to control the change of 

  . This is achieved by under-relaxation of variables, which reduces the change of   

produced at each iteration through an under-relaxation factor 𝛼. The new value of   is 

calculated from the old value and the computed change   as follows: 

  old .                                               (A.21) 

In the present study, the under-relaxation factor 𝛼 is set to be 0.3 for pressure, 0.7 for 

velocities and 1 for all other quantifies.  

A.3  Convergences  

As mentioned for (A.20), certain criteria of convergence must be met before the 

iteration terminates. In this sense, the efficiency and success of the solver is determined 

by the convergence criteria which controls the iteration process. The residual sum for 

each of the conserved variables is computed and the iteration will continue until the 

residual sum drops below the criteria. Ideally, on a computer with an infinite precision, 

the residual sum will become zero as the solution converges. However, for an actual 

computer, the residual first decays with iteration to a certain small value and then 

becomes constant due to the numerical limitations associated with the computer itself. 

Therefore, to achieve efficiency, the convergence criteria should not be set below this 

constant value. Appropriate convergence criteria only result from a good compromise 

between accuracy and efficiency.  
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 After discretization, the conservation equation for a general variable   at a cell P 

can be written as    

baa
nb

nbnbpp   ,                                            (A.22) 

where ap is the center coefficient, anb are the influence coefficients for the neighboring 

cells, and b is the contribution of the constant part of the source term and of the 

boundary conditions. The residual R  is the imbalance in (A.19) summed over all the 

computational cells P (see FLUENT 6.3 User‘s Guide). After being scaled by a scaling 

factor representative of the flow rate through the domain, the scaled residual is defined 

as 
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 .                                    (A.23) 

For the momentum equations,   is replaced by u or v. For the energy equation,   
signifies T.  For the continuity equation, the scaled residual is defined as  






P

PcR
  iterations 5first  in themax 

P cellin creation  mass of rate
P cellin creation  mass of rate

,                  (A.24) 

where the denominator is the largest absolute value of the continuity residual in the first 

five iterations.  

In the present thesis, the simulation results from different convergence criteria are 

compared and weighed against the computation time for each case. A balance between 

the accuracy and efficiency results in different convergence criteria for each thermal 

forcing, which are listed in Table A.1.  
 

                           Table A.1  Convergence criteria for different thermal forcing 

 Continuity x-velocity y-velocity energy 

Radiation heating 10-3 10-6 10-6 10-10 

Surface cooling 10-3 10-4 10-4 10-10 

Constant and ramped 

isothermal heating 
10-3 10-5 10-5 10-10 
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